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ABSTRACT

The H,-structures are hyperstructures where the equality is replaced
by the non-empty intersection. The fact that this class of the
hyperstructures is very large, one can use it in order to define several
objects that they are not possible to be defined in the classical
hypergroup theory. In the present paper we introduce a kind of
hyperoperations which are defined on a set equipped with an operation
or a hyperoperation and a map on itself.
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1. Introduction

The object of this paper is the hyperstructures called H,-
structures introduced in 1990 [5], which satisfy the weak axioms
where the non-empty intersection replaces the equality.

Recall some basic definitions:

Definitions 1. In a set H equipped with a hyperoperation
<HxH—P(H), we abbreviate by WASS the weak associativity:
(xy)znx(yz)zd, Vx,y,zeH and by COW the weak commutativity:
xynyx#d, Vx,yeH. The hyperstructure (H,-) is called H,-semigroup
if it is WASS, is called H,-group if it is reproductive H,-semigroup.
The hyperstructure (R,+,-) is called H,-ring if (+) and (-) are WASS,
the reproduction axiom is valid for (+) and (-) is weak distributive
with respect to (+): x(ytz)N(xy+xz)=d, (x+y)zn(xztyz)=J,
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Vx,y,zeR. H,modulus and H,-vector spaces are also defined in a
similar way.

For more definitions, results and applications on Hy-structures,
see books [6,2] and on some papers such as [3-11]. A special class [6]:
An Hy-structure is called very thin iff all its hyperoperations are
operations except one, which all hyperproducts are singletons except
only one, which has cardinality more than one.

The fundamental relations B*, y* and &* are defined, in H,-
groups, Hy-rings and H,-vector spaces, respectively, as the smallest
equivalences so that the quotient would be group, ring and vector
space, respectively (see [1,6]). The way to find the fundamental
classes is given by analogous theorems to the following [5,6,7]:

Theorem. Let (H,-) be H,-group and let us denote by U the set of all
finite products of elements of H. We define the relation B in H as
follows: xPy iff {x,y}cu where ucU. Then the fundamental relation
B* is the transitive closure of f.

Proof. The main point is: Take x,y such that {x,y}cueU and any
hyperproduct where one of the elements x,y, is used. Then, if this
element is replaced by the other, the new hyperproduct is inside the
same fundamental class where the first hyperproduct is. Therefore, if
the hyperproducts of the above B-classes are products, then, they are
fundamental classes. Analogous remarks for the relations y*, in H,-
rings, and €*, in Hy-vector spaces, are also applied.

An element is called single if its fundamental class is
singleton.

The fundamental relations are used for general definitions.
Thus, to define the H,-field the y* is used: An Hy-ring (R,+,-) is called
Hfield if R/y* is a field [5], and in the sequence the general H,-
vector space is defined.

Let (H,-), (H,*) be Hy-semigroups defined on the same set H.
(+) 1s called smaller than (*), and (*) greater than (-), iff there exists an
automorphism fe Aut(H,*) such that xycf(x+y), Vx,yeH. Then we
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write -<+ and we say that (H,*) contains (H,-). If (H,-) is a structure
then it is called basic structure and (H,*) is called Hy-structure.

Theorem. Greater hyperoperations of the ones which are WASS or
COW, are also WASS or COW, respectively.

Remark 2. The weak axioms lead to a great number of hyper-
operations and these hyperoperations define hyperstructures which
can be now studied in detail and, in any case, they have a substance;
hence they can be considered as hyperstructures with interesting
properties. These are many hyperoperations which, in the past, were
unlikely to be considered because not even one property was valid in
them. We can see that the hyperoperations introduced here are
associative only in very special cases and before 1990 such
hyperoperations could hardly be considered, even though they
appeared in the research. Nevertheless, the created theory can now
give results and discover new properties of the obtained
hyperstructure. Thus, algebraic domains reveal constructions which
seem to be chaotic. Even more so, in certain cases, some of these
hyperstructures contain well known structures or hyperstructures, see
also [11,12].

This remark follows that constructions and hyper-constructions
are needed to be enlarged or to become smaller and we can do this:

Definitions 3. Let (H,-) be a hypergroupoid. We say that remove heH,
if we consider the restriction of () in H-{h}. We say that heH absorbs
heH if we replace h by h. We say that he H merges with heH, if we
take as product of any xeH by h, the union of the results of x with
both h, h, and consider h and h as one class, with representative h.

Most of these constructions are needed in the representation
theory. Representations of H,-groups can be considered either by
generalized permutations or by Hy,-matrices [6]. The representation
problem by H,-matrices is the following:

H,-matrix is a matrix with entries of an H,-ring. The hyperproduct of
H,-matrices A=(a;j) and B=(b;j), of type mxn and nxr, respectively, is
a set of mxr H,-matrices:
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AB = (aij)-(bij) = {C = (Cij) | Cij S @Zaik-bkj },

where @ denotes the m-ary circle hyperoperation on the
hyperaddition.

Definition 4. Let (H,") be H,-group, take a H,-ring (R,+,-) and a set
Mk ={ (a;) | a;jeR }, then any map
T:H>Mg: h—>T(h) with T(hhy)"T(h;)T(hy)%d, Vh;,h,eH,

is a H,-matrix representation. If T(h;hy)cT(h)T(hy), then T is an
inclusion, 1if T(hhy)=T(h;)T(hy), then T is a good and an induced
representation for the hypergroup algebra is obtained.

In the same attitude recently we defined, using hyperstructure
theory, hyperoperations on any type of matrices:

Definition 5 [12]. Let A=(ajj) € Mnxn be matrix and s,teN with 1<s<m,
1<t<n. Then helix-projection is a map st:Mmu—>Ms:A—>Ast=(a;),
where Ast has entries

aij={ ai+Ks’j+kt| 1<i<s, 1<t and k,AeN, i+ks<m, j+At<n }

Let A=(ajj) € M, B=(bij) € My be matrices, s=min(m,u), t=min(n,v).
We define a hyper-addition, called kelix-addition, as follows

DM X Musy—>P(Myr):(A, B)—> A®B=Ast+Bst=(a;)+(bij) My
where (ay)+(bj)= {(cy)=(aitby) | ajea; and byeby)}.

Let A=(ajj)€ Mm«n and B=(bjj)e M, be matrices and s=min(n,u). We
define a hyper-multiplication, called helix-multiplication, as follows

®:meanuxv_)P(mev):(AJB)_)A®B:A@'BEZ(§H)'(l_)ij)Cmev
where (ajj)-(bij)= {(Cij):(zaitbtj)| ajea; and bjeb;)}.

The helix-addition is commutative, is WASS, not associative.
The helix-multiplication is WASS, not associative and it is not
distributive, not even weak, to the helix-addition. If all used matrices
are of the same type, then the inclusion distributivity, is valid.

From the definition of representations by Hy-matrices, we have
two difficulties. The first one is to find an appropriate Hy-ring and the
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second one is to find an appropriate set of Hy-matrices. However, with
the above hyper-multiplication we can use subsets of matrices of type
M With m#n. Thus, the representation problem is reduced, as in the
classical theory, in searching appropriate sets from usual matrices.
This is so, because we have now a hyperalgebra over non-square
matrices.

2. New hyperoperations

We will define a hyperoperation in a groupoid equipped with a
map f on it. The map plays crucial role so the hyperoperation is called
map and it is denoted by 0Oy, because the motivation to obtain this is the
property which the ‘derivative’ has on the product of functions.
However, since there is no confusion, we will write simply theta O.

Definition 6. Let (G,) be a groupoid (respectively, hypergroupoid)
and f:G—>G be any map. We define a hyperoperation (J), we call it
theta-operation, on G as follows

x0y = {f(x)y, x-f(y) } (respectively, x0y = (f(x)-y)u(x-f(y))

If () is commutative then (0) is also commutative. If (-) is a
COW hyperoperation, then (0) is also COW hyperoperation.

Remark. One can use instead of single valued map f, a multivalued
map as well. We will not consider this problem here.

Remark. Motivation for this definition was the map ‘derivative’ where
only the multiplication of functions can be used. In other words, if we
‘do not know’ the addition of functions. Therefore, for any functions
s(x), t(x), we have sot={s't, st'} where (") denotes the derivative.

Properties 7. 1f (G,-) is a semigroup then:
(a) For every f, the hyperoperation (0) is WASS.
(b) If f is homomorphism then, again, (0) is WASS.

(¢) If f is homomorphism and projection, or idempotent, i.e. f* =f,
then (0) is associative.

Proof.
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(a) For all x,y,zin G we have
(x0y)oz = {f(x)y, x-f(y)} 0z =
= { ff(x)-y)z, (f(x)-y)-f(2), f(x-£(y))-z, (x-f(y))-f(z) } =
= { ff(x)-y)z, f(x)'y-f(2), f{(x-f(y))-z, x-f(y)-f(2) }
x0(yoz) = x0{f(y)z, y-f(z)} =
= { f{x)-(f(y)-2), x-A(f(y)-2), f(x)-(y-f(2)), x-f(y-f(2)) } =
= { f(x)-fy)-z, x-£({(y)-2), f(x)-y-f(2), x-f(y-f(2)) }
Therefore (x0y)0znxd(yoz) = { f(x)-y-f(z) }#J, so (0)is WASS.
(b) If f is homomorphism then we obtain
(x0y)oz = { f(f(x))-f(y)-z, f(x)-y-f(z), f{(x)-f(f(y))-z, x-f(y)-f(2) }
x0(yoz) = { f(x)-f(y)-z, x-f({(y))-f(2), f(x)-y-f(z), x-f(y)-f(f(2)) }
So, again (x0y)0znx0o(yoz)={{(x)-y-f(z)}#< and (0) is WASS.
(¢) If f is homomorphism and projection then we have
(x0y)oz = { f(x)-(y)-z, f(x)-y-f(z), x-f(y)-f(z) }=xd(yoz).
Therefore, (0) is an associative hyperoperation.

Notice that only projection without homomorpthism does not
give the associativity. Commutativity does not improve the results.

3. Properties and characteristic elements.

We will discuss now some properties in the general case where
(G,-) be a groupoid and f:G—G be a map.

Properties 8.

Reproductivity. For the reproductivity we must have

x0G =\Ugea{f(x)-g, x-f(g)}=G and Gox =\U,a{f(g)x, g-f(x)}=G.

Thus, if (+) is reproductive then (0) is also reproductive, because

Upea{f(x)-g}=G and U,cc{g-f(x)}=G.
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Commutativity. If () is commutative then x0y={f(x)-y, x-f(y)}=yox,
so (0) is commutative. If f is into Zg={zeG | z-.g=g-z,VgeG}, the
centre of G, then (0) is a commutative hyperoperation. If (G,:) is a
COW hypergroupoid then, obviously (0) is a COW hypergroupoid.

Unit elements. In order to have a right unit element u we must have
xou={f(x)-u, x-f(u)}>x. But, the unit must not depend on the f(x), so
we must have f(u)=e, where e be unit in (G,-) which must be a monoid.
The same it is obtained for the left units. Therefore, the elements of the
kernel of f, i.e. u for which f(u)=e, are the units of (G,0).

Inverse elements. Let u be a unit in (G,0), then (G,-) is a monoid with
unit ¢ and f(u)=e. For given x in order to have an inverse element x’
with respect to u, we must have

x0x'= {f(x)-x’, x-f(x")}3u and x'Ox={f(x')-x, x'-f(x)}>u.
So the only cases, which do not depend on the image f(x'), are
X' =(fx))'u and x'=u(f(x))"

the right and left inverses, respectively. We have two-sided inverses
iff  f(x)u = uf(x). For example, if u belongs to the centre of G. In
some cases, some elements may have a second inverse.

Proposition 9. Let (G,)) be a group and f(x)=a, a constant map on G.
Then (G,0)/p* is a singleton.

Proof. For all x in G we can take the hyperproduct of the elements, a’
1 -1
and a x

a'o@’x) = {fla')a'x, a'fla'x)} = {x,a}.
thus xPa, VxeG, so B*(x)=p*(a) and (G,0)/p* is singleton. q.e.d.

Remark. 1f (G,) be a group and f(x)=e, then we obtain x0y={X.,y}
which is the smallest incidence hyperoperation.

Remark. Every f:G—G defines a partition of G by setting two
elements x,y in the same class iff f(x)=f(y), we shall call this partition
f-partition and we will denote the class of x by f[x]. So, in the above
Proposition, we have {[x] =G = *(x) for all x in G.
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Proposition 10. Let (G, be a group, e the unit, and f homomorphism,
then for (G,0), we have x[Bf(x).

Proof. Indeed eox = {f(e)-x, e-f(x)} = {x, f(x)}. q.e.d.
Obviously we have x B f(x) B f(f(x)) B...
Theorem 11. Let (G,)) be a group and f be an homomorphism, then
fx] < B*(x) forall x in G.
Proof. Let yef[x], then f(y)=f(x) but from Proposition10, we have
xBf(x) = f(y)By, so xP*y. q.e.d.
4. Special cases and applications

In this paragraph we present some applications and we give
some examples in order to see that a large field of research is open.

Application 12. Taking the application on the derivative, consider all
polynomials of first degree gi(x) = aijx+b;. We have

g18g2 = {8.132X+ alb1, a1a2x+b1b2},

so it is a hyperoperation inside the set of first degree polynomials.
Moreover all polynomials x+c, where ¢ be a constant, are units.

Application 13. If R” be the set of positive reals and acR”, then we
take the exponential map x—x". The theta-operation takes the form
x0y = { Xy, xy"} for all x,y in R". The only one unit is the 1. In order
to find the inverses x’, of the element xeR’, we must have
x0x'={x"x’, x(x")*}>1. From which we obtain that for every element x,

there are two inverses, the x® and x 2.

Example 14. In the group (Zs-{0},) we consider the map f: 11,
2—2,3-3,4—>2. Then we obtain the multiplicative table

Y
[—
1\
(%)
IS

|—
|—
)
|

{4, 2}
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1\
1\
IS
[—

{3, 4}
3 1 4 {2, 1}
4,2} | 3,4} | {21} 3

[ W

We remark that there exists only one fundamental class. The map-
hyperoperation is not associative but it is WASS, because, for
example, 20(404) = {1} and (204)04= {1, 2, 3}.

Example 15. Consider the group (Zs,+) and the map f:Zs—>Zs:x—x".
Then the map-operation is given from the table

0 0 1 2 3 4 5
0 0 | {L3}| 24| 3 |24 |{L5
1 [ {L5y | 0 |{L3| {24 | 3 |{24
2 ({24 | {L5| 0 | {L5} {24 | 3
3 3 |24 |3 0 [{L5} |24
4 ({24 3 {24 L3 0 |{L53}
5 [ {L5) | {2.4F 3 | {24} |{L53]| O

This is a commutative hyperoperation, it is WASS, because, for
example, 10(102) = {2, 4} and (101)02 = {0, 2, 4}, so (Z,0) is a
commutative Hy-group. One can obtain that

(Z6,0)/B* = {{0, 2,4},{1,3,5}} = 2.

This is not cyclic since x0x = {0} for all x in Zg, i.e. every element
has itself as the only one inverse element.

Example 16. Consider the group (Zs,+) and the map
f: 00, 11,252,353, 44, 5->2.

Then the map-operation is given from the table
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0 0 1 2 3 4 ]

0 0 1 2 3 4 | {25}
1 1 2 3 4 3 10,35
2 2 3 4 5 0 | {L4
3 3 4 5 0 1 11{25}
4 4 5 0 1 2 | {0,3}
5 142,50 [{0,3} | {L4} | {25} |{0,3}] 1

One can obtain that

(Z6,0)/B* = {{0, 3},{1, 4},{2, 5}} = Zs.
(Zs,0) 1s a cyclic Hy-group where 1 and 5 are generators of period 5.
Example 17. Consider the group (Zs,*) and the map

f: 00, 11,252, 353,452, 5-5.

Then the map-operation is given from the table

0 0 1 2 3 4 5
0 0 1 2 3 | {24] 3
1 1 2 3 4 |{35] 0
2 2 3 4 5 ({04 1
3 3 4 5 0 |{L3| 2
4 | 42,4} ({35} | {04} | {L5 | 0 |{L3}
5 5 0 1 2 | {L3}| 4

One obtains that
(Z6>6)/B* = {{Qa 25 é}a{la éa i}} = ZZ-
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For the reproductivity, the element 4+4 which does not appeared in
the normal position in the result it appears, in the general case, as
follows:

xtx e xO(x+x-f(x))= {f(x)+x+x-f(x), xH(x+x-{(x))}, VxeEZ,
so the reproductivity is clear.
We conclude with a theorem on this field.

Theorem 18. Consider the commutative group of integers (Z,+) and
let n#0 be a natural number. Take the map f such that f(n)=0 and
f(x)=x for all x in Z-{n}. Then

(Z,0)/B* = Z,.
Proof. First, for all x,y in Z-{n} we have, for the theta-operation,
xdy = {f(x)+y, x+H(y)} = {x+y},
so the hypersum is a singleton and coincides with the usual sum in Z.
For all x in Z-{n} we have
xon = nox = {f(x)+n, x+f(n)} = {x+n, x}.
Finally non= {f(n)+n, nt+f(n)} = {n}.

Therefore xB(x+n). Moreover, from the above, we obtain that for all
X,y in Z, the hypersum {x, x+n}d{y, y+n} belongs to the same class
modn. Thus, the fundamental classes are the classes modn.

Therefore (Z,0)/p* =Z,. q.e.d.

Remark that this construction is an analogous case to the case
of the uniting the elements 0 and n, see [6].
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