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Abstract

In this paper we intend to discuss the stability of a sum form func-
tional equation

m

SN Fpig) = Zk(pi) > g}

i=1 j=1 j=1

where f, k are real valued mappings each having the domain I; (p;,
Pn) € Doy (q1y -+, qm) € Tz n > 3, m > 3 are fixed integers

and (3 is a fixed positive real power different from 1 satisfying the

conventions 0° := 0 and 17 := 1.
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1 Introduction

Throughout this paper, N denotes the set of natural numbers; R denotes the set
of real numbers and / denotes the closed unit interval [0, 1]. Forn € N,

=1

denotes the set of all finite n-component complete discrete probability distribu-
tions.

A mapping a : I — R is said to be additive on / or on the unit triangle
A={(r,y):0<2<1,0<y<1,0<x+y < 1}ifit satisfies the equation
a(x +y) = a(z) + a(y) for all (z,y) € A. Further, a mapping A : R — R is
said to be additive on R if it satisfies the equation A(z + y) = A(x) + A(y) for
all z € R, y € R. An interesting relation between these two additive mappings
was established by Dardczy and Losonczi (2). They proved that additive mapping
a : I — R can be uniquely extended to the set of real numbers.

The stability of functional equations has intrigued mathematicians for more
than eight decades now. The problem primarily aims to study the functional in-
equality corresponding to the given functional equation. Thereafter, it focuses on
examining the proximity of their solutions. It needs to be remarked that without
knowing the general solution of an equation we can not discuss its stability.

The seminal problem entered the corpus of sum form functional equations
with the paper of Maksa (9). One of the interesting aspect explored in this field is
to obtain general solution and discuss the stability of those sum form functional
equations which are useful in characterizing entropies. Working in this direction,
Nath and Singh (15; 16; 18); Singh and Grover (25) have recently addressed few
sum form functional equations. These equations were useful in characterizing the
Shannon entropies (19) defined as:

H, (p1,....pa) == _pilogop;  (with 0log, 0 := 0) (1.1
=1

where H,, : I',, = R,n € Nand (p1,...,p,) € T',.
With the aim to further delve in the area of entropies, Havrda and Charvat

(4) generalized the Shannon entropies (1.1) by introducing entropies of degree /3
defined as:

HY(p1,..opn) = (1=2"77)7" [1 - Zp?] (1.2)
i=1
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where H? : T, — R, n € N; (py,...,p,) € T, and S is a fixed positive real
power different from 1, such that 0° := 0 and 17 := 1.

Losonczi and Maksa (8) were first to address the sum form functional equa-
tion that characterized the entropies (1.2) by considering the multiplicative type
functional equation

m

D22 F ) =3 fFr) 3 fla) (1.3)

i=1 j=1 j=1

where f : I = R; (p1,...,pn) € Tn, (¢1,-+-,qm) € Tyyandn > 3,m > 3
are fixed integers. Thereafter, Nath and Singh have analysed Pexiderized forms of
(1.3), containing two and three unknown mappings for n > 3, m > 3 being fixed
integers in (11) and (12).

It needs to be highlighted that many research papers in reference to the sum
form functional equations characterizing several entropies have been written. In
brief, these papers reflected upon: some generalizations; Pexiderized forms; im-
portance and applications. Some significant contributions are: Nath and Singh
(10; 17); Singh and Dass (20); Singh and Grover (21; 22; 23). The primary focus
of these authors had been to obtain the general solution (or solutions) of the sum
form functional equations for fixed integers n > 3, m > 3orn > 3, m > 2.
The stability problem for some of these sum form functional equations has been
discussed by the authors but for most of them it remains unaddressed.

One of the interesting equation which motivated us is the functional equation

m n

D2 fwa) =3 fw) ) q (1.4)

i=1 j=1 i=

where f : I = R; (p1,...,pn) € s (q1,-- -, @m) € Iy, and (3 is a fixed positive
real power different from 1 satisfying 0° := 0 and 1° := 1. In the recent past, Nath
and Singh (13) have studied the equation (1.4) and obtained its general solutions
for n > 3,m > 3 being fixed integers. The authors have further explained the
relation of these solutions with entropies (1.2). The stability of (1.4) is established
by Singh and Grover (24) for n > 3, m > 3 being fixed integers. Indeed, with the
goal of getting a deeper insight of the equation (1.4), Nath and Singh (14); Garg,
Grover and Singh (3) have recently studied a Pexiderized form (1.4), that is

m

YD fpay) = Zk(pi)qu (1.5)

i=1 j=1 j=1

where f : [ - R, k: 1 — R, (p1,...,pn) € Ty (1, -+, @m) € Iyand Bis a
fixed positive real power different from 1 satisfying 0° := 0 and 1° := 1. In (14)

9
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and (3), the authors have obtained the general solutions of (1.5) forn > 3,m > 3
and n > 3,m > 2. The authors have further reflected upon the significance of
general solutions in the light of entropies of degree  and diversity index. So
far the stability problem remains unaddressed. The objective of this paper is to
discuss the stability of functional equation (1.5).

For the problem of stability concerning functional equations, we refer to the
survey paper of Hyers and Rassias (5) and Hyers, Isac and Rassias (6). The prob-
lem of stability of the functional equation (1.5) is given along the following lines:
Letn > 3, m > 3 be fixed integers; 0 < ¢ € R be fixed. Find all the mappings
f:I—=R, k:I— Rsatisfying the functional inequality

sz pig;) Zk(quf <e (1.6)

i=1 j=1 i=1 j=1

forall (pr,...,pn) €T (q1, -+ qm) € T

Below we will provide some known results.

Lemma 1.1 ((8)). Suppose a mapping ¢ : I — R satisfies the functional equation
> o(pi) = c1 forall (pr,...,p,) € 'y, n > 3 a fixed integer and ¢, a real

constant. Then there exists an additive mapping a : R — R such that ¢(p) =
a(p) — La(1) + < forallp € I.

Lemma 1.2 ((9)). Let 0 < ¢ € R, n > 3 be fixed integer and ) : I — R

be a mapping which satisfies the functional inequality |>_ 1(p;)| < e for all
i=1

(p1,---,pn) € DIy Then there exist an additive mapping A; : R — R and a

mapping By : R — R such that |B,(p)| < 18¢ for all p € R, B(0) = 0 and

Y(p) —(0) = Ai(p) + Bi(p) forallp € 1.

Lemma 1.3 ((7)). Let A, : R — R be an additive mapping, M : I — R a
multiplicative mapping, By : R — R a bounded mapping and c; € R. If Ay(p) =
M (p)+coforallp € I, then Ay(p) = dp, p € R for some d € R and M (p) = 0 or
M(p) =p p € I. Alsoif As(p) = M(p) + Ba(p) forall p € 1, then Ay(p) = dp,
p € R for some d € R and M(p) = 0 or M(p) = p*, p € I for some 0 < o € R.

Lemma 1.4 ((26)). If f is a solution of the functional equation f(x+y) = f(x)+
f(y) which is bounded over an interval [a, b), then it is of the form f(x) = csx for
some real number cs.

Lemma 1.5 ((3)). Let n > 3, m > 2 be fixed integers; [ be fixed positive real
power different from 1 satisfying the conventions 0° := 0, 1° := land f : I — R,

10
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k : I — R. The pair (f, k) satisfies (1.5) if and only if there exist the additive
mappings ay,as : R — R and ¢ € R such that

(i) f(p) =cp’ +ai(p) — %@1(1)7 }
(i) k(p) = cp® + as(p) — %02(1)-

2 The stability of the functional equation (1.5)

In this section our primary aim is to find the solutions of inequality (1.6).
Thereafter, we need to observe: What is the difference between these solutions
and the solutions (given by Lemma 1.5) of equation (1.5)? In the sense of Hyers,
Isac and Rassias (6), if the difference is only a bounded mapping, we would say
that functional equation (1.5) is stable. Following this we establish the the main
result as follows:

Theorem 2.1. Let n > 3, m > 3 be fixed integers; 3 be fixed positive real power
different from 1 satisfying the conventions 0° := 0 and 1° := 1; € be a nonnegative
real constant and let f : I — R, k : I — R be real valued mappings. Suppose the
pair (f,k) satisfies (1.6), then there exist the additive mappings ay,as : R — R,
the bounded mappings by,by : R — R and 0 # ¢, ¢ € R such that

(i) f(p) = f(0) = p” + ar(p) + ba(p), } o
(i) k(p) — k(0) = cp” + az(p) + b2(p)
with
(i) |bi(p)] < 1296¢¢ (2m + 1), by(0) =0, } 02
(i) |b2(p)| < 1296e€ (2m + 1) + 18, by(0) = 0.
Proof. Letusputq; =1,¢2 = ... = ¢, = 01in (1.6). We get

n

> |10+ (m = 150) - k(p)]

i=1

<e

for all (py,...,p,) € I',. By Lemma 1.2, there exists an additive mapping A; :
R — R and a mapping B} : R — R with |B;(p)| < 18, B;(0) = 0, such that

f(p) — k(p) — f(0) + k(0) = As(p) + Bi(p)

for all p € I. From this, we obtain the expression

k(p) = f(p) — Ai(p) — Bi(p) (2.3)

11
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where B; : R — R, defined as By(z) = Bj(x) + f(0) — k(0) is a bounded
mapping. With the aid of (2.3), inequality (1.6) can be written as

) [Z f(piaj) = [f (pi) — Ar(L)pi — Bi(pi)] Z qf]

i=1 |j=1

forall (p1,...,pn) € Tns (q1y- -+, Gm) € Tiny n > 3, m > 3 being fixed integers.
By Lemma 1.2, there exists a mapping As : R x ', — R, additive in the first
variable and a mapping B; : R x I',, — R, bounded in the first variable by 18¢
with B3(0;q1, . .., ¢n) = 0, such that

> f(pg;) = [f(p) = A(1)p = Ba(p) = f(0) + Bi(0 Z g; —mf(0)

:A2<p;q17"'7QTn)+BQ(p7q1a"'7Q’m)' (24)

Letx € I and (ry,...,7,) € I',, be an arbitrary probability distribution. Now,
replacing p successively by xry, t = 1,...,m in (2.4); summing the resulting m
equations so obtained and using the additivity of the mapping A, : R x I, = R
in the first variable, we have

ZZ f(xrg)— Zf xry) — A (1 ZBl xry)—mf(0)+mB1(0) Zq]ﬂ
t=1 j=1 t=1 j=1
—m?f(0) = Ap(x5q1, .- qm) + > Balwre; a1, - - Gm) (2.5)
forallz € I, (¢1,...,qm) € Iy and (r1,...,7) € I'y. Now for p = x and
q1 =71,-..,qn = Tn, functional equation (2.4) gives
Zf xry) = —A1(1)z — By(x) — f(0) + B41(0 er+mf
+ Ag(x; 7y, ) + Balxy o ). (2.6)
From (2.5) and (2.6), we get
Z Z f(arigy) = [f(z) — Ai(L)z — Bi(z) — f(0) + Bi(0)] Zﬁﬂ ZQJB
t=1 j=1 t=1  j=1

—m?f(0)= |:A2(ZL'; T1ye oy )+ Bax;r, ... ,Tm)—Al(l)x—Z By (zry)

- mBl(Oﬂ @+ Aswiqr o am) Y Balrrian, - gm). (27)

j=1 t=1

12



On the stability of a multiplicative . ..

We see that, the left hand side of (2.7) is commutative in r; and ¢;, t = 1,...,m;
j=1,...,m (Aczel (1)). So, the commutativity on the right hand side implies

AZ(x;T17"'7 ll_zq] A25E€717~~»Qm) ll_zrf]
t=1

= Ba(ariqr, . qm) —
t=1

By(xq;ri, ...y Tm)

'MS

1

J

+ | Ba(x;r1, . Tm) —Al(l)x—ZBl(th)+mBl(0) quﬁ
L t=1 1=t

- BZ(x;Qh--'an)_A1<1)x_ZBl(ij)+mBl<O) er
L j=1 1 =1

For fixed (q1,...,qm) € Ty and (rq,...,7,) € T')y, the right hand side of the
above equation is bounded on [ while the left hand side is additive in x € 1. So,
by Lemma 1.4, it follows that

[Ag(z;71, . yrm) — A (L1, )] [1 - qu]
j=1

t=1

Now, we assert that for m > 3 and fixed positive real power 5 # 1, 1 — > rf
t=1

m
does not vanish identically on I',,. To the contrary, suppose 1 — ) rf vanishes
t=1

identically on I';,. Then, 1 = > Tf for all (ry,...,7,) € I';y. By Lemma 1.1,
t=1
there exists an additive mapping A : R — R such that 7® = A(r) with A(1) =
1. By Lemma 1.3, 7® = 0 or v® = r for all » € I. This gives a contradiction
m
as for the former case, our supposition 1 = ) rf is contradicted while for the

t=1
latter case, our assumption 3 # 1 is contradicted. This proves our assertion and SO

there exists a probability distribution (7}, ..., 7} ) € I';, such that 1 — Z 7P
Therefore with the substitution r, = r;, t = 1,...,m, functional equatlon (2 8)
reduces to

-3

Jj=1

As(ziq1s - ) = Ao(2) +z A (L, gm) (2.9)

13
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where A : R — R defined as

m —
B
*
1=
t=1

is an additive mapping with Ay(1) = 0. Further from (2.4), we have

[Ag(z;ry, . ooyrh ) —a Ao (L), ooy )]

r'm

m

As (131 am) =Y f(a5)—[f(1) = Au(1) = By(1)— f(0)+ By (0 Zq]

j=1
—mf(0) = Bz (Liqu, - qm) - (2.10)

From (2.4), (2.9), (2.10) with Ay(1) = 0, we gather that

2 [F(pas) = £(0) = Ao(pg;) = (F(1) = F(0))pgs] = [f (p) = £(0) = Ao(p)
—p(f(1)—£(0) Z Z )= Ao(g;) = (f(1) = f(0))q]
= [B1(0)—Bi(p)+pBi(1) —pB1(0)] i Qf —pBa (L;q1,- -+, Gm) (2.11)

forallp € I'and (q1, ., qm) € U
Now, define a mapping F': [ — R as

F(x) = f(x) = £(0) — Ao() — (f(1) = F(0)a (2.12)

for all z € I. With the aid of (2.12), equation (2.11) can be written as

Fpg)) —F(p)Y_d) —p> Flg
j=1 j=1 j=1
= [B1(0)=Bi(p)+pBi(1)=pB1(0)] > ¢ —pBa (Liqr, -, qm) . (2.13)
j=1

It clearly follows from (2.12), that F'(0) = 0. Also we observe, the right hand side
of (2.13) is bounded by 18¢(2m + 1), consequently by Lemma 1.2, along with
F(0) = 0, there exists a mapping A3 : I x R — R, additive in the second variable
and a mapping Bs : I x R — R, bounded in the second variable by 324¢(2m + 1)
with Bs(p; 0) = 0, such that

F(pq) — ¢" F(p) — p F(q) = As(p; 9) + Bs(p; q). (2.14)

14
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Define a mapping K : I x I — R as
K(p;q) = F(pa) — 4" F(p) —p F(q) (2.15)
for all p € I, g € 1. With the help of (2.15), it can be verified easily that

F(pgr) — pq F(r) — ¢°r’ F(p) — pr’ F(q) = K (pg;r) + r’ K (p; q)
=K (p;qr) + pK(¢;7)  (2.16)

forallp € I,q € I andr € I. From (2.14), (2.15) and (2.16), it follows that

As (pyqr) + pAs (q;17) — As (pg; )
= B3 (pg;r) + 77 A3 (p;q) +7°Bs (p;q) — B3 (p;qr) — pBs (¢;7) . (2.17)

Apparently, the left hand side of (2.17) is additive in r € [, while its right hand
side is bounded on /. Consequently by Lemma 1.4, its left hand side must be
linear therefore, we get

As (p;qr)+pAs (¢;7) = As (pg; 7) =7 [As (p; @) + pAs (¢;1) — As (pg; 1)] . (2.18)
Now, for the substitution » = 1, equation (2.17) gives

pAs (¢;1) — As (pg; 1) = Bs (pg; 1) — pBs(g; 1) (2.19)
From (2.17), (2.18) and (2.19), we obtain

(r? =) A3 (p3q) = rBs (pg; 1) — rpBs(¢; 1) — Bs (pg; )
— 7By (piq) + By (piar) + pBs (¢;7) . (2.20)

Since for fixed positive real number 3 # 1, we have ‘r® — r’ does not vanish
identically on I, there exists some r* € I, such that

P —r* £ 0. (2.21)
Using this in (2.20), it follows that
* * 71 * * *
As (piq) = (r*? —17) {7’ Bs (pg; 1) — r*pBs(q; 1) — Bs (pg; )
—r**Bs (p;q) + Bs (p; qr*) + pBs (¢; %) }

forall p € I, g € I. This yield that additive mapping A3(p; ¢) is bounded in the
second variable also. Hence by Lemma 1.4, it must be linear therein. So,

Az (p;q) = qAs(p; 1) (2.22)

15
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forall p € I, g € 1. From (2.19), with the substitution ¢ = 1 it follows that
As (p;1) = pAs (1;1) — By (p; 1) + pBs(1;1) (2.23)

for all p € I. From (2.22) and (2.23), it can be concluded that mapping As(p; q) is
bounded. Moreover, from (2.14) and (2.23) with F'(1) = 0 we obtain, A3(p;1) =
—Bs(p; 1). Consequently we get | A3(p; q)| < 324¢(2m + 1). Hence, using this in
(2.14), it follows that

|F(pg) — ¢° F(p) —p F(q)| < 6482(2m + 1) (2.24)

for all p € I, ¢ € 1. Now on interchanging the places of p and ¢ in the functional
inequality (2.24), we have

[F(pq) — p° F(q) — q Fp)| < 6482(2m + 1). (2.25)
Applying triangle inequality to functional inequalities (2.24) and (2.25), we obtain
(@” —q) F(p) — (0° — p) F(q)] < 1296e(2m + 1) (2.26)

where p € I, ¢ € I and (3 is a fixed positive real power different from 1. With the
aid of (2.21) we get, ¢*# — ¢* # 0 for some ¢* € I. Ontaking ¢ := (¢* — ¢*) ' €
R; ¢ := F(q*)(¢*® — ¢*)"" € R in (2.26), it follows that there exist a mapping
b1 : R — R such that (2.2)(i) holds for all p € R and

F(p) =cp’ —cp+bi(p) (2.27)

for all p € I. Thus, the solution (2.1)(i) follows from (2.12) and (2.27) by defining
additive mapping a; : R — Ras ay(z) = Ag(x)+(f(1)— f(0))z—cz. Further, the
solution (2.1)(ii) with (2.2)(ii) follows from (2.1)(i), (2.2)(i) and (2.3) by defining
additive mapping as : R — R as as(z) = a1(z) — A;(x) and bounded mapping
by : R — R as by(z) = by(x) — Bi(z). This completes the proof. O
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An enciphering transformation is a function f that converts any plain-
text message into a ciphertext message and deciphering transforma-
tion is a function f~!, which reverse the process. Such a set-up is
called a cryptosystem. In this paper, we extend a generalization of the
original Diffie-Hellman key exchange and ElGamal cryptosystem in
(Z/pZ)* by constructing a semigroup action on a finite dimensional
vector space 1" over F.
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1 Introduction

Recently there has been a lot of on-going research work to find more secure
and efficient public key cryptosystems based on algebraic structures such as non-
abelian groups, linear groups, semigroups and power series rings (see Anshel et al.
[1999], Baumslag et al. [2006], Maze et al. [2007], Shpilrain and Zapata [2006]),
and where the security is based on hard algorithmic problems from combinato-
rial group theory. The hard problems from combinatorial group theory include
the conjugacy search problem, the decomposition search problem and the sub-
group membership search problem. Most common public key cryptosystems and
public key exchange protocols presently in use, such as the RSA algorithm, Diffie-
Hellman, and elliptic curve methods are number theory based and hence depend
on the structure of abelian groups.

The idea of using semigroups as platforms for public key cryptosystems has
appeared in several papers. Yamamura [1998] has considered a group action of
Sly(Z). Blackburn and Galbraith [1999] have analyzed the system of Yamamura
and they have shown that it is insecure. Maze et al. [2007] showed that the discrete
logarithm problem over a group can be considered as a special case of an action
by a semigroup on a set. They showed that every semigroup action by an abelian
semigroup on a set gives rise to a Diffie-Hellman key exchange. By taking the
action of the semigroup on itself, a semigroup can then be used as a platform
for a public key cryptosystem. Kropholler et al. [2010] studied the potential of
the semigroup (a,b ;a? =", a? = b*) as platforms for the Diffie-Hellman key
exchange protocol. Special instances of semigroup actions appears in Anshel et al.
[1999], Shpilrain and Ushakov [2005], Ko et al. [2000] and Slavin [2007]. In
this paper, we try to extend a generalization of the original Diffie-Hellman key
exchange and ElGamal cryptosystem in (Z/pZ)* by constructing a semigroup
from a (p, ¢)-graph G and defining a semigroup action on a finite vector space of
dimension g over the field F5.

2 Notations and Basic Results

Most of the notations, definitions and results we mentioned here are standard
and can be found in Menezes et al. [1996], Koblitz [1998], Lyndon and Schupp
[1977], Maze et al. [2007] and Diffie and Hellman [1976].

Most of the public key cryptosystems and public key exchange protocols cur-
rently in use, like the Diffie and Hellman [1976] key exchange protocol, the ElGa-
mal [1985] public key cryptosystem, the Digital Signature Algorithm (DSA) and
the ElGamal’s signature scheme, use the discrete logarithm problem as the basis
of their security.
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The discrete logarithm problem can be defined as follows.

Problem 2.1. (Discrete Logarithm Problem) Let G be a group and a,b € G. Find
an integer n € N such that a™ = b.

Problem (2.1) has a solution if and only if b € (a), the cyclic group generated
by a. If b € (a) then there is a unique integer n satisfying 1 < n < ord(a)
such that a™ = b. This unique integer is called the discrete logarithm of b with
base a and denote it by log, b. Discrete Logarithm Problem plays important role
in the Diffie-Hellman key agreement and the ElGamal public key cryptosystem,
the digital signature algorithm and ElGamal’s signature scheme. Currently the
multiplicative group (Z/pZ)* of integers modulo n where 7 is a prime is widely
used as the platform group.

Protocol 2.1. (Diffie-Hellman Key Exchange Protocol) Let G be a group.
1. Alice and Bob publicly agree on an element g € G.

2. Alice chooses n € N and computes g" . Alice’s private key is n, her public
key is g".

3. Bob chooses m € N and computes g . Bob’s private key is m, his public
key is g™.

4. Their common secret key is then g"".

The ElGamal public key cryptosystem works as follows:

Alice chooses n € N, a,b € G where b = a™. The private key of Alice is
(a,b,n), the public key is (a,b). Bob chooses a random integer » € N and he
applies the encryption function

v:G—>GxG

m — (c1,¢2) = (a”,mb")

Alice computes m from the ciphertext (cy, c2) by m = co(c) L.

3 Construction of a semigroup from a (p, ¢)- graph

Let GG be a finite (p, ¢)-graph and H be a subgraph of GG. Let xy denote a
vector corresponding to H such that x5 = (1, 29, ..., z,) where

1 ifeisin H
T, = .
0 otherwisef
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Figure 1: Graph G

Let S be a set of such vectors. Then S is a semigroup under the operation
defined by

THYK = (xlax% s axq)<ylay23 s ayq)

= (96191, T2Y2y - - aquq)

We shall illustrate this with the following example.

Example 3.1. Consider the graph G with p = 6 and q = 10 given in Figure
1. Let us consider seven subgraphs of G, which are displayed in Figure 2. Let
T, TH,, .- L[, be the vectors corresponding to the subgraphs Hy, Ho, ..., H7
respectively. Let S = {xy,,xm,,...,xq, . Then

(1,0,1,0,0,1,0,0,1,1)
(1,1,0,0,0,1,1,0,0,0)
(1,1,1,0,0,0,0,0,1,0)
(1,0,0,0,0,1,0,0,0,0)
( )
( )
( )

1,0,1,0,0,0,0,0,1,0
1,1,0,0,0,0,0,0,0,0
1,0,0,0,0,0,0,0,0,0

«le
$H2
ZL‘H3
LHy
L H
ZL’HG
T H,
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Figure 2: Subgraphs of the graph G
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Now,

THTHy, = THy, TH,TH, = THs, THTHy = THy, TH TH, = THs,
TH\YHg = THyp, TH TH, = THy, THy,UH3 = T Hg, THyTHy = THy,
T,y = THyy THyUHs — THgy THTH, = THyy, TH3UH, = THy
TH3XH; = THy, TH; T Hg = THg» TH3XH; = THy, TH,TH, = THq,
Ty YHy = YHyy LTH4TH; — THyy, TH;THg — THy, THsTH, = THy
THsLH; = THy,

Also,
vy (rm2n,) = (Tar)r,, 4,5,k =1,2,...,7.

Hence S is a semigroup.

4 Key Exchange using S-action

Let 7" be a ¢ dimensional vector space over F5. Define the left action of .S on
T, :SxT — T such that p(z,t) = xt. We call this action as an S-action on
the vector space 7'. The right action is similarly defined.

Let G be a (p, ¢)-graph, S an abelian semigroup associated with the graph G,
T be a ¢ dimensional vector space over F5, and an S-action on 7" as defined above.

Diffie-Hellman key exchange using S-action is as follows:

1. Alice and Bob agree on an element ¢t € 7.

2. Alice chooses € S and computes xt. Alice’s private key is x, her public
key is zt.

3. Bob chooses y € S and computes yt. Bobss private key is y, his public key
is yt.

4. Their common secret key is then z(yt) = (zy)t = (yz)t = y(xt).

Example 4.1. Consider the semigroup S in the example 3.1. Let T be a 10 di-
mensional vector space over F5. Suppose Alice and Bob want to agree on a key.
Suppose they chooset = (0,1,1,0,1,0,1,1,0,0) € T. Then Alice chooses xp, =
(1,0,1,0,0,1,0,0,1,1) € S and computes xg,t = (0,0,1,0,0,0,0,0,0,0).
Then send it to Bob. Similarly, Bob chooses vy, = (1,1,0,0,0,1,0,0,1,1) € S
and computes xy,t = (0,1,0,0,0,0,0,0,0,0). Then send it to Alice. Their com-
mon key is xy, (xyt) = (0,0,0,0,0,0,0,0,0,0).

24



Encryption Using Semigroup Action

S-action Problem

Let G be a (p, ¢)-graph and S be a semigroup associated with the graph G,
acting on a ¢ dimensional vector space 1" over F5.
Given elements t € T'and y € S, find x € S such that 2t = y.

4.1 Diffie-Hellman Problem using S-action

Let G be a (p, q)-graph, S be a semigroup associated with the graph G, 7" be
a ¢ dimensional vector space over F; and  be an S-action on 7.
Given r,s,t € T with s = zr and t = yr for some x,y € S, find (zy)r € T.

5 Cryptosystem using S-action

Let G be a (p, ¢)-graph, S be a semigroup associated with the graph G, 7" be a
q dimensional vector space over Fy, T'is an additive abelian group and an action
on 7" as defined above.

ElGamal cryptosystem using S-action is as follows:

1. Alice chooses elements ¢ € T"and = € S. Alice’s public key is (¢, zt).

2. Bob chooses a random element y € S and encrypts a message m using the
encryption function (m,y) — (yt, (y(zt)) + m) = (c1, ¢2).

3. Alice can decrypt the message using

m = (y(xt)) " + (y(at)) + m

= (zc1) '+ e

Note: Message m is also represented as vectors. Each letter in the message repre-
sents a vector (x1, T, ..., %), ¢ > 26 such that
1 if the corresponding letter is in i*" position of the alphabet
T = .
0 otherwise
Example 5.1. Let G be any (p, q)-graph with ¢ = 26. Let T be a 26 dimensional
vector space over Iy, T be an additive abelian group and S be the semigroup

associated with the graph G. The action of S on T is as defined earlier. Suppose
Alice wants to receive a message.
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1. Alice chooses t = (0,1,1,0,1,0,1,1,0,...,0) € T. Then chooses x =
(1,0,1,0,1,0,1,0,1,0,...,0) € S corresponding to one subgraph H; of
G and compute xt = (0,0,1,0,1,0,1,0,0,...,0). Her public key is (t,tx).

2. Bob wishes to send a message m = MEET ME TOMORROW to Alice. He
send it letter by letter. So, first he wants to send the letter M = my(m) =
(0,0,...,0,0,1,0,0,...,0,0).

For, he choosesy = (0,0,1,0,1,0,0,1,1,0,0,...,0,0) € S that is a vector
corresponding to one subgraphH, of G and compute
yt =(0,0,1,0,1,0,0,1,0,0,...,0,0) =4
y(xt) = (0,0,1,0,1,0,0,...,0,0)
and
y(xt) = (0,0,1,0,1,0,0,0,0,0,0,0,1,0,...,0,0) = o
Then he sends (c1, c2) to Alice.

3. After receiving this, Alice decrypt the message by computing (zc1)™! + cs.

ver = (0,0,1,0,1,0,0,...,0,0)
(ze1)™' = (0,0,1,0,1,0,0,...,0,0)
(ze1) ™ + ¢ = (0,0,0,...,0,0,1,0,...,0,0)
=my(m) =M

Similarly, they transfer each letter in the message.
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1. Introduction

Fixed point theory plays an important role in mathematics and it is fast
growing in the fields of analysis because of its applications in mathematics and
allied subjects. Several authors [1, 2, 3, 4] established many results in fixed
point theory using various weaker conditions. In the recent past, b-metric space
was emerged as one of the generalizations of metric space. During this period
Czerwik [5] introduced the concept of b —metric space. In recent years, number
of well-known fixed point theorems have been established in b-metric space
such as [6, 7, 8, 9]. The concept of alpha compatible and alpha continuous
mappings were introduced in metric space [10] and some results were
established in the recent past under certain weaker conditions. J.R. Roshan, N.
Shobkolaei, S.Sedghi and M.Abbas [11] proved a common fixed point
theorem using compatible and continuous mappings in b-metric space. In this
paper, we use the concept of «-compatible and ¢« -continuous maps and
generate a fixed point theorem in b-metric space.

2.2. Preliminaries

Definition 2.1. A function d: X xX — R*where X is a nonempty set and

m > 1lis a b-metric space if and only if for each ¢, ¢, y € X

() d(.9)=0 = =0

(ii) d(¢.0)=d(@.9)

(iii) d(g,) <m[d(g, ) +d(e, 7)].

Definition 2.2. Two self maps M, N of a b-metric space X is said to be
compatible if d(MN7,,NM#7, )=0 whenever {;, }sequence in X such that
M7, =Nn, =y forsome y e X as k - .

Definition 2.3. A point xe X is said to be an - fixed point of map
M:X > Xif (@oM = .

Remark 2.4. A fixed point is not necessarily «- fixed point and « - fixed
point is not necessarily a fixed point. If =1, the identity map then they
coincide.

Example2.5. Let M, «:R—>R be defined by Mu) = u®-1 and
a(u)=u®+1.
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Then (a¢oM)(0) = x(-1) =0and (a@oM)(2) = «(0) =1.
Therefore 0 and 1 are « - fixed points but not fixed points.

2
Example 2.6. Let M, «: R — R be defined by M(u) = u? and a(u) =u’.

Here (e¢oM)(0) = «(0) =0and M(0) = 0.
Therefore O is « - fixed point of M which is also fixed point of M.
Definition 2.7. A pair of self maps M and N of a b-metric space X is called

a—commuting if ((aoM )o(aoN)),u = ((aoN )o(axoM ))y forall ze X.
The preceding example show the relation between commuting and

o —commuting mappings.

Example 2.8. Let M, N, «: R — R be defined by M (u) =u*, N(u) =+/u and
a(u)=3u forall ueR.

Then MN (u) =M (u) = (u)* =u?and NM (u) = N(u*) =u®,
Therefore MN (u) = NM (u) .

Hence M and N are commuting mappings.

“Also for U e R, (@oM)(u) = a(u*) =3u*, (aoN)(u) = a(~/u) =3Ju.
(oM )o(aoN)(u) = (oM )(BVU) = a(3*u?) = 3°u?

and (cxoN)o(coM)(u) = (oN)(3u*) = a(v/3u*) = 34/3u%.

Therefore (coN)o(aoM)(u) # (¢oM )o(aoN)(u).

Hence M and N are not & —commuting mappings.

Example 2.9. Suppose M, N, «:R—{0}— R—{0} given by

M(u)=u*, N(u)=u®and e(u)=2 forall ueR.
u
Then MN(u) =M (u®)=u*®and NM (u) = N(u*) =u®.

Therefore MN (u) = NM (u) .
Hence M and N are commuting mappings.

Also for u e R~ {0}, ()W) =a(u) = . (ad)(W) =a(u®) =

(ezoM)o(aoN)(u) = (oM )(uisj = a[T(uist = a(uizoj =u®.
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and (aoN)o(coM )(u) = (aoN )(u%j _ “(S(u_l“jj _ a(%) _u?,

Therefore (aoM )o(aoN)(u) = (aoN)o(aoM )(u)
Hence M and N are o —commuting mappings.

Example 2.10. Let M, N, «:R— R be defined by M(u)=u*, N(u) =4u

and a(u)z% forall ueR.

MN (u) = M (4u) = (4u)* =4*u* , NM (u) = N(u*) =4u*.
Therefore MN (u) = NM (u) .

Hence M and N are not commuting mappings.
4

Also for U e R, (a@dM)(u) = a(u*) :uT , (@oN)(u)=a(4u) =u

4

(oM )o(aaN)(u) = (aoM)() = a(u*) ==
u* ut

(aoN)o(coM )(u) = (croN )(Tj =a(u*) = T
Therefore, (e¢oM)o(aoN)(u) = (eoN)o(aoM )(u).
Hence M and N are « —commuting mappings.
Example 2.11. Suppose M, N, &:R - {0} — R—{0} given by
M (u) =u®, N(u)=3u® and a(u) :i2 forallueR.

u

MN (u) =M @u?)=3%u®, NM (u) = N(u®) =3u°®.
Therefore MN (u) = NM (u) .

Hence M and N are not commuting mappings.

Also foru & R - {0}, (adM)() =a(u®) = = (adN)() =ar(3u?) =

u6 2u4

(@oM)o(aoN)(u) = (aoM )(gu%j = a(M (9%)) = a(93—t12J =9%u*,

(aoN)o(aoM)(u) = (aoN )(uie) = a(S(uiGD = a(?{u—{zn = ug .

Therefore, (oM )o(aoN)(u) # (aoN)o(aoM )(u).
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Hence, M and N are not & —commuting mappings.
Definition 2.12. A pair of self maps of a b-metric space (X, d) is called weakly
a—commuting mappings if (e¢oM) and (aoN) are weakly commuting maps.
ied (((aoM )o(aoN ))(u), ((aoN)o(aoM ))(u)) < d((aoM )(u), (coN )(u)) for all
ue X.
Definition 2.13. The self maps M,Nofa b-metric space X are called «-
compatible maps if (oM ) and (aoN ) are compatible if whenever {u,} isa

Sequence in X such that d((@oM)(u,),(eoN )(u,))— € X, then
d(((@oM)o(aoN) u,),((@oN)o(aoM))u,)) =0 as n— oo,
Definition 2.14. Two self maps M and N are called weakly oz —compatible if

(ecoM) and (aoN) are weakly compatible,i.e (@¢oM)and (coN) commute at

their coincidence points.

Remark 2.15. It may be observed that «—commuting maps are weakly o —
commuting maps,weakly o —commuting maps are «—compatible maps and
o —compatible mappings are weakly o —compatible maps.But converse is not
true in each case. These facts are presented in the following example.

Example2.16. Let M, N, «:R-{0}—>R—{0} given by M(u)=u®,

N(u)=u* and oc(u)=1 forall ueR.
u

Here (aoM)(u) = a(u®) = uif’ , (adN)(U) =aU®) = ui“
(@M o(adN)(u) = (oM )(ULAJ = a[u—lzoj =u®,

and (croN)o(craM)(u) = (ad\l)(u—lsj _ a(%j )

Therefore, (a¢oM)o(aoN)(u) = (aoN)o(aoM)(u)
Hence, N and M are o —commuting mappings.
Also for u e R—{0}

d(((@aM)o(aaN) u). (N )o(aaM) ) =[u? —u?|* =0

2 2

1-u
u5

d((aoM U, (coN )u) = ‘uiS _ui“
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d(((ezoM)o(aoN) (), ((aoN)o(aoM) )u)) =0
vl d((czoM )u, (N )u )

Therefore M and N are weakly o —commuting maps.

Now (o )u,) =, (oY) =
11
d((@oM)(u,),(@oN)(u,))=|~+-— —0 asu, -1,

Hence M and N are o —compatible mappings.
Definition 2.16. The self mapping M of a b-metric space (X,d) is said to be
o —continuous if (oM ) is continuous .In other words for every & > 0, for all

5 >0 such that d(x,y)< & = d((@oM)u, (aoM)v)< &.

The following theorem was proved in [11].

Theorem 2.17[10]. Let f, g, S and T be four self mappings defined on a
complete b-metric space(X, d) with the following conditions:

(C1) f(X)=T(X)and g(X)<S(X)
(C2)
d(fu,gv)s%max{d(Su,Tv), d(fu,SDu), d(gv,Tv), %(d(Su,gv)+ d(fu,Tv))}

holds for every u,v e X with0O<q<1.

(C3) The self mappings T and S are both continuous
(C4) two pairs (f, S)and (g, T) are compatible.

Then the above four maps will be having a unique fixed point which is
common.

Now we prove the generalization of Theorem (2.17) in the preceding
Theorem under some modified conditions.

To do so, we'll need to recall the following lemmas.

33



Thirupathi Thota and Srinivas Veladi

Lemma 2.18[10]. Let (X,d) be a b—metric space with k>1 and two
sequences{u,} and {v,}are b-convergent to uand v respectively. Then we
have

k—lzd(u, v) <liminf d(un, vn)s rIj_r)r;}supd(un, v.) <k?d(u, v).

n—oo

Lemma 2.19[9]. Let M and N be o — compatible mappings from a b-metric
space (X, d) intoitself suchthat lim(coM)u, =lim(aoN)u, = x, for some ue X.
j—ooo joo

Then lim((aoM )o(aoN) , = (aoM )z = 1, if M is a—continuous.
J oo

3. Main Result

Theorem 3.1. Let M, N, P and Q be four self maps and « as defined on a b-
metric space (X,d) which is complete with the given conditions:
(b1) (oM )X )< (@oQ) X ) and (coN XX ) < (cxoP) X)

d((aoP)u,(oQ)v),

d ((aoM )u, (aoP)u),

(b2) d((ccoM u, (acoN W) < ki max/ d ((a(()(N W, gao(Q)v),)V |

1 ( d((@oP )u,(coN

\E (+ d ((aoM )u, (aoQ )V)J

holds for everyu, v e X with q(0,1).

(b3) The mappings Q and P are « —continuous

(b4) the pair of maps(M, P) and (N, Q) are o —compatible.

Then the above four maps will be having a unique fixed point which is
common.

Proof:

Using the condition (bl) for the point u,eX 3u, e X such that

(oM )u, = (@oQ)u,. For this pointu, we can select a point u, € X such that
(aoN)u, = (aoP)u,and so on. Continuing this process it is possible to
construct a  sequence  {v,}such thatv,; = (oM u,; =(aoQ)u,,,,and
Voju = (aoN )u2j+l = (aoP)UZHZ v j=0.
We now demonstrate that {v;} is a cauchy sequence.

Take d(V,;,v,;,;)=d{(@oM)u,;, (@oN)us,.,)
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< % max{d ((aoP)uzj ’(OZOQ)Uzm)’ d ((aoM )u2j ,(aoP)uzj ),d ((O‘ON )U2j+1v(aOQ)U21+1)a

%(d ((aoP)uzj ’(O‘ON )u2j+1) +d ((aOM )uzj ’(aOQ)u2j+l))}

%max{d(vz,-1,v2,-),d(v2,-,v2,-1),d(v2,-+1,v2,-),

%(d (Vaj1: Vo) +d (V5. Vo)) )

_ % max{d (v, 1,V5,),d (Vs Vo 1),
k
< %max{d (V2j—l’v2j)!d(V2j 'V2j+1)15(d(V2j—1’v2j)+ d(V2j1V2j+1))}'

If d(vzj,v2j+l)> d(vzjfl,vzj ) for some j, then the above inequality gives

d(VZj—l’V2j+1)

> 7

q
d(sz ’V21+1)3 Fd(vzj' 1V21+1)
a contradiction.
Hence d(vzj,vzm)s d(vzj_l,vzj) forall jeN.
Now the above inequality gives

From (1) and (2) we have
d(v,,v, )< d(v,,.v, ,jwhere2= 3 <1and j>2.

3
Hence for all j > 2,we obtain ‘
d(vj ,VH)S ﬂ,d(vj,l,vj,z)s .......... /Riaes [ (VY Q— (3)
Soforall j>1,we have
d(y;. v )<k (Y1, Vi) + K2 Vit Vi) + oot K (YY)
Now from (3),we have

d(v,,v,)< (k2 + K22 + .o +KI AN (v, v,)
< KA @+ KA+ K2R 4o, )d (v, V)

kA
< K d(vy,Vy).

Taking limits as 1, j — co,we have d(v;,v,) — 0 as k4 is less than one.
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Therefore {v,}is a cauchy sequence in X and by completeness of X, it
converges to some point x in X such that

Iim(aoM )uzj = |im(a0Q)u2j+1 = |im(a0N )u2j+l = |im(050P)u2j+2 =u.

Since P is a—continuous, therefore IIm(aop)o(aOP)u2J+2 (aoP)u and
lim(ccoP Jo(aoM )u2j = (coP) 1.

joo

By (b4) we have (M,P) is o —compatible,
lim d((aol\/l )o(aoP)uzj ,(ccoP)o(aoM )uzj )= 0
joo

s0 by Lemma (2.19), we have lim(aoM Jo(adP)u,; = (adP)u
jeo
Now putting u = (aoP)u,; and v =u,;,, in (b2), we get
take sup limit as j — oo on both the sides and by Lemma (2.18),we get
d((aoP)o(aaP)uzj,(aOQ)UZM),
d((@aM Jo(acP)u,, (aeP)o(acP)uy; ),
d((aol\/l )O(aop)uz,' 1(0‘0'\1)'sz+1)S k%max d((ad\l)uzmv(ad?)uzm): ,
1 d((adD)o(aaD)uzj,(ad\l)isz+1)
2(+ d((adVI )o(aoP)uzj : (aoQ)uZM)J

W < Ei_r)rld((ad\ll )o(adD)Uzj (aoN )U21+1)

Iimsupd((aoP)o(a(JP)Uz,- (aOQ)Uzm):

jow

limsupd (@M Jo(@cP)u, ;, (acP)o(adP)u,, ),
jow

Simax Ilmsupd(ad\l 2]+1 Oldg 2]+1)

k4 joo

{Ilm supd((omP)o(ocoP)UzJ (N 21+1)
2

joe

+lim supd((aol\/l Jo(a@cP)u,;, (eQ)u 2j+1)

joo

] kd ((oP) e, 1), d((crP) 1, (exaP) ), o (11, ),
<—maxyq

> Q@) )+ d{(@P)us )
. {kzd((aoP),u, ,u),0,0,}

d((aoP)u, 1)

Sirnax{kzd((ozol:’),u,,1,1),0,0,}
k* d((@oP) s, 12)

= k% k*d((adP) . 1)
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kz d((adP), p).

Therefore d((aoP),u,,u) < qd((aoP),u, ,u).
As 0<qg<1 so (xoP)u=u.
Since Q s —continuous, therefore lim(aoT Jo(croT u,,, = (T )u

and lim(aoQofaoN I, —(aoQe.

Since the pair (N,Q) is «—compatible, we have

Iierl 09 ((aoN Jo(aoQ)u, i (cx0Q)o(coN u, i )= 0

So by Lemma (2.18) we have lim(azoN )o(aoQ)isz =(aQ)u.

Now putting u =u,; and v:(oon)uzji1 in (b2), we get

d((@oP)u,,, (eRQo(@eQ)us ;)

((a )UZJ (aoP) )

d(lam)u,; (e olacQ)u., )< maxid (ol olacQ)uy . (aQlo(@Q)uy.. )
(d(( OP qu ad\l)o(adg)uzﬁl) ]
+d ((ad\/l Ui aOQ)O(aOQ) 21+1)

take sup limit as j — oo on both the sides and by Lemma (2.18),we get
q k?d(z, (@Q) 1),0,0,

d(y,(aoQ)y)gd((aol\/l)uzj,(ad\l)o(aoQ) 21+1) o X k? [ (1, (@) 1) J
d(u, (@Q) p)

Al (@0Q)u)< 7 3 d(u (@0Q) )

which implies that xz = (a0Q) .

Therefore (aoP)u = (aoQ)u = p.--------- 4)
Again putting u= g and v= Uy in (b2)
d((ad:))lu’(a(Q)UZjﬂ)’

d((@aM )u, (acP)u),
(oM s, (N s, ) <& max] d (@, s, (@cQ)y ),
k
l d((aoP),u,(aoN )uzjﬂ)
2\ + d((ad\/l )m (aoQ)uzm)
take sup limit as j — oo on both the sides and by Lemma (2.18) we get
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k?d ((croP ), 1), K*d (@M )us, (P ),

d((aoM )ﬂ,ﬂ)é%max k?d (s, p2),

= kq d((aaM us, p2).

This implies thatd ((ccoM ), ££)=0.

That gives (oM )i = 1 as 0<q<1.

Again putting u = ¢ and v = x in (b2), we get
d((aoP)u,(aoQ)u),
d((@oM )u, (@oP)u),

d((aoM)u.(aoN)ﬂ)S%max d((eoN ) (ao Ju )) )

1 aoP aoN
E( aoM a0Q ) )J
d

d(wz)( )(( ) 1),
)

( (g2, (N )u)+d(u,
0,d((@aN ), 1),
gwmwmmwm}
{O,O,d((ad\')u,u), }

580 (ac)) -0

0,

d(u, (N )< %max

= L d((aoN)u )

< qd((eoN ), 1)

which implies thatd(, (coN )u) = 0

p=(aoN )u .

Therefore (ccoM )u = (ctoN )pt = pt.-=======-- (5)

Hence from (4) and (5) we obtain

(aoP) = (aoQ) pt = (oM )t = (aoN) = 1 .

Therefore x isacommon o —fixed point of M, N, P and Q.
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Uniqueness:
Assume that 7 (7 # ) is another common fixed point of the four mappings

M, N, P, and Q.

Put u=7s and v= g in (b2)

d((aoP )y, (@oQ)u),
((aoM )17 (aoP)n)

((@oN ), (@oQ)u),

1 aoP)n aoN ),u)

. )

o o

d((ceoM )7, (acoN ) < % max

+d((cxoM ), (aoQ)u)

g |€dlrpkdm.n) kid(u, )
I L)

- % max{kzd(n, £),0,0,k*d (7, ﬂ)}

d )
AL _ 9 e, 00
d(7, 1) <qd (7, p).
AsO<qg<l,sonp=u.
Hence the four maps M, N, P and Q will be having a unique common fixed
point.
Now we give an illustration to support our result.

Example 3.2: Suppose X =[0, 1] is a b-metric space d(u,v)=|u—Vv|* where
uveX.

Define the four self maps M, N, P, Q and « as follows

u+2 1
_ O0<u<—
6 2
a)=u ; M(u)=N(u)= 1 u=l ;
2 2
1, l<u<1
6 2
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M(X)=N(X) =(0.16,0.33]u{%}, P(X) :Q(X)z[O,E]

clearly the condition (b1) is satisfied.

Take a sequence as u; =%—1_for j=>0.
J

joo joo i joo 6

1 1
11 (2_j+2] 5 1 5
Now IimMuj:IimM(E——j: “m—:g_6_:€
J n

and lim Pu; =lim Q(%—Ej = lim :g

j—o j—o J j—o 6

that is 3 a sequence {u;} in X such that lim Mu; =lim Pu, zg .

jow joow

Similarly lim Nu; =limQu; = g .Also
J—>x©

]

11 4@_1'}3 5 2) 1
MPuj ZMP(E_TJZM BN VA =M(———_J=—as k >o and

] 6 6 3)) 2
11
11 (2_'} 5 1 5 1
PMu, =PM| = —= |=P ‘ :P(———j: 2t Casjow
i 6 6 6n 6 6n 6
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Jox®

So that limd(MPu,, PMu, )= d(%,§j=|l_§

Similarly limd(NQu,,QNu; )=0
J—ox©

Showing that the pairs (M,P) and (N Q) are not compatible mappings.

Again (eoM )u;) = (oM

and also (acP)(u;) =(aP) =-= [ 2§

(acoM )O(OtoP)uj (aoM ——— M ——— j=% as j —»o and

5 1 5 .
=gl =-—|=>as jowx
L (g

[5 2j 5 .
=a|-——|=—<as]—>owo

(aoP )o(aoM )uj :(aoQ)(g—(Sijj = a[l—§+%} = a(l+ij _1 as j — .

6 6n/ 6

2

So that lim (oM o{acP)u, (xPofaeM ;)= d (é éH%_%

Similarly Ijl_rll d ((aoQ)o(aoN )uj ,(coN )o(oeoQ)uj ):

Showing that the pairs (@oM,aoP) and (aoN,aoQ) are «-compatible
mappings.

Now we fulfill the requirement that the mappings M, N, P and Q satisfy the
condition (b2).
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We have (eoM )(u) =0, (axoN )(v) :%

v v? w2
d«aoM)u(aoN)vyzd(Qig =16l =256
Also (aoP)u) =uand (@cQ)(v) = % ,

((aoP)u (aoQ)v)= ( %j= u—% :
d((@oM)u, (@oP)u)=d(0,u) = u?,

v v) |v vt 9v?
((O(Og)v (aOT)V): (E,Zj E—Z 2—56,

d((@oS)u, (aog)v) = (u %) = ‘u v

d((ccoM )u, (oQ)V) = d(o, Xj - %

Substituting all these in the inequality (b2), we obtain
2

Vv v 9v? k2 v v2
P kz(u——j kou? k? — [u——j +—
256 k* 4 256" 2 16 16

If we chooseu=0.5,v=0.9 and k =2 we obtain

0.00316< % max{0.3024,1,k?0.112, 0.4948}

0.00316< -3 (1)
16
0.00316< % 1) = q=0.05¢(01).

Hence the condition (b2) is satisfied.

4. Conclusion

This work is focused to generate the existence of common fixed point theorem
proved by J.R.Roshan and others mentioned in Theorem (2.17) by employing
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some weaker conditions ¢ —compatible and « —continuous mappings instead
of compatible and continuous mappings. At the end of the theorem our result
is justified with a suitable example.
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Abstract

The multistar S™*~"" is the multigraph whose underlying graph is
an n-star and the multiplicities of its n edges are wy, ..., w,. Let G
and H be two multigraphs. An H-decomposition of G is a set D
of H-subgraphs of G, such that the sum of w(e) over all graphs in
D which include an edge e, equals the multiplicity of e in G, for all
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1 Introduction

If G and H are two simple graphs with out isolated vertices, then G is H-
decomposable or H divides G if there exists a partition of the edge set of G into
disjoint isomorphic copies of .

The above definition can be extended to mutigraphs also. Let G' and H be two
multigraphs. Then the corresponding H-decomposition problem is to decide for
a fixed H and an input GG, whether such a partition exists. We can formally define
the concepts about multigraphs and the multigraph decomposition problems as
follows.

Definition 1.1. A multigraph (V, E,w) consists of a simple underlying graph
(V, E) and a multiplicity function w : E — N, where N is the set of natural
numbers.

The multigraph on an underlying graph G with constant multiplicity A is de-
noted by \.G and this is different from AG, denoting A disjoint copies of G. When
referring to a simple graph G as a multigraph we mean 1.G. An isomophism
between multigraphs is an isomophism between their underlying simple graphs
which peserves edge multiplicity.

Definition 1.2. A subgraph H of a multigraph G is a multigraph H whose under-
lying graph is a subgraph of that of G and its multiplicity function is dominated
by the multiplicity function of G, i.e. the multiplicity of an edge in H does not
exceed its multiplicity in G.

Definition 1.3. An H-subgraph of G is a subgraph of a multigraph G, isomorphic
to a multigraph H.

Definition 1.4. Let G and H be two multigraphs. An H-decomposition of G is a
set D of H-subgraphs of G, such that the sum of w(e) over all graphs in D which
include an edge e, equals the multiplicity of e in G, for all edges e in G.

Definition 1.5. The multistar S*' ">~ is the multigraph whose underlying
graph is an n-star and the multiplicities of its n edges are wy, ws, - -+ , Wy,.

There are considerable number of papers dealing with an /7 -decomposition of
GG and some them are provided in the reference [Shyu, 2013, Lin and Shyu, 1996,
Lin, 2010, Lee and Lin, 2005, Lee et al., 2005, Bryant et al., 2001, Bialostocki and
Roditty, 1982]. Priesler and Tarsi [Priesler and Tarsi, 2004] showed that, for any
multistar H (except a few cases), H-decomposition is N P-complete. Priesler and
Tarsi [Priesler and Tarsi, 2005] fully characterized S*?-decomposable multistars
in the following theorem.
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Theorem 1.1. [Priesler and Tarsi, 2005] The multistar S™*2 "% n > 2 is
SY2.decomposable if and only if

1. 37 w; = 0(mod 3)
2. The number of odd multiplicities among the w; is at most %(E?lei)
3. The largest among the w; is at most twice the sum of all the others.

In this paper we fully characterize those multistars which are S'*?-decomposable,
K ;n-decomposable, S?"-decomposable and S ml—decomposable where m! de-
notes m repeated [ times.

2 Main Results

2.1 S'23 decomposability of 512w
w1+w2+w3'

Theorem 2.1. Let wy > we > w3 > 2 be positive integers and n = 5
Then S¥1w2ws js S123_decomposable if

1. wy + we + w3 = 0(mod 6)
22.2<w —m<2n,2<w;, —n<2n
3. 5w2§w1+7w3—12

4. w; < ws+wsz—6ifm andl—(mT_l) are odd where m = wy—n,l = wy—n.

Proof. Consider the equations

31+ 229 + 1(n — (21 + x2)) = wy
3y +2y+2+1(n — (y1 +y2)) = wo
3(n—(z1+y1)) +2(n— (v2+y2)) + 1(n — (2n — (z1 + 22 + 31 +42))) = w3

Let the above three equations be called as (A). Firstly we claim that under the
given conditions (1),(2),(3) and (4) we can find non negative integers x1, T2, Y1, Y2
satisfying equations (A) such that n — (z; +z2) > 0,n— (y1 +42) > 0,n— (z;+
y1) > 0,n — (xg+y2) > 0,n — [2n — (2, + 22 + y1 + y2)] > 0. Let these five
inequalities be called as (B). The equations in (A) can be simplified as

201+ 19 = w1 — N (2.1.1)
201 Fyp = w2 —n (2.1.2)
201 + 2y + 22 + Yo = 4n — w3 (2.1.3)
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Since n = #1024y — p 4wy — n = 4n — ws3. Thus to prove our claim we

have to solve the equations ( 2.1.1), ( 2.1.2) such that all the inequalities in (B)
are satisfied. Observing ( 2.1.1) and ( 2.1.2), it is clear that they have a positive
integral solution such that all the inequalities in (B) are satisfied if and only if
w; —n < 2n and wy — n < 2n. By condition (2), these inequalities holds. Let
m=w; —n, [ =wy—n.
Casel: wy, —n<n

Here we have to solve the equations 2z, + xo = m, 2y; + yo = [.

Subcase 1.1: m is even

Take xy = F, 20 = 0,91 = 0,42 = L. Thus 1 +25 = 3 <n,y1+y2. =1 < n,
r+y1 =5 < n, 2+ y2 = [ < n. So the only inequality in (B), which has to
be verified is n — (2n — (z; + 22 + y1 + y2)) > 0. Since n — (x; + x2) > 0 and
n—(y1+y2) >0, x;+x2+y1+y2 < 2n. Thusn— (2n— (z;+ 22 +y1 +1y2)) >0
SutrTtyitye>2nes THI>ns P fws—n > n s w+2ws > 5n
& wy + 2wy > H(WEENL) o Sws < wy + Tw,, which is always true, since
wy > wy > ws- Thus in this subcase all the inequalities in (B) are satisfied.

Subcase 1.2: m is odd

Take z, = mTfl,xQ =1,y =1,y=101—2. Herexy +y; = m74+1 <n
[since m is odd and m < 2n]. 9 +y» = 1+ —2 =1 —1 < n [since in this
subcase [ =ws —n <nl,y1 +y2 =1—1<nand x| +x5 = mT_1+1 <n.Asin
the above subcase n — (2n — (x1 + o+ Y1+ 10)) > 0= o1+ 20+ 11+ Y2 > 1
Sm—14+20>2ns w +2wy, —1 > 5n < dbws + 6 < wy; + Twy. Since
wy > 2wy > 2+ n, wy > 24+ n, wegetw, > 3, w, > 3, wy > 2. Also
wy; > wg > ws. Thus Twy > bws + 2ws > dws + 4. Thus w; + Twy >
Swsz + 4 + wy > Sws + 7 > dws + 6. Hence 1 + x5 + y1 + y2 > n and thus
n— (2n — (x1 + 22 + y1 + y2)) > 0. Thus in this subcase also all the conditions
in (B) are satisfied.
Case2: wy —n>n

Here also we have to solve the equations 2x; + x5 = m, 2y; + yo = L.

Subcase 2.1: m is even and [ — 7 is even

m
2

j—m
Take$1:%,x2:(],y1:T2,y2:%,Heren—(gjl+x2):n_%Z()’

since 2 <n.n—(y1+y2) =n— (22 4+2) =n— 242 Thusn— (y1+y2) >0
@m% <n<< 2wy —n) 4w, —n < 4n < Swy < wy + Tws, which is true by
the given condition (3). Similarly n — (z; +y;) > 0and n — (z2 +y2) > 0. Asin
the above case,n — (2n — (x1 + 22+ y1+42)) >0 1+ o+ 1+ Yo > n &
o Aem o > s 3m o+ 20 > dn < 3wy + 2ws > 9In e 3wy < 3wy + w,
which is always true since w; > wy > ws.

Subcase 2.2: m is even and [ — 5 is odd

m

Here take 1 = %, 1o = 0, y; = 22+1, y2 = 5 — 1. We can easily verify
that n — (x; + x2) > 0 < bwy < wy + Tws — 12, which is true by condition (3).
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Similarly n — (y1 + y2) > 0. Also it easily follows that n — (x1 + 3;) > 0 and
n—(x2+y2) >0.n— (2n— (:v1+x2+y1+y2)) > 0< 3w, +wy > 3ws + 4.
But w; > wy > ws > 2 and by condition (2), wy > n 4 2 and n = Wt
Thus wy; > 4. Also 3wy + we = wy + 2wy + we > wy + 3wz > 3ws + 4 (since
wy > 4). Thus n — (2n — (x1 + 9 + y1 + y2)) > 0 and hence all the inequalities
in (B) are satisfied.

Subcase 2.3: mis odd and [ — mT’l is even

1— m—1

Take 21 = mT_l,xQZLyl: 5 ,yzzmT_l~”—($1+x2):”_(mT_l+

1) >0< 1+ m2—l < n. This is true since m < 2n and m is odd. Similarly
n—(z2+1ys) > 0. Alson — (21 +11) > 0 < bwy < w; + Tws + 6, which is true
by condition (3). Similarly n—(y1+y2) > 0. Also n—(2n—(x1+22+y1+y2)) > 0
& 3wy + we + 2 > 3ws, which is always true since wy; > wy > ws. Thus all the
inequalities in (B) are satisfied.

Subcase 2.4: m is odd and [ — ™ is odd

Take 21 = 2L, 20 = 1, 41 = liZTH,yQ: L — (2 +x2) =n— B4 +
1) = n — 2. Since m is odd and m < 2n, 2 < n. Son — (z; + x3) > 0.
n— (r2 + y2) = n—(mTH—Fl) > 04 w; < wy + ws — 6, which is true by
condition(4). Also we can verify that n — (z; + y;) > 0and n — (y; + y2) > 0 by
condition(3). Similarly n— (2n— (x;+z2+y1 +¥2)) > 04 3w +wy+6 > 3ws,
which is always true. Hence all the conditions in (B) are satisfied in this subcase
also. Hence our claim is proved in both cases. Thus using equations (A), we can
properly partition wy into z; copies of 3, x5 copies of 2 and n — (x; + x3) copies
of 1’s. wq can be partitioned into y;copies of 3, y, copies of 2 and n — (y; + y2)
copies of 1. w3 can be partitioned into n — (z; + y;) copies of 3, n — (x5 + y2)
copies of 2 and n — (2n — (z1 + x2 + y1 + y2)) copies of 1. Using these partitions
of wy, wy, w3, we can decompose S¥*2:%s into copies of S123.0

2.2 K, ,, decomposability of S

Theorem 2.2. The multistar S™*"> " "r wy > wy > -+ 2> Wy, IS K-
decomposable (n > m) if and only if

1. X w; = 0(mod m)
2. Foreachk =1,2,--- ;m—1, 58 jw; < 2 (wpy1 + -+ wy)

Proof. Suppose the multistar the multistar S*1-%2 %y > wg > +++ > wy,
is K ,,,-decomposable (n > m). Then clealy X" ,w; = 0(mod m).
To prove (2), assume the contrary. Suppose that 3% w; > —E— (w1 +-- -+

m
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wy,), for some k with 1 < k < m — 1. This implies

k k n
(m—k‘)Zwi > k(wgyr + -+ + wy) :>me1» > kai
i=1 i=1

=1
k k n
1= 1=

This is not possible, since %(ZLI w;) is the number of copies of K, to
which 5“2~ can be decomposed. Each copy of K ,, can contribute at most
kto Yo wi. Thus 38w < (00 wy).

We prove sufficiency by induction on w = " | w;. For w = m, the multistar
i1s K, itself. If w > 2m, one copy of K ,, is deleted from s*+*2" ™ by sub-
tracting m number of 1’s from the largest m multiplicities. The multistar obtained
after this process still satisfies conditions 1 and 2. Hence by induction the proof
follows.O

2.3  S?" decomposability of S¥i:wz:wn

Theorem 2.3. The multistar SW27 %n w; > wy > -+ > wy, is S? -decomposable
(n > m) if and only if

1. 37 w; = 0(mod 2m)
2. For1 <i<mn, w; =0(mod 2)

3. Foreachk =1,2,--- \m— 1,3 jw; < L2 (wpy1 + - +w,)

m—k

Proof. Assume that the multistar S*1w2%m js S2"_decomposable. Then
as in the above theorems conditions 1 and 3 hold. Since Sw1w2wm jg 2.
decomposable, clearly w; = 0(mod 2).

We prove sufficiency by induction on w = )", w;. For w = 2m, the mul-
tistar is S itself. If w > 4m, delete one copy of S?” from Swiw2wn by
subtracting m number of 2’s from the largest m multiplicities. The multistar ob-
tained after this deletion still satisfies all the three conditions. Hence by induction
the proof follows.O

The above two theorems can be generalized to characterize S m! -decomposable

multistars.

24 Sm decomposability of S 2 "

Theorem 2.4. The multistar S™1W2">%n qwy > wg > -+ > Wy, IS Sml-decomposable
(n > 1) if and only if
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1. X w; = 0(mod Im)
2. For1 <i<mn, w; =0(modm)
3. Foreachk =1,2,---,1 —1, E’f‘:lwi < ﬁ(wkﬂ + - wy)

)

Proof. Assume that the multistar S*1%2%n ig S™" _decomposable. Then
conditions 1,2 and 3 follows as in the above theorem.

The sufficiency can similarly be proved using induction by deleting one copy
of S™" from Swi-w2: W by subtracting [ number of m’s from the largest [ multiplicities.O

3 Conclusions

In this paper we have characterized those multistars which are S1*3-decomposable,
K ;n-decomposable, 52" -decomposable and sm! -decomposable.
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Abstract
This paper introduces a simple lossy image compression method based
on Ramanujan Sums ¢,(n) and the statistical measures of numerical
data such as mean and standard deviation. The Ramanujan Sum ¢, (n)
has been used in digital signal processing for a variety of applications
nowadays. Some of them include the recently developed image ker-
nels for edge detection, extraction of periodicity from signals, etc.
The presented compression algorithm is an extension of the edge de-
tection algorithm using an integer image kernel based on Ramanujan
Sums. We propose a block-based compression algorithm that detects
edges in the images using this image kernel and then compresses the
image by storing kernel operation values, the mean and standard devi-
ation for each block instead of pixel values. The proposed method has
the advantage of low computational complexity and shows its ability
in fast reconstruction and high compression that can be achieved for
different block sizes.
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1 Introduction

In the rapid popularization of the internet and social media, the role of a digital
image is indispensable. As we have to transmit a lot of information over commu-
nication networks, bandwidth reduction is necessary. To achieve this, audio and
video signals need to be compressed. Image or video signals in compressed form
are convenient for editing, storing, utilizing, and transmitting. Image compression
techniques can be classified into two categories. If the information retained after
decompression is 100%, it is called lossless compression otherwise lossy. If we
take a pixel in an image at random there is a good chance that its neighbours will
have the same intensity or very similar intensity. Typically hence, image com-
pression is based on the fact that the neighbouring pixels are highly correlated
([Salomon, 2007], [Sayood, 2012]). Most image compression methods exploit
this feature to obtain efficient compression.

Lossless compression can be achieved with the techniques like Run Length
Encoding (RLE), Huffman coding, Arithmetic coding etc.([Gallager, 1978], [Jain,
1989], [Taubman and Marcellin, 2012], [Witten et al., 1987]). Lossy techniques
include transform coding methods such as Discrete Cosine Transform (DCT),
JPEG, JPEG2000 etc.([Pennebaker and Mitchell, 1992], [Gonzalez and Woods,
2008], [Goyal, 2001]). Polynomial-based compression is another lossy compres-
sion method ([Sadeh, 1996],[Eden et al., 1986]). Sajikumar S et al., [Sajikumar
and Anilkumar, 2017] introduced a compression scheme using Chebyshev poly-
nomials. The proposed compression algorithm differs from the standard compres-
sion algorithms in its low computational complexity and fast reconstruction.

Lossy compression techniques are tested for their performance based on three
commonly used measures, the Root Mean Square Error (RMSE), Peak Signal
to Noise Ratio (PSNR) and the Compression Ratio (CR). The RMSE between
original image f(z,y) and reconstructed image f(x, ) of size M x N is defined
by [Joshi, 2018]:

M-1N- 1
RMSE = — f(z, y)} (1)
z=0 y:O
For an 8- bit gray level image,
2552
PSNR = 101 (—) B 2
SN 0logq VSE (dB) (2)

compressed image size
CR = 0P e 3)
uncompressed image size
An image kernel is a matrix used to obtain effects like blurring, sharpening,
outlining, etc. Computer vision applications of image kernel mainly include fea-

ture extraction and edge detection. A geometric perspective of kernel methods
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can be seen in [Lampert, 2009]. Zhang et al., studies various non-local kernel
regression for image and video restoration tasks [Zhang et al., 2010]. Odone et
al., describes methods for building kernels from binary strings for image match-
ing [Odone et al., 2005]. In 2016, Krishnaprasad P et al., [Krishnaprasad and
Ramanujan, 2016] presented an image kernel based on Ramanujan Sums to detect
edges. For each 3 x 3 block of pixels in the image, they multiplied each pixel
by the corresponding entry of the 3 x 3 kernel matrix constructed from c3(n) and
then takes the sum. This sum is considered as a new pixel in the image.

Ramanujan Sums c¢,(n) is a family of trigonometric sums defined by Srini-
vasa Ramanujan in 1918 [Ramanujan, 1918]. In the last fifteen years, Ramanujan
Sums have aroused some interest in signal processing. Cohen initially introduced
Ramanujan Sums to the signal processing community ([Cohen, 1955], [Cohen,
1958]). In 1950, he observed that the DFT coefficients of even symmetric signals
can be computed by integer-valued weighting coefficients. Later it was proved
that these integer-valued coefficients are nothing but the well-known Ramanujan
Sums.

The rest of the paper is organized as follows. A brief description of the Ra-
manujan Sum is given in section 2. Image kernel construction and the proposed
compression algorithm are given in sections 3 and 4 respectively. Results and
discussion are included in section 5 and section 6 concludes the paper.

2 Review of Ramanujan Sums

The Ramanujan Sum ¢,(n) has been used by mathematicians to derive many
important infinite series expansions for arithmetic functions in number theory
[Apostol, 1976]. Interestingly, this sum has many properties which are attractive
from the point of view of digital signal processing. Srinivasa Ramanujan defined
the ¢'* Ramanujan Sum by

q q

cgln) = D W= > Wk (4)

k k
(k,q)=1 (k,q)=1

where W, = e~7/4 i = \/—1 and (k, q) denotes the gcd of k and g. Here the
sum runs over those k satisfying (k,q) = 1 means that we are considering all the
integers which are coprime to ¢ in the summation.

For example, if ¢ = 8 then k € {1, 3,5, 7} so that

CB(”) _ ez2n7‘r/8 + 6161171'/8 + elen7r/8 + ez14n7r/8
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In number theory, the number of integers less than or equal to ¢ and coprime
to ¢ is called the Euler’s totient function ¢(q) Apostol [1976]. Since 1, 3,5, 7 are
coprime to 8, ¢(8) = 4.

So the sum given in equation (4) has precisely ¢(q) terms and it is clear that
c,(0) = ¢(q). Also

q

n+q Z ez2n7rk/q i2rk _ Z ei2n7rk/q _ cq(n)

= k=1
(k(I) 1 (k,q)=1

That is ¢,(n) is periodic with period ¢.
If (k,q) = 1, we have (¢ — k, q) = 1. Therefore,

(Wj)* - Wq_k - Wq_(q_k) - qu
where * is the complex conjugate. This implies that the summation (4) is real

valued and it can also be written as :

q

2nmk
J(n+q) = Z cos nr 5

(k Q) 1
From (5), ¢,(n) = ¢,(—n) shows that c¢,(n) is symmetric. Thus ¢,(n) is a real,
symmetric, and periodic sequence in n.

For 0 < n < g — 1, first few Ramanujan sequences are

Note that ¢,(n) is integer-valued and further properties can be seen in [Vaidyanathan,
2014].

3 Image kernel

Krishnaprasad et al., [Krishnaprasad and Ramanujan, 2016], has introduced a
kernel matrix M, of size ¢ x ¢ constructed from c,(n) by considering the circular
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shifts of the ¢ elements
cq(0),¢4(1),- -+, ¢,(g—1) in each row. The first row of the kernel matrix contains

the ¢ elements in the order ¢,(0), ¢ (1), -+, ¢,(q¢ — 1)
q

where ¢, (r) = Z e2mkr/a for0 <r <gqg-—1.

(k,q)=1
The second-row elements are ¢,(¢—1), ¢,(0), ¢,(1), - - , ¢,(¢—2) and so on. Thus
cg(0)  cg(1) €g(2) . colg—1)
(@ —1) ¢(0) ¢co(1) o clg—2)
My = : : : :
(1) ¢g(2) ¢(3) ¢4(0)

4 Proposed method

Partition the input image into non-overlapping blocks of size ¢ x ¢. Test im-
ages of size 256 x 256 with 8- bit gray levels between 0 and 255 are considered.
Multiply each pixel in the ¢ x ¢ block with the corresponding elements of the
kernel M, and take their sum. This sum is stored for edge detection. Represent
the entire block of pixel values with this sum obtained. After the edge detection
process, we move on to the compression part. In this step, we are computing
the mean and standard deviation of each block of pixels to obtain the texture at
decompression. Two different ways of compressing an image with the statistical
measures of pixel values are proposed.

A. Method 1

For each ¢ x ¢ block, a block value is computed by adding the kernel multipli-
cation sum which is obtained at the edge detection stage, the mean and standard
deviation of each block of pixels. Represent the entire block with this sum at the
reconstruction stage. By varying the block size we can compress the image at
different compression levels.

B. Method 2

Instead of taking the sum of three quantities to represent each block, consider
the kernel sum and the mean value only. Thus we need to store only two values in
place of ¢? pixels and hence high compression is achieved.
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Experimental results with the test images are given in Tables 1-3 and Figures
1-2. In both methods, no quantization or postprocessing is done at the reconstruc-
tion step.

Algorithm
Step 1 Load an input gray image.
Step 2 Partition the image matrix into non-overlapping blocks of size ¢ x q.

Step 3 For each block compute the elementwise product sum with the kernel ma-
trix and the pixel values of the ¢ x ¢ block. Also find the mean and standard
deviation of the ¢* pixels. Store these values for the reconstruction of each
block.

Step 4 Replace the ¢? gray values by the elementwise product sum computed in
Step 3 to detect edges.

Step 5 Replace the ¢ gray values by the sum of the three quantities stored in Step
3 to compress the image.

OR

Replace the ¢? gray values by the sum of the elementwise product sum and
the mean to achieve high compression.

5 Results and Discussion

Edge detection results for the test images of different block sizes 2 x 2, 3 x 3,
4 x 4 are given in Figure 1. Edge detection with 2 x 2 blocks shows better results
as compared to others.

In the first method , we replace ¢ pixel values with three quantities. Hence in
2 x 2,3 x 3, and 4 x 4 blocks compression ratios are 75%, 33.33%, and 18.75%
respectively. But in the second method, we need to store only two quantities in-
stead of ¢ values in each block. Thus the compression ratios are 50% for 2 x 2
blocks, 22.22% for 3 x 3 blocks, and 12.5% for 4 x 4 blocks. From Figure 2, and
Tables 1-3 we can conclude that method 2 shows better CR with reasonable recon-
structed image quality measures PSNR and RMSE. The test image Rice achieves
an appreciable PSNR 30.3117(dB) with RMSE 7.7796 in the case of 2 x 2 blocks.
As the quality measures PSNR decreases and RMSE increases with an increase of
the block size, the algorithm works better with smaller blocks.
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Experrimental results shows that PSNR values are greater than 22(dB) and
RMSE is less than 20 for different test images when we apply the second method
of compression. In practical applications this is an acceptable range at the CR
50%. Also, as the kernel opertion doesn’t involve usual convolution product at
the edge detection stage the number of additions and multiplications required is
reduced and hence saves a lot of computation time.

Test Image | Bolck Size | Block Value | PSNR(dB) | RMSE
Lena 2 x 2 method 1 22.8412 | 18.3857

2 x 2 method 2 24.8995 14.5066

Cameraman 2X2 method 1 20.7047 | 23.5127
2 x 2 method 2 22.6443 18.8073

Aerial 2X2 method 1 19.9407 | 25.6747

2 x 2 method 2 22.3203 19.5221

Rice 2 x 2 method 1 27.7290 | 10.4734

2 x 2 method 2 30.3117 7.7796

Table 1: Compression quality measures with 2 x 2 blocks using methods 1& 2

Test Image | Bolck Size | Block Value | PSNR(dB) | RMSE
Lena 3x3 method 1 16.9428 | 36.2579
3x3 method 2 18.0869 | 31.7830

Cameraman 33 method 1 14.9823 | 45.4389
3x3 method 2 15.8706 | 41.0294

Aerial 3x3 method 1 14.3263 | 49.0033
3x3 method 2 15.1876 | 44.3774

Rice 3x3 method 1 21.5605 | 21.3067
3x3 method 2 23.6949 | 16.7801

Table 2: Compression quality measures with 3 x 3 blocks using methods 1& 2
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Test Image | Bolck Size | Block Value | PSNR(dB) | RMSE
Lena 4 x4 method 1 12.5169 | 60.3522

4 x4 method 2 12.8137 | 58.3253

Cameraman 4 x4 method 1 10.5412 | 75.7666
4 x4 method 2 10.9338 | 72.4182

Aerial 4 x4 method 1 8.7710 92.8943

4 x4 method 2 9.0363 90.0997

Rice 4 x4 method 1 16.8793 | 36.5237

4 x4 method 2 17.5469 | 33.8217

Table 3: Compression quality measures with 4 x 4 blocks using methods 1& 2

Figure 1: The first column: orinal images; the second column: edges by M,; the
third column: edges by )3; the fourth column: edges by M.
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Figure 2: The first column: orinal images; the second column: reconstructed im-
age using method 2 at the CR 50%; the third column: reconstructed image using
method 2 at the CR 22.22%; the fourth column: reconstructed image using method
2 at the CR 12.5%.

6 Conclusions

In this paper, we presented an edge detection and compression algorithm based
on Ramanujan Sums and measures of central tendency and dispersion such as
mean and standard deviation. The edge detection algorithm using kernels con-
structed from Ramanujan Sums has been extended to a compression algorithm.
Here the compression is achieved by replacing each block of pixels with a single
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value obtained by adding edges with texture. The advantage of this method is its
low computational complexity and fast reconstruction.
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Estimation of fuzzy metric spaces from metric spaces

1. Introduction

In earlier of 1906, Maurice Freechet provided the concept of metric spaces.
In 1922, Banach developed a reliable result called Banach contraction principle
on the basis of fixed point theory [15]. Later in 1965, Zadeh [10] defined the
way of fuzzy set in metric spaces. This fuzzy concept used in various field of
engineering, science and technology. This fuzzy concept is used to analyze the
complex state as to easy by simple condition and conversion. Then several
mathematicians gave their various concept towards the concept of fuzzy metric
space Erceg [4] [5], Diamond and Kolden [7], George & Veeramani [6], Gregori
and Romaguera [11]. The analysis of fuzzy metric spaces was introduced in
various way and its topologies developed by many researchers. On the line of
this, we frame a new structure to analyze the fuzzy metric spaces from metric
spaces using fuzzy fixed point theorem [13] [14]. In this paper, we discuss and
give various definition and theorem to estimate the fuzzy metric space from
metric space and converse also using fixed point theorem[1][9][12][16].

2. Prefatory

In this part, we look back on some basic concepts and results in both
metric and fuzzy based metric spaces.

Definition 2.1: [2] A metric space is given by a set X and a distance function d :
X X X — Rdefined on X such thata, b,c € X

(i)d(a,b) > 0,d(ab) =0 a=hb
(ii) d(a, b) = d(b, a)
(iii) d(a,¢) < d(a,b) +d (b, ¢)

Definition 2.2: [10] A fuzzy set A in X is a function with domain X and values
in [0, 1].

Definition 2.3: [8] A binary operation * : [0,1]*> - [0,1] is called a continuous
triangular norm (called t- norm) if it satisfies the following conditions:

(1) * is associative and commutative,
(i) * Is continuous,
(iii) p=x1=pforallp,q,r€[0,1],

(iv) p=*xq<r=xtwheneverp <randq <pforallp,q,rte[01]
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Examples of t-norm are p * ¢ = pq,p * ¢ = min{p, q} and p * ¢ = max {p, q}.

Definition 2.4: [3, 6] The 3-tuple (X, Fz,*) is called a fuzzy metric space if X is
an arbitrary (non-empty) set, * is a continuous t-norm and F 3 is a fuzzy set on
X2 x [0, ) satisfying the following conditions, for all a,b,c € X, each t and
u>0

(i) Fgz(a,b,t) >0

(i)  Fg(a,b,t) =0ifandonly if a = b,

(i)  Fgz(a,b,t) * Fz(b,a,t),

(iv) Fg(a,b,t) *Fz(b,c,u) < Fz(a,c,t+u),

(v) F5(a,b,®):(0,00) — [0,1] is continuous.

Then is Fz called a fuzzy metric on X. Then F3(a, b, t) denotes the degree of
nearness between a and b with respect to t.

Lemma 2.5: (X, Fz,*) is non-decreasing for all a, b € X.

3. Main Results

The main aim of this paper is to estimate the fuzzy metric spaces from any
ordinary metric spaces and converse also and justify the Banach fixed point.
Theorem 3.1: Let d and Fz are metric and fuzzy metric respectively, so the
following diagram

. Fg
X X Xx Rt= 1
dpr 1 T B
a .
X x X > Rt
Figure (1): commutative diagram

is commutative.  Where, d,:(a,b,t) — (ta,tb),d(ta,tb) - ty for some
metric d(a,b) =y > 0 and B: (ty) - 1 — sin(ty) =: tel. Further more Fz =
f° d°dy,.

Proof: According to the below equation it is very easy to check that S is
continuous.

sin~'(ty) in R* is continuous = B is continuous.

Now we justify that d ° d,,, = B~ ° Fz. For (a,b,c) € X X X X R*, we have,
d°dy,(ab,t) =d(ta tab) =ty :=q > 0.

On the other hand,

B~ t°Fz(a,b,t) = B~1(t) = p7*(1 —sinty) = sin {1 — (1 —sinty)} =ty
Therefore, the above diagram (Figure 1) is commutative.
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Lemma 3.2:
Lett,, t, € RY,ift; <t,, then B(t;) = B(ty) and B(t; +t,) =
max { B(t), B(t2)}-
Proof:
If t; < t,, this = sint; <sint, = —sint; = —sint, = 1 —
sint; = 1—sint,
Hence, B(t;) = B(t;). Now, the second declaration is clear.

Theorem 3.3: Let (X, d) be the metric space and (X, F 7,%) is a fuzzy metric
space with p*q =max{p,q}forallp,q € I. Thenforall a,b,c €
Xt,q,y € R*, we have (X, ° d °d,y,*) is a fuzzy metric space.
Proof:
We verify the fuzzy metric space conditions (i), (ii), (iii) from the above
definition (2.4),
For (i) f° d °dy,(a,b,t) = B° d(ta,tb) = f{d(tath)} =E>0.
For (i) B ° d°dyy(a,a,t) =B ° d(ta ta) = B {d(ta,ta)} = f(0) = 1
For (iii) B ° d °dyy(a,b,t) = B ° d(ta,tb) = B {d(ta, th)} = B(ty) = t.
Another side,
B° d°dy,(bat)=p°d(thta) =p{d(thta)}=pty) =t>0
Therefore, symmetric condition satisfied.
Next, we check the condition (iv)
Be°d°dy(act+u)=p°d{t+ua (t+u))

=6 {d(t + wa, (t + u)c)

=g {d(t +wr)}

=f (tr + ur)
Using the above lemma, B(tr + ur) = max{p(tr), B(ur)}

=p(tr) = p(ur)

=p{d(ta, th)} = B{d(ua, uc)}
=B ° d°dy,(a,b,t)*B° d°dyy(bau)

For (v) is trivially true. Therefore, (X, 8 ° d ° d,,*) is a fuzzy metric space.
Comments:
On the other hand we reach the metric space from the fuzzy metric space
basis on the above commutative diagram (Figure 1). So, if (X, 8 ° d ° dy,,*
) is a fuzzy metric space, then the associative metric is

—1o oz 1
(X»ﬁ ! Fo_l dxy )
Definition 3.4: Let (X, d) be a metric space on X, and {a,,} be a sequence in X
the n is {a,} called converge Sequence to some fixed a € X if € > 0,N € N,

d(a,,a) <eforalln>N
We represent a,, — aif {a,} converge to a ; and {a,} is called a Cauchy
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sequence. d(a,, a,) <€ foralln,m >N

Definition 3.5: Let (X, d)and(X, Fg,%) are metric and fuzzy metric space on X,
respectively. And {a,,} is a sequence in X then the following is equivalent.
(i) {an} is convergent in the metric space (X, d)

(i) d(aya)<eforalln>N

(iii)  {an} is convergent in the fuzzy metric space (X, 5 ° d ° d,y,*)

(iv) Forany 0 < e < 1andt > 0 thereexistsn > N such that
Be°d°dy(ayat)>1—c¢

Definition 3.6: A metric space (X, d) is complete if every Cauchy sequence in
X is convergent.

Definition 3.7: A fuzzy metric space (X, ° d ° d,,,*) is complete if and only
if (X, d) is complete.

In the below mentioned theorem we prove that if any self map has fixed point
theorems in the metric space, then we induced fuzzy metric space for the same
point and vice versa. We point to Mihet & Shen et al. [5] for fixed point
theorems in the fuzzy metric spaces.

Theorem 3.8: Let (X, J) be a complete metric space on X, suppose the
mapping S: X — X satisfy the contractive condition, thus d(Sa,Sh) <
k d(a,b), for all a,b € X,k € [0,1) is a constant. If T has a unique fixed
point in X with respect to the metric (X, d), then T has a unique fixed point
with respect to the induced fuzzy metric (X, ° d °d,,,*).

Proof: Suppose that T has a unique fixed point in X with respect to the metric
space (X, d). So, we have d(Sa, a) = 0 for some x.
Therefore Fi(Sa,a,t) = B° d°dy(Sa,a,t)
= p °{s(Sa),s(Sb)}
=pty) =p0) =1
This represents thatSa =a with respect to the fuzzy metric space
(X,B°d°dyy®)
If there is another fixed point b € X then,
Fg(a,b,t) = B° d°d,,(Sa,Sh,t)
= B °{s(Sa),s(Sb)}
= B(ty) = B(0) = 1

and therefore, a = b.

Theorem 3.9: Let d and F; are metric and fuzzy metric respectively and
commutative.

Where,d,,: (a,b,t) - (ta, tb),d(ta, tb) - ty for some metric d(a, b) =
y > 0and B: (ty) - 1 — cos(ty) =:fel. Further more Fz = B ° d °d,,,.
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Proof for this theorem is similar to the proof of theorem 3.1.

Example 3.10: Let d and F; are metric and fuzzy metric respectively.

dyy: (a, b, t) - (ta,tb),d(ta, th) — ty for some metric d(a, b) = y > 0 and
B: (ty) —» 1 — sin?(ty) =:tel. Furthermore Fz = B ° d ° d,,. And we prove
it is commutative.

Solution: According to the below equation it is very easy to check that g is
continuous.

sin?(ty) in R* is continuous = B is continuous.
Now we justify that d °d,, = B~ ° Fz. For (a,b,c) € X X X X R, we have,
d°dyy(ab,t) =d(ta, tab) =ty :=q > 0.
On the other hand,
p~t°Fa(a,b,t) = 71 (D)

= 711 — sin?(ty)) = sin‘l{\/l —(1-sin2(ty))} =ty
Therefore, it is commutative.

4. Conclusion

In this article we design a new structure to estimate the fuzzy metric space
with the help of metric space using fuzzy fixed point theorems and converse
also. We discussed the various definitions and provided the proof for the same
definitions with new structure using fuzzy fixed point theorems. We have also
given some examples which satisfies the condition of our new structure basis
on fixed point theorem. This paper makes away to analysis the applications of
fuzzy metric space in various field of engineering.
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In this paper, we consider the periodic nature of the sequence of
Lucas numbers L,, defined by the recurrence relation L,, = L,,_; +
L, _,; for all n > 2; with initial condition L, = 2 and L, = 1. For
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1. Introduction

The Fibonacci sequence and the Lucas sequence are well-known
sequences among all the integer sequences. The Fibonacci sequence {F,}
satisfies the recurrence relation F, = F,,_; + F,_,, with the initial conditions
F, =1 and F, = 1. Lucas sequence {L,} is considered as the ‘twin sequence’
of Fibonacci sequence which satisfies the similar recursive relation
L, = L,_1 + L,_,, with the initial conditions L, = 2 and L, = 1.

On the other hand, some researchers have conducted important research on
the period of these two recursive sequences [1, 3, 4, 5, 6]. Wall [1] defines the
length of period of the Fibonacci sequence by reducing it through the modulo
any positive integer m > 1. Kramer and Hoggatt Jr. [3] also defined the length
of the period of the Lucas sequence obtained by reducing the sequence through
modulo any positive integer m > 1.

In this paper, we take deep insight in to the periodic nature of Lucas
sequence and introduce the concept of ‘blocks’ by observing the distribution of
residues within a single period of Lucas sequence when considered modulo any
positive integer m > 1.

We denote the sequence of least non-negative residues of the terms of {L,,}
taken modulo m (m = 2) by L(mod m). If we examine the sequence of final
digits of {L,}, then we notice an interesting pattern that the sequence
L(mod 10) ={2,1,3,4,7,1,8,9,7,6,3,9,2,1,3,...} repeats after the 12
terms again and again all the way. For any modulo m, it is easy to observe that
the sequence {L,} is always periodic and it repeats from starting values 0 and
1. By k;, = k;(m), we mean the lengths of the period of {L,,} modulo any
positive integer m. These leads us to the following easy consequences.

Lemma1.1. (a) Ly, (m)-1 = —1(modm) (b) Ly, (m) = 2(modm)
(©) Liyamy+1 = L0modm)  (d) Ly, (my+2 = 3(modm)
(€) Ly, (m)+nr = Ln(mod m), forall r € Z.

The following is an important result which speaks about the divisibility
property of k; (m).

Fact 1.2. For any m > 1, since L(mod m) is always periodic, we conclude
thatif L, = 2 (mod m) and L,, , ; = 1(mod m), then k,(m) | n.
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2. Blocks within L(mod m)

In this article, we restrict our attention to the behavior of the blocks within
the residues for a given modulus and consequently some interesting
relationships will be derived.

Definition 2.1. By a(m) we mean the smallest positive value of the index n of
Lucas numbers such that L,, = 2L,,,,(mod m), when n > 1. We call a(m) the
restricted period of L(mod m).

Equivalently, a(m) is the position of the first repeated term in the
sequence L(mod m). Thus, Lyn) = 2Lgm)+1 When considered (mod m).

As an illustration, if we consider L(mod 3) =
{2,1,0,1,1,2,0,2,2,1,0,1,1 ... }, then it is appearent that L, = 1(mod 3) and
Ls = 2(mod 3). Thus L, = 2Ls(mod 3), which gives a(3) = 4.

We call the finite sequence Lo, Ly,... , Lym)-1 t0 be the first block
occurring in L(mod m). It may happen that a(m) = k;(m). In such case, we
call L(mod m) to be without restricted period.

For L(mod 4) = {2,1,3,0,3,3,2,1,3 ...}, clearly a(4) = k,(4) = 6, and
thus L(mod 4) has no restricted period.

Definition 2.2. By s(m) we mean the second positive residue t’, which
appears after the first block in L(mod m).

This clearly means that 2s(m) = Ly (mod m); s(m) = Lyem)+1-
Using the definition of L,, we now conclude that Lgan)+z = 3s(m),
Lotmy+s = 4s(m), Lymy+a = 7s(m), ... . Also the first block ends with
m — s(m). Thus,

(Lagm) Latmy+1r Lagmyrzr Lamyssr ) =s(m)(2, 1, 3, 4, 7,...)(mod m).

This implies that the successive terms in L(mod m) after the first block are the
multiples of s(m). We therefore call s(m) to be a multiplier.

Again, in the sequence L(mod m), the blocks are of the form 2,1, ..., m —
s(m),2s(m),s(m), ..., m —x,x,x,...; where 2,1,...,m —s(m) is the first
block, 2s(m), s(m), ..., m — x is the second block, and so on. The occurrence
of 3—2m,m — 1 in L(mod m) will indicate that the end of the period has
been reached and there after repetition begins, since the next two terms will be
2, 1. Here we note that each block contains the same (that is a(m)) number of
terms and the subscripts are in arithmetic progression. Thus, Lgun), =
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2Lg(myu+1(mod m), for each positive integer wu. Since Ly, n) =
2Ly, (my+1(mod m), we conclude that a(m)u = k,(m), where u is a positive

integer, which implies that a(m) | k, (m). Later in the paper we show that the
value of u is either 1 or 2 or 4.

Definition 2.3. By f(m) we mean the order of s(m), when considered modulo
m. That is, s(m)?™ =1 (modm) and if n<pB(m) then s(m)" =
1 (mod m).

To illustrate above definitions, we consider the following three examples:

(1) For L(mod 4) ={2,1,3,0,3,3,2,1,...}, clearly k;(4) = 6. Also,
the restricted period a(4) is 6 and multiplier s(4) is 1. Thus, the
order of s(4) = 1is1andhence f(4) = 1.

(2) If we consider L(mod 6) = {2,1,3,4,1,5,0,5,5,4,3,1,4,5,3, 2,
51,01,1,2,3,5,2,1,3,4,1, ...}, then clearly k, (6) is 24, a(6) is
12 and s(m) is 5. Since 52 = 1 (mod 6), we get 5(11) = 2.

(3) If we consider L(mod 13) = 2,1,3,4,7,11,18,3,8,11,6,4,10, 1,
11,12,10,9,6,2,8,10, 5,2,7,9,3,12,2,1,3,4, ..., then k;(13) =
28, a(13) = 7 and s(m) = 8. Since 8* = 1 (mod 13), we have
B(13) = 4.

The following theorem ties together the three functions k;(m), a(m) and

B(m).

Theorem 2.4. k;(m) = a(m) x f(m).
Proof: We first divide the single period of L(mod m) into smaller finite
subsequences, say Ry, R, R,, ..., Ry, ... as shown below:

Ro R4 Ry
2,1,..3sy —m,m—s{,284,51,...,35, —m,m — S5,25,,85,...,353 —m,m — S3...
Rp Rpt+1
28, Sn, -, 3—mm—1,2,1,..35 —mym—sq, ..., (2.1)

where s; = s(m).

Obviously each finite subsequence ‘R;” has a(m) terms and it contains
exactly one block. Hence every subsequence R;(i = 1) is a multiple of ‘R;’.
Therefore, we have the following congruences modulo m:

Ry = 51Ro ; Ry = 53R0 ; R3 = s3Rg ; -+ Rp—q = sp—1Ro ; Ry = Sy Ry
Since the first term of R; is m — s, and that of R, is m — s, and we also have
R, = 5;Ry, we get m — s, = s;(m — s;). If we consider the modulo m, we get
s, = s1 X s7. According to similar arguments, when considering the modulo
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m, we have 83 :SZ XSl,S4 :S3 X81,55 :S4><Sl,"' ,Sn =Sn_1><51.
Therefore, we have

Sp = Sp-1 X 81
= (Sp—2 X $1) X 81
= (Sp—3 X 1) X 51 X 81

(n—2) times
= (Sn-(n-1) X $1) X 51 X 51 X .. X 5
Thus, s, = s{.

Now since the order of s, is f(m), we can write single period of L(mod m) as
follows:

2 2 2 3
2,1,3,4,7,...,3sy —m,m— sq, S84, ..., 3s{ —m,m — si, Si,...,35; —m,

m—s3,..,3—-mm-—1, sf(m)_l, 2,1

Therefore, f(m) can be interpreted differently as the number of blocks in a
single period of L(mod m). It now follows easily that k;, (m) = a(m) x B(m).

Following are some interesting consequences which follows from these
results.

Corollary 2.5. Lyyam+r = (s(m))" x L, (mod m).
Proof: From the previous theorem, we have R, = s,R,(mod m) and s, =
s1'(mod m) . Thus, we have

R, = s{'Ry, (mod m). (2.2)

This shows that the r¢* term of R,, is equal to s times the rt* term of R,,

when considering the modulo m. Also, from the definition of s(m), an

immediate conclusion that would be drawn is s; = 2L,,) When considering

modulo m. Therefore, from lemma 1.1 and above arguments, we can say that
n . . -

Loxaimy+r = (Lagmy) X Ly (mod m).  This  finally gives Lyxamysr =

(s(m))n X L, (mod m).

Corollary 2.6. gcd(m,s;) = 1; forall i > 1.
Proof: From the definition, when considered modulo m we have s, = s

. i
Therefore, we write s,f(™ = (s{)ﬁ(m) = (sf(m)) (mod m). Thus, since
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i
sf(m) = 1(mod m), we have (sf(m)) = 1(mod m). This gives sf(m) =
1(mod m). Now suppose gcd(m,s;) = d. Then, d | m and d | s;, which gives
d| sf(m). Also, m | (sf(m) - 1). Using both together, we have d | (siﬁ(m) -

(sf(m) - 1)) This gives, d = 1. Thus, gcd(m, s;) = 1.

Corollary 2.7. s;, = sp5-(mod m).

Proof: From the definition of s(m), we have s, = s{*(imod m). Then we can
write s} = (s])" = s = sp-(modm). It now follows that s] =
Spxr(mod m).

The following theorem doesn’t seem to give us an immediate idea about

L(mod m), but some good results follow. The evidence comes from Robinson
[2] but admits that Morgan Wood knew the result in the early 1930’s.

Theorem 2.8. k,(m) = ged(2, B(m)) x lem[2, a(m)], for m > 2.
Proof: Koshy [5] proved that L2 — L,,_1L,+; = 5(—1)". Taking n = a(m),
we get

Lam) = Lagmy-1Lamy+1 = 5(=1)*™. (2.3)

NOW, Lg(my = 2s(m)(mod m), Lgimy-1 = —s(m)(mod m) and Lgmy+1 =
s(m)(mod m). Therefore, by (2.2) we have

(2s(m))? — (—s(m))(s(m)) = 5(—=1)*™ (mod m).
This gives
5(s(m))? = 5(=1)*™ (mod m). (2.4)

Thus (s(m))2 and (—1)*™ has same order modulo m. But the order of
—1 is 2 and the order of s(m) is f(m) modulo m. Thus,

B(m) _ 2
ged(2,86(m))  ged(za(m))

Thus,
ku(m) = (B m) = a(m) 2ES2F) = ged(2, f(m) x lem[2, a(m)],
as required.
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Finally, we calculate the possible values of 5 (m).

Theorem 2.9. B(m) = 1 or 2 or 4; forany m > 2.
Proof: By above theorem we have

u(m) = gcd(Z,B(m)) X lem[2,a(m)],= (1 or 2) X (a(m) or Za(m)).

Therefore, u(m) = a(m) or 2a(m) or 4a(m). Thus, we have f(m) =1 or 2
or 4; forany m > 2.

We conclude the paper by noting the following obvious result which is a
direct consequence of theorem 2.4 and theorem 2.9.

Corollary 2.10. k(m) = a(m) or 2a(m) or 4a(m).

3. Conclusion

In this article we had introduced the ‘blocks’ within the period of the
Lucas sequence and shown that length of any one period of the Lucas sequence
contains either 1, 2 or 4 blocks.
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1 Introduction

MV-algebras were introduced by Chang Chang [1958] as an algebraic counter-
part of infinite valued logic. There are many papers on MV-algebras. Also, many
algebraic structures are defined, which extend the notion of MV-algebras. Quan-
tum computation logics M. L. Dalla Chiara and Leporini [2005] received more
attention in recent years, which are new forms of quantum logics G. Cattaneo and
Leporini [2004]. These logics determine the meaning of a sentence with a mixture
of quregisters M. L. Dalla Chiara and Greechie [2013]. Corresponding to quan-
tum computational, Ledda, Konig, Paoli and Giuntini introduced the notion of
quasi-MV algebras in A. Ledda and Giuntini [2006], which are generalizations of
MV-algebras. The element 0 in a quasi-MV algebra is not necessarily a neutral el-
ement of the operation @. Since then, many authors continued to study quasi-MV
algebras. For example, Ledda etc. studied some properties of quasi-MV alge-
bras and v// quasi-MV algebras F. Bou and Freytes [2008], F. Paoli and Freytes
[2009]; Chen introduced pseudo-quasi-MV algebras which are non-commutative
generalizations of quasi-MV algebras Liu and Chen [2016].

EMV-algebras (extended MV-algebras) Dvurecenskij and Zahiri [2019] are
also generalizations of MV-algebras. An EMV-algebra does not necessarily have
a top element. Dvurecenskij and Zahiri gave some properties of EMV-algebras.
The notions of ideals, congruences and filters in EMV-algebras were also intro-
duced and the relationships between them were investigated. One of the main
results is that every EMV-algebra can be embedded into an EMV-algebra with a
top element. Liu presented EBL-algebras in Liu [2020], which extended the no-
tion of BL-algebras. The author gave some properties of EBL-algebras. Also, the
concepts of ideals, congruences and filters were introduced and the relationships
between them were studied.

Inspired by DvureCenskij and Zahiri [2019], we shall give the definition of
Equasi-MV algebras. In these algebras, O is not necessarily the neutral element
and the complement element of 0 does not necessarily exist. The structure of this
paper is as follows. In Sect.2, we give some definitions and results of quasi-MV
algebras. In Sect.3, we introduce Equasi-MV algebras and present some examples
of Equasi-MV algebras. In Sect.4, we define ideals and ideal congruences in
Equasi-MV algebras. And we study the relationships between them. In Sect.5,
we introduce the notions of filters and prime ideals. Moreover, every Equasi-MV
algebra has at least one maximal ideal.
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2 Preliminaries

In this section, we will give some notions and results on quasi-MV algebras,
which will be used in the following.

A quasi-MV algebra A. Ledda and Giuntini [2006] is an algebra A = (A,®/,0, 1)
of type (2, 1,0, 0) satisfying the following conditions:

QMVD)z® (y@z2)=(x®2) Dy;

QMV2) 2" = x;

QMV3)z @ 1 =1,

QMV4) (' y) @y = (y &) & x;

QMV5) (z @ 0)' = 2’ & 0;

QMV6) (x b y)®0=2x D y;

QMV7) (0 = 1.

In any quasi-MV algebra A, we can define the following operations:

rRy=@0y);zV0y=20 (@ Qyhizny=2 (@ dy).

It is obvious that Wy = (z Wy) ® 0and x My = (z My) & 0. Moreover, we can
also define an binary relation < on A as follows: z < yiff t My = 2 & 0. The
relation < is a preordering of A, but not a partial ordering.

Lemma 2.1. [A. Ledda and Giuntini, 2006, Lemma 8] Let A be a quasi-MV
algebra. For all x,y, z € A, the following statements are equivalent.

()x <y

(i)' y=1;

(iii)rVy =y ® 0.

In the following, we give some properties of quasi-MV algebras, including a
few properties of preordering < and the operations M and U.

Lemma 2.2. [A. Ledda and Giuntini, 2006, Lemma 11] Let A be a quasi-MV
algebra. Forall x,y,z,w € A:

(i) 280 < yp0, yd0 < 280 imply xH0 = y&0; (vi)x < 2E0 and B0 < z;
(ii) x <yand z < wimply r®z < yPw; ii) 1@y < ziffr <y Dz;

(iii) x < yand z < w imply 1Rz < yQw; (viii) if v < y, theny' < a';

(iv)x < yand z < wimply xMz <y Mw; (ix) 0Lz, z < 1.

(v)x <yand z < wimply zUz < yUw;

Lemma 2.3. [A. Ledda and Giuntini, 2006, Lemma 12] Let A be a quasi-MV

81



Mengmeng Liu, Hongxing Liu

algebra. Forall x,y,z € A:

(i) Ay = yMx; (vii) 2R (yUz) = (xQy)U (x®z)

(ii) Wy = yUx; (viii) c@(ymz) = (xm )

(iii) My < z, yand z, y < zVy; (ix) 2V (yVz) = (zUy)Uz

(iv)ifx <y, z, thent <y mz; (x) r < xMzx and xMz < x;

(v)ifx, y < z, then zVy < z; (xi) (xMy)" = 2'Wy" and (zVy) = 2’ @y’

(vi) x®(yMz) = (xPy)M(zD2);

The following lemma gives the distributivity between M and W on quasi-MV
algebras.

Lemma 2.4. Let A be a quasi-MV algebra. Forall x,y,z € A,
(i) (zUy)Mz=(zMz2) Y (ymz);
(i) (zMy)VUz=(zVWz)M(y U z),
(i) xM(y®z) < (xMy) ® (xmz);
(iv) (zUy) @ (zVUz2) <zU(y 2).

Proof. (i) Forany z,y € A, wehave x,y < zUy and so zMz, yMz < (zUy)Mz
by Lemma 2.2 (iv). It follows from Lemma 2.3 (v) that (zMz)U(yMz) < (zUy)Mz.
Conversely, we have

Uy Mz =(zUy) o (2Uy) & 2)
=(zVy) @ ((«' ®2)m(y @ z)) (Lemma 2.3 (xi) and (vi))
(@@ ®2)VU(y® (¥ @ 2)) (Lemma 2.3 (vii) and (iii))
= (zmz)U(ymz).
Then (zMz)U(ymz) @0 < (zUy)Mmz)@0and (zWy)mz) B0 <
(zmz)U(ymz)) B 0. Note that (zMz) U (yMz)) 0= (xMz) VU (ymz)and
(zUy)mz) @0 = (zUy)mz It follows that (zM2) U (yMz2) = (zUy) Mz
by Lemma 2.2 (1).
Similarly, we can prove (ii).
(iii) For any z,y,z € A, since x < 2 ® 0 < = ® y, we have
(zmy)®(zmz)=((zmy)dz)Mm((xMy) ® z) (Lemma 2.3 (vi))
=(@@zr)myor)m(z®z)n(y o =2)
>xmzmzm(y P z)
=(x@0)mzm(y® z) (Lemma 2.3 (x))
=(xa0)m(y® z).
Note that (z®0)M(yDz) = zM(yDz). It follows that zM(yDz) < (zMy)B(zMz).
(iv) For any z,y, z € A, it follows from (x @ y) @y = 2’ @y &y = 1 that
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r ®y < y. Then we have
(zUyY)@(xVUz2)=(zVy)®2)VU ((xUy) ® z) (Lemma 2.3 (vii))

=(r®z)U(yer)U(z02)U(y©:2)
<zUzUzU(y® 2)
=(z®0)Uz UV (y® z) (Lemma 2.3 (x))
=(z@0)VU(y® z).
Note that (z ®0) U (y ® z) = 2z U (y ® z). It follows that (z U y) @ (z U z) <
VU (y® 2).0
Let A be a quasi-MV algebra and a € A. If a & a = a, we call a to be
idempotent. We use Z(A) to denote the set of all idempotent elements of A. For

a € A, we call a regular if a & 0 = a. We denote the set of all regular elements of
Aby R(A).

Lemma 2.5. Let A be a quasi-MV algebra. For any v € A, a € Z(A), we have
(i)xrBa=zVUa,
(ii) xt ®a=xMa.

Proof. (i) For any x € A and a € Z(A), we have x,a < = @ a. Then
rUa < x @ aby Lemma 2.3 (v). Conversely,

(r@®a)®(zVa) =(r@®a)® (2’ Ma’) (Lemma 2.3 (xi))
<((zda)®2)m((z®a)®ad) (Lemma 2.2(iii) and 2.3(iv))
=(amz")ym(zma’)
= (ama)m(zma’)
=0m(zma’) =0.

This means that (z @ a) ® (x U a) = 1. It follows that z G a < z U a.

(ii) By (i), we have o’ @ a'=2' U o/, thatis (¢/ ® d') = (2’ Ud') =z ma. It

follows that z Ma = x ® a.0

The application of the above lemma will be reflected in the following proof
process.

Example 2.1. [A. Ledda and Giuntini, 2006, Example 3] The Diamond is the 4-
element quasi-MV algebra, where the operations & and’ are defined as following
tables:

10 a b 1 !

0/0 b b 1 01
al|lb 1 1 1 ala
bbb 1 1 1 blb
111 1 1 1 110

Remark thata®a = 1,butaMa = (a' B (d' Ba)') = (a®(a®a)) =b# 1.
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3 Equasi-MYV algebras

In the section, we shall define the notion of extended quasi-MV algebras,
which are generalizations of quasi-MV algebras. Some basic properties of these
algebras are presented.

Definition 3.1. A extended quasi-MV algebra (abbreviated as Equasi-MV alge-
bra) is an algebra A=(A, ®,0), if the following conditions are satisfied:
EQMVI) (A, ®,0) is a commutative preordered semigroup and (x ©y) ®0 =
x@yforall z,y € A;
EQMV?2) for each x € A, there is b € T(A) such that x < b, and the element
Mo(z) = min{z € [0,b] : z ® x = b}
exists in A for all x € |0, b] such that ([0, b], ®, Ay, 0,0) is a quasi-MV algebra.

Note that for any =,y € A, there exist a,b € Z(A) such that x < a and y < b.
Then there exists ¢ € Z(A) such that a, b < c. In fact, take ¢ = a @ b. It is obvious
that a,b < a®band a®b € Z(A). Therefore, an Equasi-MV algebra has enough
idempotent elements. That is, for all z € A, there is a € Z(A) such that x < a.

Let A be an Equasi-MV algebra. For alln € N and = € A, we define

0z=0,lex=z ---,(n+1)z=nzdx.

An Equasi-MV algebra (A, @, 0) is called a proper Equasi-MV algebra if 0
has no complement element.

Example 3.1. If (A, @, ,0,1) is a quasi-MV algebra, then (A, ®,0) is an Equasi-
MV algebra. Also, if (A,V, A\, ®,0) is an EMV-algebra, it is obvious that (A, &, 0)
is an Equasi-MV algebra.

Example 3.2. Let (A, ®,,0,1) be a quasi-MV algebra and (B,V,\,®,0) be an
EMV-algebra. We define that the operation on the algebra A x B is point by point.
That is, for any (x1,z2), (y1,y2) € A X B,
(x1,22) ® (y1,y2) = (1 D Y1, T2 D Yo).
And the least element of Ax B is 0 = (0,0). Forany x € B, there existsb € Z(B)
such that x < b. Then for any (x1,z2) € A X B, there exists (1,b) € Z(A) x
Z(B). It suffices to show that ([(0,0), (1,b)], ®, A1.p), (0,0), (1, b)) is a quasi-MV
algebra. We define A1y ((x1,22)) = ((21)', M\p(22)), for all (x1,x2) € A X B. As
a result, A x B is an Equasi-MV algebra.

Example 3.3. Let e be a smallest idempotent of an Equasi-MV algebra A. Then
an Equasi-MV algebra is the algebra S=({A x A, ®°,0%), where:

(i) 05 = (0, %);

(ii) 2° ®° y° = (&1 ® y1, §), for all ° = (21, x2) and y° = (y1,ys).

For any a € Z(A), we define a® = (a, §). Then a® = a® ® a® € Z(S). Now
we show that ([0, a®], ®%, s, 0%, a”) is a quasi-MV algebra, where \,s(x°) =
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(Na(z1),29) and a € T(A). It is easy to show that \,s(x°) is the least element
such that ° & z° = a® for all z° € [0°,a”].

Itis clear that Mgs Ags (2°) = Aos (Mo (21), T2) = (11, 20) = 25, And \ys (2°®°
0%) = Aus(z1 ®0,5) = (Na(21) B0, 5), A\os(2%) & 05 = (Na(21), 2) B 07 =
(Aa(z1) ® 0, 5). What’s more, \,s(0%) = (X,(0), ) = (a, §) = a”.

)
Example 3.4. Let (A, V, A, 0) be a generalized Boolean algebra Conrad and Dar-
nel [1997]. For any x,y € [0,b], where & = \ and \y(z) is the unique relative
complement of x in [0,b]. Then (A, ®,0) is an EMV-algebra by Example 3.2 (2)
in Dvurecenskij and Zahiri [2019]. Hence, (A, ®,0) is an Equasi-MV algebra.

Example 3.5. Let (A, @, ,0,1) be a quasi-MV algebra and (B, V, N\, 0) be a gen-
eralized Boolean algebra. It is easy to show that A X B is an Equasi-MV algebra.

Proof. The operation @ on A x B is defined pointwise. For all (x,y) €
A x B, there exist a € Z(A) and b € Z(B) such that (z,y) < (a,b) and
([(0,0), (a,b)], ®, Aap), (0,0), (a, b)) is a quasi-MV algebra.

Let’s give a specific description of the above example. Let the Diamond (Ex-
ample 2.6) be the 4-element quasi-MV algebra A and M = (M, V, A,0) be the
generalized Boolean algebra Conrad and Darnel [1997], where M is the set of
components of any positive element N* and the least element 0 := (). That is,
M = {N : N C N*}. Then every element N in M is idempotent. It is easily
shown that A x M with the pointwise operation is an Equasi-MV algebra. O

Example 3.6. Let S = ([0, 1] x [0,1],®,,0, 1) be a standard quasi-MV algebra
A. Ledda and Giuntini [2006, Example 5]. Let A =S &S ®S & ---. Then A is
an Equasi-MV algebra.

Proof. Obviously, (A, ®, 0) is a commutative preordered semigroup and (x &
y)®0=zdyforall z,y € A. Forany z,y € A. Suppose x = (x;), y = (y;)-
If x; # 0 ory; # 0, there exists u; € Z(A) such that x;,y; < u; foralli > 1.
If x; = y; = 0, take u; = 0. We have an idempotent u = (u;) € A such that
x,y < wand ([0, u], B, Ay, 0, u) is a quasi-MV algebra. O

Remark 3.1. Let A be an Equasi-MV algebra. For all x,y € A, there exists
b € Z(A) such that x,y € [0,b]. In the quasi-MV algebra ([0, b], ®, Ay, 0,0), we
denote

Wy y = Ap(Ao(2) ©y) Yy, xMpy = Ap(Ap(2) & Mo(No(2) B Y)).

Proposition 3.1. Let A be an Equasi-MV algebra and a,b € Z(A) such that
a < b. For each x € [0, a], we have

(i) \p(a) is an idempotent, and \,(a)=0;

(ii) Aoz )@O—)\b( ) fa

(iii) Ap(x) ® 0 = Ao(x) D Np(a);

(iv) Ao(2) < ().
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Proof. Since ([0,b], D, Ay, 0,0) is a quasi-MV algebra and a € Z(A), by
Lemma 2.5 (i) we get that & a = x U a for all z € [0, b].

(i) Since ([0, b], B, Ay, 0, D) is a quasi-MV algebra, \;(a) is also an idempotent
element by Lemma 26 in A. Ledda and Giuntini [2006]. It is obvious A,(a) = 0
in the quasi-MV algebra ([0, a], ®, A\,, 0, a).

(ii) For all z € [0, a], we have

(Mp(z)Ma) B (xd0)=(Np(z) D (z®0)) M (a® (xP0)) (Lemma 2.3 (vi))
=bMa=a.
It follows that \,(z) ® 0 = A (z ® 0) < Ap(z) M @ in the quasi-MV algebra
([0,0], ®, Ay, 0,b). Conversely, since b = a @ Mp(a) = z B (Ao(x) B Np(a)), we
get \p(z) < Ao(z) @ Ap(a). Since A\y(a) is an idempotent, by Lemma 2.5 (i) we
have A\, (z) @ A\p(a) = A\o(2) U M\y(a). Hence, A\p(x) < Ao(x) U Np(a). Thus
() Ma < (Aa(x) U A(a)) Ma (Lemma 2.2 (iv))
= A(7) ® 0 (Lemma 2.4 (i)).
Summary of the above results, we get that \,(z) ® 0 = \y(z) M a
(ii1) By (i) we have
Aa() @ Mp(a) = (Aa(z) © 0) @ Ay(a)
— (u(2) M a) © Ny(a)
= M(z) U A\p(a) (Lemma 2.3 (vi) and Lemma 2.5 (i)).
It follows from = < a that A\y(a) < Ay(z). Then Ap(x) U Np(a) = Ny(z) @ 0.
Therefore, () & 0 = A\, (2) & Ap(a).

(iv) It follows from (ii) or (iii).O

The following statement shows that U, and M, on [0, a] are coincide with U
and M on A, respectively.

Proposition 3.2. Let A be an Equasi-MV algebra. For all x,y € A, there exist
a,b € Z(A) such that z,y € [0,a] and z,y € [0, b]. Then we have

() x Mgy = x My y;

(ii) Uy y = x Uy v.

Proof. (i) By Definition 3.1, for all a,b € Z(A), there exists ¢ € Z(A) such
that a, b < c. Then we have
rU.y=2® AT D A(y) ®0)
=2 A(x B N\ (y) B Ae(a)) (Proposition 3.1 (iii))

=2 ® (Ae(z D Na(y)) R a) (the definition of ®..)

=zx® (A (:L‘EB)\())ﬂa)(LemmaQS(u))

=2® ((Na(z® Na(y)) U A\e(a)) Ma) (Proposition 3.1(iii), Lemma 2.5(i))
=2 P (A @ N\o(y)) Ma) (Lemma 2.4 (i)

=2® Nz @ N(v)) ®0) =2 U, y.
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Similarly, we can show that z U,y = x U, y. Hence, x U, y = x U, y.
(i1) We also have

rMey = Ac(Ae(2) DA(Ae(2) DY)
= AeAe(2)BA(Aa(2)BYyDA(a))) (Proposition 3.1 (iii))
= Ae(Ae(2) D (Ac(Aa(2) Dy)®ca)) (definition of ®.)
= A(Ae(2)B((Na(Na(2) DY) D A(a)) ®. a)) (Proposition 3.1 (iii))
= Ae(Ae(2) B ((Aa(Aa(z)BYy) B Ac(a))Ma)) (Lemma 2.5 (i)
= Ac(Ac(@) B (Aa(Aa(z) By)Ma)) (Lemma 2.4 (i)
= Ac(Ae(2) D Aa(Xa(2) DY)
= Ae(Aa(2)B A (Ao () BYy) D Ae(a)) (Proposition 3.1 (iii))
= A(Aa(2) DA (Ao () DY) ) ®ca (definition of ®,)
= (Aa(Ae(z)BAa(Aa(2)BY)) B A(a)) ®ca (Proposition 3.1 (iii))
(@)@ (al) D)) M
=xMyy.

Similarly, we can show that z M.y = x M, y and so x M, y = = M, y.O

Definition 3.2. Let A be an Equasi-MV algebra and z,y € [0,a] where a €
Z(A). A preordering <, on the quasi-MV algebra ([0, a], ®, \,, 0, a) defined as
follows:

r<,y &= M, y=1®DO0.

By Proposition 3.2, for any x,y < a,b, where a,b € Z(A), we have © <,
y <= v <y <= z <, y. Then we can also define a preordering < on A by
r<y <= zMy=x60,wherez My =x M, y.

Lemma 3.1. Let A be an Equasi-MV algebra. For all x,y € A, the operation
®: Ax A — Adefinedby v @ y = \a(Aa(x) & \o(y)), where a € I(A) and
r,y < a. Then

(i) the well-defined binary operation ® on A is not determined by the choice
of a and is also order preserving and associative.

(ii)if v,y € A, & <y, theny®@ M, (z) = y@ N (2) and y®0 = 2B (y@ Ao ())
forall a,b € Z(A) and x,y < a,b.

(iii) if x,y € [0,a] and a € Z(A), then x @ A\,(y) = = @ A\o(z M y) and
r@0=(xMny)d (r AN(y)).

(iv) an element a € A is idempotent iff a @ a = a.

Proof. (i) Let x,y € Aand a,b € Z(A) such that z,y < a,b. We claim that
Aa(Aa() B A (y)) = Xo(Mo(x) B Ap(y)). Indeed, there exists an element ¢ € Z(A)
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such that a, b < c. Then
Ae(Ae(z) B Ac(y)) = A ® A\a(y) @ Ae(a)) (Proposition 3.1 (iii))
®e Ae(Ae(a)) (Propsition 3.1 (i)
M a (Lemma 2.5 (ii))
@ A(a)) Ma (Lemma 3.1 (iii))

)
YU A.(a)) Ma (Lemma 2.5 (i)

Similarly, we have \.(A.(7) & A.(v) )\b()\b( ) No(y ))
Let x,y,z € A. There exists ¢ € Z(A) such that x,y, z < c. It follows from
the definition of ® that z ® y, y ® z € [0, ¢|. Then
(T®Yy) ®2z=A(A(z®Y) B Ac(2))
= Ae((Ae ( ) D Acy))  Ac(2))
= AC(Ac(:'f) SA(y®2) =20 (y®2).
This proves that ® is associative. It is easy to prove that & is order preserving.

(ii) Letx < yand z,y < a,b, where a,b € Z(A). There exists ¢ € Z(A) such
that a, b < c. By Proposition 3.1, we have

Y @ Xa(®) = Ac(Ac(y) @ Ac(Aa()))
- )‘ ( (y) D )‘c<)‘a(x>> )
= Ae(Ac(y) & Ac(Aa(z) ©0))
=y ® (Aa(z) ©0)
Then
Y@ Ae(z) =y ® (Ae(z) B 0)
=y ® (Xa(z) ® Ac(a))
=y ® (Aa(z) U A(a)) (Lemma 2.5 (i)

= (y @ A\o(2)) U (y @ A\e(a)) (Lemma 2.3 (vii)).
Since A\.(a) < A:(y), we have y ® A\.(a) < y®@ A.(y) = 0, where y < a < c. This
implies y ® A\.(z) = y ® A\(x). Similarly, we have y ® A\.(x) = y @ \p(z). Tt
follows that y @ A\, () =y @ \y(z).
In the quasi-MV algebra ([0, a], @, \,, 0, a), we have
2@ YO A(z)) =20 A(Aaly) ©7) =2 Wy =y S0.
(iii) Let x,y < a and a € Z(A). We have
TR N(zMy) =2 @ (Aa(x) U (y))
= (@ A\a(2)) U (z @ \o(y)) (Lemma 2.3 (vii))
=2 ® Aa(y)-
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(zMy) @ (z @ Aa(y)) = (zMy) O (z® Aa(z My))
= (M y) & Aa(Aa(z) & (x M y))
=rd N(zB N(zMy)) (QMV 4)
= 2@ A7 B Na(2) D Aa(Na(2) ©Y))
=z ®0.

(iv) = Suppose a,b € Z(A) with a < b. We have \y(a) ® A\p(a) = \p(a) by
Proposition 3.1 (i). In the quasi-MV algebra ([0, b], B, Ay, 0, ), we have a ® a =
)\b()\b(a) © )\b(a)) = )\b()\b(a)) = Q.

<—: For each a € A, there exists b € Z(A) such that « < b. Suppose
a®a = a. We have \y(A\p(a) D Ny(a)) = a. Then A\y(Ap(Ap(a) ® Ap(a))) = Np(a).
It follows from \,(a) & A\y(a) = Np(a) that A\y(a) € Z(A). By Proposition 3.1
(i), we have Ap(Ay(a)) ® Np(Mp(a)) = Ap(Ap(a)). Thatis a @ a = a. It implies
ac€Z(A).O

Theorem 3.1. Let A be an Equasi-MV algebra. Then (R(A),Ug, Mg, g, O0r) is
an EMV-subalgebra of A.

Proof. It is obvious that R(A) is closed under the operations Ug, Mg, D g, Og.
Forall z,y € R(A), there exists a € Z(A) such that z, y < a. Then [0, a]"R(A)
is an MV-algebra of [0, a] by Lemma 15 in A. Ledda and Giuntini [2006]. This
means that R(A) is an EMV-subalgebra of A. O

4 Ideals and congruences

In this section, we give the notions of ideals and ideal congruences of Equasi-
MYV algebras. We also give an equivalent definition of ideals. Moreover, there is
a one-to-one correspondence between the set of all ideals and the set of all ideal
congruences.

Definition 4.1. Let A be an Equasi-MV algebra. An equivalence relation 0 on A
is called a congruence, if the following conditions hold:

(i) 0 is compatible with ®;

(ii) for all b € Z(A),0 N ([0,b] x [0,b]) is a congruence on the quasi-MV
algebra ([0, b], ®, Ay, 0, b).

The set of all congruences on A represented by Con(A).

Definition 4.2. Let A;, Ay be two Equasi-MV algebras. We call a map f :
A1 —> Ay to be an Equasi-MV homomorphism, if it satisfies the following state-
ments:

(i) fxdy) = f(x)® f(y) and f(0) =0, forall z,y € Ay;
(ii) for all z,y € [0,a] and a € Z(Aq), f(Aa(2)) = Apa)(f(2)).
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Example 4.1. Let f : Ay — Ay be an Equasi-MV homomorphism. We can define
0={(x,y) € Ay x Ay : f(x) = f(y)}, then 0 is a congruence.

Let A be an Equasi-MV algebra and 6 be a congruence on A. We denote
AJ0 ={x/0:x € A}, where /0 = {y € A: (z,y) € 0}.
We define operations M, U, & on A/6 as follows: for any x,y € A,
z/0my/0=(xmy)/0,2/0Vy/0 = (xVUy)/0,2/0 Dy/0 =(xDy)/0.
Suppose z/60 < y/6. Then (z My)/0 > x/0. For all z € A, we have
/0D z/0=(xD2)/0
< ((zmy) @ 2)/0

This proves that (A4/60, ®, 0/0) is a commutative preordered semigroup and (/0
y/0)®0/0=2/0dy/o.

For all x € A, there exists a € Z(A) such that x < a. It is easily shown that
a/0 is an idempotent element and /0 < a/6. Since A is an Equasi-MV algebra,
we have that ([0, a], @, A, 0, a) is a quasi-MV algebra. And let 6, = 0 N ([0, a] x
[0, a]) be an ideal congruence on ([0, a], &, A4, 0, a). For any /6, € [0/6,,a/0,],
we define A, /g, (2/0,) = Aa()/0a. Then [0/6,,a/0,] is a quasi-MV algebra.

Now we show that ([0/6,a/0],®, \aj9,0/6,a/0) is a quasi-MV algebra. For
all /0 € [0/6,a/0], there exists y/60 € [0/6,a/0] such that 2/0 & y/0 = a/6. 1t
follows that (x @ y,a) € 0. And since z,y < a, we have (z @ y,a) € 0,. That
is, /0, & y/0, = a/0,. Thus y/6, > A\,(z)/0, and so y/0 > A,(x)/6. This
implies that \,/9(x/6) exists and equals to \,(x)/6. It can be easily shown that
([0/60,a/0],®, Xaj9,0/6,a/0) is a quasi-MV algebra. Thus, (A/0,®,0/6) is an
Equasi-MV algebra.

And the map 7 : (A,®,0) — (A/0,®,0/0) defined by z — /6 is an
Equasi-MV homomorphism from A onto A/6.

Definition 4.3. Let A be an Equasi-MV algebra and I be a nonempty subset of
A. We call I to be an ideal of A if the following conditions hold:

(11)0 € I;

(I12) forall z,y € I, thenx &y € I;

(I3)x € Iandy < x implyy € 1.

If I is an ideal of Aand x € A, we have x € [ iff x & 0 € I by (I3).

Definition 4.4. Let A be an Equasi-MV algebra and I be a nonempty subset of
A. If the following statements hold, I is a weak ideal of A:

(WI)0 € I;

(W2) forall x,y € I, thenx &y € I;

(W3)xelandy € Aimplyx ®y € 1.
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Lemma 4.1. Let I be an ideal of an Equasi-MV algebra A. Then I is a weak
ideal.

Proof. Let [ be an ideal of Aand x € I. If y € A with y < =z, there exists
b € Z(A) such that z, y < b. Then we have
(z@y) Mz = A(As() & Ap(y)) M
= M (Ap(2) @ Ap(y) & Mp(Mo(2) @ Mo(y) © 7))
= A (Ao(@) B Ap(y) © Ap(b)) =2 @ y.
It follows that z ® y < x. Thus z ® y € I and so [ is a weak ideal of A.O
The converse of Lemma 4.1 is not true. For example, {0} is a weak ideal, but
not an ideal.

Proposition 4.1. Let [ be a nonempty subset of an Equasi-MV algebra A and 0 €
I. Then I is an ideal iff for all x,y € A, a € Z(A) withz,y < a, \j(z) @y € [
and x € I implies y € 1.

Proof. —>: Let [ be an ideal of A. For all z,y € A and a € Z(A) with
2,y < a,if \y(z) ®y € T and x € I, we have (\(7) ® y) ® = € I. Since
Aa(y) ® ((Aa(2) @ y) @ 2) = Aa(y) & (Aa(z @ Aa(y)) ® )
= Aa(y) ® (Aa(Aa(2) D y) B y) (QMV4A)
= Aa(y) @Y 8 Aa(Aa(2) B Y)
= a,’
wehavey < (A (2)®@y) @z e landy € I.
<=: Forany z,y € [ and a € Z(A) with x < y and =,y < a, we have
Ao(z) ®y =0 € I. Hence, y € [ is obtained from propositional conditions. And
then
M(@)@ (zDy) =Nz B No(z D Y))
= )\a(x) my
<yel
Then \,(z) ® (x @ y) € I. It follows from x € [ thatx $y € [.0

Definition 4.5. Let A be an Equasi-MV algebra. We define a binary relation <
as follows: forall x,y € A,
ryiffrmMy = .

The binary relation < satisfies antisymmetry and transitivity, but when x is a
regular element, it satisfies reflexivity.

Lemma 4.2. Let A be an Equasi-MV algebra and x,y € A. Then
rxyiffr<yandx € R(A).
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Proof. If z x y, wehavez My =zandzMy = (zMy) @0 =xd0. It
follows that + < y and * @ 0 = x. Thus = € R(A). Conversely, if z < y and
reR(A),wehavez My =2x@0=zandsor < y.0

Lemma 4.3. Let A be an Equasi-MV algebra and J C A. Then the following
statements are equivalent:

(i) J is a weak ideal of A;

(ii) (1) if v,y € J, thenx by € J; (2)ifvr € J, y X x, theny € J.

Proof. (i)=—>(ii): Suppose = € J and y < x. There exists b € Z(A) such that
r<b Thenz ® (N\p(x)Dy)=amy € J. Sincey < x,wehavez My =y € J.

(ii)<=(i): Forany = € J, y € A, there exists b € Z(A) such that z,y < b.
Since r®y < rand z®y € R(A) by Lemma 4.2, we have © ® y < x. Therefore,
r®yeJ.O

Let A be an Equasi-MV algebra and H be a subset of A. The ideal generated
by H is the smallest ideal of A containing H, denoted by (H ).

Lemma 4.4. Let A be an Equasi-MV algebra and H C A, then
(i) (HYy={x € A: there exist hy, - -, h, € Hn € Nsuch that t <h ®- - -Bh,};
(ii) (0) is the smallest ideal of A;
(iii) If I is an ideal of A and x € A, we have
(IU{z})={2€ A:z<a®n.xforsomea € [ andn € N}.

Proof. (i) We write M ={z € A : there existhy, - - -, h, € H,n €N such that z <
h1®- - -@®hy,}. Then M is an ideal of A. Now we show that M is the smallest ideal
of A containing H. Suppose M’ is an ideal of A containing H. For any x € M,
there exist hy,--- ,h, € Hsuchthatz < hy ®---® h,. As H C M’, we get
x € M andso M C M.

(i1) By (i) we obvious get the result.O]

Definition 4.6. An ideal I of an Equasi-MV algebra A is maximal if for all x €
AN (TU{z}) = A

Definition 4.7. Let A be an Equasi-MV algebra and 0 be a congruence on A. 0
is an ideal congruence if for all x,y € A, (x ® 0)0(y & 0) = x0y.

Example 4.2. Let A be an Equasi-MV algebra and x,y € A. A binary relation x
defined as follows: rxy iff r < yand y < x.

It is easy to show that x is compatible with &. We now show that for all b €
Z(A), xN([0,b]x[0,b]) is congruence on the quasi-MV algebra (|0, b], ®, Ay, 0, ).
Suppose (x,y) € x N ([0,b] x [0,b]). It follows from (x,y) € x that x < y and
y < x. Hence, \p(y) < No(x) and Np(x) < No(y). Therefore, (Np(x), \y(y)) €
x N ([0,b] x [0,b]). That is, x is a congruence on A. As a result, x is an ideal
congruence.
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Definition 4.8. Let A be an Equasi-MV algebra, I be an ideal of A and 0 be an
ideal congruence on A. We define two relations f(J) on A x A and g(0) on A as

follows:
(x,y) € f(J) iff there exists b € Z(A) such that x @ N\y(y),y @ \p(x) € J;

g(0)=0/0 ={x € A:x60}.

Theorem 4.1. Let A be an Equasi-MV algebra, J be an ideal of A and 6 be an
ideal congruence on A.

(i) f(J) is an ideal congruence on A;

(ii) g(0) is an ideal of A;

(iii) T = g(f(J));

(iv) 0 = f(g(0)).

Proof. (i) Obviously, f(.J) is a congruence on A. Now we show that f(.J) is
an ideal congruence. Let (z @ 0,y @ 0) € f(.J). There exists b € Z(A) such that
z,y < b. Then \y(z ®0) ® (y ® 0), \p(y ®0) @ (z @ 0) € J. It follows that
Mo (2) @y=Xp(x®0) @ (yp0) € J. Similarly, \y(y) @z € J. Thus, (z,y) € f(J).
Therefore, f(.J) is an ideal congruence on A.

(ii) Suppose (x,0) € 6 and y < x. We have (\,(z),b) € 6. That implies
(Mo(x) By,b) € fand so (x @ (\y(z) Dy), z®0b) € . Thatis, (zxMy,zH0) € 6.
It follows from y < z that x My = y @ 0. Thus, (y ® 0,2 & 0) € 6. Since # is an
ideal congruence on A, we have (y, z) € 6. This together with (0, z) € 6 implies
that (y,0) € 6 and so y € g(#). Therefore, g(f) is an ideal of A.

(i) It is easily seen that g(f(J)) = {r € A:2® 0 € J}. Forall x € A, we
havex € Jiffx @0 € J. Thus g(f(J)) ={r € A: 2z € J}.

(iv) For any z,y € A, if (z,y) € f(g(0)), there exists b € Z(A) such that
z,y < b, (AN(2)®y,0) € 0and (\(y)®x,0) € 0. Then ((\y(2)Ry)Dx,0dx) €
0. By M(z) @y) @z =2xUy, we get (x Uy, 0 x) € 6. Similarly, we have
(xVWy,0dy) € 6. Thus, (0 z,0d y) € 6. Since 0 is an ideal congruence on
A, we have (x,y) € 6. Therefore, f(g(0)) C 6.

Conversely, if (z,y) € 6, there exists b € Z(A) such that z,y < b and so
(y @ Mp(x),z @ A\p(x)) € 6. This together with x ® \p(xz) = 0 implies (y ®
Ao(2),0) € 6. Similarly, (z ® A\y(y),0) € 6. Thus, (z,y) € f(g(6)). Therefore,
6 C f(g(0)).0

Let / be an ideal of an Equasi-MV algebra A. The relation 6; is defined as

follows: for all x,y € A,
(x,y)€0; <= Tb € Z(A) withzx, y < bsuch that \,(A\y(2)DBy), Ap(N\p(y)Bx) € 1.

Proposition 4.2. Let A be an Equasi-MV algebra. If I is an ideal of A, the
relation 0y is an ideal congruence on A.

Proof. Let [ be an ideal of A. Suppose (x,y), (v, z) € 0. We have \,(\y(z)®
Y), M(Ao(y) @) € T and X\p(Xo(2) DY), Ao(Ap(y) @ z) € I where b € Z(A) such
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that z, y, z < b. Since [ is an ideal of A, we have A\,(\y(2)By)BAp(No(y)B2) € 1
and Ay(Ay(y) @ ) @ Ao(Xe(2) @ y) € 1. And (Ap(z) © 2) & (Mo(Mo(2) @ y)
Mo(Ap(y)B2z)) = b. It follows that A\, (A () D 2) € I. Similarly, \y(A\y(2) D) € 1.
Then (z, z) € ;. The reflexivity and symmetry is clear.

It is easy to prove that 6; is compatible with @. For all u € Z(A) such that
z,y, z < u. Now, we show that 6, = 0; N ([0, u] x [0,u]) is a congruence on the
quasi-MV algebra ([0, u], &, A\, 0, u). Suppose (x,y) € 6;,, we have \, (A, (z) &
Y), Mu(Au(y) ® ) € IN([0,u] x [0,u]). Then

Az ®2) ® (Y 2))  Au(Au() DY)
=MD 2)Br® 2P N(Au(y) B )
=Au(Au(T) © Au(2)) @ Au(2) @ 2 @ Au(Muly) © 7)
=u.
It follows that A, (A, (2®2)® (y®2)) < Au(Au(2)®y) € 6;. Then A\, (A, (2B 2) D
(y&®z)) € ;. Similarly, \,( A\ (y®2) B (x®2)) € 0;. Thus, (P z,yPz) € 0.
And (A, (), A\y(2)) € 05, is obvious. Therefore, 0; is a congruence on A.

For each (z © 0,y ® 0) € 07, we have \y(A\p(z @ 0) @ (y ® 0)), Ap(Ao(y D
0)® (x @ 0)) € I. Thatis, \y(Ap(x) B y), o(Mo(y) @ x) € I. Thus (z,y) € 6.
Therefore, 0; is an ideal congruence.O

Theorem 4.2. Let A be an Equasi-MV algebra. There is a one-to-one correspon-
dence between the set of all ideals and the set of all ideal congruences.

Proof. Let I be an ideal of A and 6; be an ideal congruence induced by /.
Now we show that [ = 0/6;. Since 0 € I, we have (z,0) € 0, forall z € I.
It follows that x € 0/6;. Conversely, suppose x € 0/6;. There exists a € Z(A)
such that z < a. By Proposition 4.1, since A\,(z) ® 0 € [ and 0 € I, we have
x € I. Hence, I = 0/6;.

Let 6 be an ideal congruence on A. Let [ = 0/6. Suppose (x,y) € 0.
There exists a € Z(A) such that z,y < a and A\(M\y(2) B y), M(M(y) ® z) €
I = 0/60. Thatis, (\(A\p(x) ® y),0) € 0 and (\y(\s(y) & x),0) € 6. Hence,
M(Mp(2) @ y) @ y,0 B y) € 0 and (N(N\(y) ® z) ® 2,0 ® ) € 0. Since
M(Mo(2) B y) By = N(No(y) B x) B x, we have (x © 0,y $ 0) € 0. And since 6
is an ideal congruence on A, we have (x,y) € 6.

Conversely, let (z,y) € 0. There exists a € Z(A) such that z,y < a. Then
(Aa(x), Aa(y)) € G and (A\o(2) @y, Aa(y) ®y) € 6. Since A\,(y) ®y = 0, we have
Ao(7) ® y € 0/6. Similarly, A\,(y) ® x € 0/6. That is, (x,y) € ;. Therefore,
0=0,0

Theorem 4.3. Let A be an Equasi-MV algebra. Then f(I)o f(J) = f(J)o f(I)
is vaild, where I and J are ideals of A.
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Proof. Suppose f(I), f(J) € Conl(A) and (z,y) € f(I)o f(J)forz,y € A.
So there exists z € A such that (x,z) € f([) and (z,y) € f(J). There exists
b € Z(A) such that xz, y, z < b. Let p be a ternary term defined as follows:
Po(@,9,2) = (z @ (Ao(y) & (yM2))) U (2 @ (Ao(y) & (y Mz))).
Then

(@ No(2) ® (2MY))) YU (y @ (Mo(2) @ (2 M2))) f(I) po(z,2,y) =y S0
and

(2@ (M=) ® (20 9) U (y ® (ul2) (20 2))) (J) pol,9,9) = ¢ B O.

Let
(z @ (M(2) ® (zMY))) U (y © (M(z) © (y M z))) = £,

where t < b € Z(A). It follows from (t,y ® 0) € f(/) and (t,z ® 0) € f(J) that

(y®0) @ N\p(t), My 0) @t €I

(2@ 0) @ NM(t), Mz D0) Dt € J.
Now, y @ \p(t) < (y@0)@M\p(t) € I, x @ N\p(t) < (xB0) @ Np(t) € J. Similarly,
M(y) @t < N(y@0)@t € I, Np(2) @t < \(z®0) @1 € J. Thus, (t,y) € f(I)
and (t,xz) € f(J). Thatis, (z,y) € f(J)o f(I).0

Lemma 4.5. If A is an Equasi-MV algebra, the lattice Conl (A) of ideal congru-
ences on A is a sublattice of Con(A).

Proof. Let I, J be two ideals of A. Tt is easy to prove that f(I N J) =
f(I)N f(J). Now we show that f(I V J) = f(I)V f(J).

Since g(f(I Vv J)) =1V Jand g(f(I)) V g(f(J)) = IV J, we claim that
g(f() v £(1) = g(f(1)) v g(f(J)). Letz € g(f(I)) v g(f(J)) such that
r < y®zwherey € g(f(I)) and z € g(f(J)). Then we get (y,0) € f(I),
(2,0) € f(J)and (y,z) € f(I)o f(J)= f(I)V f(J). It follows that (= 0,0) €
f(J)), (ydz,z00) € f(I)and (y®2,0) € f(I)of(J)= f(I)V f(J). And then
r<y®zeg(f(I)V f(J)). Therefore, g(f(I)) V g(f(J) € g(f(I)V f(J])).

Conversely, for any = € g(f(I) Vv f(J)), we have (x,0) € f(I)V f(J) =
f(I)o f(J). Then there exist z € A and b € Z(A) such that (x,z) € f(I) and
(2,0) € f(J). And (x®\y(2),0) € f(I), (2,0) € f(J). Thenz < (@ Xy(2)) @
z. Since z ®@ A\p(2) € g(f(I)) and z € g(f(J)) we have z € g(f(I)) VvV g(f(J)).
Thus, g(f(1) v £(7)) € g(F(D) v g(/(J)).0

Theorem 4.4. Conl(A) is distributive.

Proof. By Theorem 4.2, we only need to prove that the lattice of ideals on A
is distributive. Suppose [, J, K areidealson Aandz € IN(JV K). Thenz €
andx < y® z, forsome y € J, z € K. Hence, x < (xMy) © (z M z). It follows
fromzmyelnJ,zmzelINKthatze (INJ)V(INK).O
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5 Filters and prime ideals

In this section, we introduce the notions of filters and prime ideals of Equasi-
MYV algebras. Moreover, we study some properties of them. We prove that every
Equasi-MV algebra has at least one maximal ideal. Also, we get prime theorem
on Equasi-MV algebras.

Definition 5.1. Let (A, ®,0) be an Equasi-MV algebra and F be a nonempty
subset of A. F is called a filter if the following conditions are satisfied:
(i)forallz,y € A, ifx <yandx € F, theny € F;
(ii) forall x,y € F, thenx @ y € F.

Definition 5.2. We call a filter F is proper if ' # A. A proper filter F' is maximal,
ifforallz € A\ F, (FU{z}) = A

Let A be an Equasi-MV algebra. For z € A and n € N, we define
t=x, a2 =2""tQux,n>2.

Proposition 5.1. Let A be an Equasi-MV algebra and F be a filter of A. Then
I is an ideal of A, where
Ir={N(z):x€ F,da € Z(A),z < a}.

Proof. For all x € A, we have
r€lp < JacZ(A)st z<a,\(x)€F.

It is obvious that 0 € Ip. Suppose z,y € [r. There exist a,b € Z(A) such that
r < aand y < b. It follows A\, (z), \p(y) € F. Let ¢ € Z(A) such that a, b < c.
Then A\.(z), A\.(y) € F by Proposition 3.1 (iv). That implies A\.(z) ® \.(y) € F.
Since \.(z), Ac(y) < cand A\ (z) @ A(y) = Ae(z D y), we have z D y € Ip.

Suppose =,y € A with x € Ir and y < . There exists a € Z(A) such that
r < aand \,(x) € F. Since z,y € [0,a] and y < x, we have A\, (x) < A\, (y). It
implies A\,(y) € Fandy € [r. O

In the following, we give an equivalent condition of maximal filters.

Proposition 5.2. Let A be an Equasi-MV algebra and F' be a proper filter of A.
(i) Forallz € A, (FU{z}) ={z€A:z2>2y®2",IneNye F};
(ii) F' is a maximal filter iff for all x ¢ F, there existn € Nand b € Z(A)
with © < b such that \,(2™) € F.

Proof. (i) It is obvious.

(i) Let F' be a maximal filter and ¢ F. We have 0 € (F'U {x}) by (i) and
so there exist n € Nand y € F such that 0 = y ® z". There exists b € Z(A) such
that z,y < b. Then b = \p(y @ ™) = Ap(y) D Ap(a™), it follows that y < Ap(z™)
and \,(z") € F. Conversely, for any z € A\ F, there existn € N, b € Z(A)
such that A\,(2") € F. Then 0 = \y(2") ® 2™ and 0 € (F' U {x}). It follows that
(FU{z}) = Aand F is a maximal filter.O
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Lemma 5.1. Let F' be a proper filter of an Equasi-MV algebra A.
(i)Ifa € FNZ(A), we have a ¢ Ip.
(ii) If a € FNZ(A), then forallb € Z(A) with a < b, we have \y(a) € Ip.
(iii) If F' is a maximal filter of A, then forall a € Z(A), a ¢ I impliesa € F.
(iv) If J is a maximal ideal of A, then
Va € Z(A) \ J = M\y(a) € J, whereb € T(A) and a < b. (%)
(v) If J is an ideal of A satisfying (x), then F; is a filter of A, where
Fyp={\(x):x € JacZ(A)\Jz<a}.

Proof. (i) Suppose @ € F NZ(A) and a € Ip. There exists b € Z(A) such
that a < b and A\y(a) € F. Tt follows from )\,(a), a € F that 0 = a ® \y(a) € F,
which is a contradiction.

(i1) It is obvious.

(iii) Let a € Z(A) and a ¢ Ip. For all b € Z(A) with a < b, we have
Ap(a) ¢ F by Proposition 5.1. Suppose a ¢ F. Since F' is a maximal filter, we
have (F' U {a}) = A. By Proposition 5.2, there exist » € N and x € F such that
0=z®a" Wehave u € Z(A) suchthat z,a < vand 0 =z ® a" = z ®, a”
Since a € Z(A), we get a" = a and so u = A\, (z) ® A\, (a). It follows that
x < A\y(a) and A\, (a) € F, which is a contradiction.

(iv) Suppose a € Z(A) and @ ¢ J. For any b € Z(A) and a < b, we have
Mp(a) € (JU{a}) = A. By Lemma 4.4, there exist n € N and = € J such that
Mp(a) < z @ n.a. Since a, \y(a) € [0,b], we have

)\b(&) = /\b(a) D®0
= M\p(a) M (z @ n.a)
< (Mp(a) mz) ® (M\p(a) Mn.a) (Lemma 2.4 (iii))
= )\b(a) mx
It follows A\y(a) < = € J and so A\y(a) € J.

(v) Suppose z,y € Awithx < y and z € F;. There exists a € Z(A) \ J such
that z < a and \,(z) € J. Letb € Z(A) and a,y < b. We have \y(y) < M\p(2) <
Aa(7) @ Np(a). By (iv), we have A\y(a) € J and A\,(z) & \y(a) € J. That implies
M(y) € Jand y € F.

Let z,y € Fj. There exist a,b € Z(A) \ J such that x < a, y < b and
Aa(z), Mp(y) € J. Letc € Z(A) and a,b < ¢. We have A\.(a ) Ac(b) € J by (iv)
and A, (2) < \o(2) @0 = A, (@) @A) € JAcly) < Ay)® =/\(y)@>\c()
J by Proposition 3.1. It follows that A.(z), A\.(y) € J and A\.(z) & A\.(y) €
Thus A\.(A\e(2) @ Ae(y)) € Fy. Thatis, 2 @y =2 .y € F;.0

Definition 5.3. Let A be an Equasi-MV algebra and I be an ideal of A. We call
I to be prime ifforall v,y € A, x My € I implies that x € I ory € 1.

Proposition 5.3. Let I be an ideal of an Equasi-MV algebra A. Then I is prime iff
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forany x,y € A, there exists a € Z(A) withx,y < a such that \,(\,(z)Dy) € 1
or \o(Ma(y) ® ) € 1.

Proof. <: Let m: A — A/I be the canonical projection and 6 be an ideal
congruence. If t My € I, we have (xMy)/0 = z/0my/0 € w(I). Let x/6 = [z}
or y/0 = [j|, where i,j € I. There exists a € Z(A) such that z,y,i,j <
Mr)@ie L (i)@xeTor\(y)y®jel, \j)eye€el Itfollowsfrom
Proposition 4.1 thatx € T ory € I.

—: For any z,y € A, there exists a € Z(A) such that x, y < a. We have

(Aa(2)® y)Y(Aa(y) O)

ZAa(SC)@Z@A (Aa(2 )@yéBA (Aa(y) D))

=Aa(2) A0 (Aa(#) D Aa(Aa () D2)) D Aa(Aa (A ( )BAa(Aa(y) @ ))@Aa( )
=Aa(y)@x®A (Aaly )@I@I)@A (Aa(Aa(2) ©Aa(Aa(y) ©7)) B Aa(y))
=2a(2) D Aa(Aa(y) D)) D Aa((Aa(#) D Aa(Aa(y) D)) DY) Dr O Aa(Aa(y) DT D)

=a.
It follows Ao ((A\a(2) ® y) U (Ao(y) @ z)) = 0 € I. Thatis, \y(Aa(z) ® y) M
Aa(Aa(y) @ 2) = 0 € I. Therefore, \,(Ao(z) D y) € T or \y(A(y) ® ) € 1.0

Example 5.1. Let A x M be an Equasi-MV algebra mentioned in Example 3.6.
It can be easily proved that P = {0, b} is a prime ideal of a quasi-MV algebra
A. Now we show that P x M is a prime ideal of an Equasi-MV algebra A x M.
Obviously, (0,0) € P x M and (0, M) & (b,M) = (b,M) € P x M. And
for any (x, M) < (b, M), we have (x, M) € A x M. Then P x M is an ideal
of A x M. For any (x1,y1),{T2,y2) € A X M, suppose (x1,y1) M (T2, y2) =
(x1Mxe, y1 Ny2) € P X M, we have x1 € P orxo € P. Thatis, (x1,11) € Px M
or (xa,y2) € P x M.

Let A be a proper Equasi-MV algebra and a € Z(A) \ {0}. We define
ta={re€A:z>a}.
Then 71 a is a filter of A. Moreover, T a is a proper filter of A.

Proposition 5.4. Let F' be a maximal filter of an Equasi-MV algebra A. Then
Ir={X\(z):xz € F,3a € Z(A),z < a}

is a maximal ideal of A.

Proof. We know that I is an ideal of A by Proposition 5.1. As F' # (), we
have a € Z(A) N F and so a ¢ I by Lemma 5.1 (i).

Let J be an ideal of A and I C J. Suppose a ¢ J and a € Z(A), we have
a ¢ Ir and so a € F by Lemma 5.1 (iii). Then for any b € Z(A) with a < b,
we have \y(a) € Ir C J. Hence, J satisfies condition (x) in Lemma 5.1 (iv). It
follows from Lemma 5.1 (iv) that F; is a filter of A.
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Suppose z € F'and w € Z(A)\ J. There exists u € Z(A) such that z, w < u.
Since J is a proper ideal, we have u ¢ J. It follows from the definition of [y that
Au(x) € Ip C J and then = € F;. That implies F' C F);.

Since F'is a maximal filter, we have F); = F or F; = A. If F; = A, then
there exist + € J and @ € Z(A) such that z < a and \,(x) = 0, which is a
contradiction. Thus F; = F. By Lemma 5.1 (v), for all x € J, there exists
a € Z(A)\ J such that x < a and \,(x) € F; = F. Hence, we have = € Ip.
Thatis, J C Ip. Thus J = Ip. This proves that / is a maximal ideal of A.O

Theorem 5.1. Let A be a proper Equasi-MV algebra. Then A has at least one
maximal ideal.

Proof. Suppose 0 # a € A. Note that 1 a is a filter and {0} #71 a. By Zorn’s
lemma, we know that the set of all filters that does not contain 0 has a maximal
element, which is a maximal filter of A, denoted by F'. It follows from Proposition
5.4 that I is a maximal ideal.O

The following statement gives the prime theorem on Equasi-MV algebras.

Theorem 5.2. Let I be a proper ideal of an Equasi-MV algebra A and a € A\ I.
Then there exists a maximal ideal P which contains I and a € A\ P. Moreover,
P is prime.

Proof. Let M = {J : I C J,a ¢ J} where I, J are ideals of A. By Zorn’s
lemma, M has a top element P. It follows from I € M that M # (). We claim
that P is prime. Suppose z My € P and z,y ¢ P. We have a € (P U {z}) and
a € (PU{y}). Then there exist n € N and u,v € P such that a < u @ n.x and
a < v @ n.y. It follows that

a< (udnz)Mvdny) < (udvdnz)m(udvdny).
By Lemma 2.4 (iii), we have
a < (uPven.2)M(udvdn.y) = (udv)®(n.ofn.y) < (udv)®n®.(zAy) € P.
It follows that a € P, which is a contradiction. Thus, we have x € Pory € P.O

6 Conclusion

In this paper, we introduce the notion of Equasi-MV algebras, which are gen-
eralizations of quasi-MV algebras. We study some basic properties of Equasi-MV
algebras, such as ideals, ideal congruences and filters and investigate their mutual
relationships. We show that there is a one-to-one correspondence between the set
of all ideals and the set of all ideal congruences on an Equasi-MV algebra. And
we also studied some results on maximal ideals and prime ideals.

There are many topics that deserve further study. For example, (1) can any
Equasi-MV algebra be embedded into an Equasi-MV algebra with a top element?
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(2) Does any simple Equasi-MV algebra have a top element? (3) The author in-
troduced ME-algebras and studied the categorical equivalence between equality
algebras and abelian lattice-ordered groups in Liu [2019]. We will study the rela-
tionships between monadic Equasi-MV algebras and monadic equality algebras.
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1 Introduction

The concept of fuzzy sets was initiated by L. A. Zadeh [Zadeh, 1965] in 1965.
Fuzzy set theory is a useful tool to describe situations in which the data are impre-
cise or vague. Fuzzy sets handle such situation by attributing a degree to which
a certain object belongs to a set. Since then it has become a vigorous area of re-
search in engineering, medical sciennce, social science, graph theory, metric space
theory, complex analysis etc. Deng [Deng, 1982], Erceg [Ercez, 1979], Kaleva
and Seikkala [Kaleva and Seikkala, 1984], Kramosil and Michalek [Kramosil and
Michalek, 1975] have introduced the concepts of fuzzy metric spaces in different
ways. George and Veermani [George and Veeramani, 1994] modified the notion
of fuzzy metric spaces with the help of continuous ¢-norms. The concepts of com-
patible, weakly compatible, occasionally weakly compatible mappings in fuzzy
metric space are present in the paper by C. T. Aage and J. N. Salunke [Aage and
Salunke, 2009]. Many researchers have obtained common fixed point theorems
for mappings satisfying different types of commutativity conditions in fuzzy met-
ric spaces.

The concept of fuzzy complex numbers and fuzzy complex analysis were first
introduced by Buckley (see [Buckley, 1987], [Buckley, 1989], [Buckley, 1991],
[Buckley, 1992]). Motivated by the work of Buckley some authers continued re-
search in fuzzy complex numbers. In this series Ramot et al. [D. Ramot and
Kandel, 2002] extended fuzzy sets to complex fuzzy sets as a generalization. Ac-
cording to Ramot ef al. [D. Ramot and Kandel, 2002], the complex fuzzy set is
characterized by a membership function, whose range is not limited to [0, 1] but
extended to the unit cirlce in the complex plane.

Azam et al. [A. Azam and Khan, 2011] introduced the notion of complex
valued metric space which is a generalization of classical metric space and es-
tablished sufficient conditions for the existence of common fixed points of a pair
of mappings satisfying a contractive condition. The idea of complex valued met-
ric spaces can be exploited to define complex valued normed spaces and complex
valued Hilbert spaces. Additionally it offers numerous research activities in math-
ematical analysis.

Later, D. Singh et al. [D. Singh and Kumam, 2016] defined the notion of
complex valued fuzzy metric spaces with the help of complex valued continuous
t -norm and also defined the notion of convergent sequence, cauchy sequence in
complex valued fuzzy metric spaces.

This paper presents some common fixed point theorems for pairs of any map-
pings and pairs of occasionally weakly compatible mappings satisfying some con-
ditions in the complex valued fuzzy metric spaces. We also provide some exam-
ples which support the main results here.
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2 Definitions and Notations

Here and in the following, let R, R, C and N be the sets of real numbers, non
negative real numbers, complex numbers and positive integers, respectively.

Definition 2.1. [J. Choi and Islam, 2017] Define a partial order relation =< on C
as follows: For z1, z5 € C,

21 3 2 if and only if R(z1) < R(z) and 3(21) < S(z).

Thus z; 3 2 if any one of the following statements holds:

(01) %(2’1) %(22) and %(21) = %(Zg)
(02) %(21) < %(2’2) and %(Zl) = %(Zg)
(03) 5]%(2’1) (2’2) and %(2’1) < %(Zg)
(04) %(21) < 3%( 2) and %(Zl) < %(Zg),
where R(z) and J(z) indicates respectively the real and imaginary parts of the

complex number z.

We write 21 3 2z if 21 3 22 and 21 # 2, i.e., any one of (02), (03) and (o4) is
satisfied and we write z; < 2 if only (04) is satisfied. Considering (01)-(04), the
following properties for the partial order < on C hold true:

(1) 0 ;5 21 j 29 —> ’2’1’ < ‘22‘

(1) =z ;j 2o and 2z ;j 23 == 21 :j 23

(iii)) z; Zzand A >0 (A eR)= Az X Az.

Note: z; = 25 and 25 7~ 2z; have the same meaning.

Definition 2.2. [J. Choi and Islam, 2017 ] The max function for the partial order
= on C is defined as follows:

(i) max{u,v} =v<ulv

(ii)) u X max{u,v}=>u v

(iii) u Zmax{v,w}=u Zvoru I w.

For any 0 3 u, 0 X v, we can easily prove that |max{u, v}| = max{|u|, [v
where |.| denotes the usual modulus of complex number.

Definition 2.3. [J. Choi and Islam, 2017] The min function for the partial order
= on C is defined as follows:

(i) min{u,v}=u<suv

(ii) min{u,v} Iv=uv

(iii) min{u,w} Sv=u S vorw I v.

For any 0 =X u, 0 = v, we can easily prove that |min{u, v}| = min{|ul, |v|}.
Definition 2.4. [Zadeh, 1965] A fuzzy set on a non empty set X is just a function
w: X —[0,1].
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Definition 2.5. [D. Ramot and Kandel, 2002] A complex fuzzy set S, defined on
a universe discourse U, is characterized by a membership function us(x) that
assigns every element x € U, a complex valued grade of membership in S. The
values j15(x) lie within the unit circle in the complex plane and are thus of the form
ps(z) = ro(x)es®) (i = \/—1), where r,(x) and w,(x) both real valued, with
rs(x) € [0, 1]. The complex fuzzy set S may be represented as the set of ordered
pairs given by S = {(z, us(x)) : x € U}.

Definition 2.6. [D. Singh and Kumam, 2016] A binary operation * : 1. x
ree’? — rye where ry € [0,1] and a fix 6 € [0,%], is called complex valued
continuous t-norm if it satisfies the followings:

(t1) = is associative and commutative,

(t2) =« is contmuous
(t3) axe? =a,Va € rye?,
(t4) axb 2 cxdwhenevera Zcandb 3 dY a,b,c,d € rye®.

Example 2.1. /D. Singh and Kumam, 2016] The followings are examples for com-
plex valued continuous t-norm: (i) a * b = min(a,b), Va,b € r.? and a fix
0 €[0,%] (ii) a*b=max(a+b—e?0),Va,bereandafixd € 0,5]

Definition 2.7. [D. Singh and Kumam, 2016, Demir, 2021] The triplet (X, M, x)
is said to be complex valued fuzzy metric space if X is an arbitrary non empty set,
* is a complex valued continuous t-norm and M : X x X x (0,00) — r.e? is a
complex valued fuzzy set, where r, € [0,1] and 0 € [0, 3], satisfying the following
conditions:

(cf1) 0 < M(z,y,1),

(cf2) M(x,y,t) =" Vt e (0,00) ifand only if v = v,

(¢f3) M(x,y,t) = M(y,z,t),

(cf4) M(z,y,t+s) 7z M(x,z,t)* M(z,y,s),

(cf5) M(x,y,t):(0,00) = r.e is continuous,

forall z,y,z € X ; t,s € (0,00); vy € [0,1] and 6 € [0,F]. The pair
(M, %) is called a complex valued fuzzy metric and M (x,y,t) denotes the degree
of nearness between x and y with respect to t. It is noted that if we take 6 = 0,

then complex valued fuzzy metric simply goes to real valued fuzzy metric.

Note: It is clear that r,e” < e and consequently, M (x,y,t) = e¥ for all
z,y € X,t € (0,00), 1 [Ol]andQE[O 7l

Example 2.2. [D. Singh and Kumam, 2016] Let (X, d) be a real valued metric
space. Let a x b = min{a, b}, for all a,b € rye, where ry € 0,1] and 0 € [0, 5.
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Foreacht > 0, z,y € X, we define

kt™
kt™ + md(z,y)’

M(z,y,t) = '

where k,m,n € N. Then (X, M, ) is a complex valued fuzzy metric space.
By choosing k = m =n = 1, we get

t

M ) =ef—
(z,y,t) =e I d.y)

This complex valued fuzzy metric space induced by a metric d is referred to as a
standard complex valued fuzzy metric space.

Example 2.3. [D. Singh and Kumam, 2016] Let X = R. Let a x b = min{a, b},
forall a,b € r,e®, where vy € [0,1] and § € [0, %]. For eacht > 0, z,y € X, we
define

. |z—y|
M(z,y,t) =efe 7
Then (X, M, x) is a complex valued fuzzy metric space.

Definition 2.8. [D. Singh and Kumam, 2016] Let (X, M, %) be a complex valued
fuzzy metric space. We define an open ball B(x, r,t) with centre v € X and radius
re€Cwith0) <r <€’ t>0as: B(z,r,t)={y € X : M(x,y,t) = ¥ —r},
where 0 € [0,7]. A point x € X is said to be interior point of a set A C X,
whenever there exists 1 € C with 0 < r < ¥ such that B(z,r,t) = {y € X :
M(z,y,t) = e —r} C A, where 0 € [0,%]. A subset A of X is called open if
every element of A is an interior point of A. If we definet = {A C X :z € A
if and only if there exists t > Oandr € C, 0 < r < €? 60 € [0, 7| such that
B(z,r,t) C A }. Then one can easily check that T is a topology on X.

Definition 2.9. [D. Singh and Kumam, 2016] Let (X, M, *) be complex valued
fuzzy metric space and T be the topology induced by complex valued fuzzy metric.
Let {x,} be any sequence in X. The sequence {x,} is said to converges to v € X
ifand only if for any t > 0, M (x,, z,t) — € asn — oc or |M (x,,x,t)| — 1 as
n — oo. A sequence {x,} in a complex valued fuzzy metric space (X, M, ) is a
Cauchy sequence if and only if for any t > 0, M (2, T,,,t) — € as m,n — oo
or |M(xy,, x,,t)| = 1 as m,n — oo. A complex valued fuzzy metric space in
which every cauchy sequece is convergent is called complex valued complete fuzzy
metric space.

For example (see [D. Singh and Kumam, 2016]), let X = R and a x b =
min{a, b}, for all a,b € rye, where r, € [0,1] and 6 € [0, Z]. For each t > 0
and z,y € X, we define M (x,y,t) = H‘f_l;. Then (X, M, %) is complex valued
complete fuzzy metric space.
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Definition 2.10. Ler (X, M, %) be a complex valued fuzzy metric space and S, T :
X — X be two mappings. A point x € X is said to be a coincidence point of S
and T if and only if St = T'x. We shall call w = Sx = T'x a point of coincidence
of S and T. Moreover, if St = Tx = x, then the point x € X is called common
fixed point of S and T.

By study of the paper by C. T. Aage and J. N. Salunke (see [Aage and Salunke,
2009]), we find the definitions of compatible, weakly compatible, occasionally
weakly compatible mappings in fuzzy metric space. In the similar way, we can
define the same definitions in complex valued fuzzy metric space as follows:

Definition 2.11. Let (X, M, %) be a complex valued fuzzy metric space and S, T :
X — X be two self mappings. The self maps S and T on X are said to be
commuting if STx = TSz, for all x € X. The self maps S and T' are said to be
compatible if

lim M(STx,, TSz, t) = e”,t > 0or lim |M(STx,, TSz, t)| =1,t >0,

n—o0 n—00

whenever {x,} is a sequence in X such that lim Sz, = lim Tz,, = x, for some
n—0o0 n—oo
r e X.

Definition 2.12. Let (X, M, %) be a complex valued fuzzy metric space and S, T :
X — X be two mappings. The self-maps S and T are said to be weakly compati-
ble if STx = T'Sx whenever Sx = Tx, that is, they commute at their coincidence
points.

Definition 2.13. Let (X, M, %) be a complex valued fuzzy metric space and S, T :
X — X be two mappings. The self-maps S and T are said to be occasionally
weakly compatible if and only if there is a coincidence point x (say) in X of S and
T at which S and T commute, i.e., STx = T Szx.

It is needed to mention that every weakly compatible map is occasionally
weakly compatible but converse is not always true. The supporting example is
given below:

Example 2.4. Let R be the set of real numbers with standard complex valued fuzzy
metric space. Define S, T : R — R by Sz = 2% + x and Tz = 2z for all x € R.
Then Sx = Tx for x = 0,1 but ST0 = TS0 and ST1 # T S1. Therefore S and
T are occasionally weakly compatible self maps but not weakly compatible.
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3 Lemmas

Here we set lemmas which will be required in the sequel.

Lemma 3.1. [Jungck and Rhoades, 2006] Let X be any set and S, T be occa-
sionally weakly compatible self maps of X. If S and T have a unique point of
coincidence w = Sx = Tx, then w is the unique common fixed point of S and T..

D. Singh et al. [D. Singh and Kumam, 2016] state and prove the following
lemma for complex valued complete fuzzy metric space, but it is also true without
the restriction of completeness. So we state the lemma without the restriction of
completeness.

Lemma 3.2. Let (X, M, %) be a complex valued fuzzy metric space such that
tlim]\/[(a:, y,t) =€ forallz,y € X.
—00
If M(z,y,kt) 7 M(x,y,t), for some 0 < k < 1, forall xz,y € X,t € (0,00),
then x = y.

Lemma 3.3. [D. Singh and Kumam, 2016] Let {x,} be a sequence in a complex
valued fuzzy metric space (X, M, x) with

tlim M(z,y,t) =" forall z,y € X.
—00

If there exists k € (0,1) such that M (x,41, Tpi2, kt) 22 M(xp, x411,1), for all
t>0andn =0,1,2,3,.... Then {x,} is a Cauchy sequence in X.

We can easily prove the following lemma.

Lemma 3.4. Let (X, M, *) be a complex valued fuzzy metric space. Let {z,} be
a sequence in X converging to x € X. Then any subsequence of {x,,} converges
to the same point x € X.

4 Main Results

Here we present some fixed point theorems on complex valued fuzzy metric
spaces.

Theorem 4.1. Let (X, M, *) be a complex valued complete fuzzy metric space
with tlimM(x,y,t) = e forall v,y € X,t > 0 and let S and T be self-
—00

mappings on X. If there exists k € (0, 1) such that

M(Sz, Ty, kt) Z M(z,y,1), (1
forall x,y € X and for all t > 0, then S and T have a unique common fixed
point in X.
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Proof. Let xy € X be an arbitrary point and we define the sequence {x, } by
Lon+1 = Sl’gn and Top+o = Tl'gn_H; n = 0, 1, 2, 3,
Now, for k& € (0, 1) and for all ¢ > 0, we have by the condition (1)

M (xoni1, Tango, kt) = M(Sxan ,TToni1, kt)
7 M(xa, , wony1,t).

and

M(SCQn, Ton+1, kt) = M(Sl’gnfl ,ngn, kt)
= M(x2n—1 s Lons t)

~

In general, we have M (x, 11, Tpio, kt) 22 M (2, Tpyq,t), forallt > 0 and k €
(0,1);n = 0,1,2,3,.... By Lemma 3.3, {z,,} is a cauchy sequence in X. Since
X 1s complete, then there exists v € X such that x,, — u as n — oo. Obviously
{2, } and {zy,,1} are subsequences of {z,} in X, by Lemma 3.4, they are also
converge to the same point u € X i.e., zo, — w and xo,+1 — u as n — co. Now,
we claim that u is the common fixed point of .S and 7T'.

For this, using condition (1), we have

M(Su,u,kt) = M(Su,u, % + %)
kt kt

5)
kt

)

f>\: M(SU, Ton+2; 5) * M(x2n+27 Uu,

kt
= M(Su,Txon1, 5) s M(xop12,u

kt
75)

Y

t
M(Ua Ton41, 5) * M($2n+2, u

Taking limit as n — oo, we get, M (Su, u, kt) 7 € x e = €. So Su = w.
Again,

kt Kkt
M(u, Tu,kt) = M(u,Tu, 5 + ?)
kt kt
Z M(u,zan4, 5) * M(22n41, Tu, ?)
kt kt
= M(“) Ton+1, 5) * M(S:EQna TU, 5)
kt t

Y

M(U, Ton41, E) * M(xQna u, 5)

Taking limit as n — oo, we get M (u, T'u, kt) 7= e xe? = . Therefore Tu = u.
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Thus Su = T'u = u and therefore u is a common fixed point of S and 7.
For uniqueness, let z be another fixed point of .S and 7'.
Now, using condition (1),

M(u,z,kt) = M(Su,Tz, kt).
= M(u,z,1).

By Lemma 3.2, u = 2. This completes the theorem. 0

If we consider S' = T in Theorem 4.1, we get the following corollary.

Corollary 4.1. Let (X, M, x) be a complex valued complete fuzzy metric space
with tlim M(z,y,t) = €, forall z,y € X, t > 0 and let S be self-mapping on
—00

X. If there exists k € (0,1) such that
M(Sz, Sy, kt) 5 M(z,y,t),
forall x,y € X and for all t > 0, then S has a unique fixed point in X.

A supporting example to Corollary 4.1 is given below.

Example 4.1. Let X = R and a * b = min{a, b}, for all a,b € r.e?, where
rs € [0,1] and 6 € [0, 5]. For eacht > 0 and x,y € X, we define

t 0
M(z,y,t) = S
t+ |z —yl
Then certainly (X, M, x) is complex valued complete fuzzy metric space with
lim M (z,y,t) = €.
t—ro0
We define the self map S on X by

z+1
2

Sx =

JJorall x € X.

Now, for any t > 0 and for k = %

t Let
M(Sz,8y,5) = T 52— Syl
teia B tei@ B
tr2|zt — e g o -y

M(z,y,t).

Thus all the conditions of Corollary 4.1 are satisfied and x = 1 is the unique fixed
point of S.
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Theorem 4.2. Let (X, M, %) be a complex valued fuzzy metric space with
tlim M(z,y,t) =€ forall z,y € X and let A, B, S and T be self-mappings on
—00

X. Let the pairs {A, S} and { B, T} be occasionally weakly compatible. If there
exists k € (0,1) such that

M(Ax, By, kt) = min{M(Sz,Ty,t), M(Sz, Ax,t), M(By,Ty,t),
M(AZIZ,Ty,t),M(By,S.T,t)}7 (2)

forall x;y € X and for allt > 0, then A, B, S and T have a unique common
fixed point in X.

Proof. Since the pairs {A, S} and { B, T'} are occasionally weakly compatible, so
there are points x,y € X such that Az = Sx and By = TY.
Now, by the given condition (2), we get

M(Ax, By, kt) 7= min{M(Sz,Ty,t), M(Sx, Ax,t), M(By,Ty,t),
M(Ax,Ty,t), M(By, Sx,t)}
= min{M Az, By,t), M(Ax, Ax,t), M(By, By,t),
M(Ax, By,t), M(By, Az, t)}
= min{M(Az, By,t),e¢”, e’ M(Az, By,t), M(By, Az,t)}
= M(Azx, By,t).

In view of Lemma 3.2, we have Az = By and therefore
Axr = Sx = By =1Ty. 3)

Suppose that the pair { A, S} have an another coincidence point z € X, i.e., Az =
Sz.

Now,

M(Az, By, kt) = min{M(Sz,Ty,t), M(Sz, Az,t), M(By,Ty,t),
M(Az,Ty,t), M(By, Sz,t)}
= min{M(Az, By,t), M(Az, Az, t), M(By, By,1),
M(Az, By,t), M(By, Az, t)}
= min{M(Az, By,t),e" e’ M(Az, By,t), M(By, Az 1)}
= M(Az, By,t).

Again, in view of Lemma 3.2, we have Az = By. Therefore
Az =Sz=By="Ty. 4)
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From (3) and (4), Az = Az and therefore the pair { A, S} have a unique point of
coincidence w = Ax = Sz. Thus by Lemma 3.1, w is the unique common fixed
point of {A, S}. Similarly, we can show that the pair { B, 7'} have also a unique
common fixed point. Suppose this is u € X.

Now,

M(w,u,kt) = M(Aw, Bu,kt)

min{ M (Sw, T'u, t), M (Sw, Aw,t), M(Bu, Tu,t),
M(Aw, Tu,t), M(Bu, Sw,t)}

min{ M (w, u,t), M (w,w,t), M (u,u,t),
M(w,u,t), M(u,w,t)}

= min{M(w,u,t),e?, e M(w,u,t), M(u,w,t)}
= M(w,u,t).

Y

Therefore using Lemma 3.2, we have w = w and consequently, w is common
fixed point of A, B, S and T'.

To show, this common fixed point is unique, let v is an another common fixed
pointof A, B, S and T'.

Now,

M(w, v, kt) M (Aw, Bv, kt)

min{ M (Sw, Tv,t), M (Sw, Aw,t), M(Bv,Tv,t),
M(Aw,Tv,t), M(Bv, Sw,t)}

min{ M (w, v, t), M (w,w,t), M(v,v,t),
M(w,v,t), M(v,w,t)}

min{ M (w,v,t),e”, e® M(w,v,t), M(v,w,t)}
= M(w,v,t).

I Y

By Lemma 3.2, we have w = v. Hence A, B, S and T have a unique common
fixed point. 0

In the following an supporting example to Theorem 4.2 is given.

Example 4.2. Let X = R. Consider the metric d(z,y) =| z | + | y |, for all
v #yandd(z,y) =0, forx = yon X. Let axb = min{a, b}, forall a,b € r.e?,
where r; € [0,1] and 6 € [0, 5. For eacht > 0 and x,y € X, we define

M( t) tei@
T = —
7y7 t—’—d(x’y)
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Then certainly (X, M, x) is complex valued fuzzy metric space with
. _ if
tlgiloM(az,y,t) =e".
Now, we define the self maps A, B, S and T on X by

Ang,szi,Sa::xande:g,forallxeX.

Set k = % Now, for x # v,

t 5€
MAwBy.3) = T [+ By
tei@
t+ 22 4 old
tei@
t+ 282l 4 olil
tei@
t+ |z +
teiO B
t+|Sz| + Tyl

M(Sx,Ty,t).

For the case v = v,

t Let
M(Az, By, =) =
( x’ y’ 2) % + 0

Therefore, for any x,y € X,

M(Az, By, %) Z M(Sz,Ty,t)

= min{M(Sz,Ty,t), M(Sx, Az,t), M(By, Ty,1),
M(Az,Ty,t), M(By, Sx,t)}.

Therefore, the maps A, B, S and T satisfies the condition (2) of Theorem 4.2 for

k = 3. Also the pairs {A,S} and {B, T} are obviously occasionally weakly
compatible. Thus all the conditions of Theorem 4.2 are satisfied and x = 0 is the

unique common fixed point of A, B, S and T in X.
Setting A = B and S = T in Theorem 4.2, we get the following corollary.
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Corollary 4.2. Let (X, M, x) be a complex valued fuzzy metric space with
tlim M(z,y,t) = % forall z,y € X and let A, S be self-mappings on X. Let
— 00
the pair { A, S} be occasionally weakly compatible. If there exists k € (0, 1) such
that
M(Ax, Ay, kt) 7 min{M(Az,Sy,t), M(Ay, Sz,t), M(Sx,Sy,t),
M (Sx, Ax,t), M(Sy, Ay, 1)},
for all x,y € X and for allt > 0, then A and S have a unique common fixed
point in X.
Theorem 4.3. Let (X, M, %) be a complex valued fuzzy metric space with
tlim M(z,y,t) =€, forall v,y € X and let A, B, S and T be self-mappings on
—00
X. Let the pairs {A, S} and { B, T} be occasionally weakly compatible. If there
exists k € (0,1) such that
M(Ax, By, kt) 2 g(min{M(Sxz,Ty,t), M(Sz, Az,t), M(By,Ty,t),
M(Ax,Ty,t), M(By, Sx,t)}),
forall v,y € X and for all t > 0, where g : r,¢* — r.e? with g(x) 7= x for all

x € rye, where ry € (0,1) and 0 € [0,%]. Then A, B, S and T have a unique
common fixed point in X.

Proof. The proof follows from Theorem 4.2. [
Theorem 4.4. Let (X, M, %) be a complex valued fuzzy metric space with

tlim M(z,y,t) = €%, forall v,y € X, and let A, B, S and T be self-mappings on
—00

X. Let the pairs {A, S} and { B, T} be occasionally weakly compatible. If there
exists k € (0,1) such that

M (Ax, By, kt) 77, M(Sxz, Ty, t) « M(Azx, Sz, t)« M(By, Ty, t) « M(Ax, Ty, t),

®)
forall x,y € X and for allt > 0. Then A, B, S and T have a unique common
fixed point in X.

Proof. The pairs {A, S} and { B, T'} are occasionally weakly compatible, so there
are points x,y € X such that Ax = Sz and By = T'y.
Now, the condition (5) gives
M(Ax, By, kt) = M(Sx,Ty,t)* M(Ax,Sz,t)* M(By,Ty,t)
«M(Ax, Ty, t)
= M(Az, By,t)x M(Ax, Ax,t) * M (By, By, t)
«M(Ax, By, t)
— M (Az, By, t) e x ¢ x M(Ax, By, t)
= M(Azx, By,t).
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In view of Lemma 3.2, we have Az = By and therefore
Ax =Sz =By ="Ty. (6)

Suppose that the pair { A, S} have an another coincidence point z (say)€ X, i.e.,
Az = Sz.
Now,

M(Az, By, kt) = M(Sz,Ty,t)* M(Az, Sz, t)« M(By,Ty,t)
«M(Az, Ty,t)
= M(Az,By,t) « M(Az, Az, t) x M(By, By, t)
M (Az, By, t)
= M(Az, By,t) e x e x M(Az, By,t)
= M(Az, By,t).

Using Lemma 3.2, Az = By and consequently
Az=52= By ="Ty. (7

From (6) and (7) we get, Ar = Az and therefore the pair { A, S} have a unique
point of coincidence w = Ax = Sx. Thus by Lemma 3.1, w is the unique
common fixed point of {A,S}. Similarly, we can show that there is a unique
common fixed point u (say)e X of {B,T}.

Now,

M (w, u, kt) M (Aw, Bu, kt)

M(Sw,Tu,t) x M(Aw, Sw,t) * M (Bu,Tu,t)
« M (Aw, Tu, t)

M (Aw, Bu,t) * M(Aw, Aw, t) * M (Bu, Bu,t)
M (Aw, Bu,t)

M (Aw, Bu,t) * e x " «+ M(Aw, Bu,t)

M (Aw, Bu, t)

M (w,u,t).

| XY I

By Lemma 3.2, we have w = u and consequently w is common fixed point of
A, B, S and T'. For uniqueness, let v is an another common fixed point of A, B, S
and 7T
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Therefore

M(w,v,kt) = M(Aw, Bv,kt)

= M(Sw,Tv,t) * M(Aw, Sw,t) x M(Bv,Tv,t)
«M(Aw, T, t)

= M(w,v,t)* M(w,w,t)* M(v,v,t)*
M(w,v,t)

= M(w,v,t)* e x e x« M(w,v,t).
M (w,v,t)

and in view of Lemma 3.2, we have w = v. Hence A, B, .S and T have a unique
common fixed point. [

A supporting example to Corollary 4.4 is given below.

Example 4.3. Let X = R. Define the metric (v,y) =| x | + | y |, forall x # y
and d(x,y) = 0, forv =y on X. Let axb = min{a, b}, for all a,b € r.e*, where
rs €[0,1] and 0 € [0, 5]. For eacht > 0 and x,y € X, we define

_d(z,y)
t .

M(z,y,t) = e’
Then certainly (X, M, x) is complex valued fuzzy metric space with
lim M (z,y,t) = e®.
t—o0

Now, we define the self maps A, B, S and T on X by

Ax:g,Bx:%,szxandTmz%,foralleX.
Let k = % Now for x # v,
t Leit
M(Az,By, =) = 3
( y3) f+| Az |+ | By
B tei@
t+ 32 4 sld
i0
- te .
t+ o)+
tei@
= :MSI',T ,t.
[T iSa Ty~ M Ty )
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For x =y,
619

+0

M(Az, By, %) =

W+

= e = M(Sx, Ty,t).

W+

Thus for any x,y € X,

M(Aw,By,g) = M(Sz,Ty,t)
= min{M(Sz,Ty,t), M(Sz, Az,t), M(By, Ty,1),

M(Az, Ty,t), M(By, Sx,t)}.

Therefore the maps A, B, S and T satisfies the condition (5) of Theorem 4.4 for

k = 3. Also the pairs {A,S} and {B, T} are obviously occasionally weakly

compatible. Thus all the conditions of Theorem 4.3 are satisfied and x = ( is the
unique common fixed point of A, B, S and T in X.

Setting A = B and S = T in Theorem 4.4, we get the following corollary.

Corollary 4.3. Let (X, M, x) be a complex valued fuzzy metric space with
tlim M(z,y,t) = €, forall v,y € X, and let A, S be self-mappings on X. Let
—00

the pair { A, S} be occasionally weakly compatible. If there exists k € (0, 1) such
that

M(Ax, Ay, kt) == M(Sx,Sy,t) « M(Az, Sz, t) x M(Ay, Sy,t) x M(Az, Sy, t),

forall x,y € X and for all t > 0, then A and S have a unique common fixed
point in X.

Theorem 4.5. Let (X, M, %) be a complex valued fuzzy metric space with

tlim M(z,y,t) = €“, forall z,y € X. Let the pair { A, S} be occasionally weakly
—00

compatible self maps on X. If there exists k € (0, 1) such that

M(Sx, Sy, kt) Z pM(Az, Ay,t) +
qmin{M (Az, Ay,t), M(Sx, Az, t), M(Sy, Ay, t)}, (8)

forall x,y € X and for all t > 0, where p,q > 0 are reals with p + q > 1. Then
A and S have a unique common fixed point in X.

Proof. The pair { A, S} are occasionally weakly compatible, then there exists = €
X such that Az = Sx. Suppose that there exists another y € X for which
Ay = Sy.
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From the condition (8),

M(Sxz, Sy, kt) = pM(Ax, Ay,t) +
qmin{ M (Az, Ay,t), M(Sxz, Az, t), M(Sy, Ay,t)}
= pM(Sx,Sy,t)+
gmin{ M (Sz, Sy, t), M(Sx, Sz, t), M(Sy, Sy,t)}
— pM(Sz, Sy, t) + gmin{M(Sz, Sy, t), e, e?}
= pM(Sx,Sy,t)+ qM(Sx,Sy,t)
= (p+q)M(Sz,5y,1).
Since p+q > 1, M(Sx, Sy, kt) 7z M(Sz, Sy, t).
In view of Lemma 3.2, we have Sx = Sy and consequently Ax = Ay. Therefore

the pair {A, S} have a unique point of coincidence w = Ax = Sz. Thus by
Lemma 3.1, A and S have a unique common fixed point in X. [

The following corollary is the direct consequence of Theorem 4.5.

Corollary 4.4. Let (X, M, *) be a complex valued fuzzy metric space with
tlim M(z,y,t) = €, forall z,y € X. Let A be self map on X. If there exists
—00

k € (0,1) such that
M(Ax, Ay, kt) = aM(Az, Ay, t),

forall x,y € X and for allt > 0, where o > 1 real. Then A has a unique fixed
point in X.

5 Conclusions

In the Theorem 4.1 we have shown a sufficient condition for existence of a
unique common fixed point of pair of any mappings in complex valued fuzzy
metric spaces. Similar results are found in the remaining theorems 4.2, 4.3, 4.4
and 4.5 but for pairs of occasionally weakly compatible mappings.
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Abstract

We proposed a model which can unify many of the shape models
existing in the literature and show that the shape of the sunspot
number cycle can be described as a product of a polynomial and a
negative exponential function. The proposed model has certain free
parameters, which need to be estimated from the observed sunspot
number data. Since all the models reviewed in this paper are a
product of a polynomial and a negative exponential along with a
number of parameters, we have seen that all these models can be
derived from a modified generalized Gamma probability density
function by transforming certain parameters and fixing certain
parameters. In this paper, we estimate the parameters of the model
from the revised monthly averaged sunspot numbers available in the
SIDC website. Finally, a preliminary level prediction has also been
attempted to forecast the characteristics of sunspot number cycle 25.
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1. Introduction

Solar activity is the key factor which drives the space weather. Refined
modelling and accurate prediction of the solar activity intensity has been an
Important activity of space faring agencies across the world due to the impact of
solar activity on satellites as well as on weather (Haigh, 2007, Hathaway et.al.,
2004). Solar flux causes the upper atmosphere density variation and in turn it
affects directly the lifetime of the Earth-orbiting satellites especially in the low
Earth orbit. Solar activity intensity has been measured as the number of dark
spots, called sunspot numbers, appears in the visible solar disc through direct
observation since 1749 onwards. Irrespective of the measurement interval
(daily, monthly, and yearly), a definite pattern is existing in the sunspot number
time series.

Accurate predictions of the intensity of solar activity are increasingly
important as we become more reliant upon satellites in low-Earth orbits, which
provide crucial contribution in communication, national defence and Earth
mapping. Also, such satellites provide an abundance of scientific data. During
higher solar activity period, the increased ultraviolet emission from Sun heats
up the Earth’s upper atmosphere and this causes the atmosphere to expand and
results in the increased drag on low Earth orbits satellites, thereby leading to
early decay into the Earth’s atmosphere. Therefore, better predictions of solar
activity are essential to help mission planning and design of satellites (Vallado
et.al., 2014).

Sunspot number cycle time series is one of the longest time series which
was studied by many experts. First of all, this time series is non stationary, cyclic
and highly nonlinear in the time domain. The more interesting and difficult part
to deal with is the high dispersion between consecutive observations
(Withbroe,1989) which in fact makes the prediction of sunspot numbers tedious.

Many attempts to model and predict the future behaviour of the solar
activity are well documented in the literature. Depending on the nature of the
prediction methods, we can classify the methodology in to five classes as: 1)
Curve fitting 2) Precursor 3) Spectral 4) Neural Networks and 5) Climatology.
The first attempt using the curve fitting methodology was by the McNish-
Lincolon curve fitting (Hathaway, D. H, 2015). Subsequently, several authors
have studied the highly nonlinear behaviour of sunspot number cycle and
proposed various models to handle the studies related to the prediction.

Many mathematical functions have been appeared in the literature as model
of the shape of the sunspot number cycle. Due to the exponential rise and decay
of sunspot number cycle, a model involving exponential function was proposed
by Nordemann (1992). The bell shape and the asymmetry along the peak
amplitude of most of the sunspot number cycle were explored and there by a
suitable mathematical function was introduced by Hathaway et.al. (1994). Few

120



A Unified Shape Model for Sunspot cycles

statistical probability distribution functions were also proposed by various
authors (Sabarinath et.al.,2008, Du et.al., 2011, Li et.al., 2017, Sabarinath et.al.,
2020) for modeling the shape of sunspot number cycles. De Meyer (1981)
proposed a model using periodic functions. As far as prediction of a future
sunspot number cycle is concerned, statistical averaged models are used as an
initial estimate of the future sunspot number cycle.

2. Existing Models

Several authors developed different mathematical functions to describe the
shape of the sunspot number cycle. In particular Stewart and Panofsky (SP)
(1938) proposed a function for the shape of a sunspot number cycle with the
form,

R(t) = a(t — ty)Pect=to) 1)

where a, b, c and t, are parameters that vary from cycle to cycle and t is the
independent variable represents time. The important thing to be noticed is that,
this model resembles a power law for the rising phase of a sunspot number cycle
and an exponential for the declining phases of a cycle.

Nordemann (N) (1992) proposed another fit. He used the solution of the

differential equation ‘Z—IZ = KN, in analogy with the nuclear decay process. The
declining phase (maximum to minimum) of a sunspot number cycle is
represented by

N = NpeXt, K <0 (2)

and the solution of ‘;—IZ = A+ KN, is used to represent the first phase or ascent

phase (minimum to maximum) of a sunspot number cycle. Thus, the model for
the ascent phase is:

A
N=E(1—e’<t), K<0 (3)

where N represents sunspot numbers, K is the decay constant and A is a
production parameter.
Hathaway et.al. (H) (1994) established a model with four parameters along
with a measure for the goodness of fit. The functional form is:
a(t —ty)3
f@®) = NN 4
e’ b2 " —¢

where, a represents the amplitude; b represents the time in months and t,
denotes the starting time; ¢ gives the asymmetry of the sunspot number cycle.
This function is derived from Stewart and Panofsky model, but requires two
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parameters for each sunspot number cycle. Where ¢ =0.71, and b is a dependent
parameter given by,

25.15
b =2712 + ———— ©)

[a x 103]2
Sabarinath et.al. (S) (2008) used a binary mixture of a modified Laplace
Distribution. Laplace Distribution is a function f of two parameters m and s is
given by,

)= e s 6)

where, m is the location parameter and s is the scale parameter. They modified
this form and used the binary mixture of this distribution and reducing the
number of parameters into six (later reduced to two floating parameters) to fit
the predominant double peaks during the high solar activity regime of a sunspot
number cycle. Modified final model is:

F0 = gy o (0T ) ey (23 )

332 16.6 46 °© 23

Volobuev (V) (2009) found a function similar to that used by Stewart and
Panofsky to fit the shape of sunspot number cycle that requires only one
parameter for each cycle. The empirical model used is:

2
R=(2) () ®)
N

We can see that this model is also similar to that of Stewart and Panofsky (1938)
by putting b = 2 and modifying the growth multiplier and decay multiplier
properly by introducing the new parameters T and T;.

Du (2011) suggested modified Gaussian function with four parameters viz.
peak size A, peak timing t,,,, width B, and asymmetry «, in the form:

_ —(t = ty)? 9
R(t) = Aexp <232[1 T alt - tm)]2> ©

Li et al (L) (2017) used a binary mixture of Gaussian function (suggested
by Du),

f(x) = Ay exp <_ (x_—ml)z) + A, exp <_ M) (10)

S1 S2

this model has six parameters. Peak sizes are denoted by and 4,, A,, s; and s,
represents gradients and peak time is represented by m, and m,.

Sabarinath et. al. (SB) (2020) fit the full sunspot number cycle perfectly
with modified Maxwell Boltzmann probability distribution function. The final
modified model is:
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A |2, _x*
f(x;a;4) ZE\/;XZB 2a? (11)

where A is the area parameter, a > 0.

All these models discussed so far has a common form that is these models
are a product of a polynomial and a negative exponential function. Since the
solar activity like process can be modelled by a bell-shaped curve viz., Gamma
family of probability density function, we propose that the sunspot number
cycles can be effectively modelled as a generalized Gamma distribution with
certain free parameters. These free parameters can be estimated in the maximum
likelihood sense from the sunspot data. Also, all these models discussed so far
can be derived from this generalized Gamma distribution model as special cases.
In the next section we brief on the derivation of the proposed model.

3. Methodology
New model-Generalized Gamma distribution

The Gamma distribution is often used to describe variables bounded on one
side. A version of this distribution is obtained by adding a third parameter and
gets the generalized Gamma distribution (Walck, 2001).

Probability density function is,

( )= -
e pan = o
where p (a scale parameter) and g are the real positive parameters and a third
parameter r has been added (r = 1 for the ordinary Gamma distribution) to
generalize the Gamma distribution. This new parameter takes any real value but
normally we consider the case where ¢ > 0
Put the following substitutions,

(px) T~ te~ @0 (12)

pr _
c = qr-1
rig”
K=y (13)
o=r
Then, Equation (12) becomes
f 6 ckad) = cx® ek (14)

where k is the scale parameter, « is the shape parameter and § is the location
parameter. Depending on the values of the parameters we can arrive all the
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existing models. Tablel list the existing models and their derivation into
Equation (14).

Once we fix a model, the next step is to evaluate the best estimates of the
model parameters in statistical parameter estimation sense. Here our
measurement data is the monthly averaged sunspot numbers. The model we
indent to fit over this data is given in Equation (14). We estimate the parameters
by least square method. Using simple random search technique, we estimate the
parameters. The mathematical algorithms used are given in detail in the next
part.

Data

In the present study, we use the monthly averaged sunspot numbers, and
these sunspot numbers for all the 24 sunspot number cycles were used. On July
1st, 2015, the sunspot number series has been replaced by a new improved
version called version 2.0 data, that includes several corrections of past in
homogeneities in the sunspot number time series.

In the new version 2.0 data, the conventional 0.6 Zirich scale factor, has
been replaced by a factor of 1/0.6. This scale change, when combined with the
recalibration, leads to a net increase of about 45% (correction variable with
time) of the most recent part of the series, after 1947. This data can be obtained
from https://www.bis.sidc.be/silso/DATA/SN_m_tot V2.0.txt.

Estimation techniques

The function in which parameters to be estimated is,

f(x ¢k ad) = cx®-1e—kx® (15)
The maximum likelihood estimates of the parameters «, § and k are considered
to be the best unbiased, consistent and sufficient estimate of the parameters
(Sorenson, 1980). Practically, the least square estimate is considered to be the
maximum likelihood estimate. The simple mathematical procedure to estimate
the parameters is to minimize the sum of squared error function J.

J= Z ef (16)

r
where e, is the error. The minimum of J can be found by differentiating J with
respect to the parameters a, 6 and k.

In the present study, if we consider without loss of generality, a sunspot
number cycle having a length of 132 months (=11 year), and if we assume
{s,:n =1,2,...,132} as the realised sunspot number values, then the function J
can be written as,
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132

J =Y lsw = f w51 (a7)

where, x,, = 1,2, ...,132 represents the months for eachn = 1,2, ....,132. Then
our objective is to compute and solve a, § and k from

9] _ (18)
%" (19)
o] _

55=0

9 _ 20
ok 0 20

Analytically solving the Equations (18) to (20) for a, 6 and k is cumbersome.
Hence, we go with numerical procedures for estimating the parameters. Monte
Carlo based simple random search-based procedure is considered here to
estimate the parameters. This procedure is described below as an algorithm.
Step-1. Start with a search region a, § and k. Let S, Ss and S, are the bounded
search regions of a, § and k respectively. Our objective is to find an «, €
Sa 0o € Ss and k, € S, such that,

132

]ao,Ao = Z[Sn - f(xn' X, 60' ko)]2 (21)
i=1
is minimum. That is,

]a0,60,k0 < ]a,&,k (22)
foranya € S,,8 € Ssand k € S,

Step-2. Start with a random initial value of « in S, § in Sg and k in Sy,.
Compute J and in each iteration keep the minimum value of J, a, 6 and k. After
a very large number of iterations take the value of «, § and k corresponds to the
global minimum value of J.

4. Results

Estimates for the parameters

Table 2 shows typical converged values of the four model parameters c, «,
k and §. If we do a Monte Carlo based estimation of these parameters, due to
the initial random number variation the optimum value differ numerically due
to different starting points. But the variation is insignificant. This was proved in
many Monte Carlo based optimizations (Ji et.al., 2006). Hence without loss of
generality we consider a typical Monte Carlo run and a converged value of the
parameters for further analysis. Table 2 gives one such value. The range of
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search or feasible region was found by trial-and-error method. The range
considered for the simulation is given below.
0.0001 < ¢ <£0.0030,3<a<7,0<k <09,and0 <6 <3.1.

Model Parameters in
Name ) Equation (14)
and Year Functional form Generalized
in nlrigch c o lsl & form
proposed
(1358) a(t — to)lexp(—c(t — ty)) free | free | 1 | free | ax%exp (—cx)
N N = Nyexp(kt)
1992 A free| 1 | 1] free aexp (—cx
( ) X (1 — exp(—kt)) p(=ex)
H a(t —ty)3
(1994) (t — to)? free| 4 | 2| free | ax3exp(—kx?)
exp (T) —C
A, —|t —41.7|
S 332 \7 166 -
(2008) free | 1 |1 |fixed | C1€PCHaX)
A2, (—It—67.3|) +cyexp(—k2X)
46 p 23
Vv 2 2
t—t —(t—t
(2009) # exp <(—20)> free | 3 | 2| free | cx?exp(—kx?)
Ts Td
Du (t = tm)?
A — f 1 (2| f —kx?
(2011) exp < 2B2(1 + a(t — tm)2> ree ree cexp(—kx*)
L
—(t-my)? —(t-my)? crexp(—kyx?)
(2017) | Ajexp (—S1 )+A2exp (—52 ) free| 1 | 2| free s exp(—kyx?)
SB A, (=t 2 2
(2020) P [ tZexp (27(2 free| 3 | 2| free | cx“exp(—kx*)

Table 1. Different models, their parameters and its values.

Figure 1, 2, and 3 shows the model fit of the model on sunspot number cycles
13, 23 and 24, respectively.
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Generalized Gamma distribution fitting-Cycle 13
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Figure 1. Generalized Gamma distribution fit on the monthly averaged sunspot
number cycle 13.

250 Generalized Gamma distribution fitting-Cycle 23

Fit
—%— Original data

0] [
190 '!{i! ] 'l

100

AN Pl ]
‘;} ,; gl‘!"’?‘;{h ,

‘. ‘,""""ﬁm‘
0 20 40 60 80 100 120 140 ‘ 160
Time(Month)
Figure 2. Generalized Gamma distribution fit on the monthly averaged sunspot
number cycle 23.
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150 Generalized Gamma distribution fitting-Cycle 24
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Figure 3. Generalized Gamma distribution fit on the monthly averaged sunspot
number cycle 24.

Analysis of the parameters

The parameters are estimated on each of the sunspot number cycle
independently. Figures 4 and 5 show these estimated model parameters for
sunspot number cycle 1 to 24. The parameters are estimated in the maximum
likelihood (ML) sense using the random search method. In table 2 Column
number 2 to 5 gives the ML estimate of the parameters c, a, k and §. Column 6
gives the coefficient of determination R? value. From these values one can see
that the goodness of fit of the model is fair and on all modern sunspot number
cycles are of high degree, since the coefficient of determination is greater than
0.8. The important thing to be noted is that, since the model is derived from the
Gamma distribution probability density function as given in Equation (12), there
must be a correlation among the model parameters. As evident through the set
of Equations (13) the correlation between the model parameters is given in Table
3. a has a very high correlation with k and §. Figure 6 and 7 shows this
correlation along with the linear regression model derived out of this correlation.
of course, @ and k has a positive correlation and between « and § a negative
correlation. The corresponding linear regression fits are given in Equation (23)
and (24).
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k =0.29a — 1.3 (23)
and

§ =—0.32a + 2.7 (24)

Now, substitute Equation (23) and (24) in Equation (14), we can reduce the
proposed model into a two-parameter model. Again, if we re-estimate the two
parameters in a maximum likelihood sense, we can again obtain a correlation
between the parameters, there by the model reduce to a one parameter model as
proposed in the shape of the sunspot number cycle-a one parameter fit by
Volobuev (2009). In fact, the reduction of model parameters into a single
parameter does not add any predictive power in the characterisation of a sunspot
number cycle via the prediction of the peak amplitude, location of the sunspot
maximum, cycle length etc. Hence, an indicative parameter for these characters
of a sunspot number cycle is essential in a sunspot model. So minimum two
parameters, a location parameter and a scale parameter must be there in a
sunspot model. If there is a shape parameter, it can characterize the degree of
asymmetry present in a cycle.

-3
6 ><10 T T T T
| —*—¢]
5 - -
4+ ]
o
£
s °f 1
o
o
2r 4
1 - -
O 1 1 1 1
0 5 10 15 20 25

Cycle Number
Figure 4. Variation of the ML estimate of the parameter ¢ over different
sunspot number-cycles
Coefficient of determination (R?) is considered as one of the measures of
goodness of fit for a regression fit. For each cycle the coefficient of
determination for the best fit are computed and is given in Table 2, column 6
and the pictorial version is given in Figure 8.
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Sunspot
number Coefficient of
cycle ¢ a k o determination

Number
1 0.00095 | 4.62004 | 0.03367 | 1.10253 0.7
2 0.00259 | 5.86033 | 0.52436 | 0.69427 0.7
3 0.00104 | 6.79747 | 0.80867 | 0.65381 0.9
4 0.00278 | 5.83371 | 0.56733 | 0.66284 0.9
5 0.00213 | 4.21489 | 0.01729 | 1.22798 0.8
6 0.00144 | 3.97518 | 0.00191 | 1.62772 0.6
7 0.00114 | 4.23167 | 0.00323 | 1.53445 0.7
8 0.00014 | 6.71511 | 0.47050 | 0.72610 0.8
9 0.00044 | 5.30111 | 0.10092 | 0.93291 0.8
10 0.00033 | 6.01638 | 0.37419 | 0.72687 0.9
11 0.00153 | 5.29585 | 0.14993 | 0.89630 0.9
12 0.00119 | 4.53186 | 0.01235 | 1.33943 0.8
13 0.00226 | 6.11178 | 0.74136 | 0.63797 0.9
14 0.00277 | 5.06902 | 0.26096 | 0.77246 0.7
15 0.00278 | 4.34677 | 0.00650 | 1.48307 0.8
16 0.00283 | 4.81611 | 0.08682 | 0.98842 0.8
17 0.00096 | 4.98223 | 0.04514 | 1.10391 0.9
18 0.00238 | 4.96288 | 0.06138 | 1.07036 0.9
19 0.00298 | 5.12209 | 0.08539 | 1.02239 0.9
20 0.00242 | 4.74031 | 0.08620 | 0.95019 0.9
21 0.00236 | 5.06018 | 0.08613 | 1.00536 0.9
22 0.00205 | 5.00316 | 0.06184 | 1.07074 0.9
23 0.00288 | 4.78601 | 0.07280 | 1.00605 0.9
24 0.00280 | 4.84851 | 0.09596 | 0.98271 0.8

Table 2. The estimated model parameters for sunspot number cycles 1 to 24.

It may be seen that the R? value for most of the cycles are greater than 0.8.
Especially, for modern cycles (cycle 15 to 24) the R? values are greater than 0.8.
This shows that the generalized Gamma model is best for modelling the shape
of a sunspot number cycle.

c a k 0
c 1 -0.27 -0.09 -0.02
a 1 0.89 -0.86
k 1 -0.78
o) 1

Table 3. The correlation among the estimated model parameters.
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Figure 5. Variation of the ML estimate of the parameter «, k, and § over
different sunspot number cycles.
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Figure 6. Linear correlation between the model parameters a and k.
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Figure 8. Coefficient of determination (R?) of the ML fit on different cycles.
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Prediction of sunspot number cycle 25

As an attempt has been made to predict the shape of the sunspot number
cycle 25. Before attempting the predict cycle 25 from the proposed model, a
direct comparison of the model of all the sunspot number cycles from 1 to 24
has been done. Figure 9 shows this model comparison. It may be noted that, the
length of the cycle is not being considered here. Without loss of generality one
can assume the length as 132 months. The variation in amplitude and the
location of the peak amplitude varies between cycles. The range of variation of
peak amplitude is from 70 to 300 units of sunspot numbers. Since the range of
variation of the peak amplitude is quite large, the problem of prediction of cycle
25 is cumbersome from the previous cycle’s model parameters alone. Hence,
we make two kinds of predictions which are statistically more probable
forecasts. They are (1) Since the parameters «, k and § has lesser variation if
we consider cycle 16-24, we fix these parameters as their average over cycle 16
to 24 and re-estimated the other parameter ¢ alone for these cycles. Then for
cycle 25, the parameter is c taken as the average of the re-estimated values of ¢
for cycle 16 to 24. This value is 0.002. The remaining parameters are, a =
4.9246, k = 0.0757, 6 = 1.02. The prediction of cycle 25 in this direction is
plotted in Figure 10.

Model of all the 24 sunspot cycles

300

250

Sunspot Numbers
- N
(o)) o
o o

-
o
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50

00 20 40 60 80 100 120 140 160 180
Time (Months)
Figure 9. Model of all the 24 Sunspot number cycles.
This prediction shows the peak amplitude as 157 units occurring at 47
months from the beginning of sunspot number cycle 25. The second methods

are (2) keeping the parameters a, k, and § similar to cycle 24 and keeping the
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parameter ¢ as taken in method (1). In this way the peak amplitude of cycle 25
Is 81 units of sunspot numbers occurring at 44 months from the beginning of the
cycle 25. These two predictions can be considered as a band, inside which the
actual cycle 25 may occur.

300

250

— — — Model Average (prediction of cycle 25)
Prediction of cycle 25 from cycle 24
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Figure 10. Prediction of Sunspot number cycle 25
Maximum peak occurring at 44 months with a sunspot number value of 81 units
and 47 months with a sunspot value of 157 units.

5 Conclusion

Proposed a model which can unify many of the shape models existing in
the literature. Also, it is shown that the shape model of sunspot number cycle
can be described by a product of a polynomial and a negative exponential
function. Since all the models reviewed in this paper are a product of a
polynomial and a negative exponential, we proposed that all these models can
be derived from the generalized Gamma probability density function by giving
suitable parameter values. In this paper, we derived the existing models from
the proposed generalized Gamma model and estimated the parameters of the
proposed model from the revised version-2 monthly averaged sunspot numbers
available in the SIDC’s website. Prediction of sunspot number cycle 25 shows
that the peak amplitude of cycle 25 can vary between 81 to 157 units of sunspot
numbers and this peak amplitude may occur between 44 to 47 months from the
beginning of cycle 25. In actual date, this shows cycle 25 may peak during
August 2023 to November 2023.
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1 Introduction

The theory of fuzzy sets was introduced by L.A. Zadeh [17] in 1965.
Kramosil and Michalek [6] introduced the fuzzy metric spaces (FM-spaces) by
generalizing the concept of probabilistic metric spaces to fuzzy situation.
George and Veeramani [4] modified the concept of fuzzy metric space
introduced by Kramosil and Michalek [6] with a view to obtain a Hausdorff
topology on fuzzy metric spaces which have very important applications in
quantum particle particularly in connection with both string and E-infinity
theory. In 2004, Park [8] defined the concept of intuitionistic fuzzy metric
space with the help of continuous t-norms and continuous t-conorms.

Several researchers have shown interest in the intuitionistic fuzzy metric
space successfully applied in many fields, it can be found in [5, 10, 11, 13, 14,
15, 16]. Theory of fuzzy sets have been widely used and developed in different
fields of sciences, including mathematical programing, theory of modeling,
theory of optimal control, theory of neural network, engineering and medical
sciences, coloured image processing, etc.

In this paper, the concept of characterization of strong fuzzy diameter zero
in intuitionistic fuzzy metric spaces are introduced and also discuss some
properties of strong fuzzy diameter zero in intuitionistic fuzzy metric spaces.

2  Preliminaries

Definition 2.1[17] Let X be a nonempty set. A fuzzy set A in X is
characterized by its membership function pu,: X — [0,1] and pu(x) is
interpreted as the degree of membership of element x in fuzzy set A for each
x € X. Itis clear that A is completely determined by the set of tuples A =

{6 ua(x))Ix € X3

Definition 2.2[4] The 3-tuple (A, M,*) is said to be a fuzzy metric space if A
be a non-empty set and * be a continuous t-norm. A fuzzy set A% x (0, ) is
called a fuzzy metricon Aif a,b,c € Aand s,t > 0, the following condition
holds:

1. M(a,b,t) =0

2. M(a,b,t) =1ifandonlyifa=>»
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3. M(a,b,t) = M(b,a,t)
4. M (a,b,t + s) = M(a,b,t)*M(a,b,s)
5. M (a,b, *): (0, ©) — [0,1] is left continuous

The function M(a, b, t) denote the degree of nearness between a and b with
respect to t respectively.

Definition 2.3[1, 2] Let a set E be fixed. An intuitionistic fuzzy set 4 in E is
an object of the following A = {(x,ua(x),v4(x)), x € E} where the
functions p,(x): E — [0,1] and v, (x): E - [0,1] determine the degree of
membership and the degree of non-membership of the elementx € E,
respectively, and for every x€E:0<puu(x)+uvsx) <1, when
v (x) =1 —puy(x) forall x € E is an ordinary fuzzy set. In addition, for each
IFSAINE,ifmy(x) =1— pu(x) —v4(x). Then uy(x) is called the degree of
indeterminacy of xto A or called the degree of hesitancy of x to A. It is
obvious that 0 < m,(x) <1, foreachx € E.

Definition 2.4 [7] A 5-tuple (4, M, N,*,0) is said to be an intuitionistic fuzzy
metric space if A is an arbitrary set, * is a continuous t-norm, o is a continuous
t- conorm and, M, N are fuzzy sets on A% X [0, «) satisfying the conditions:

1. M(a,b,t) + N(a,b,t) < 1, foralla,b € Aandt >0

M(a,b,0) = 0, forall a, b€ A

M(a,b,t) = 1,foralla,b € Aandt >0ifandonlyifa = b
M(a,b,t) = M(b,a,t),foralla,b € Aandt > 0
M(a,b,t) * M(b,c,s) < M(a,c,t +s),forall a,b,c € Aand s,t >0
M(a, b,):[0,0) — [0,00] is left continuous forall a,b € A
limM(a,b,t) =1,foralla,b € Aandt > 0

t—w

N(a,b,0) = 1,foralla,b € A

9. N(a,b,t)= 0,foralla,b e Aandt > 0ifandonlyifa =»b

10. N(a,b,t) = N(b,a,t),foralla,b e Aandt > 0

11. N(a,b,t) o N(b,c,s) = N(a,c,t+s),forall a,b,c € Aand s, t > 0
12. N(a, b,*): [0,0) — [0,1] is right continuous for all a,b € A

13. %i_)rgN(a, b,t) =0, foralla,b € A.

O Noabkwn

The functions M(a, b, t) and N(a, b, t) denote the degree of nearness and
the degree of non-nearness between a and b w.r.t t respectively.

Definition 2.5 [9] The fuzzy diameter of a non-empty set B of a fuzzy metric
space A, with respect to t, is the function ¢g:(0,+o) = [0,1] given by
@p(t) = inf{M(a,b,t):a,b € B}foreacht € R*.
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Definition 2.6 [9] A collection of sets {B;}i¢; is said to have fuzzy diameter
zero if given r €(0,1) and t € R™ there exists i € I such that
M(a,b,t) > 1 — rforalla,b € B;.

3 Strong fuzzy diameter zero in intuitionistic
fuzzy metric spaces

Definition 3.1 The fuzzy diameter of a non-empty set B of a intuitionistic
fuzzy metric space (A, M, N,*,0), with respect to t, is the function
@g: (0,+) — [0,1] given by ¢g(t) = inf{M(a,b,t):a,b € B} and
Yg: (0,+00) - [0,1] given by g(t) = sup{N(a,b,t):a,b € B} for each
t €R*

Definition 3.2 A collection of sets {B;};¢; of a intuitionistic fuzzy metric space
(A, M, N,x,0) is said to have fuzzy diameter zero if given r € (0,1) and t € R*
there exists i € I such that M(a,b,t) > 1 — r N(a,b,t) < rforall a,b €
B;.

Theorem 3.3 Let {B,},en be a nested sequence of sets of the intuitionistic
fuzzy metric space (4, M,N,*,0). Then the following statements are
equivalent:

(1) {Bn}nen has fuzzy diameter zero.
(i) lim g (t) =1, limp (t) = 0forallt € R™.
n—oo n—oo

Proof:
(i)~ (ii):

Let t eR*. Given re€(0,1) exists n, € N such that
M(a,b,t) > 1-1r,N(a,b,t) <rforeacha,b € B, withn =>n,,.
Then, @p, (t) = inf{M(a,b,t):a,b € B,} = 1- rand

Yp (t) = sup{N(a,b,t):a,b € B,} < 1-r foralln > n,,.
Hence,
iirgo @, (t) = 1and ill?o Yp, (t) = 0, since ris arbitrary in (0,1).

(i)~ (i):

Suppose rllll?o @p,(t) = 1and ill?o Yp, (t) =0, forallt € R*.
Lett € R*and let r € (0,1).
We can find n,., € N such that g (t) >1—7 and yp (t) <r forall >
N, Thus, M(a,b,t) > 1 — r and N(a,b,t) <r for each a,b € B, with
n = n, . i.e., {B,}nen has fuzzy diameter zero.
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Definition 3.4 A family of non-empty sets {B;};; of a intuitionistic fuzzy
metric space (A4, M, N,x,0) has strong fuzzy diameter zero if for r € (0,1)
there exists i € [ such that M(a,b,t) > 1-r and N(a,b,t) < r for each
a,b € B,andall t € R*.

Theorem 3.5 Let (4, M, N,*,0) be an intuitionistic fuzzy metric space and let
{B,}nen be a nested sequence of sets of A. Then the following statements are
equivalent.

(i) {B,}nen has strong fuzzy diameter zero.

(i) lilgo @g,(ty) =1, li_a}o Yp (t,) =0  for every decreasing and
?ncreasing sequencenof positive real numbers {t,},en that converges
and diverges respectively.

Proof:

(i) — (ii): Let {t,}nen be a decreasing increasing sequence of positive real
numbers that converges and diverges respectively. Givenr € (0,1), we can
find n,, € N such that M(a,b,t) > 1-r and N(a,b,t) <r for each a,b €
B, with n =n, and all t € R*. In particular, M(a,b,t,) > 1-r and
N(a,b,t,) <r for all a,b€B, with n=n,, ie, ¢g (t,) =1—r,

Yp (t,) <rforalln =n,, ie, limeg (t,) = 1,limyg (t,) = 0.
n—-oo n-oo

(i) — (i): Suppose that {B, },en has not strong fuzzy diameter zero. Let r €
(0,1) such that I = {ne€N:M(a,b,t) < 1-71, N(a,b,t) = rfor some
a,b € B, and some t € R*}, is infinite. Take n, = min I. Then, there exist
an,, by, € By, such that M(ay , by, ty,) < 1-71,N(ap,, by, t,,) =1 with
0 <ty <1
Take np,>n;, with n, €N, such that M(ay,, by, ty) <
1- T'N(‘inl'bnl'tm) >r for some a,,b,, €B,, and 0 < t,, <
min{t,, 5 }. In this way, we construct, by induction, a sequence {t;,};en such
that M(ay, by, tn) < 1-71,N(ay, by, ty) =r for some a,, by, €
Bp,n; € Nwithn; >n;_;and 0 < t,, < min{t,,_, ,%}.
Then,

<an,(tni) = inf{M(a, b, tni): a,b € By, } <1-r,

an_(tni) = sup{N(a,b,tni):a,b € Bni}z r for all ieN .

Hence {@p, (tn,)}ien. {¥s, (tn,)}ien does not converge and diverge
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respectively. Now, {t, }ien is @ subsequence of the decreasing and increasing

sequence {t, }nen that converges and diverges respectively, given by
tn, n<sn
th = {tniﬂ n<n<njyq
and the sequence {@g_(t;)}nen: (¥s, (tn)}nen does not converge and diverge
respectively. Thus, we get the contradiction.

Theorem 3.6 Let {B,},en be a nested sequence of sets with fuzzy diameter
zero in a intuitionistic fuzzy metric space (4, M, N,*,0). {B,}nen has strong
fuzzy diameter zero if and only if {B,} is a singleton set after a certain stage.

Proof:

Suppose  {B,}ney IS not eventually constant. Put p, =
sup{d(a,b):a,b €B,}, q,=inf{d(a,b):a,b €B,} and take ¢, =
ppand t, = g, for all n € N. Then, {t,},ey IS @ decreasing and increasing
sequence of positive real numbers converges and diverges respectively.

Then, lim @p (t) = liminf{M4(a,b,t,): a,b € B, }
n—-oo

n—-o0o

. t
im —n
n-ooo tp+diam(By)

= Pn =l

n-oo PntPn 2

and
limp (t) = lim sup{N,(a,b,t,):a,b € B,}
n-—oo n—-o

tn
m-————mr:
n-oo tptdiam(By)
. q 1
= lim —n_ _— -
n-oo qntdn 2

Hence {B, }»en has not strong fuzzy diameter zero.

Theorem 3.7 Let (4,M,N,x,0) be a intuitionistic fuzzy metric space. If
{B,}nen IS @ nested sequence of sets of A which has strong fuzzy diameter zero
then {B, }»en has strong fuzzy diameter zero.

Proof:

First, we prove that @z(t) = @5 (t), Yz(t) = Y (t) for every subset
B of A . Indeed, take a,b € B. Then, we can find two sequences {a,, },,ey and
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{b,}nen N B that converge to a and b, respectively. Let t € R* and an
arbitrary € € (0, 1). We have that
M(a,b,t + 2e) = M(a,b,, &) * M(ay,, by, t) * M(b,, b, )
> M(a,an,€) * @p(t) * M(by, b, ¢),
N(a,b,t + 2¢) < N(a,b,, ) N(a,,b,,t)o N(b,b,s)
< N(@an€) © Y5 (t) o N(bn,b,e)
and taking limit on the inequality when n tends to oo, we obtain
M(a,b,t + 2e) > 1 x@g(t) * 1 = @p(t),
N(a,b,t + 26) < 1o @pg(t)e 1 = @g(t).

Since ¢ is arbitrary, due to the continuity of M(a, b, t), N(a,b,t) we obtain
M(a,b,t) = @g(t),N(a,b,t) <yPp(t) and then pg(t) = @p(t),
Ys(t)=yYp(t). On the other hand, we havepz(t) < g(t),
Yi(t) < ¢p(t) and hence p(t) = @p (¢), Y5(t) = Pp (t). Let {tp}nen be
a decreasing and increasing sequence of positive real numbers convergent and
divergent respectively. By theorem 3.5, we have that 11111?0 @, (tn) =

1, limyyg (t,) = 0.
Thg;joby our last argument, we have that,
lim g, (t,) = Lim 95, (t,) = 1,
lim ¥, (&) = lim Y35, (6,) = 0,
and consequently, by theorem 3.5, {B,, },,en has strong fuzzy diameter zero.

4  Conclusion

Intuitionistic fuzzy set theory plays a vital role in uncertain situations in
all aspects. In this paper, the characterizations of strong fuzzy diameter zero in
intuitionistic fuzzy metric spaces are discussed and proved that the nested
sequences having the strong fuzzy diameter zero in intuitionistic fuzzy metric
space. We have also provided that nested sequences of subsets has strong
fuzzy diameter zero if and only if singleton set after a certain stage in a
intuitionistic fuzzy metric spaces.
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1. Introduction

Queueing system with server vacations and feedback is a powerful tool and
is successfully applied in many real-life congestion problems such as traffic
systems, operating systems, communication systems, manufacturing and
production lines. Queueing systems with feedback assume that unsatisfied
customers may join the queue again to repeat their request before leaving the
system. This concept was first introduced by Takacs [16]. Disney and Konig [4]
analysed Bernoulli feedback queueing system. Sharma and Kumar [14] studied
the markovian feedback queueing model with the impatient behaviour of
customers. Later on, Kalidass and Kasthuri [6] did the pioneering work on
M/G/1 queueing model with immediate feedback. Sunder et al. [15] analysed
the feedback queueing model with different service stations and vacation
policies under reneging.

The vacation queueing model is another remarkable and unavoidable feature
due to its widespread applications in real-life situations. The server can go on
vacations for many reasons like insufficient workload, server breakdown and
some secondary tasks assigned to him, etc. The assumption of the service
station being a hundred percent reliable is not a feasible one. The server may
suffer a breakdown at any instant of time. Ke, J.C. [7, 8, 9] analysed different
queueing models with an unreliable server. Later on, Ke et al. [10] performed
pioneer work on finite buffer M/M/C queueing system with server breakdown.
Kim et al. [11] analysed M/G/1 queueing model with a working breakdown.
Levy and Yechiali [12] first analysed vacation queuing systems. Later on Doshi
[3], Tian and Zhang [17] performed a comprehensive survey on vacation
queueing models. Researchers analysed queues with different vacation
strategies like single vacations, multiple vacations and working vacations. Servi
and Finn [13] first introduced the concept of working vacation in which the
server remains engaged in some auxiliary works and thereby provides service at
a relatively slower rate. Banik et al. [2] analysed multiple working vacation
gueueing systems. A new class of differentiated vacations is introduced by Ibe
and Isijola [5]. Zhang and Zhou [20] studied queueing model with m kinds of
differentiated working vacations. The transient solution of a differentiated
vacation queueing system was carried out by Vijyashree and Janani [19].
Vyshna Unni and Rose Mary [18] considered multi-server queues with
differentiated vacations. Amar Aissani et al. [1] studied differentiated vacation

queues under general service times.
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In this paper, a queue with waiting and unreliable servers under differentiated
vacation policy and Bernoulli feedback of customers with different arrival rates
In various states is considered.

2.

Mathematical description of model

The queueing model is analysed under the following assumptions:

1.

3.

The customers arrive in accordance with the Poisson process. The
customers are served on an FCFS basis by the server, the service time is
assumed to be exponentially distributed with a mean of 1/u.

On getting the service, the customers may decide to leave the queue with
probability B or unsatisfied customers may re-join the queue for another
service with complementary probability 1-B (=a).

When the system gets empty on serving all the customers, the server keeps
on waiting for customers for a random period exponentially distributed with
a mean 1/ w and leaves for vacation only if none arrives in that duration.
On returning from type | vacation, if it finds customers waiting for the
service, it resumes to active state otherwise it goes for type Il vacation. In
the same way, on returning from vacation Il, it switches to Vacation | or
resumes to active state depending on whether the system is empty or
customers are waiting in the system respectively. This process continues in
the same manner. The period of both the vacations are exponentially
distributed but with different means 1/6, and 1/6, respectively.

The server breaks down at any point of time in the active service state. The
breakdowns occur according to Poisson distribution with parameter y. The
server is immediately sent for repair in such a situation. The repair time is
also assumed to follow an exponential distribution with a mean of 1/3. The
customers have to wait for their service until the server gets repaired.

The arrival rates of customers in two types of vacations, downstate of server
and active state are taken to be A, A,, Ay, 45 respectively.

Steady state equations

Denoting the number of customers in the system at any time t by C(t) and the
server state at time t by S(t), we observe that {C(t), S(t)} is a continuous Markov
chain.
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The different possible server states are

0, server in vacation |
1, server in vacation I1
2,server in active state
3, server under repair

S(t) =

Denoting the probability of n customers in the i" state of server by p,, ;, the
steady-state equations governing the proposed quasi birth-death model using the
Markov process are

(A2 + 62)po1 = 61Poo (1)
(A2 + 62)Pn1 = A2Pn-11, nz1 (2)
(A3 +W)po2 = uPp12 (3)
(A3 + 4B +V)Pn2 = A3Pn-12 + UBPn+12 + 6Pn3 + 61Dno + O2Pn 1,

n=1 (4)
(Ao +8)p13 = YP12 (5)
(Ao +8)Pn3 = YPn2 + AoPn-13 N =2 (6)
(A1 + 61)Poo = B2P01 + WDo 2 (7)
(A1 + 61)Pno = MPn-10, n=1 (8)

Defining probability generating functions as

Hi(z) = Z PniZ", fori=0,1,2. 9
n=0

Hy(2) = ) pus" (10)
n=1

Multiplying system of equations (1) and (2) by appropriate powers of z and
summing over n from 1to oo.

61
A2+ 0, — A;2)

Hi(z) = Poo (11)
Similarly, equations (7) and (8) yield
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Ho(2) = (/11(11;_1 fl}lﬂ) Poo (12)
On similar steps from equations (5) and (6) we have
(Ao + 6 — A02)H3(2) = yH,(2) — ¥Po 2
After some rearrangement of terms, we obtain
by () = LD P2 (13)
Where,
1 0.6, .
Po2 = W(Al + 6, — m) Po o Using (7) (14)

Multiplying equations (3) and (4) by an appropriate power of z and taking
summation over n, together with the use of equations (9) and (10) we obtain

(l3 +uB+y—Azz — g) H,(z)
= 0,Hy(2) + 0,H,(z) + 6H5(z) — (A1 + 26)po o

1B
+ (w8 +7 =)o (15)
Considering equations (13) and (15) simultaneously, we obtain

H,(z) = 6:Hy(2) + 6,H,(2) —;3(12; 2601)poo + 92(2)po 2 (16)

Where,

1 1)
91(2) = 3(1 — z) + pup (1—;)—m+y (17)

00 = (1) = e

z _/10(1—2)+6+y (18)

Taking limits z — 1 in equation (11) and (12) the closed-form expressions for
P.G.F’s are

A+ 61)

Hy(1) = 6,

Poo (19)
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61

H1(1) = g

Poo (20)

Differentiating equation (11) and (12) and taking limits z —» 1

, A (A + 67)
Hy(1) = =——=——py (21)
0,
1,0
H{(1) = =5pg o (22)
6,
. 22,° (A1 + 6y)
HY (1) = —=—1—py, (23)
0,
21,%0
fﬁﬁ)=—§?imo (24)

2

Similarly, taking limits in equation (16) and using the L-Hospital rule

A+ 0 0.1 A
(1( }91 1)+ bZZ)Poo‘F(IJﬁ—%)Poz

H,(1) = (25)
pu—is -2

On taking limit in equation (13),

Hy(1) = y(Hz(1) — po2) (26)

)

Now, differentiating H,(z), taking limits z — 1 and applying L’ Hospital rule
twice,

(6:Hy (1) + 6,H' (1) + g3 (Dpo2)g1(1)

A1) = 20 (D)2
_ (61Ho(1) + 6,H1(1) + g2(Dpo2) g7 (1) 27
2(g1(1))?
Where,
A
() = up — == 24

, Aoy
95(1) = up ——-
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A 2
g/ (1) =g;(1) =-2 (uﬁ +y (30) )

Similarly, after differentiating equation (11) and taking limits z — 1, we get

SHA(1) + Ao(Hy (1) = po 2
y(6Hz(1) + 6(2 (1) —po2)) 28)

The closed-form expressions for all the P.G.F’s are implicitly expressed in terms

of only one probability py o.
To obtain p, , we use the following normalization condition.

H3(1) =

3
Z H,(1) = 1 (29)
i=0

After some rearrangements of terms, we get:

A+6; 64 y+6) yC
g A A (= Ya+BO) -2
p“( 0, +92+< 5 A+ BO -7

Where,
4= 1,0,(A1 + 6)) + 1,6,>
B A
0,0, (18 - 2; — 24)
uBé — Aoy

) —1 (30)

B = I~
5 (u - 2, - 25)
B w(4; + 63)
(M +6; 6 (y + 6) yC)‘l
p00—< e Ur S [CRY- OB (31)

4. System performance measures

Expected system length = Mean number of customers in the system
= EL

3 o
= Z Z NPn i
i=0 n=1

Expected system length in breakdown state = Mean number of customers in the

system in down-state of the server

(repair state)

= EL[B]
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[ee]

= znpn3

n=1

1
Probability of server being on vacations P, = z 2 DPni
n=14
=0

Probability of server in the active (normal) state B, = Z DPn 2

n=1

Probability of server being under repair P, = Z DPn 3

n=1

5. Numerical results

In this section, the sensitivity of different performance measures of the queueing
model towards the system parameters is analysed and the observed numerical
results are graphically represented with aid of MATLAB software. For the
purpose, the parameters are fixed as 1; = 2.4,,1,=2, 4,=1.2, un=7,w=0.3,
vy=07,1,=2.2,6=06,=0.8, 6;,=0.6, 8,=0.8, unless they are changed in
graphs as shown.

Expected system length EL

7 72 74 76 78 8 82 84 86 88 9
Service rate (u)

Figure 1: Effect of service rate u on mean system length
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Figure 1 shows variation in mean (expected) system length with u. The mean
system length decreases as p increases. This is due to a decrease in mean service
time with increasing p. On increasing the probability of leaving the system [ by
unsatisfied customers on service completion, this system length goes on
decreasing further, the reason being that with increasing f, the feedback
probability decreases and hence the length of the system.

b
I3

[e2)
M L

Expected system length ELS
o o ~N
(4] (¢} () (&)} ~ (¢ ]

»
o

4 1 1 1 1 1 1 1 1 1
07 072 074 076 078 08 082 084 086 088 0.9

Probability of leaving the system (3)
Figure 2: Variation in mean system length versus leaving probability 8

Figure 2 illustrates how the expected system length varies with change in
leaving probability of customers for different values of w. As w increases, the
mean waiting time of the server in normal state decreases and this results in a
corresponding increase in mean system length.

Figure 3 reveals the effect of variation in leaving probability f on the probability
of the server being on vacation. As we observe from the figure, with an increase
in leaving probability, the probability of the server being on vacations increases.
This increase is more obvious with increasing values of repair rate 9; this is due
to the reason that as & increases, the mean repair time decreases, thereby
increasing the probability of servers being on vacation.
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0.14 T T T T T T T T T

—*—3-04

v

Probability of server in vacation P

002% Il 1 Il 1 Il 1 Il 1 Il
07 072 074 076 078 08 082 084 086 088 0.9

Probability of leaving the system (/3)

Figure 3: Variation in the probability of server in vacations versus  for different repair rates &

Expected system length ELS

5 | | I | | I I | |
05 052 054 056 058 06 062 064 066 068 0.7

Type | vacation rate (91)

Figure 4: Effect of rate of type | vacation on expected system length

The effect of change in the rate of type | vacation on expected system length is
depicted in figure 4. The expected system length decreases as 6, increases. This
is due to an increase in the duration of type | vacation with decreasing 6;. The
Expected system length further increases as the parameter of waiting for the
server w increases. The reason is that with an increase in w, the waiting time of
the server in normal state decreases.
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o
()

Probability of server in vacations (pv)

1

Figure 5: Variation in the probability of server in vacations versus service rate p

The variation in the probability of the server being on vacation with service rate
p is shown in figure 5. As p increases the mean service time decreases. This
results in faster service thereby increasing the probability of the server being on
vacation. This increase is more obvious with increasing the waiting time
parameter w. This is because of the corresponding decrease in the mean waiting
time of the server in the active (normal) state.

0.22 T T T

—¥—w-03

o
S

g
S
©

0.16

0.14

0.12
3

Probability of waiting server Py,

0.1

008 L 1 L 1 1 1 1 1 1
07 072 074 076 078 08 082 084 086 088 0.9

Probability of leaving the system (3)

Figure 6: Probability of waiting server versus leaving probability 3
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Figure 6 represents the effect of leaving probability  of the customer after being
served on the probability of waiting server p,,. The probability of waiting
server increases with an increase in the probability of leaving the system b. As
w increases, the probability of waiting for server p, , decreases. This is due to a
decrease in mean waiting time with an increase in w.

6. Cost optimization

In this section, the operating cost function is optimized relative to u. Here we
define some cost elements as

C., = Cost per unit time for the customer present in the system.
C,, = Cost per unit time for service in the active state.

Cp,= Cost per unit time in the period of type I vacation.

Cp,= Cost per unit time in the period of type Il vacation.

C,,= Cost per unit time in the breakdown state

Cs= Cost per unit time for repair

The cost function per unit time is defined as

F(W) = ELsCpg + uCy, + 6,Cy, +6,Co,+ yC,+ 5C;s

Fix C.,.= 14, C,= 20, Cp,= 10,Co,= 8, C,= 7, Cs = 10 in parabolic method to
find the optimal cost F(x) and corresponding value of x. This method starts by
generating the quadratic function through calculated points in every iteration.
The point at which F(x) is optimum in three-point pattern {x;, x,, x5} is given
by
v = 0.5(F (1) (x2% — x3%) + F(x3) (3% — x1°) + F(x3) (1 — x57))
g F(x1) (2 = x3) + F(x2) (x5 — x1) + F(x3) (X1 — x3)

This value obtained improves the current three-point pattern by replacing one of

the three points. Optimum value up to the desired degree of accuracy is obtained
by recursively using the process.

Table 1 shows that optimum value F(x) =310.19155 with the permissible error
of 10™* for u= 7.36987. This value verifies the results of Figure 7.
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o
=
=

2%}

H3

F(ey)

F(uz)

Fus)

254

7.50000

8.00000

311.66873

310.34146

313.16952

7.40971

7.40971

7.50000

311.66873

310.20608

310.34146

7.38091

7.38091

7.40971

311.66873

310.19268

310.20608

7.37334

7.37334

7.38091

311.66873

310.19166

310.19268

7.37086

7.37086

7.37334

311.66873

310.19155

310.19166

7.37016

7.37016

7.37086

311.66873

310.19155

310.19155

7.36994

~N| o gl b o wl N Rz
~
o

7.36994

7.37016

311.66873

310.19154

310.19155

7.36987

Table 1: Optimal service rate for operating cost by quadratic fit approach

345

w
S
o

335

330

325

320

315

Expected operating cost per unit time

310
6.5

7.5

8 8.5

Service rate

10

Figure 7: Expected operating cost per unit time versus service rate p
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7. Conclusion

The queueing model under differentiated vacations with an unreliable waiting
server and Bernoulli schedule feedback of customers is considered. The impact
of state-dependent arrival of customers is studied on the queueing model in
steady-state. The sensitivity of some important system measures towards
feedback probability, waiting parameter of server, service rate, and duration of
vacations is illustrated graphically. Cost is also optimized for the model using
the parabolic method. The model can be extended to bulk arrival, general service
times for future research.
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In this paper, we introduce the notions of perfect edge domination
set and perfect edge domination number in vague graphs. Also, we
introduce the definitions of connected perfect edge domination set
and connected perfect edge dominating number. Moreover, we
investigate some related properties of these concepts with
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1. Introduction

Edge domination sets in graphs are a phenomenon in research that has
gained prominence due to the extreme scope of offering research solutions
with varied dimensions. With the aid of perfect edge dominance and
successful edge dominance in graphs, Chin Lung Lua, Ming-Tat Koa and
Chuan Yi Tangb [3] investigated perfect edge dominance in graphs. R. S.
Chitraand N. Prabhavathi [2] performed an analysis of perfect edges, perfect
edge covering, and perfect edge vertex domination sets in graphs. The concept
of ideal domination sets was proposed by S. Revathi, P.J. Jayalakshmi, and
C.V. R. Harinarayanan [10].The notion of connected edge domination in fuzzy
graphs was suggested by C.Y. Ponnappan, S. Basheer Ahamed, and
P. Surulinathan [7]. P. Karpagam and V. Revathi [6] introduced the idea of
connected edge perfect domination in fuzzy graphs with the idea of the
principle of connected edge dominance in fuzzy graphs. S. Revathi, C.V.R.
Harinarayanan, and R. Muthuraj [9] introduced an advanced idea of perfect
domination in intuitionistic fuzzy graphs. W. L. Gau and D. J. Buehrer [4]
proposed the concept of a vague set. R.A. Borzooeiy and H. Rashmanlou [1]
introduced the notion of domination in vague graphs, and obtained strong
domination numbers with applications. The definition of dominating sets in
vague graphs was efficiently used in vague graphs by Yahya Talebi and
Hossein Rashmanlou [11]. Recently, the authors [5] explored the concepts of
edge dominance, independent edge domination in vague graphs, and obtained
its related properties.

In this paper, we present the notion of a perfect edge domination set
and the perfect edge domination number of the vague graphs. Further, we
introduce the connected perfect edge domination set and connected perfect
edge dominating number. Also, we obtained some relevant properties.

2. Preliminaries

In this section, we will show some basic definitions and properties that are
helpful in developing our main results.

Definition 2.1[4] A vague set P in the universe of discourse X is characterized
by two membership functions given by
i A truth membership function tp: X — [0, 1],
ii. A false membership function fp: X — [0, 1].

Where tp(x) is lower bound of the grade of membership of x derived
from the ‘evidence for X’, and fp(x) is a lower bound of the negation of x
derived from the ‘evidence against X’ and tp(x) + fp(x) < 1. Thus the grade
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of membership of x in the vague set P is bounded by a subinterval [ tp(x), 1 —
fp(x)] of [0, 1]. The vague set P is written as P = {(x, [ tp(x), fs(x)])/x €
X}, where the interval [ tp(x), 1 — fs(x)] is called the value of x in the
vague set P.

Definition 2.2[1] A vague graph is of the form G = (P, Q), where

i A sequence of distinct vertices P = {vy, v,, ... 1.}, such that
tp :P - [0,1] and fp: P — [0, 1] are truth and false membership functions,
respectively such that 0< tp(x) + fp(x) < 1.forall x € P.

ii. A vague relation of the vague subsets X X Y is an expression

R, defined by R={(xy) trg(xy) fx(x,y)}/x € X,y € Y}, where
tp: X XY — [0,1] arefg: X XY — [0,1], which satisfies the condition 0 <
tr(x,v) + fr(x,y) < 1forall (x,y) e X xXY.

Definition 2.3[1] Let G = (P,Q) be a vague graph, where P = (tp fp) is a
vague set of vertex and Q = (¢, fo) is asetedge in G, then for every uv € Q,
such that to(uv) < minf{t,(w),to(v)} and f,(uv) < max {f, (w), fo (v)}.

Definition 2.4 [1] Let G = (P, Q) be a vague graph. If cardinality of the arcs

to(vivj) = min{t,(v), fp(v;)} and fo(viv;) = max {t,(v), fp(v;)} for
all v;v; €, then G is called a complete vague graph.

Definition 2.5[10] An arc of a vague graph G = (P, Q) is said to be a strong
edgein G. If to(uv) = (to)*(uv) and fo(uv) < (fp)” (uv).

Where . (te)*(uv) = sup{(tQ)r(uv):r =1,2,..,n}
i . (fo)” (uv) = inf{(fQ)T(uv):r =12,..,n}

Definition 2.6[10] Let e; be an edge in a vague graph G = (P, Q). Then the
neighborhood of e; is representing by N(e;) = { e; € Q/(u, v) is a strong arc}

Definition 2.7[7] Let G = (P, Q) be a vague graph and e;, e; € Q. If a strong
arc e; is adjacent to e;. Then, we say that e; dominates e; . It is denoted by D.

Definition 2.8[1] An edge e; in a vague graph G = (P, Q) is called a neighbor
of e; € D with respectto D, if N(e;) N D = {e;}.

Definition 2.9[1] Let G = (P, Q) be a vague graph. If neighborhood degree is
defined by

i. The minimum neighborhood degree of G is 6(G) = min{dy(e),e € Q}

ii. The maximum neighborhood degree of G is A(G) = max{dy(e),e € Q}.
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Definition 2.10[4] Two vertices v; and v; in a vague graph G = (P,Q) are
called a strong neighborhood G. If either one of the conditions are hold,

i. tQ(Uin) > O,fQ(Uin) >0
ii. tQ(Uin) = 0, fQ(Uin) >0
iii. tQ(vivj) > O,fQ(Uin) = 0.

Definition 2.11[10] Let G = (P, Q) be a vague graph. Then number of edge
(the cardinality of Q) is called the order size of a vague graph and is denoted
by

1+tg(vivi)—foivj))
0@ = ZvivjeQ( olv v’z iU ) forall v;v; € Q.

Definition 2.12[4] Two edges in a vague graph G = (P,Q) is celled an
independent if there is no any strong arcs between them.

Definition 2.13[4] Let G = (P,Q) be a vague graph. If the sub graph is
induced by D has an isolated edge.

Definition 2.14[4] A edge in vague graph G = (P, Q)is an isolated edge, if it
is not adjacent to any strong arc in G.

3. Main Results

In this section, we introduce perfect edge domination set, perfect edge
domination number, connected perfect edge domination set and connected
perfect edge dominating number of vague graphs, and obtain some properties
with illustrations.

Definition 3.1 Let G = (P, Q) be a vague graph and D be an edge dominating
set in G. If for every edge of Q(G) — D is adjacent to exactly one edge in D,
then D is called a perfect edge domination setin G.

Example 3.2 Let G = (P,Q) be a vague graph as shown in the figure 3.1.
Consider the edge set Q = {e; e, ese,e5}). We have e, e, and es are strong
arcsin G.
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Here, {es} and {e, e,} are edge dominating sets in G. Now, D =
{es} is a perfect edge domination in G. Since, {es} is dominates the all other
neighbor edges in G.

v,(0.3,0.4) €,(0.3,0.4) ,(0.5,0.4)
e5(0.2,0.6)
€,(0.3,0.5) €,(0.2,0.7)
,(0.5,0.3) 3(0.2,0.8) 15(0.2,0.6)

Figure 3.1: Perfect edge domination set

Definition 3.3 Let G = (P, Q) be a vague graph. If it has a minimum perfect
edge dominating set of vague graph G. Then it is called a perfect edge
dominating number of G, and it is denoted by y,, (D) inG.

Example 3.4 Let G = (P,Q) be a vague graph as shown in the figure 3.2.
From the edge set Q = {e; e, ese,}, We see that {e;} and {e,} are strong
arcG. Then {e,} and {e,} are a perfect edge dominating sets of G. Then
minimum perfect edge dominating number is y, (D) = 0.70.

€,(0.2,0.5)
v; (0.4,0.5) v, (0.2,0.4)

e; (0.3,0.7) e, (0.1,0.7)

v, (0.3,0.6) v, (0.1,0.7)
e, (0.1,0.9)

Figure 3.2: Minimum perfect edge dominating number.

Proposition 3.5 Let G = (P, Q) be a vague graph with at least one isolated
edge, then perfect edge dominating set does not exist.

Proof: Let D be a minimal perfect edge dominating set and e; be the path of
D, since G has at least one isolated edge. Incase Q(G) — D is a perfect edge
dominating set of vague graph, it has e; as neighborhood of perfect edge
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domination set D. There exist a complement path of vague graph is denoted
by N(e;).

From the definition 2.6, we have |N(e;) N D|=1, but in this vague
graph |N(e;)) N D| #1.

This is a contradiction. Therefore, Q(G) — D not a perfect dominating
set.

Proposition 3.6 Let G = (P, Q) be a complete vague graph. Then, every edge
in D is a perfect edge dominating set.

Proof: Let G = (P,Q)be a complete vague graph and let e; € D be a edge
dominating set in G. Then every edges in the graph is ¢y(vv;) =
min{t, (v;), f(v;)} and f,(v;v;) = max {tp(v)), fp(v;)} for all v;v; € Q.
Therefore, every path in G is a strong arc and complement edges
aree; € Q(G) — D adjacent to exactly one edge in D is said to be a perfect

edge domination set in vague graph. Here, D is a perfect edge dominating set
of vague graph G, and then every complete vague graph G is a perfect edge

dominating set. ®

Example 3.7 Let G = (P, Q) be a complete vague graph as shown in the figure
3.3. From the edge set Q = {e, e, e;5e4e5} is an edge dominating set. Then,
we have e, e, and es which are strong arcs of the vague graph.

Here {es} and {e, e,} are edge dominating set of G, for D = {es}
is a perfect edge domination in vague graph.

v, (0.2,0.7)

€,(0.1,0.8)

,(0.3,0.6)
,(0.1, 0.6)

e,(0.4, 0.5)

v, (0.4,0.5)

Figure 3.3: Perfect edge domination set
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Proposition 3.8 Let G = (P, Q) be a vague graph, then D is a minimal perfect
edge dominating set. If for each Q(G) — D is not a perfect edge dominating
set.

Proof: Let G be a vague graph and has a minimal perfect edge domination set
D. From the definition 3.1, if D is minimum, the arcs must be strong. Suppose
e; and e; are any two edges adjacent in G, bute; € D is a minimum perfect
edge domination set of a vague graph. Then e; may or may not have any
strong in this graph. Thus, each edge in e; has no strong neighbor of edge
in Q(G) — D. Hence, Q(G) — D is not perfect edge domination set of vague

graph G. m

Definition 3.9 Let G = (P, Q) be a vague graph and S is an edge dominating
set of G is connected perfect edge domination set with(S) is connected.

Example 3.10 Let G = (P, Q) be a vague graph as shown in the figure3.4.
From the edge set to Q ={eiezese4e5}, which are strong arcs
of G. Here{ey,e,} and {ese,} are edge dominating sets of G. Then D =
{e;,e,} is connected perfect edge domination in G.Since, {e;,e,} is a
dominating setin G.

,(0.3,0.6)

€,(03,0.6)

e<(0.1,0.8)

,(0.1,0.8)

1,(0.4,0.5) 5(0.2,0.7)

€,(0.1,0.7)

5(0.1,0.4)

Figure 3.4: Connected perfect edge domination

Connected strong perfect edge dominating set Q. = {eq, e} is
connected, then Q — Q.s = {es3, e4, es, €4} is connected

N(e3) ={ez,eq,e6}N{es, e} = ey
N(es) = {ey, e4, €s }n{ey, e} =e
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N(eg) = {ey,es5,e3}N{ey, e} = e,
N(e3) ={ej, es,e3}N{ey, e} = e

Definition 3.11 Let G = (P,Q) be a vague graph. Then the smallest
cardinality number of the arc in any edge connected perfect edge dominating
set of G is called connected perfect edge domination number, which is
denoted as y,,,.

Proposition3.12 Let G = (P,Q)be a vague graph and (S) be a minimal
connected edge perfect dominating set of G,then Q(G) —(S) is also a
connected edge perfect dominating set of G.

Proof: Let {e;, ey e3 ..,e,} be an edge set of vague graph Gand M be a
minimal connected edge dominating set of Q(G). If Q(G) — M is not a
connected perfect edge dominating set. Then from, the definition 3.1, we have
D has minimum set of arcs that should be strong. if e; and e; are any two edges
adjacent in G, bute; € D is a minimum perfect edge domination set of a vague
graph, then e; is may (or) may not have any strong arc in this graph, Thus,
every edge in e; has no strong neighbor of edge in Q(G) — D. Hence Q(G) —

D is not a perfect edge domination set of vague graph G. &

Example 3.13 Let G = (P, Q) be a vague graph as shown in the figure 3.5.
From the edge set Q = {e; e, e3 ey es eg), We see thate, e, and es are
strong arcs in the graph G.Then {e;es} are a connected perfect edge
dominating set of G. Thus, {e;es} is minimum connected perfect edge
dominating number is y,, (D) = 0.50.

,(0.2,0.6)

e5(0.2,0.7) €,(0.1,0.6)

v4(0.2,0.5) ,(0.4,0.6)
€,(0.1,0.7)

26(0.2,0.6)
v5(0.1,0.7
1,(0.3,0.4) s( )

Figure 3.5: Minimum perfect edge dominating number
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Remark 3.14 Let G = (P, Q)be a vague graph and (S) be a minimal connected
edge perfect dominating set of G,then Q(G) —(S) is a minimal connected
edge perfect dominating set of G.

Proposition 3.15 Let G = (P,Q) be a vague graph and D is a connected
perfect edge domination set and it is without isolated edges, then

Yer(G).

Proof: Let G be a vague graph and D be a connected perfect edge domination
set. From the definition 3.9 of maximum neighbourhood and minimum
neighbourhood of connected perfect edge domination set, then

IDI8:(G) < ) dg(e) = ) IN(e)|

Ac(G)+1 —

eeD eeD
< UN(e)
eeD

<|Q-D|
<r—|D|

ID|A(G) + D] <7

T
Therefore, NG >yep(G). W

Proposition 3.16 Every connected perfect edge dominating set of a vague
graph G = (P, Q) is not independent.

Proof: Let G be a vague graph and D be a minimal connected perfect edge
dominating set, then path of graphs have strong arcs. Clearly, every edges in
the graph are satisfied by the condition of to(uv) = (to)* (uv)
and fo(uv) < (fp)” (uv).

Suppose, we assume that a vague graph D contains an isolated
edge e; in G. Since G is a connected perfect edge dominating set, e; is a
strong neighborhood of at least one edge D —{e;}. Thus, D —{e;}isan
edge dominating set which contradicts in the minimum edge domination set D.

Hence a vague graph is not independent. m

Proposition 3.17 LetG = (P,Q) be a vague graph and S. be a minimal
connected perfect edge dominating set of G.

Proof: Let S. be a minimal connected perfect edge dominating set of vague
graph G = (P,Q). If e; is not dominated by edge e; in S. and the induced
vague graph < S, > is disconnected. We know that from the definition of
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connected perfect dominating set, if every edge e; € Q — S, is perfect
dominated by exactly one edge e; in S, and the induced vague sub graph
< S, > is connected. So, we have every edge e; € Q — S, is dominated by
some edge e; in S.which is a contradiction. Therefore, S. is connected
dominating set. m

4. Conclusions

In this study, we have introduced the notions of perfect edge
domination set and perfect edge domination number of vague graphs.
Furthermore, we have investigated some related properties with suitable
examples. Moreover, we have introduced the notion of connected perfect
domination set and connected perfect edge domination number of the vague
graph. Finally, we have obtained some properties.
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In this paper, we introduce a Tikhonov type regularization method for
an ill-posed operator equation 7'x = y, where 7' is a closed densely
defined unbounded operator on a Hilbert space H.
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1 Introduction

Most of the problems arise in the field of science and engineering can be mod-
elled as an operator equation

Ty =y (1)

where 7" : X — Y is a bounded linear map from a normed linear space X to a
normed linear space Y. In most of the cases (1) is [ll-posed. Certain regularization
procedures are known for solving ill-posed operator equation (1). For example
Tikhonov regularization, Mollifier method, Ritz method [5, 3]. In this paper we
introduce a Tikhonov type regularization method for solving an ill-posed operator
equation (1), where T is a closed densely defined operator on a Hilbert space H
and we study the order of convergence.

2 Preliminaries

Let L(H),C(H) and B(H) denote the space of all linear, closed linear and
bounded linear operators on a Hilbert space H respectively. For T' € L(H),
the domain, range of 7" are denoted by D(T"), N(T') respectively. An operator

T € L(H) is said to be densely defined if D(T") = H.
For example let 7" : [*(N) — [?(N) defined by

T(x1, T2, X3, ooy Tpyy o) = (71,229, 33, cvvey NTyy, ...
with domain
D(T) = {(x1, 22,3, ... Ty, ....) € H : 852, |jj]* < oo}

Then T is closed and unbounded. Since coy € D(T) and cq is dense in [?(N),
D(T) is dense in [*(N).

Proposition 2.1. Let T' € C(H) be a densely defined operator. Then there exist a
unique operator T* € C'(H) such that

(Tz,y) = (&, T"y) Yo € D(T), Vy € D(T").
Proof. Let D(T*) = {y € H : (T'z,y) is continuous for every € D(T') }. For
y € D(T), define f : D(T) — Cby f(z) = (Tz,y) Yx € D(T). Extend f to

fo: H — Cby fo(z) = lim (T'z,,y) where (z,) is a sequence in D(T") such
n—oo
that z,, — .
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Next we prove that fj is well defined. For, let (x,,) and (v, ) be two sequences
in D(T') converges to x. Since 7" is closed, T'(z, —y,,) — 0. If (T'x,,,y) — (z,y),
then

|<Tynay> - <w,y>| = |<Tyn —Txy+Tx, — x,y>|
< T (Yo — 2yl + KTzn — 2, 9)]
— 0 asn —

Hence f is well defined.

Since fy is a bounded linear functional on the Hilbert space H, by Riesz rep-
resentation theorem there exist a unique y* € H such that fy(z) = (z,y*). Thus
(Tx,y) = (x,y*) Vo € D(T). Define T* : D(T*) — H by T*y = y*. Then T*
is well-defined. Also (T'z,y) = (z, T"y) Vo € D(T), Yy € D(T™). O

Consider an ill-posed operator equation
Tr =y ()
where 7' is a closed densely defined operator on H.

Definition 2.1. [7]

Let T' € C(H) be densely defined. Then there exist a unique densely defined
operator TT € C(H) with domain D(T") = R(T)® R(T)* satisfies the following
properties

(i) TTTy = Pregy yforally € D(TT),

(ii) T'Tx = Q)L forall v € D(T).

(iii) N(T") = R(T)*.

where P and Q are the orthogonal projection on to R(T) and N(T+) respec-
tively. The operator T is called the Moore-Penrose inverse of T.

Fory € D(T),let S, = {x € D(T) : |Tx — y|| < ||Tu — y|| Yu € D(T)}.
Then u € S, is called least square solution of the operator equation (2). Note that
|TTy|| < ||z|| Vo € S,, is called least square solution of minimal norm and is
denoted by 7 [7].

If R(T) is not closed, then T’ is not continuous. Now we introduce a Tikhonov
type regularization procedure for finding an approximate solution for Ty.

3 Tikhonov type regularization

In this section we introduce a Tikhonov type regularization procedure for solv-
ing (2).
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Lemma 3.1. Let T' € C(H) be densely defined and o > 0. Then T*T + ol and
TT*+al are bijective closed densely defined operators on H. Also (TT*+al)™!
and (T*T + oI)~! are bounded, self adjoint operators on H.

Proof. Let T € C(H) and o > 0. By proposition 2.1, we have T* € C(H).
Hence, (I'T* + o) and (T*T + al) are closed densely defined operators on
H. Since (TT* + al)z,z) = (T*x, T*z) + a(z,z) > 0,Yx € D(T*), we have
(TT*+«l) is a positive operator. Similarly (7T +«J) is also a positive operator.
Since T™7T" + ol is positive,

(T*T + ad)z|l|[z|| = ((T*T + ol)z, x)
= (I"Tx,x) + of x|
> of|z||? Vo € H

Thus
|(T*T + al)z| > allz|| ¥z € H 3)

Since 171" 4+ a1 is bounded below, it is one-one and its inverse from the range is
continuous. Also R(T*T + «l) is closed. Since T*T + al is also self adjoint,
R(T*T + ol) = N(T*T + ol)* = H. Hence T*T + «l is onto. Therefore
(T*T + oI)~' € B(H). Similary (T'T* + oI)~" € B(H). From (3),

1
(T*T + o)~} < —. O
a
Theorem 3.1. Let T € C(H) be densely defined. Then T*(TT* + ol)™ and
T(T*T + oI)~! are bounded operators on H. Also || T*(TT* + oI)™! ||< ﬁ

UAVAYA n< L.
and | T(T°T +al) < =
Proof. We have (T*T + o) 'T*T = I — o(T*T + o)™ *
Since ((T*T + al)'z,z) > 0Vx € H,
(T*T + o) ' T*Tx,2) = (I — (T*T + o) "2, 2)
= (z,2) — a{(T*T + o) 'z, 2) < (x,2).
Since (T*T + o) ~'T*T self adjoint, ||(T*T + o) ' T*T|| < 1.
Letzx € H.

|T*(TT* + o) a|* = (T*(TT* + od) o, T*(TT* + o) 'z)
(TT*(TT* + o) ‘2, (TT* + o) '2)
(TT* + D) ' TT* 2, (TT* + o) ')
(TT* 4 oI) ' TT* 2| |(TT* + o) x|
1

- 2
o]

IN

IN
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1
we have [|T*(TT* + ol ) 'z||* < —||z||* Vx € H.
oY

1

Thus [|T*(TT* + o)} < NG Hence T*(TT* + o)~ ! is bounded. Similarly
«

T(T*T + o)~ ! is bounded.

]

Lemma 3.2. [7]
Let T € C(H) be densely defined. Then
(i) (TT* + I)"\'T C T(T*T + 1)~
(ii) (T*T + I)"'T* C T*(TT* + I)~!
Remark 3.1. From Theorem 3.1, we have T*(TT* +aI)~ " and T(T*T + ol)™*

are bounded. Therefore from Lemma 3.2, we have (TT* + ol )~'T and
(T*T + oI)~'T* are bounded.

Lemma 3.3. Let T € C(H) be densely defined. For every x € D(T) N N(T)*
|a(T*T + al) 'z|| — 0,as a — 0.
Proof. LetT, = a(T*T + o)™, a > 0.
1
From (3.1) we have ||(T*T +al) || < —. Hence || T, || < 1 for every @ > 0. Let
ol
u € R(T*T) then there exist v € D(T*T') such that T*Tv = u.

”Tau” = HTaT*TUH
= a||(T*T + ol) ' T*Tv||
< al[(T*T + o) "' T*T |||
< aljv||

Hence ||T,,u|| < a||v|| Yu € R(T*T).
Thus for every u € R(T*T), ||a(T*T + o) 'u| — 0 as @« — 0. Since

R(T"T) = N(T)*, |a(T*T + al)"'z|| — 0, Va € D(T) N N(T)*.
L]

Theorem 3.2. Let T € C(H) be densely defined and R, = (T*T + ol)~'T".
Then { Ry} o0 is a regularization family for (2).

Proof. Lety € D(T*). Then (T*T + ol)z = T*y + aZ.
Hence 7 = (T*T + oI)"Y(T*y + o). Thus
Ty — Ry =7 — (T°T + o) 'Ty
= (T*T +ol) Ty + a2) — (T*T + o) 'T*y
= (T*T + ol)'az
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Hence ||T7y — Ryl = o||(T*T + ol)~'7]).
Since 7 € D(T) N N(T)*+, by Lemma 3.3, [|TTy — Roy| — 0 as « — 0.
Thus { R, } a0 is a regularization family for (2).

]

4 Order estimate

In this section we find an error estimate for the regularization family
R, = (T*T + «I)~'T*, where T is a closed densely defined operator. We use the
following lemmas.

Lemma 4.1. [7]
ForT € C(H) we have the following
(i)IfpeCand X € o(T) then \+ € o(T + pl)
(ii) Ifa« € Cand X € o(T) then aX € o(aT)
(iii) o(T?) = {\*: A € o(T)}

Lemma 4.2. [7]
Let T € L(H) be a positive operator. Then the following results bold.
(i) T is positive.
(ii) o(T) = 04(T)
(iii) 0 ¢ o(I +T) thatis (I + T)™' € B(H)

(iv)If0 ¢ o(T) then 0 # X € o(T) if and only lf% €o(T™)

Theorem 4.1. Suppose T' € C(H) is densely defined positive operator. Then for
every a > ()

a((T—i—ozI)_?T) = {ﬁ TN E O'(T)}

Proof. Since T'is positive, T+ o is bijective.

Also (T +al)?T=(T+al)™ —a(T +al)™2
From Lemmas 4.1, 4.2 for a, A > 0, we have

A € o(T) if and only if (A + a)~! € a((T + aI)*l).
Hence

a((T—i—a[)*QT) {u—oz/f:,uEa((T—l—oJ)*l)}

- {)\j—a a (Afa)Q :)\EU(T)}
= {—()mi\oz)Q tAE O'(T)}.
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Corolary 4.1. Let T' € C(H) be densely defined and o > 0.
1

< ——
2,/

Proof. We have R, = (T*T + oI)~'T*. Hence R} R, = T(T*T + oI)™*T*.
From Lemma 2.2 in [2], we have R} R, = (TT* + o) >TT*.
Since R R, is self adjoint and bounded, || R,||? = || R} R, ||

= Sup {|] : k € o(R,Ra)}

A
Then ||(T*T + oI)7'T*|| = sup {% PN E U(T*T)}
o

A *
—Sup {WAGU(TT )}
VA
1
Since 2vVa (A + a)~! < 1for A\, a > 0, we have | R, || < e O
(0%

Now we find an order estimate for R,,.

Corolary 4.2. Let T € C(H) is densely defined and R, = (T*T + oI)~'T*.
For every o > 0 and 6 > 0, let y° € H be such that ||y — v°|| < . Then

4]
Roy — Rayl|| € ——.
|Ray = Roy’ll < 572
Proof. For |ly —°|| <6,

IRy — Ray’ || < |Ralllly — |
1 )
< - _
5

<5m
2/a
]

Theorem 4.2. Let T € C'(H) is densely defined and R, = (T*T+al)~'T*. Then
~ N J
17 — Rat’|| < 1|7 — Rayll + == . If @ = () is chosen such that a(§) — 0

20/a

J
and —— — 0as  — 0, then ||/$\—Ri(5)|| — 0asd — 0.

Va(d)

Proof. |1 — Ryl < |17 — Rayll + | Ry — Rayf|
< |7~ Ryl + -2
< ol 2\/a

by Theorem 3.6, || — Ray|| — 0 as a — 0.
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Abstract

One of the remarkable generalizations of Fibonacci sequence is a
k-Fibonacci sequence and subsequently generalized into the
‘Bifurcating Fibonacci sequence’. In this paper, further
generalization as the sequence of ‘trifurcating Fibonacci numbers’
is studied and Binet-like formula for these numbers is obtained.
The analogous of Cassini’s identity, Catalan’s identity, d’Ocagne’s
identity and some fundamental identities for the terms of this
sequence has also been investigated.
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1. Introduction

The Fibonacci sequence {F,},so IS a sequence 0, 1, 1, 2, 3, 5, 8, 13, 21,
34, 55, 89, ..., where each term is the sum of two preceding terms. The
corresponding recurrence relation is F, =F,_; + F,_,; n> 2. Various
generalizations of this sequence have appeared in recent years [5, 7, 8].
Related to this work (i) some work alters the first two terms of the sequence
from 0,1 to any arbitrary integers a,b while maintaining the recurrence
relation (ii) some more work preserves the first two terms of the sequence but
alters the recurrence relation (iii) even the combined approach of altering the
initial terms as well as recurrence relation was considered by several authors.
For further details about this sequence, one can refer Koshy [6], Patel, Shah
[7], Singh, Sikhwal, Bhatnagar [8] and related papers available in the
literature.

One interesting generalization depending on exactly one real parameter k
is the sequence of k-Fibonacci numbers {Fk,n} which is defined using a linear
recurrence relation Fy , = kFy 1 + Fin—2 ;n = 2 Where Fi,o = 0 and Fy ; =
1. For k = 1, we get the standard Fibonacci sequence and for k = 2, we get
the sequence of Pell numbers. This sequence was studied by Arvadia and Shah
[1]. Edson and Yayenie [4] generalized this sequence to a sequence which
depends on two real parameters a, b. They defined the bifurcating sequence

{Fn(“'b) }n>0 by the recurrence relation
(@b aFn(f’lb) + Fn(f’zb); if n is even
F = (a,b) (@b), .c_ . ’
bE,”," + E,7,7;ifnis odd
where F“” = 0, F*” = 1.

n=2

Diwan and Shah [2, 3], Yayenie [10], Verma and Bala [9] studied this
sequence extensively and obtained significant results. It is easy to observe that
(i) by considering a = b = 1, we get standard Fibonacci sequence (ii) by
considering a = b = 2, we get the sequence of Pell numbers and (iii) by
considering a = b = k, we get the sequence of k-Fibonacci numbers. In this
paper, we further generalize this sequence to a sequence of trifurcating
Fibonacci numbers, which depends on the three real parameters a, b, c.

Definition: For any three nonzero positive integers a, b and c, the trifurcating
Fibonacci sequence {Fn(“'b'c)} is defined recursively by F%"9 =

n=0

0, F“"9) = 1 and the recurrence relation
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alFP + F49;if n = 0(mod 3)
EP = SpE@P) 4 F4L9sifn = 1(mod 3).
cF4Y9 + ECY9ifn = 2(mod 3)
To avoid cumbersome notation, we denote Fn(a’b'c) by B,. Few terms of

this trifurcating generalized Fibonacci sequence are shown in the Table 1. In
this paper we obtain various interesting results for this sequence.

P,

0
1

Cc

ac+1

abc+b+c

abc? +bc+c?+ac+1

a’bc? + 2abc + ac’* +a’c+a+b+c

Nolol AW, O|S

a’b?c? + 2ab?c + 2abc? + a’bc+ab + 2bc + b?> +c?*+ac+ 1

Table 1

2. Fundamental identities for the trifurcating
sequence {P,,}>0

In this section, we derive some interesting identities for the terms of the
sequence {P, },=o. We first show that any two consecutive terms of {P, },,>, are
always relatively prime.

Theorem 2.1. gcd(B,, P,—1) = 1;foralln=1,2,....

Proof. We prove the result by considering three cases when n = 3k,3k + 1 or
3k + 2. We present the proof only for the case n = 3k and other cases follows
accordingly. Now Euclidean algorithm leads to the following system of
equations:

Py = aPsi_q + P3p_,

P3p_q = CP3p_3 + P3p_3
P3y_p = bP3y_3 + P34
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P4:bP3+P2
P3=aP2+P1
P2=CP1+O

It now easily follows from Euclidean algorithm that gcd(B,, P,,—1) = P; = 1.

We now prove certain summation formulae for the terms of {P,},,50-

Lemma 2.2.

a.)P3n+2:(bC+1)(P3+P6+“‘+P3n)+(P2+P5+"‘+P3n_2)+c

b) P3py1 = (ab+ 1)(P, + Ps + Pg + -+ + P3,_1)
+(b_1)(P1+P4++P3n_2)+1

C)P3n: (aC+1)(P1+P4+...+P3n_2)+(a_1)(P0+P3+"‘+P3n_3).

Proof. Since, P34, = cP3p4q + P3, We get

P2=CP1+PO
P5=CP4_+P3

P8:CP7+P6

Psp_1 =cCP3p_3+ P3p3
P3piz = CP3piq + Py

Adding all these equations we get
P2+P5+P8+...+P3n+2 :C(P]_+P4+...+P3n+1)+(P0+P3+"'+P3n)

Again, P, = aPsy,_q + P3,_, Qives

P3=aP2+P1
P, = aP; + P,

P9=aP8+P7

P3p_3 = aPsn_4 + P3p_s
Py = aPsp_q + P3y_p

Adding these equations, we get
P3+P6+P9+"'+P3n:a(P2+P5+P8+"'+P3n_1)

Also, since P51 = bPs, + P3,_1, We have

P4_:bP3+P2
P7=bP6+P5

P]_O:bpg‘l‘Pg
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P3p_3 =bP3p_35+ P3pp_y
P3py1 = bP3p + P3pyq

Adding all these equations we get
Py + P+t Pyy_p + Papyq
=b(P3+ Pg+ -+ P3p) + (P, + Ps+...+P5,_1) (2.3)

Using (2.3) in (2.1) we get
Py+Ps+Pg+ -+ P3pyy
=c(1+b(Ps+Ps+-+Psp)+ (P, +Ps+ -+ Psp_q))
+(Py + Py + -+ + P3y)
=c+ (bc+1)(Py+ Ps + Ps+ -+ P3p,) + c(P + Ps+...+P3p,_1)

This finally gives
Pypio = (bc + 1)(Py + P3 + Pg + -+ + Psp)
+(c—1)(Py, +Ps+...+P3,_1) +¢C (2.4)

Other results can be proved accordingly by considering the pair of
equations (2.1), (2.2) and further (2.1), (2.3) together.

Lemma 2.3.
a) XizoP3i =
b) Xico Pi+r =
C) Xizo Paivz =

aP3p(b—1)(c—1)~(P3p41—1)(ac+1)(c—1)+(P3p42— c)(ab+1)(ac+1)

(ab+1)(ac+1)(bc+1)+(a—1)(b—1)(c-1)
(P3n+1—1)(a—1)(c—1)=(P3p4+2—c)(ab+1)(a— 1)+aP3n(ab+1)(bc+1)

(ab+1)(ac+1)(bc+1)+(a—-1)(b—1)(c-1)
(P3n+2—c)(a-1)(b—1)—aP3n(bc+1)(b—1)+(P3p+1— 1)(ac+1)(bc+1)

(ab+1)(ac+1)(bc+1)+(a-1)(b—1)(c-1)

Proof. We only prove result (a) here and other two results can be proved in a
similar way. Using (b) and (c) of lemma 2.2, we get

aPs, = %{(3%1 1) —(ab+1)(P, +Ps+ Pg+ -+ P3p_1)}

+(a_1)(P0+P3+ +P3Tl)

(ac+1)
Then aPs,, — (‘:}C 2 (Pagpy1— 1) —(a—1)(Py+ P; + -+ P3)
(ac+1)(ab+1)
= —%(PZ +Ps+Pg+ -+ P3n—1)
Using (2.4) we get
(ac+1)
aP3n (h-1) (P3n+1 ) - (a - 1)(P0 + P3 + 4 P3n)

(ab+1)(ac+1)
~ DD ((Pspyz — €) — (bc + 1)(Py + Py + Pg + -+ + P3y,))

Then, ((ab + D(ac + 1)(bc+ 1) + (a— 1)(b — 1)(c = 1))(Py + P3 + -+ + P3p)
=alb—1)(c— 1Pz — (ac+ D(c— D (P3p41 — 1)
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+(ab + 1)(ac + 1) (P34 — ).

Hence, P0+P3+"'+P3n
_ aP3p(b—1)(c=1)=(P3ps1—1)(ac+1)(c=1)+(P3p42—c)(ab+1)(ac+1)
- (ab+1)(ac+1)(bc+1)+(a-1)(b—1)(c—1) '

We now obtain the sum of first k trifurcating Fibonacci numbers.

Theorem 2.4.

{(b—1)(c—1)—[1—@](bc+1)(b—1)}[4"§”‘)]ap3gl_3

+{ll+)3((k)J(b_l)(c_1)+(ab+1)(bc+1)_I#J(bc+1)(b_l)}ap3lgl

+{[1—@j[(a—1)(c—1)+(ac+1)(bc+1)]—(ac+1)(c—1)}[“‘+(")j <P3l§J_2—1>

+l2++(k)J{(a—l)(c—1)+(ac+1)(bc+1)—Il++(k)J(ac+1)(c—1)}

+["‘+("")j{[1—@](a—1)(b—1)+(ab+1)(ac+1)}(1:3[§]_1—c>

+{lz++(k)J(a—1)(b—1)+[1++(k)J(ab+1)(ac+1)—(ab+1)(a—1)}<P3H+2—c>
3

k _
Yn=1bn = (ab+1)(ac+1)(bc+1)+(a-1)(b—1)(c—1)

Proof. We first obtain the value of YX_, B, in three cases when k is of the
form 3m — 2,3m — 1 and 3m and then combine the results to obtain a single
result.

For k = 3m — 2, using the above lemma we get
KiPo=(Ps+ -+ Py 3)+ (P +Py+ -+ P3pyy)
+(P, + Ps+...+P3py_s)
{aP3m_3(b—1)(c—1)—(P3m_2—1)(ac+1)(c—1)+(P3m_1—c)(ab+1)(ac+1)+}

(P3m-2—1)(a-1)(c—1)—(P3m+2—c)(ab+1)(a—1)+aPz;,(ab+1)(bc+1)+

_ {(Pym—1—c)(a—1)(b—1)—aP3py_3(bc+1)(b—1)+(P3pm_—1)(ac+1)(bc+1)

(ab+1)(ac+1)(bc+1)+(a-1)(b—1)(c-1)
On simplification, we get,
aP3m_3{(b—1)(c—1)=(bc+1)(b-1)}+(P3m—2—D{(a-1)(c-1)+ }

{(ac+ 1) (bc+1)—(ac+1)(c—1)}+(P3pm—1—c){(a—1)(b—1)+(ab+1)(ac+1)}
k P — —(P3m+2—c)(ab+1)(a—1)+aPz,(ab+1)(bc+1)
n=1°n (ab+1)(ac+1)(bc+1)+(a-1)(b—1)(c—1)

Next, for the case k = 3m — 1, we get
YreiPo=(Ps+ -+ Py 3) + (Py+ Py + -+ P3pp_y)
+(P, + Pg+...+P3p_1)
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(P3m+1—1)(a-1)(c—1)—(P3m42—c)(ab+1)(a—1)+aP3y(ab+1)(bc+1)+
(P3m+2—c)(a=1)(b—1)—aPs;, (bc+1)(b—1)+(P3m41—1)(ac+1)(bc+1)
(ab+1)(ac+1)(bc+1)+(a—-1)(b—1)(c-1)

{anm_3(b—l)(c—1)—(P3m_2—1)(ac+1)(c—1)+(P3m_1—c)(ab+1)(ac+1)+}

Simplifying this we get
aP3m—3(b—1)(c—1)+(P3m—1—c)(ab+1)(ac+1)—(P3m-2—1)(ac+1)(c—-1)+
{lac+1)(bc+1)+(a-1)(c—1)}(P3m+1—1)+(P3m+2—c){(a—1)(b—-1)
Zk p = —(ab+1)(a—1)}+aPzp{(ab+1)(bc+1)—(bc+1)(b—1)}
n=1-n (ab+1)(ac+1)(bc+1)+(a-1)(b—1)(c—1)

Finally, for k = 3m, we get
YK 1Py =(Ps+ -+ P3p) + (Py+ Py + -+ P3pp_y)
+(P2 + Ps+... +P3m_1)
aP3;m (b—1)(c—1)=(P3m41—1D(ac+1)(c—1)+(P3m2—c)(ab+1)(ac+1)+
(Psm+1—1(a-1)(c—1)=(Pmn+2—c)(ab+1)(a—1)+aPzp,(ab+1)(bc+1)+
_ { (Pzm+2—c)(a=1)(b—1)—aPs;, (bc+1)(b=1)+(P3m+1—1)(ac+1)(bc+1) }
- (ab+1)(ac+1)(bc+1)+(a—1)(b—-1)(c—1)
This on simplification gives
Z$1=1 b=
aP3m{(b—1)(c—1)+(ab+1)(bc+1)—(bc+1)(b—1)}+(P3mm+1—1){(a—1)(c—1)+(ac+1)
(bc+1)—(ac+1)(c—1)}+(P3m+2—c){(a—1)(b—1)+(ab+1)(ac+1)—(ab+1)(a—1)}
(ab+1)(ac+1)(bc+1)+(a-1)(b—-1)(c-1)
Combining all these three results, we finally get the required result.

The following are the interesting identities related with the summation of
trifurcating Fibonacci numbers as well as its squares.

(e+1) W (k+2)
Theorem 2.5. Y%_, e A e P e P, =P, +Pyyq — 1.

Proof. Using the definition of trifurcating Fibonacci numbers, we have

Py, = aP3p_q + P3n_3; P3ny1 = bP3y + P3p_q; P3pyp = CP3piq + Pay
This can be written as

aPsn_q = P3p — P3n—2_ ; bP3y = P3pyq __P3n—1 ; CP3pyq = P3pyp — P3y
Thus, we have the following system of equations:

CP1:P2_P0
CLP2=P3—P1

bP3:P4_P2
aPn =Pn+1_Pn—1;ian O(mOd 3)

bP, = P,,1 — P,_1;ifn = 1(mod 3)
Pn = Pn+1 - Pn—1;ifn = 2(m0d 3)

Adding all the above equations and using the fact that P, = 0 and P; =

1, we get ¥7_, e e Pl e oy P.=P,+P,,, — 1.
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Theorem 2.6. ¥7_, o125 p -4 125 P? = P,P,q.

Proof. We prove this result only for the case n = 0(mod 3) and remaining
cases can be proved accordingly. We let n = 3m and apply induction on m.

Form = 1, we have

x(k+1) x(k) x(k+2)
3o al ™5 bS5 p2 = bP2 + cP? + aP2 + bP2
Since Py =0,P, =1,P, = cand P; = (1 + ac), we get

(et 1) 0 (e+2)
Y3 o alt* t |pl2 = Jel-* £ c(1+ac)+ b(1 + ac)? = P;P,

We next assume that the result holds for some positive integer m = [ > 1.
) 31 ll x(k+1)J ll X(k)l ll x(k+2)l 2
Thatis let Y;—oa 3 1plm s e s 1 Pf = P3;P3;44 holds.
(k+1) (k) (k+2)
Now, Zi(zlgl) all £ 3 Jbll X3 Jcll £ 3 JPI?
X(k+1) x(®) x(k+2)
=Xito all : Ibll 3 Icll : JPI? +cPfiy 1 +aPfiyp + DP s
= Py P31 + CP321+21 + aP321+22 +bP3,;
= P3141P3142 + AP35 + P33

= P3142P3143 + bP321+3 = P3q+1)P3+1)+1
Thus, by induction, the result to be proved holds for every positive integer n.

3. Binet-like formula for the trifurcating
Fibonacci sequence:

Generating function is used to solve the linear homogeneous recurrence
relations. In this section, the generating function for the trifurcating Fibonacci
sequence is derived and it is used to obtain Binet-like formula for these
numbers. We first prove a result which will be needed to obtain the generating
function of B,.

Lemma3.l. P,,3 —(abc+a+b+c)B,+P,_53=0.
Proof. We prove the result by considering the three cases when n = 3k, 3k +
1 or 3k + 2. We present the proof only for the case n = 3k and other cases

follows accordingly.

Using the definition of B,, we get
P3yi3 = aP3pyp + P3gyq = a(cPsjqq + P3g) + bP3y + Pyj_y

188



The sequence of trifurcating Fibonacci numbers

= aCP3k+1 + (a + b)P3k + CP3k_2 + P3k—3'

Now, by definition we have Ps,,, = bPs, + P3,_,. Multiplying this by
ac we get acPsy41 = abcPsy + acPsy_1 = abcPsy + c¢(P3p — P3i_3)
Substituting this value in above equation we get

Psry3 = (abc+a+ b+ c)Ps — P35
Hence, P33 — (abc + a + b + ¢)P3y + P3_3 = 0.

Lemma 3.2. The generating function of the subsequence {Py,}ns0 Of {P.}n=o
IS

; _ cx?+x5 . _

(I) f(x) " (1-(abc+a+b+c)x3-x6) ' whenm = 2(mod 3)

- x—ax* . _

(if) g(x) = (1-(abc+a+b+c)x3-x6) '’ whenm = 1(mod 3)
3

(i)  h(x) = (ac+1)x - when m = 0(mod 3).

(1—(abc+a+b+c)x3—x6)

Proof. We present the proof only for the case m = 2(mod 3). The other cases
can be proved accordingly. We first let f(x) = X0, P3p_1x3"1 = P,x?% +
Psx® + Pgx® + -+ Then
(abc+a+ b+ c)x3 f(x)
= (abc+a+b +c)P,x°>+ (abc +a+ b + c)Psx®
+(abc + a + b + ¢)Pgx't ...
Using lemma 3.1, we get
(1—(abc+a+b+c)x®—x%)f(x)
= cx? + x° — Y ;(P3ks2 — (@bc + a+ b + €)pzr—1 — P3k-4) = cx* +x°.

Thus, f(x) = ———2 %

(1—(abc+a+b+c)x3—x6)’

as required.

The following result gives the generating function for B,.

Theorem 3.3. The generating function for the trifurcating Fibonacci sequence
. _ x(L+cx+x?+acx?—ax3+x*)
{Pn} 1S F(x) T 1—(abc+a+b+c)x3—x6

Proof. We begin with the formal power series representation of the generating
function for {P,}. Let

F(x) =Py + Pix + Pyx? + -+ Pexk + - = 30 _ Ppx™
Then, cxF(x) = cPyx + cPyx? + cPyx® + -+ + cPpx*tt + ..

= Ym=0 CPpx™*! = Yim=1CPm_1x™.

Also, x?F(x) = Pyx? + Pjx3 + P,x% + -+ Ppx® + - = Y% _ P,x™
Since P;j 45 = cPsj41 + P3, We get
(1 —cx —x*)F(x) = x + Xp=1(Ps — cP3pn_q — P3p_p)x>"
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+ Yr=1(P3n41 — CP3p — P3p_p)x®™H1
Since Psy = aPsi_q + P3i_; and Psyyq = bP3y + P31 We get
(1—cx—x*)F(x) = x + (a—¢) Xpm1 Pan—1x°" + (b — ¢) Xiog Papx®™*L.
For convenience, we let f(x) = Yo, P3p_1x3™ and g(x) = X5, Py, x3"
Using lemma 3.2 (a) and 3.2 (b) we get

(1-—cx—x*)F(x)=x+(a—c)

+(b - C) (1—-(abc+a+b+c)x3—x5)
On simplification, we get the required result.

(ac+1)x3
(1—(abc+a+b+c)x3—x%)

We now obtain the Binet-like formula for the sequence of trifurcating
Fibonacci numbers.

Theorem 3.4. The terms of the trifurcating Fibonacci sequence {P,} are given

_ ymalsl-smgls]
by P, oy

where y (n) = ([X(’?+2Jch(r§)+lJa+( 1yxm g5 ll‘X(n)J+[1 S”J)

and 6(n) = (|X222] cF570g 4 (-1yrm gl L 4 |1 2]
u+\/ﬁ u—vu?+4

B =
0 lfn = 0(mod 3)

x(n) =41 if n=1(mod 3) .
2 if n = 2(mod 3)

,u=a+b+c+ abcand

with a =

Proof. From the generating function of {B,}, we have
F(x) — _x(1+cx+(1+ac)x2_ax3+x4)

(x3+a)(x3+B)
This can be rewritten as
1 [(1+ac)a—(aa+D)x+(a-c)x®> (1+ac)f-(af+1)x+(B—c)x?
F(x) = - - ]
a-f (3 +a) 3+B)
Using McLaurin series expansion, we get

Zoo (-D"™"(1+ac)a X3 Z (-D™(aa+1) 3N+l
n=0 ant1 n=0 qn+1

1 o (1D™a=c) (=1)"(1+ac)B
F(x) — _aT +Zn OT 3n+2 Zn OTxBn

B
(=D)"(af+1) (=)™ (B-c)
+Zn OT 3n+1 Zn OW 3n+2
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Yio(-1n(1 + ac) (B20)

1| e 1y (aa+1)p™1—(af+Da™\ 3541
- Zn=0( 1) ( (aﬁ)n+1 )x
0 _1\n (a_c)ﬁn+1_(ﬁ_c)an+1 3n+2
+Zn=0( 1) ( (aﬁ)n+1 )x
Now, if a, B are the roots of 1 — (a + b + ¢ + abc)x — x? = 0 then
u+VuZ+4 u—-vu?+4

a = T,ﬁ = T

If we let u=a+ b+ c + abc, then it is easy to observe that aff = —1,a +

B=uanda—pB =vVu?+4.

Then
n+1_ n+1
oy [t ) (S o g (et
X n+1l_/_ n
+Zn=o ((ﬁ—C)a +;_g1 B +1) K32
Thus,
ll X(n)J+( 1))((71) l4 X(n)l l X(n)J
n a_
. ) +[X(n)+2J lx( )+1Ia )
F(x) =)y g— . . X
B B O e e K AW
ﬁlgl

x(m)+1
x(n)+ZJ cl -
3

+| Ig

0 if n=0(mod 3)
For convenience if we write y(n) =<1 if n = 1(mod 3) and
2 if n=2(mod 3)

y() = ([MJ L5+ (—1)xWq =2 -2 l1 _MJ)
§(n) = ([MJ 55 g 4 (—1yxmg [ ll‘X(n)J+[1 X(n)Dthen

(n)alnl S(n)ﬁlnl
a-p

F(x) can be written as F(x) = Yoy

_ ymalzl-smslE]

oy , as desired.

This gives P, =
The following results are the easy consequence from this theorem.

=)

Corollary 3.5. (i) P3,, = (1 + ac)( -
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.. ( ﬁ+1) n+1_( +1)ﬁn+1
(il) P3pyq = ( - - a_ﬁaa )
(B C)Ofn+1 (a C)Bn+1
(iii) P3pyp = ( oy )

4, Some more identities relating trifurcating
Fibonacci numbers:

In this section, we use the above Binet-like formula to derive some
interesting properties for the terms of trifurcating Fibonacci sequence. If we let
w = y(n)d(n), then we observe that

w = 1= 220" p(oyrn |1 1) b
x()+1 4 x(n) )
- e 5y 5

(=1 K002 PR gy gy 4 200021 25 g

This on simplification gives the value of w = y(n)8(n) as
(1 + ac)? ;ifn = 0(mod 3)
w=+1 (1+ac)(1+b);ifn =1(mod 3)
(14 ac)(1 + be);if n = 2(mod 3)
P? ;if n = 0(mod 3)
This can be further writtenas w = { (1 + b)P5 ;if n = 1(mod 3)
(14 bc)Pg;ifn = 2(mod 3)

We first obtain an identity for the terms of {B,}, which is analogous to that
of Catalan’s identity for Fibonacci numbers.

Theorem 4.1. For any two nonnegative integers k and r (s S) we have

_p2 _ (_1\l-T+1,,, (Psr z
Py—3rPissr — P = (=1) W(P3) :
Proof. If k = 0(mod 3) then taking k = 31 and using corollary 3.5, we get
P31 3rP3l+3r - P.’Szl )
_ ﬁl T l+r ﬁl+r _ 2 al—ﬁl
(1+ac)( )(1+ac)( pom ) (14 ac) (—a_ﬂ)

((t:aﬁc))z {(« l-r ﬁl r)(al+r _ ﬁl+r) _ (Oll _ 31)2}

— %{aﬂ _ (_1)1 (g)r _ (_1)1 (%)r + '321 _ (C(Zl _ 2(_1)1 + ,321)}
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= W (_q)lreifqr — 2(~1)" + BT}

(a—p)?
_ (+ao? o o Nieri1or _ pry2 — I-r+1 ((A+ac)(@"=p")
= G2~ e - )7 = (— D) (B )

Thus, P3;_3rP3i43r — P35 = (=171 P3,

Next, if we let k = 1(mod 3) then by considering k = 31 + 1, we get
P31-3r+1P3143r4+1 — P321+1
_ ((aﬁ+1)al—r+1_(aa+1)ﬁl—r+1) ((aﬁ’+1)al+r+1—(aa+1)ﬁl+r+1)
a=p a-p
. ((aﬁ+1)al+1—(aa+1)ﬁl+1)
a=p

2

a2(al—r _ Bl—r)(aHr _ ﬁl+r)
_a(al—r _ ﬁl—r)(al+r+1 _ ﬁl+r+1)
— m _ a(al—r+1 _ ﬁl—r+1)(al+r _ ﬁl+r)
_|_(al—r+1 _ ﬁl—r+1)(al+r+1 _ ﬁl+r+1)
__{aZ(al _ '31)2 _ Za(al _ ﬁl)(aHl _ ﬂHl) + (al+1 _ Bl+1)2}_
r aZ(_l)l—r+1[ﬁZr + aZr + 2(_1)r]
_ 1 _( 1)l—r+1[ﬁ2r + aZr + 2( 1)r]

(a-p)?
P racn () @+ (E) @By + 20+ )
= —(E;)lﬁ): {a*(a" —B")? —aul[f* + a* + 2(-1)"] — (a" — B")?}
= @ - @ —au -1y = (@ —au - 1P}

Thus, P3;_341P3143r4+1 — P321+1 = (_1)l_r+1WP3rP3 .

Finally, if k= 2(mod 3) then by considering k =30+ 2, we get

2
P31—3T+2P3l+3r+2 - P3l+2
_ ((ﬁ_c)al—r+1_(a_c)ﬁl—r+1) ((ﬁ—c)a“’“’l—(a—C)BH'H'l) _ ((ﬁ—c)al+1—(a—c)ﬁl+1)2

a—-pB a—p a-B
-(al—r _ ﬁl—r)(alﬂ" _ ﬁl+r) + C(al—r _ ﬁl—r)(al+r+1 _ﬁl+r+1)
1 _|_C(al—r+1 _ ﬁl—r+1)(al+r _ ﬁl+r)
= (a—p)? Fe2(alTH — ﬁl—r+1)(al+r+1 _ ,Bl+r+1)

_(al—r _ ﬁl—r)z _ (al _ ﬁl)(al"'l _ Bl+1) _ CZ(al+1 _ ’31+1)2
(_1)l—r+1[ﬁ2r + a2r + 2(_1)r]
_ 1 _CZ( 1)l—r+1[ﬁ2r + aZr + 2( 1)r]

e [ @+ (©) @t - 2t B
= SO (0 = Y = culB 4 a7 4 2(-1] - e — )
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(_1)l—r+1

(_1)l—r+1
= @ - B*Hl+cu—c?*}= Cragy (L cu— c?}Ps,

2 _ l-r+1,,,p2 p—-2
Thus, P3j_3r42P3143r4+2 — P34 = (1) WP§, P3

Hence, in general we write Pj,_3,Pyi3r — PZ = (=) " 1wP2 P32,

The following identity is analogous to the Cassini’s identity for Fibonacci
numbers which follows easily from the above theorem.

Corollary 4.2. Py_3Py.5 — P? = (—1)"w for any integer k > 3.

The following identity is similar to d’Ocagne’s identity of Fibonacci
numbers.

Theorem 4.3. PnPyiz — PmizBy = (—1)"Ppn (PK) where m,n are
3
nonnegative integers such that m > n and m = n(mod 3).
Proof. Since m = n(mod 3), we first let both m,n to be of the form 3j, 3k
respectively, for positive integers j and k < j. Then
al k+1_ﬁk+1

P3iP3yy3 — P3ji3Pay = (1+ac)( )(1+ac) (—B)
_ ,8j+1 B

(1+ac)(—)(1+ac)< ﬁ)

1+

= G190 (I (a — ) — B (a - B}

k_pj-k n-1 :

= (1 + ac) (—1)k (%) = DT lwp,_, P

If m,n are of the form 3 + 1 and 3k + 1 respectively, then for positive
integers j and k < j, we have

P3ji1Psky3e1 — P3jyzi1Parsn
((aﬁ+1)aj+1—(aa+1)ﬁj+1) ((aﬁ+1)ak+2—(aa+1)ﬁk+2)
a-p a-p
_ ((aﬁ+1)aj+2—(aa+1),8j+2> ((aB+1)ak+1—(aa+1),8k+1)
a-p a—p

a* (a/p*(a~p) ~ a*p/(a~p))
= | —a (/B (a2~ p?) — i (a? ~ )
—(a/B*(a - B) — a*B/(a — B)
(a B [(a? — au — V) a*p*(al™* — pI=F)]

= (D@ - au— 1) (=2L) = ol Fwp,py
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Finally, if m,n are of the form 3j 4+ 2 and 3k + 2 respectively, then for
positive integers j and k < j, we have

(_)j+1_(_)j+1 (_)k+2_(_)k+2
P3ji2P3k43+2 = P3jr3+2P3ki2 = ( foe 'a_ﬁa 2L ' )('B = a_; o )
_ ((ﬁ—C)a’“—(a—C)ﬁ’“) ((B—C)a"“—(a—C)ﬂ"“)
. . ap ap
oy [dB¥a=p) - a Bia =) = (@ pF(a—B) — a*pl(a - )
- (a—mz +c(alp*(a? - B2) — a i (a? - §?))

(a 5 [(14 cu—c?)a*p*(a/~* — pI7F)]

j-k_pgJj-
= (-D*(@* - au - 1) (L) = -0l Fhw,
Combining all the above cases, we finally get
BnPniz = PpysPy = (_1)lTIWPm—nP3_1-

We use above Binet-like formula to prove the following identity which
combines four consecutive B,’s.

Theorem 4.4.
all X(k3+2)lbl1 X(k3+1)lcl1

g G 2y

= Pr+2Pr+3 — PePrya

Proof. We prove the result only for the case k = 3n and the remaining cases
k =3n+1and k = 3n + 2 can be handled accordingly.

NOW, CP3’2n+1 + aP32n+2 5 2

=c {((aﬁ+1)an+;:(ﬁaa+1)ﬁn+1)} ta {((ﬁ_c)ant:(ﬁa_cmnﬂ)} |

aZC(QZn _ 2(_1)n + BZn)
_Zac(a2n+1 _ (_1)na _ (_1)11[)) + ﬁ2n+1)
+C(a2n+2 _ 2(_1)n+1 + '82n+2)
+2ac(@?™t — (=1D)"B + (=1 "a + p#*1)
+C2(a2n+2 _ 2(_1)n+1 + ﬁ2n+2) + a(aZn _ 2(_1)n + '3211)
{ ( n 'Bn)z +C(0(n+1 _’Bn+1)2}

1
" (a-p)?

(1+ac)

AISO,£31n+2P3n+3+_ P3nPs3niq o
_ ((B=9)a™—(a—c)p" at o
= ( p—r ) (1+ac) ( poy )

—(1+ ac) (“Z:ﬁ") ((aﬁ+1)a"+;:(ﬁaa+1)ﬁ"“)

195



Parimalkumar A. Patel, Devbhadra V. Shah

_ (1+ao) [(@ = BM) (@ — L) 4 c(att — g2

- (a—pB)2 +a(an _ ﬁn)z _ (an _ ﬁn)(an+1 _ :8n+1)
— ((::;;2 {a(an _ ,3”)2 + C(an+1 _ ,Bn+1)2}
This proves the required result.

4. Conclusions

In this paper, we considered the sequence of ‘trifurcating Fibonacci
numbers’ and obtained its Binet-like formula. We also obtained the analogous
of Cassini’s identity, Catalan’s identity, d’Ocagne’s identity and some
fundamental identities for the terms of this sequence.
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On Cesaro’s Means of First Order of
Wavelet Packet Series

Manoj Kumar®
Shyam Lal’

Abstract

Wavelet packets have the capability of partitioning the higher-frequency
octaves to yield better frequency localisation. Ahmad and Kumar
[2000] have obtained the pointwise convergence of the wavelet packet
series. But till now no work seems to have been done to obtain Cesaro
summability of order 1 of wavelet packet series. In an attempt to make
an advanced study in this direction, a novel theory on (C, 1), Cesaro
summability of order 1 of wavelet packet series is obtained in this
study.

Keywords: Multiresolution analysis, (C, 1) summability, wavelet pack-
ets, periodic wavelet packets, wavelet packet expansions.
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1 Introduction

Several researchers, including S. E. Kelly and Raphael [1994a], S. E. Kelly
and Raphael [1994b], Kumar and Lal [2013], Meyer [1992], Walter [1992], Wal-
ter [1995], Wickerhauser [1994], have investigated the problem of wavelet packet
series convergence and demonstrated that wavelet packets are a basic yet effective
wavelet and multiresolution analysis extension. Wavelet packet functions are a
collection of functions that can be used to create other functions. Wavelet packet
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functions are still time-localized, but they have more versatility in describing di-
verse types of signals than wavelets. Wavelet packets, in particular, are better at
encoding signals with periodic behaviour. Wavelet packets can partition higher-
frequency octaves, resulting in more accurate frequency localization.

Working in slight different directions, Ahmad and Kumar [2000] have ob-
tained the pointwise convergence of the wavelet packet series. But till now no
work seems to have been done to obtain Cesaro summability of order 1 of wavelet
packet series. It is important to note that Cesaro summability is a strong tool to
obtain the convergence than that of ordinary convergence. This work establishes
a new theory on Cesaro summability of order 1 of wavelet packet series in an
attempt to make a more advanced study in this field.

2 Definitions and Preliminaries

Let L?*(R) be the space of measurable and square integrable functions over
set of real numbers R . If a function ¢ € L?*(R) generates nested sequences of
closed subspaces, it is said to produce an MRA (multiresolution analysis), (), =
span{¢,, : 1,7 € Z}, where ¢, ,(t) = 2//2¢(2't — 7) and Z is the set of integers ,
satisfying the following conditions

D) .. CReCRACQCQUCRC. . e Q C Q1 €L

(11) (UzGZQz) = LQ(R)a
(111) ﬂzeZQz = {0},
(iv) Mt) € Q, & \N2t) € Q1,1 EZ

such that ¢ , form a Riesz basis of {()o}. A function ¢ which generates a multires-
olution analysis, is called a scaling function . Wavelet packets can be constructed
with the help of multiresolution analysis. We know that if H is a Hilbert space
with ONB (orthonormal basis) {¢,},cz then,

Ao = \/§Za2k,3€j, Aopr1 = \/52/82]47]6‘]7

JEZL JEZL

where {ay, ez and {B; }rez are in [2(Z), are orthonormal bases of two orthogonal
closed subspaces H; and H, respectively, such that H = H; & H.

Using the foregoing decomposition strategy, we now build the fundamental
wavelet packets connected with the scaling function ¢ € L?(R) which is already
defined in multiresolution analysis.
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Let {&, kK = 0,1,2,..., } denote a wavelet packet family that corresponds to
the scaling function ¢ which is orthonormal. Consider {; = ¢. Recursively, the
wavelet packets &, k£ = 0,1,2, ..., are defined by

Son(t) = \/52 h,&,(2t — )

JIEZ (1)
Eonr1(t) = V2 g2t — ).

JEL

As aresult, the {{ } family is a generalisation of the orthonormal wavelet £; = 1),
often known as the mother wavelet. For the Hilbert space L?(R), the set {&,(t—)) :
k=0,1,2,..., 7 € Z} form an ONB.

Consider the family of subspaces of L*(R) as

P! = span{2'¢,(2't — ) : y € L} 1 € Z, 2)

formed by the family of wavelet packets {{;} foreach k = 0,1,2, ....

Observe that P° = @, and P' = WW,, where {Q,} is the multiresolution
analysis of L?(R) produced by & = ¢ and {W,} is the sequence of orthogo-
nal complimentary subspaces generated by the wavelet £&; = ). The orthogonal
decomposition (), 1 = @, ® W,,» € Z can then be expressed as

P,=PF &P 3)

As follows, this orthogonal decomposition can be extended from k£ = 0 to any
k=1,2,3,...in the form of

Pt =P*q P*H e 7. )

Now we’ll state a result that will be employed in the theorem’s proof.
The decomposition trick (4) produces

W, = lezf)il@Pil
= 34—26935—2@36—2@37—2

27 2041 2011
FY, @ PX7 @ ..o P2,

= PPeP'e. .epP¥ (5)

foreach: =1, 2, ..., where (2) declares Pf . Furthermore, the family {215J (27t —1): 1 e Z}
isan ONB of P, where r = 27 + pforeach p = 0,1,2,...,27 — 1, ) = 1,2, .4
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and » = 1,2, .... All of the elements of this base, however, have the same basic
shape:
Eue(t) = 272628 — ). 6)

Let A € L*(R), then the function A\ can be approximated by a wavelet packet

series as follows:
ortl_1

A(t) ~ Z Z ch,k,géz,k,](t), (7)

€7 k=2" €L

where [ =1 —r, r=0ifes < Oandr =0,1,2,...,2if 2 > 0; and the coefficients
Cl i, defined by
Cl,k,J = <)\7 6l,k,j> ) (8)

are called the wavelet packet coefficients.

Wavelet packets are a scalable time signal analysis method that combines the
advantages of windowed Harmonic and wavelet processing. Wavelet bundles,
which are periodic as well, offer a fascinating supplement to Fourier series.

Using the periodization techniques for period 1 on the basis functions, an
MRA for L?(R) can be transformed into an MRA for L?(0,1). Let {& : k € Z}
denote the family of wavelet packets presented previously which is nonstationary
in nature. Define general periodic wavelet packets £} by

=D 2PG2(t+1) - )
ez
for0 <)< 2andk,2=1,2,3,---.
With £7", We now define an operator S, A as follows:

ortl_1
= > S gmean. ©)
k=27 =0
k
Let s;, = Z a, be the k" partial sum of an infinite series Z ag.

v=0 k=0
k 00

Ifo, = =g Z s, — s as k — oo then the series Z ay, is called summable to s

k=0
by (C,1) i.e. Cesaro means of order 1 (Titchmarsh Titchmarsh [1939]).

Let D, (1 =1,2,3,---) be the collection of constant dyadic step functions on
the intervals [727#, (7+1)27#); 0 < 3 < 2. Let D = U2, D,,. Let B be a Banach
space and o be a bounded linear functional on B which must be generated by any
function ¢ € D as

oA = [y A for A € B.
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‘We have
oAl < IC] oo [[A]]5 -

Now if we take B = L4 and define

1
1<l = llocl = sup [*A¢ forany ¢ e D, (10)
IAll,<1 /0
Then clearly
1
[ | <1, ae g e p. an
0

Let us write

2'—1 1
1
ILAG) = Z (ﬁ Z(SV)‘)@)> 02+, (p+1)2-)
v=0

pu=0
20—1

= E :Uu Ofu2—1,(u+1)2-")

and
21

A=) O B (1),
n=0

where (9) defines S, A and 9; is the characteristic function on I C R.
We’re going to define an operator now

2'—1
T(tx) = 27} CIoly (et (x)
7=0
2rti_1 20—1
AP I ALHE

k=27 p<z 3=0

wherel =p—7r, r=0if p<Oandr =0,1,2, ..., 0if0 < p < u.
In this paper, an estimate for the Cesaro summability of wavelet packet series
has been determined in the following form:

Theorem 2.1. Let \ be 1-periodic continuous function. Then

2'—1 o

1
ZO m;osu

—1

rN 1/7
) < CAls (12)

if and only if
IT.]l, < CllA, (13)
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where C' > 0, a constant and 1 < r < oc.

Furthermore,

lim [TLA() — A1), = 0

uniformly in [0, 1].

Proof. By equation 12 we have

201 M ™ T 201
1
27" — ) S\ = |ILA(Y)|, = sup 2 Cr opA (t
( > ) MA@, = s 2 3 oA )
2'—1 I
- S S
||A H <1 o M -0
- p
— s / Z qu;g 2) A)da
lAull,<1J0 —o M =0
< Ml i —ZHT (t, )|,
1 14
< ML sup —— (C A, ) by (13)
1Al AP 1Al
= Ml 5 Sllllp CllAH < ClAMls
where
201 2r+l_q 21
K(te) = 3 a5 (@) = 3 > > &0 @)
J=0 k=27 p<a 3=0

If, on the other hand, (12) is true, we have
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1 2'—1 H
1
|IT.(t, )|, = sup / 270y —— Ny OV T,(0, 2)\(x)dx
L ezt o ;MH; H
1 201 1 W ortl_q92v 1
— s [y > & (O @A 2)da
IAle<1Jo M:o'u+1u=0 ! kZ? Jzo o
211 1 ortl_19v_1
= sup 2 <¥?2— 5,0 ) [ N
20—1 rtl_12v—1
= swp 2 E: EIC%;2”§Z > (N )
Ml o<1 k=2 =0
201
= sup 2~ Z ZCZPZTJS)\
Ml o<1
201
= sup 27 e (0,2)(0)
= % st
1
= sup /HZ)\(O)AZ
IMoo<1J0
< sup [[A[[, [TLACO)],
Ml <1
9_1 " rN 1/r
< pad, s |22 3] e
Al <1 = 1=
27,_1 1/7“
= JAl, sw (27D @) . by (12)
Alloo <2 —~
< JAll, sup CAll,
Al <1
<

CllAll,-

Now

AW = A = D7 (@A) = M) oty

_ Zﬁ ((SL A () = A(E) Ot (o)
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forany [ > M > 2'. As aresult,

IA®) =MDl < f ﬁi«ww)wt» 81020,
SR SN

since the limit of the characteristic function of [0,27") in all L"-space
(1 <r < o0)is 0 and thus the ultimate result is fallowed.
The theorem’s proof is now complete.O]

3 Conclusions

The estimate for the Cesaro summability of order 1 of wavelet packet series
has been determined in the form of

lim [TLA(E) — A®)]], = 0

uniformly in [0, 1].
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On the solutions of Pellian equation
U? — DV? = k*N
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Abstract

In this paper we consider a class of Pell’s equation U? — DV? =

k%N, where D, N are positive integers, D is non-square and k is any
u+vyVD
k

integer. When (u, v) satisfy this equation, we define to be its

solution. We first introduce the class of solutions of this equation

and call uwtvVD to be the fundamental solution of the class, if v is the

smallest positive value which occurs in the solutions of that class.
We first derive the necessary and sufficient condition for any two
solutions of proposed equation to belong to the same class and the
bounds for the values of u, v occurring in the fundamental solution.
We also derive an explicit formula which gives all the solutions of
this equation. We further present some interesting recurrence
relations connecting the values of u, v. Finally, we obtain the results
for total number of positive solutions of proposed equation not
exceeding any given positive real number Z.

Keywords: Pell’s equation, Solutions of Pell’s equation,
Recurrence relations.
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1. Introduction

In number theory, Pell’s equation falls in the category of Diophantine
equations and it is considered to be one of the oldest Diophantine equations.
Specifically, the term Pell’s equation is used to refer any Diophantine equation
of the form

u? —Dv? =N, (1.1)
where D and N are fixed non-zero integers and we wish to find integers u and
v that satisfy the equation. Throughout, we consider the integer D to be positive
and non-square. This condition is helpful because only it leaves open the
possibility of infinitely many solutions in positive integers u, v.

Pellian equation

x? —Dy? =1, (1.2)
where D is fixed positive non-square integer, attracted attention of early
mathematicians. It is known that (1.2) always has infinitude of solutions. We
refer to Stolt [11, 12] who nicely studied the equation x? — Dy? = +4N. In this
paper we use the notions proposed by Stolt. Many authors considered some
specific Pell equations and discussed about their solutions. For completeness
we recall that there are many papers which considered different types of Pell’s
equation. For extensive resources on Pell’s equation, one can refer [1] — [14].

In the present paper we consider the Pellian equation

U2 —DV? = k2N, (1.3)
where D, N are positive integers, D is non-square and k is any integer.
Throughout we assume that (1.3) is solvable. If (u,v) satisfy this equation,

”W\/— to be the solution of (1.3). If u“"/—
x +yVDis any solution of (1.2) and x; + y;VD is |ts smallest positive solution,

”“"/— X (x + yVD) is also a solution of (1.3).
+vVD

we define

is any solution of (1.3),

then it is easy to observe that

This solution is said to be assomated with the solution & . Here we note

are associated then there

that if two positive solutions “<='2 ang u3+zﬁ‘m

exists an integer t such that

t
“f”ZWE = u“*}‘:‘*@ X (x,+yVD) ;t=0,+1,+2,... (L4)
The set of all solutions associated with other forms a class of solutions of

u+v\/—

(1.3). Among all the solutions
U1+V1\/—
k

in any given class K we now choose a

solution ————in the following way: Let v, be the least non-negative value of

v which occurs in K. Then in this case, u; is also uniquely determined.
The solution @ defined in this way is said to be fundamental solution of
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is a fundamental solution of class K if
ua+vax/_

the class. It can be observed that
u.1+U1\/_

Uuq +U1\/_
k

X (x; — y;VD) is not a positive solution of (1.3). Thus if ~*—=—

any flxed fundamental solution then all the positive solutions given by (1 4) are
associated with each other. Moreover, we observe that if (1.3) is solvable, then
it has only finite number of classes of solutions.

2. The equation U? — DV? = k*N

. .. u+v/D +v'
It is easy to observe that if “*22 and “*Y2 are any two integer solutions
k k
uu'-pvv' wv'-u'v

of (1.3) such that u = u’ and v = v'(mod N), then ( o ) is the

positive solution of the equation R? — DS? = k2. We first present the necessary
and sufficient condition for any two solutions of (1.3) to be associated with each
other.

u+v\/_

Theorem 2.1. If and & +Z VD are any two solutions of (1.3) then the

necessary and sufﬁment condition for these two solutions to be associated with

each other is that 2= is an integer.
u+v\/_ u +v'\/—

and

k%N and u’Z—Dv’szZN. Multiplying these two equations we get
N\ 2

Proof. Since

are solutions of (1.3), we get u? — Dv?

r_ 11N 2

(”u e ) -D (M) — k2. We first show that the solutions “*2 and
kN kN

u'+v'VD

of the Pellian equation (1.3) are associated with each other if and only

-D .
if both X222 and “ =% are integers.
kN kN

uu' -Dvv’ vu' —uv’
and
kN kN

If two numbers

are integers, then

! ! ! !

T 2 N uu' —Dvv Jw-uw s ) )

(u) —D(M) = k2. Thus —k~ kN is a solution of
_kN . kN k

Pellian equation R? — DS? = k2. Now

u+v\/§ ! ! ! ! A !
X _ u+wD u—vx/E_uu—va_uv—uv
W+v'ND  w'+v'ND (u + UVD) X TRZN k2N ZN VD.
k

uu’'-Dvv’ d vu' —uv’

Clearly this is a solution of (1.2). Thus, both the solutions ——and ——
of (1.3) are associated.

u+vVD u'+v \/—

Conversely let two solutions and of (1.3) be associated with
each other. Then clearly, they should lie in the same solution class of (1.3). Then
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u+vVD , ,
k _ uu -Dvv uv'—u'v
we have —rms = —— —~— VD, which should be some solution of

k

(1.2). In this case we have u? — Dv? = k2N and u’> — Dv'* = k2N. This gives
2

(uu’—va’) _D (vu’—uv’)z = k2. Thus,

KN kN
k uu'-pvv’ w'-u'v\ _ (uu'-Dvv' uwv’'-u'v
X k2N ' k2N ) KN ' kN
. . . uu'—-Dvv’ wv'—u'v
is an integer solution of R? — DS? = k2. Hence ——— and ——— are
integers.
wv'—u'v

-Dvv’ . .
IS an integer when

Thus, it is now sufficient to show that =

!
is an integer; and = “_is not an integer. Since

u+v\/_a du+v’\/_

Dv’2 = +k2N Multiplying these two equations we get
(uu’' —vv'D)? — D(uv’ —vu')? = k?(kN)?. (2.1)
It is obvious from (2.1) that uu’ — Dvv' is divisible by kN when uv’ —u'v is

divisible by kN. That js, W —Dvv’ WUV s an integer.

IS not an mteger When

are solutions of (1.3), we have u? — Dv? = +k2N ,u'* —

IS an integer when

uu' -

Conversely, if |s not an mteger, then there exists an mteger d such that

d| kN butd t (uu’ — Dvv'). Now from (2.1) itisseenthat if d | (uv’ — u'v),
then d | (uu’ —vv'D) too, which is contrary to the assumption. Thus

dt (uv' —u'v), that Isuv “wv
required result.

is not an integer, as required. This proves the

We now derive the bounds for the values of u,v occurring in the
fundamental solutions.

u+v\/—

Theorem 2.2. If is the smallest fundamental solution of the class K of

the Pellian equation (1 3) and if x; + y;V/D is the fundamental solution of (1.2),

(x1+1)N N
then 0 < |u| < k /—and O<v<in 765

Proof. If both the inequalities to be proved are true for a class K, then they are
also true for the conjugate class K. Thus, we can assume that u is positive.

Notethat"xl—’”ylzﬂ_( VD) (ﬂ)zm_m uz:;zN
J(xl -1 ——N)
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u+Z\/5) (X1 _ }’1\/5) _ ux,—Dvy,+(x,v—yu)VD

Now consider the solution ( p

u+vVD u+vVD
Pt

of (1.3) which belongs to the same class as But p is the fundamental

solution of the class and by above ux%m’yl is positive. Thus, we must have

ux%myl > % ,as % occurs in fundamental solution of (1.3). From this inequality

it now follows that ux; — Dvy; = u. This gives u(x; — 1) = Dvy,, which
gives u?(x; — 1)? > D?v?y,2 = (u? — k?N)(x2 — 1). This can be written as
2 x1-1 (x1+1)k?N
X1+l 2
first of required inequality.

Again by (1.3) we have Dv? = u? — k%N. Using above inequality, we get

> u? — k2N, which eventually gives u? < . This proves the

2 _ 2
Dv? < w — k2N = PN This gives

v < kJ(x1—1)N — K (x2-1)N .

2D 2D(x1+1)

Since x; + y;VD is the solution of (1.2), we thus get 0 < v < ky, / N as

2(x1+1) !
required.

We now present an illustration to demonstrate the results of this theorem.

Illustration. Consider the Pellian equation U? — 7V? = 18. Then clearly,
D =7,k =3and N = 2. If we consider the equation x? — 7y? = 1, then it is

easy to see that 8 + 3+/7 is its fundamental solution. This gives x; = 8,y, = 3.

Now if ”Tﬁ is the smallest fundamental solution of equation U2 — 7V2 = 18,

then by above theorem we should have

0< |ul <3 x /%and03v33x3/i.
2 2X9

This gives 0 < |u|] <9 and 0 < v < 3. These are indeed true as
smallest fundamental solution of the equation U2 — 7V2 = 18.

5+v7 is the

We now prove a very important result which produces all the fundamental
solutions of (1.3).

Theorem 2.3. If u; + v;+/D runs through all the fundamental solutions of (1.1)

and # runs through all the fundamental solutions of R? — DS? = k2, then

all the fundamental solutions of U? — DV? = k2N are covered by

Aij+1:ij\/3 _ (rj+ij\/5) (ui + vi\/ﬁ)- (2.2)
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Proof. If we multiply the surd conjugate of (2.2) with (2.2) then we get
A% -DB? r?—Ds? .

= (’ . J)(u-z—Dv-z). Since uf —Dv} =N and r? — Ds? = k?,
we get A7, — DBY; = k*N. This shows that 25202 defined by (2.2) are the
solutions of (1.3).

We next show that the solutions M defined by (2.2) covers all the
fundamental solutions of (1.3). On the contrary assume that there exists some
positive solution, say X+Y‘/_ of (1.3) which is not covered by (2.2). Then this

solution will lie between any two successive solutions of (1.3) of some fixed
sjVD

class generated b

/5
<r1+i/ )(uiivi\/ﬁ) SX+Y\/— <T1+SJ >(u1+1+v1+1\/—)

Then; + v,V < (“52) (rﬁ:r

5
u; + VD < (X”\/—) (rj o ) < Ujpq + v41VD.

) < Uj4q T vi11VD. This gives

k k
We denote
e +6vD = (X2) (”‘ifﬁ). 2.3)
Then
Uu; i Ui\/ﬁ <e+ 6\/5 < Uit1 i Ui+1\/5. (24)

To prove the required result, it is sufficient to prove that
(i) € + 6v/D is a solution of (1.1), and
(ii) e > 0and 6§ > 0 or § < 0 depending on the sign of u; + v;v/D.
This will produce one positive solution of (1.1) between two consecutive
fundamental solutions of (1.1) for any fixed class j, which is a contradiction.
To prove (i), we multiply surd conjugate of (2.3) with (2.3). This gives
2 2
e - D5? = (X525) (222, since X2 — DY? = kN and 12 — D} = I,
we get €2 — D&2 = N, which proves the first part.
Next, we show that € and & defined by (2.3) are positive. Now > — Ds/ =

k? implies ( +S]m) (rf_s"‘/ﬁ) — 1 and P ritspV®
k k k

clearly 0 <X SJ\/—<oo Since €+ 6VD = (X+:m)(rj_ij\/5), we get

0<6+5\/_<00A|505|n066 — D&% = N, we get 0 < —— < oo, that is

5\/—
0<= 6\/— < 0. This gives 0 <e— VD <oo. Adding this result with

0<e+6\/_<ooprovesthate>0.

> 1. Since 0 <

< oo,
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We further observe by (2.4) that
1<u;+v;VD < e+ 8VD < ujpq + ;1D < 0.
By considering the ‘+° sign, we get 0<

€E— 5\/— i—'Ul'\/E
Then 0< <=

Subsequently We get
25VD = (e + (5\/5) — (e - 6\/5) = (ui + vi\/ﬁ) — (ui - vix/ﬁ) = 2v;V/D.
This gives § = v; > 0.
Also, if we select ‘=’ sign in u; + v;+/D, then we have
€+6VD <ujpq — vl+1\/_ < 00,
ui+1+Vi+1\/5 e=8vD

1
Then
Uiy1—Vig1VD < 5\/— en0 < N < N

This gives € — VD > u;,q + vi+1\/—. Thus, we get
26VD = (e + 6VD) — (e = VD) < (uiy1 — vi41VD) — (w41 + vi11VD)

1 1
<
oV = wro D

. which gives 0<e—6VD <u —v;VD.

which implies that 0 <

This gives § < —v;,; < 0. Hence § >0 or § < 0 depends on the sign of
w; + v;v/D, which proves (ii). Hence all the fundamental solutions 2 k”\/_ of

(1.3) are covered by (2.2).

We illustrate this by an example which justifies the meaning of “... covered
by (2.2)”.

Illustration. As earlier we once again consider the equation U? — 72 = 18.
Thenwe have D = 7,k = 3 and N = 2. Next, we consider the Pellian equation

R? — 782 = 9 and if 227 V7 runs through all of its fundamental solutions, then
r1+51\/— AT 1ptspV7  1144VT r34ssVT _ 2449V7

3 3 ' 3 3 ' 3 3 °
Also u; + v;\/7 runs through all the fundamental solutions of u? — 7v? = 2,
then we have u; + v;v/7 = 3 + /7. Then above theorem claims that all the
fundamental solutions of U? — 7V2? = 18 are covered by

A1j+Blj\/E T']+SJ\/—)
- ( (3£+7);j=1,23.

Thus, A11+;311\/— (4+\/_) (3 + \/—) _ 19+7\/— ’5 3\/—’
A12+B12V2 _ (11+4\/—) (3 n \/—) _ 61+23\/— 5+7 and
3 3 - 3 '3
Aq13+B13V2 24+9V7 135+51V7 9+3V7
= 313 :( 3 )Giﬁ): 3 7 3 7

it can be observed that
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194+7v7

It can be observed that and

are the only three fundamental

solutions of the equation U2 — 7V2 =18. Thus @;j = 1,2,3 covers all

the fundamental solutions of U? — 7V? = 18.
Here the smallest fundamental solution of U2 —7V? = 18 is

x; + y;V/D = 8 4+ 3v/7 is the fundamental solution of x? — 7y? = 1. Then
every fundamental solution of U? —7V? =18 should be smaller than
5+3ﬁ>< (8+43V7) = 61+:3ﬁ. This is indeed true as the only fundamental

A11+B11V2 19477 A1p+B1pvV2 547
- 3 3 T3

5+d_ 9+3v7
3

5+\/— and

solutions of U? —7V? =18 are

A13+B13V2 _ 9+3V7
3 -3

and

We next derive an explicit formula which produces all the positive
solutions of (1.3).

Theorem 2.4. If x; + y;+/D is the smallest positive solution of (1.2) and

M defined by (2.2) runs through all the fundamentals solutions of (1.3),

then all the integer solutions ”’“L% of U2 — DV? = k2N are given by

uij,n+Zij.n\/E — (Aij'l'iijﬁ) (X1 + y1\/5)n; n = 0. (25)

Proof. If we consider the surd conjugate of (2.5) and multiply with (2.5),
2 _ 2, 2 2
we get u”’"kfv”'” = (A kD )(x1 Dy)™. Since Af; — DB} = k*N and

— Dy? = 1,wegetuf,,, — Dv{;, = k*N.Thu Mdefined by (2.5)
are the solutions of (1.3).

We next show that the solutions M defined by (2.5) gives all the

positive solutions of (1.3). On the contrary assume that there exists some

positive solution, say X”\/_ of (1.3) which is not covered by (2.5). Then this
solution will lie between any two successive solutions of (1.3) of some classes

generated by M (for a fixed i, j). This means for some fixed i, j and for
some fixed m, we have

(A20P) (1, 4y, VD)™ < T (AP o 4y D)

ij+BijVD ij+BiVD
Then (A 2y D) < (252) (2, - y,VD)" < (A 2y D) (x1 + VD).
We denote
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5VD X+YVD m
E+k = ( +k )(x1 —y,VD) . (2.6)

Thus,

(1200) 5 50 (W) ), e

To prove the required result, it is sufficient to prove that

(i) =2 H‘w— is a solution of (1.3)
(i) e > 0,6 > 0.
(iii) H‘w— is the solution of (1.3) smaller than all its fundamental solutions for

the flxed classes i, j. This will contradict the fact that %"\/— runs through

every fundamental solution of (1.3) for some fixed value of i, j.
To prove (i), we take surd conjugate of (2.6) and multiply it with (2.6).

2_ 2 2_ 2
> = (=3) (x - Dy>)™. Since X2 —DY? = kN and

This gives —> -
— Dy? =1,weget e2 — D5% = k2N, as required.

Again, since 1< (x;+y,VvD)" <o and X+r/b

k
0<(x;—yvD)" <1. Hence, we get 0< EJ”N— o, as S0P

k
(X+Y\/5)( x, —y,VD) . This gives 0 < & 5\/_ = 5‘/—

< 0, as
€? — D&% = k2N. Adding this result with 0 <

>1, we have

< 00, that is0 <
e+6\/—

< o0 proves that € > 0.
U+Bl]\/5 < E+8\/5
k k

We further observe by (2.7) that 1 < < oo, Taking

k -6vD _ Aij—Bij\D
< <1.Then 0 << 2By
€+8VD ~ Ajj+BijVD kN kN

This gives 0 < E_i‘/ﬁ < A”_i”\/ﬁ. Subsequently we get

26VD _ (e+6\/3) _ (6—5\/3) > (Aij+3ij\/5) _ (Aij_Bij\/E) _ ZBij\/B_

reciprocal, we get 0 <

k k k k k k
This now gives § = B;; > 0. Hence both € > 0,6 > 0, which proves (ii).
\/—

Finally, we prove that < is the smallest solution of (1.3) for the fixed

5\/—

classes i, j. On the contrary suppose ——— is positive solution of (1.3) but not

the smallest solution of any fixed classes i,j. In this case E+i\/— (xl - ylx/ﬁ)
will be the positive solution of (1.3). Then by (2.7) we have

Ai'+Bi'\/3 €+6vVD Ai'+Bl"\/E
]k] S <(]k] )(x1+y1\/5),

which gives
A;i+B; \/B +5\/_ Aij +Bl \/—
(—J kj )(x1_}’1VD)Se X ( — Y1V ) ———
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Here M runs through every fundamental solution of (1.3). Thus, we can
e+6\/5

(1 — ylx/—) is a positive solution of (1.3) smaller than all
Aij+BijVD
k

now say that

the fundamental solutions of (1.3), which is a contradiction. This

contradiction finally assures that there cannot exist any solution of (1.3) which
Is not covered by (2.5), as required.

We illustrate this theorem by the following example:

Illustration. Once again we consider the Pellian equation U? —7V2 = 18
A11+B11V2 —
3
19+37\/_’ A12+B]_2\/_ 5+7 and A13+§13\/_ 9+3\/_ and X1 + yl\/— 8 + 3\/—
is the fundamental solution of x? — 7y? = 1. Then the above theorem asserts

whose all the fundamental solutions are given by

that all the integer solutions % of Pellian equation U? — 7V? = 18 are

covered by ”‘”f”’"\/— = (A”f”ﬁ) (x, +y:¥D)";j = 1,23; n = 0. This

gives u“'"+:“'”ﬁ = (19‘;7‘/7) (8+3v7)";

u12,n+;712,n\/7 _ (5-!—3\/7) (8 n 3\/7)71 and u13.n+;713,n\/7 _ (9+§\/7) (8 n 3\/7)71.

We now prove some recurrence relations for the values of w;;, and v;; .
We assume that x; + y;+/D is the fundamental solution of (1.2), u; + v;/D runs
through all the fundamental solutions of (1.1), % runs through all the
fundamental solutions of R? — DS? = k2, r > 1 is a fixed integer and n > 1.

_ XrUjjntDYrVijn _ YrUijntXrVijn
Theorem 2.5. @) u;j p4r = — % Vi =T -
b _ X1Ujjn4r—1tDY1Vijnir—1 _ Vilijntr—1tX1Vijn4r—1
) uij,n+r - Kk ’ vij,n+r - k .
_ 2kxrUjjnir—Uijn _ 2kxXyVijnir—Vijn
C) uij,n+2r - K2 ’ vij,n+2r - k2 .

Proof. (a) By (2.5), we have

Ujiner+ViinsrVD Aji+Bii\ND n+r Ujjn+V;
ijn+r kl],n+r :( ij kl] )(xl +y1\/5) :( ijn Un )(xr +yr\/_)

_ (oeru; jntDYyrv; j,n)"'(yrui jntXrv; j,n)\/E

k
_ XrUjjn+tDYyrvijn _ YrUijntXrVijn
Hence Uijn+r = 7, Vijn+r = T

(b) To prove the second result, we first consider » = 1 and replacen by n — 1
in the above result. We thus get
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_ XqUjjn—1tDY1Vijn_1 _ Y1lUijn-1tX1Vijn-1
Uijn = X Vijn = X
_ XrUjjp+tDyrvijn
Then w;j 4y = —2—=

1 x1uijn—1+DJ’11’ijn—1) (3’1uijn—1+x1vij n—1)}
=—-1X . - D - -

k{ r ( k +Dyr k

1 XrUijn-1+tDYrVijn-1 XrVijn—-11tYrlijn-1
- E{xl ( — +Dyy B

_ X1Ujjnyr—1tDY1Vijnir—1

k
Value of v;; .., can be obtained accordingly.

(c) To prove the final part, we replace n by n + r in the first result and using
that in (a) above, we obtain
Yruij.n"'xrvij,n)}

1
Uijn+2r = ;{xruij,nﬂ” + Dy, ( X

1 DyZu; in Dyrvijn
= e+ =5+ ()

1 Dyfujjn Xrlijn
= ;{xruij,nﬂ” + T + Xy (uij,n+r R )}
_ 1 Uijn , 2 2
- E{Zxruij,nﬁ" T Tk (xr - Dyr )}
Since x, + y,v/D is asolution of (1.2), we have x? — Dy? = 1. Thus, we obtain
_ 2kxrUijnir—Uijn
uij,n+2r - K2 .
Value of v;; ,,», can also be obtained accordingly.

We further derive some more interesting properties related with the value
of u;;, and v;;,. The following interesting recursive formula connects three

U;jn’s as well as v;; ,’s when the suffixes are in arithmetic progression.

2 — 1,2 2
Corollary 2.6. (a) u;jnWijns2r — Uijntr = K*DNYF.

(b) VijnVijn+2r — Uizj,n+r = _kzNyrZ-
Proof. By (2.5) we have u”‘”Z”‘”‘/ﬁ = (A”"Li”\m) (x, +y:¥D)".

Taking its surd conjugate, we get
Uijn—VijnVD Aiji—BiivD n
e = (M) (= 71D)"

k
For convenience we write y =x; +y,VD,7 =x, —y,VD and p;; =
Ajj+BiivD __ A;j—Bijj\D UijntvijnVD
ij kl] = % Then we have % = ,Uij)’n and
uij,n—vij,nx/ﬁ L —
f - .ulﬂ/n-

Adding and subtracting these two relations, we get
k — k —
Ui =5 My + Ty} and vy = 5= {uy™ — my7"
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. A?~—DBL~2-
It can be easily observed that yy = x{ — Dy{ = 1 and p;;fi;, = ]kz L =N.
Then
UijnUijnt2r — u‘lzj n+r
k2 (.ulﬂ/ + l'l’l]y )('ul]yn+2r + 2% y(n+2r))
4 _('ul]yn+r + 1 y(n+r))
5 n+2r ng (n+27r)
’1 “Uul](y n+ry (T]l/+r) ) k {N(VZT +7 Zr) — 2N}
=24 y"TY
k2N
= —(V -7
Since x, + y,VD = (x; + ylx/—) =y" and x, — =(x, — ylx/ﬁ)r =

¥ ', we get UijnUijnt2r — ul],n+r = kZDNyr .
Second result can be proved accordingly.

Following result gives some more recurrence relations in the form of a
determinant.

ijn uij,n+r

Theorem 2.7. a) |
b) |

= ky,N
vun vij,n+r Yr
ul] n+r—1 uij,n+r

= ky,N
Uij,n+r—1 Uij,n+r Y1
1 1 1

Uijn—r UWUijn Uijn+r

C) = —2kNy,(x, — 1).

Vijn-r Vijn Vijn+r
Proof. We only prove (c), since first two results follow easily through theorem
2.5. Now

1 1 1
Uijn-r Uijn Uijn+r

Vijn-r  Vijn Vijn+r
_ |uij,n Uijntr |uij,n—r Uijn+r |uij,n—r Uijn

Vijn  Vijn+r Vijn-r Vijn+r Vijn-r Vijn
=2ker - kerN + ker = kN(Zyrz_ er)-
r . .
Now (x1 + y1VD) = Xor + Yo, VD = (xr + yT\/D) . This gives y,, =

2x,yy . Thus
1 1 1

Uijn-r UWijn  UWijntr| = KNQy, — 2x,y,) = —2kNy,(x, — 1).

Vijn-r Vijn Vijn+r
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3. Number of solutions up to a desired limit

In this final section, we define and obtain the values of the sums R(Z) =
Zuij’nwij’n\/ﬁ 1,S2) =% wjn=<z 1 and T(Z) =% v,z 1, the
K sz U2-DV2=k2N U2-DV2=kZN

U2-DVZ2=k2N
total number of positive solutions ,Uijn and vy, respectively of

(1.3) that do not exceed any given large positive real number Z.
Ajj+B;ijVD
k
runs through all the fundamental solutions of (1.3) for any fixed class i. We also
assume that (1.1) has B fundamental solutions and the equation R? — DS? = k?

has n fundamental solutions.

Thus, throughout we have 1 <i < p and 1 <j < 7. We first obtain the
value of R(Z) which gives the number of all the solutions of (1.3) not exceeding
any fixed given positive real number Z.

uij‘n+vij‘n\/5

For convenience, we denote § = @,y x; +y;VD and let A;; =

Theorem 3.1. R(Z) = S{Bn log(Z) — log(]_[fil ;Llcﬂij)} + C, where C is

the effective constant such that 0 < C < 7.
Proof. To find the value of R(Z) = Zuijn'“’ijn‘/ﬁ 1, we first find the number
% <Z
U2-DV2=kZN

of positive solutions of (1.3) that do not exceed Z for some fixed
class i =a (1 <j <mn). Since y and A;; are solutions of (1.2) and (1.3)

uaj‘n+vajn\/5

Ujjntvij, n\/—

respectively, (2.5) can be written as = Agjy™. Now, for any given
Z, it is clear that for some fixed class i = «, there exists some n such that

UgintVginVD u +v vD
—gn-_elnt_ < 7 < -Amwm Then we get Ay v < Z < Agjy™t

logZ-log Ay
%<n+1. Since n is an integer, we get

] where [x] denotes the integer part of x.

This implies n <
[logZ log Agj

Now smce [x] = x — {x}, where {x} is the fractional part of x and as
0 < {x} <1, we have

logZ-logA;; logZ—logA;; '
R(Z) = Zlez?zl[ 1] =y 2 (—’ +c )

logy logy
where 0<c'<1. Thus R(Z) = logy}f 12 (logZ — logc/ll-j) + Bnc'.
If we write C = Bnc’,thenwe get 0 < C < i and
R(Z) = 6{[?77 log(Z) — log(H U)} +C.
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We next find the value of S(Z2).

Theorem 3.2. 5(2) = & {Bnlog(2Z/k) — log(IT%L, [T\, A;; )} + C, where €
is the effective constant such that —fn < C < Bn.

Proof. To find the value of S(Z), we first find the number of positive solutions
of (1.3) where the values u;; , of U do not exceed Z for some fixed class i = a

(1 <j <1n).Now (2.5) can be written as %’”\/— = Agjy™. Then for any

given Z, it is clear that for some fixed class i = a, there exists some n such that
A—"ﬁi”\m , We write A, = A—”_i”\/ﬁ.
We also have y ! = x; — y,VD. Since y and A;;, A, are the solutions of (1.2)
and (1.3) respectively, we have yy~' = 1and A,; A, = N. Then (2.5) can
be written as

Ugjn <Z< Ugjn+1- Since c/qu =

uo:j,n"'vo:j,n\/B
k

Now taking surd-conjugate of (3.1) we get
with (3.1) we now have
k —_— _ k N
Ugjn = E{C’qajyn + c’qaﬂ/ n} = E{Uqajyn + «/l_a,-y n}.
Since ugjn < Z < Ugjns1, fOr some n, we get
e N o -n 22 gt N n-1
Aqjy +ﬂajy = o <Aaj¥ +ﬂajy

= Agjy" 3.1)

Ugjn— va]n\/_

P = A,y ™. Adding this

. N _ — N —
Also, since ——y~" >0, cfla]=Jl—0‘j<cflaj and y <y, we have

aj
2Z
Agjy" < < 2ALy™ Now y =x; + y;VD > 2. Then we have
log2Z—-logAyj—logk
logy
log2Z—-log A, i—logk .. .
n is an mteger, we getn < [Og ff’gy“’ o8 ] < n + 1. This implies

log2Z-log A, i—logk log2Z-log A, j—logk
Tl:[g gSqj g]orn:[g gSqj g]—l
logy logy

Agjv" < Z < Aqjy™ 2. This implies n < <n+ 2.Since

Thus $(2) = B, 3, [FEX5—20e 28 4 ¢, where ¢ = 0 or —1.
Then S(Z) = logyzﬁ 1 2)-1(log2Z —log A;; —logk +c +c'),  where
0 < ¢’ < 1. Now considering ¢ + ¢’ = €', we have —1 < €' < 1. We can now
write S(Z) = ‘”’ 2 log(22/k) - —z X7 log Ay + BC’.
If we write C ﬁnC’ then we get ﬁn <C<pBn and

$(2) = 8{pn1og(2z/k) —log(I1L_, TT]_, Ay )} + C.

Finally, we find the value of T(Z).
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Theorem 3.3 T(Z) = §{Bnlog(2vDZ/k) — log(ITL, IT)_, Ay )} + C.
where C is the effective constant such that 0 < C < 2f7.

Proof. To find the value of T(Z), we first find the number of positive solutions
of (1.3) where the values v;;,, of V do not exceed Z for some fixed class i = «
uaj,n'{'vaj,n‘/ﬁ uotj,n_votj,n\/B _

(1 <j<mn). Now by (2.5) since p

Agq,y ™", on subtraction, we get

= Agq;¥y" and

— k N _ g .,—Nnl _— k n __ L -n
Vajn = zm{ﬂajy 14 } = Zﬁ{dqajy cﬂajy .
Since vgjn < Z < Vgjne1, fOr some n, we have
N 2VDZ N
Ayt — — _nS—<cfl an+1l Y —n—1.
ajV Aaj)’ " ajV cﬂaj)/
2VvDZ .. .
‘/k— < Agq;¥™ 1. This implies
log 2/DZ-logAqj—logk
logy

Thus, we have A, ;y"* <

n—1<
Since n is an integer, we have
log2vVDZ-logA,i— logk log2VDZ—-log Ay i—logk
_[g gAaj g]om_[g gAaj g]_‘_l.

- logy logy
log 2V/DZ-log Ay j—logk

<n+1.

— B §n
1 !
T(2) = logny;lZ?zl(log 2v/DZ —log A;; —logk + ¢ + ¢'),
where 0 < ¢’ < 1. Considering ¢ + ¢’ = C’, we have 0 < C' < 2. Thus, we
. _ Bn 1 4 ’
now write T(Z) = mlog(Z\/EZ/k) — mZmZ}Lllogv‘lu + BnC’.
If we write C = nC’, thenwe get 0 < C < 21 and

T(Z) = 6{[)’77 log(Z\/EZ/k) — log(]‘[f}=1 ;?zlc/q,ij)} + C.

] + c,wherec =0 or 1. Then

The Following interesting conclusions are now an easy consequence from
these theorems.

Corollary 3.4.T(Z) — S(Z) = 88nlog~/D.

Corollary 3.5. If the solutions M of U2 — DV?2 = k2N are considered

as lattice points within the square [0, Z] x [0, Z], then density of these lattice
points is zero.

This follows from the fact that lim

n—-oo

logZ
E2 = 0.
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4. Conclusions

In this paper, we derived the necessary and sufficient condition for any two
solutions of U? — DV?2 = k2N to belong to the same class and the bounds for
the values of u, v occurring in the fundamental solution. We also derived an
explicit formula which gives all its positive solutions. We further obtained some
interesting recurrence relations connecting the values of u,v. Finally, we
obtained the results for total number of its positive solutions not exceeding any
given positive real number Z.
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Abstract

The near common neighborhood graph of a graph G, denoted by
nen(G) is defined as the graph on the same vertices of G, two ver-
tices are adjacent in ncn(G), if there is at least one vertex in G not
adjacent to both the vertices. In this research paper, the conditions
for nen(G) to be disconnected are discussed and characterization for
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1 Introduction

Let GG be a graph. The near common neighborhood graph of GG denoted by ncn(G)
is a graph with the same vertices as G in which two vertices v and v are adjacent
if there exists at least one vertex w € V(G) not adjacent to both of v and v [Al-
Kenani et al., 2016].

A cycle in a graph G that contains every vertex of G is called spanning cycle
of G. Thus a hamiltonian cycle of G is a spanning cycle of G. A hamiltonian
graph is a graph that contains a hamiltonian cycle.

An euler trail in a graph G is a trail that contains every edge of that graph. An
euler tour is a closed euler trail. An eulerian graph is a graph that has an euler
tour.

The graphs cosiderered in this paper are simple, undirected and connected
with vertex set v; € V(G), i = 1,2,3,...,n. Let deg(v;) be the degree of vertices
of (. Basic terminologies are referred from [Harary, 1969].

The common neighborhood graph (congraph) of G [Zadeh et al., 2014] which
is exactly the opposite of near common neighborhood is denoted by con(G) is a
graph with vertex set, in which two vertices are adjacent if and only if they have
at least one common neighbor in the graph GG. Here the common neighborhood of
some composite graphs are computed and also the relation between hamiltonicity
of graph G and con(G) is investigated. [Hamzeh et al., 2018] computed the con-
graphs of some composite graphs and also results have been calculated for graph
valued functions. [Sedghi et al., 2020] obtained the characteristics of congraphs
under graph operations and relations between Cayley graphs and its congraphs.

[Al-Kenani et al., 2016] studied near common neighborhood of a graph and
obtained results for paths, cycles and complete graphs. Motivated by the results
on [Zadeh et al., 2014], [Hamzeh et al., 2018] and [Sedghi et al., 2020], in this
paper, the conditions for ncn(G) to be disconnected are discussed and also the-
orems stating necessary and sufficient conditions for a graph ncn(G) to possess
hamiltonian and eulerian cycle are studied.

2 Prelimnaries

Below mentioned some important results are used through out the paper for prov-
ing the theorems.

Proposition 2.1. [Al-Kenani et al., 2016] For any path P,

K,, ifn=23
nen(P,) = ¢ 2K,, ifn=4
K, ifn>T.
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Proposition 2.2. [Al-Kenani et al., 2016] For any path C,,

K, ifn=34
nen(Cy) = ¢ Cs, ifn=>5
K,, ifn>T.

Proposition 2.3. [Al-Kenani et al., 2016]. For any complete graph K,, and totally
disconnected graph K,, we have

): K,
) = K,,n>3

L.nen(K,
2.nen(K,
Theorem 2.1. [Singh, 2010]. Let G be a simple graph with p > 3 and § > p/2.
Then GG is Hamiltonian.

Theorem 2.2. [Singh, 2010] A nonempty connected graph is Eulerian if and only
if it has no vertices of odd degree.

Remark 2.1. [Singh, 2010] The complete graph K,, for p > 3, is always Hamil-
tfonian.

3 Results

Theorem 3.1. If G is a graph with n vertices, then ncn(G) is disconnected if any
one of the following conditions holds

1.Gis P,,C,,n <4

2.GisK,,n>3

3.Ghas A(G)=n—1

4. G is a graph with two complete graphs connected by bridge
5.GisK,eP,n>3,t<3

Proof. The proof of the theorem is constructed by considering the following cases.
Case 1. Suppose G=PF,, or C,,, n < 4.
We consider the following two subcases.
Subcase 1.1. Suppose G=PF,, , n < 4.
If n = 2, 3,4, then by the proposition 2.1, ncn(G) is disconnected.
Subcase 1.2. Suppose G=C,, , n < 4.
If n = 3, 4, then from the proposition 2.2, ncn(G) is disconnected.
Case 2. Suppose G=K,,, n > 3.
Then from the proposition 2.3, ncn(G) is disconnected.
Case 3. Let GG be a graph with vertex set V(G) = {v;|i € N} and A(G) =n — 1.
Near common neighbourhood graph nen(G) is a graph with same vertices v; as
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G. The vertices v; and v, j = 1,2,3,...,n,i # j of nen(G) are adjacent if there
is at least one vertex w € V(&) not adjacent to both v; and v;.
Since A(G) = n — 1in G ( that is v; is adjacent to all other vertices of &), there
does not exists any nonadjacent vertex for v; and thus v; cannot be connected to
any vertex of ncn(G). This results nen(G) into disconnected.
Case 4. Let GG be a graph with two complete graphs K, and K,, connected by
bridge. Let v; € V(G), i = 1,2, 3, ..., m be the vertex set of K,,, and v; € V(G),
J=m+1,m+ 2,m+ 3,...,n be the vertex set of K,,, where m and n are the
vertices of bridge.
As G consists of two complete graphs, vertices v; of K,,, and v; of K, are respec-
tively mutually adjacent. Nonadjacent vertices for all the vertices v; € K, exists
in K, and for v; € K, exists in K,,. Thus the vertices v; of K, and v; of K, are
mutually connected in ncn(G). This produces the disconnected graph with two
components. Further, the end points of bridge are also mutually adjacent to all the
vertices of K, and K, respectively. Hence nonadjacent vertex does not exists for
end points of bridge. This produces the graph ncn(G) into disconnected.
Case5.LetGbea K,e P,,n>3andt < 3.
nen(G) has the same vertices as G. Two vertices of nen(G) are adjacent if there
is at least one vertex w € V(G) not adjacent to both the vertices.
Letv;,7=1,2,3,...,n,n+ 1,n + 2 be the vertex set of K,, ® P, .The vertices of
K, are vy, v9, v3, ..., v, and vertices of P, are v,,, U, 41, Unto. The vertex v, is the
common vertex which connects K,, and P;.
We consider the following subcases.

Subcase 5.1 Suppose ¢t = 2 that is P, is path with two vertices, then G = K, o P>,.
Since A(G) = n — 1, there exists at least one vertex which is adjacent to all the
other vertices of G. From theorem 3.1 (Case 3), ncn(G) is disconnected.
Subcase 5.2 Suppose ¢t = 3 thatist =n,n+ 1,n + 2.
In G, all the pairs of vertices of /K, have the nonadjacent vertex as v, and can
be mutually connected in nen(G). Also the vertices of Py, v, and v, o have the
nonadjacent vertices in K, and can be connected in ncn(G). As there does not
exist any nonadjacent vertices for the pair of common vertex n and the vertices of
P, in G, they cannot be connected in nen(G). This produces the the graph nen(G)
with two components. Thus nen(G) is disconnected.

0.

Theorem 3.2. For any graph G, nen(G) is hamiltonian if and only if

1. G contains all the vertices of deg(v;) < n — 1 except for Cy ® Py and G is a
graph with two complete graphs connected by bridge.

2.G=P,orC,,n>5.

3.GisK,eP,n>3t>4.

Proof. Let G be graph with vertex set V' (G). Suppose nen(G) is hamiltonian.
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In light of the above theorem 3.1 that ncn(G) is disconnected if G is P, Cy,
n <4, K,,n>3,Ghas A(G) =n — 1, G is a graph with two complete graphs
connected by bridge and G'is K, @ P, n > 3,1 < 3.

Now we consider the graphs for which nen(G) is connected.

Case 1. Suppose G contains all the vertices of deg(v;) < n — 1.

Let G be a graph v; € V(G) vertices with degree(v;) < n — 1 (v; is not adjacent
to all the vertices) and nen(G) be the graph with same set of vertices as G.

As deg(v;) < n — 1in G, there exists at least one nonadjacent vertex for any pair
of vertices of G. Hence by definition of ncn(G), those vertices in nen(G) can be
connected which produces connected nen(G) graph.

Further, since for each pair of vertices of G there exists a nonadjacent vertex,
nen (@) contains a cycle and 6 > n/2. From the theorem 2.1 nen(G) is hamilto-
nian.

Next suppose G = Cy @ P5. Letv;, 1 = 1,2,3,4,5 be the vertex set of Cy o P,
with one common vertex between Cy and P,. Among the four vertices of Cy of
G, three vertices (except the common vertex) can be connected mutually adjacent
as they have nonadjacent vertex (not common vertex) in F.

Similarly, a vertex of P, which is not common can be connected with only three
vertices of Cy in nen(G) as there exists a nonadjacent vertex for these each pair of
vertices. Whereas the common vertex can be connected only with a vertex of P,
in ncn(G) which is not common, since there exists a nonadjacent vertex in C for
this pair and there does not exist nonadjacent vertex for the pair of vertices with
Cly.

This results ncn(G) into connected graph with one pendent vertex and conse-
quently does not contain hamiltonian cycle.

Thus, nen(Cy e Py) is connected but not hamiltonian.

Case 2. Suppose G is P, or Cy,, n > 5.

Let G be a P, or C,,, n > 5. From the propositions 2.1 and 2.2, ncn(P,) and
nen(Cp), n = 5, 6 are connected which contains a cycle and 6 > n/2. Forn > 7,
nen(G) is K,,. From the theorem 2.1 and remark 2.1, nen(G) is hamiltonian.
Case 3. Suppose Gis K,, e P,,n > 3,t > 4.

Let Gbea K, e P,,n > 3,t > 4, where n is the number of vertices of K, and ¢
is the number of vertices of F;.

Let v; € V(G), i = 1,2,3,...,n be the vertex set of K,, and v; € V(G),
7 =n,n+ 1,n+ 2, ..,t be the vertex set of P, where n is the common ver-
tex of K,, and P..

As there is increase in the number of vertices (path length) in P, of G, there exists
a nonadjacent vertex for each pair of vertices of K, and vertices of F;, which pro-
duces connected graph nen(G) with cycles and also § > n /2. From the theorem
2.1, nen(@G) is hamiltonian.

Converse is obvious.
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Theorem 3.3. For any graph G, nen(G) is eulerian if only if G is
1. P,,n>T.

2.K,eP,n>31t>5.

3.G=C, n=05,6.

Proof. Let (G is a graph with vertex setv; € G,1=1,2,3,...,n.
Suppose ncn(G) is eulerian, then degree of each v; of nen(G) is even. From the
theorems 3.1 and 3.2, ncen(G) is disconnected if G is P, Cp,, n < 4, K, n > 3,
G has A(G) = n—1, G is a graph with two complete graphs connected by bridge,
Gis K,e P,,n>3,t < 3and is connected only if G contains all the vertices of
deg(v;) <n—1,G=PF,orC,,n>5and Gis K,, e P,,n > 3,t > 4.
From the proposition 2.1, ncn(G = P,) is K,, with even degree; n > 7, where
n=2s+1,5s=23,4,....
From the proposition 2.2, nen(G = C,,), n = 5,6 is K, of even degree.
From the theorem 3.2, ncn(G = K, @ P,) is K,, with even degree; n > 3,t > 5,
wheren =2s+1,s=1,2,3,....
Hence from the theorem 2.2, ncn(G) is eulerian.
Conversely, ncn(G) is a graph with same vertices as G.
From theorem 3.1, ncn(G) is disconnected if G is P,,Cp;n <4, K,;;n > 3, G
has A(G) = n — 1, G is a graph with two complete graphs connected by bridge
and G is K,, e P,;; n > 3,t < 3 in all other cases it is connected.

We consider the following cases.
Case 1. Suppose ncn(G) is K, n = 1,2,3, ..., n, then from the theorem 3.2, if
nen(@G) is connected and it is K, for G = P,,C,,, n > 5 and K,, @ P;; n > 3,
t > 5.
Subcase 1.1 Suppose G = P, or (), then from the propositions 2.1 and 2.2,
nen(G) is K, n > 7. The degree of each vertex of K, is even and n = 2s + 1,
s =1,2,3,...,n. From theorem 2.2, ncn(G) is eulerian.
Subcase 1.2. Suppose G = K,, ® P,, n > 3,t > 5, then from the theorem 3.2, if
nen(@G) is connected and it is K, for n > 3, ¢ > 5. The degree of K, is even if n
is odd.
From the theorem 2.2, ncn(G) is eulerian.
Case 2. Suppose G = C,,, n = 5,6.
Subcase 2.1 Suppose G = C,,, n = 5, then from the proposition 2.2, ncn(G) is
C’s or 2-regular graph. From the theorem 2.2 nen(G) is eulerian.
Subcase 2.2 Suppose G = C,,, n = 6, then from the proposition 2.2, ncn(G) is
2-regular graph. Hence from the theorem 2.2, ncn(G) is eulerian.
Case 3. Suppose G = K, e P,,n > 3,t > 5.
From the theorem 3.2, if ncn(G) is connected and it is K, forn > 3,¢ > 5.
The degree of K, is even if n is odd. From the theorem 2.2, ncn(G) is eulerian.
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4 Conclusions

In this paper the study on near common neighborhood graph of a graph is ex-
tended and various general conditions for which ncn(G) to be disconnected are
discussed. It is disconnected for the graphs P,,C,; n < 4, K,;; n > 3, G has
A(G) = n — 1, G is a graph with two complete graphs connected by bridge and
Gis K,,e P.;n > 3,t < 3in all other cases it is connected. We have also ob-
tained the necessary and sufficient condition for ncn(G) to possess hamiltonian
and eulerian cycles. It contains hamiltonian cycle whenever it is connected except
for C, e P;. It contains eulerian cycle if nen(G) is K, with odd vertices and G is
C,,n=2>5,6.
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1. Introduction

Hajek [5] introduced the idea of BL-algebras as the algebraic structure for
his Basic Logic. The interval [0, 1] endowed with the structure induced by a
continuous t- norm is a well-known example of BL- algebra. The MV-
algebras, on the other hand, are one of the most well-known groups of BL-
algebras, having been introduced by Chang [2] in 1958. In 1965, Zadeh [12]
introduced the concept of a fuzzy set. The flaw in fuzzy sets is that they only
have one feature, which means they cannot convey supporting and opposing
data. Gau and Buehrer [4] introduced the principle of vague set in 1993 as a
result of this. The authors [7, 8, 9, 10] discussed the vague filter, implicative
filter, prime, and Boolean implicative filters of BL- algebras, as well as some
of their properties.

The frame work of this study is constructed as follow: some basic
observations connected to anti-vague filter are provided in “Preliminaries”.
“Anti-vague filter” presents the new notions of anti-vague filter in BL-algebra
and investigated some related properties, also derived some equivalent
conditions for an anti-vague filter to be a vague filter. Finally, the conclusion
is presented in “Conclusion”.

2. Preliminaries

In this section, we will go through some basic BL-algebra, filter, and
vague set concepts, as well as their properties, which will help in the
development of the main results.

Definition 2.1[5] A BL-algebra is an algebra (4, v, A, %, —, 0, 1) of type
(2,2,2,2,0,0) such that

Q) (4, v, A, 0,1) isabounded lattice,

(i) (4, *, 1)is a commutative monoid,

(i)  +and — form an adjoint pair, thatis, z < x — y if and only if

xxz<yforall x,y,z € A,
(iv)  xAy =xx(x->),
(V) x-=>y)Vvly-x=1

Proposition 2.2[6] In a BL- algebra A, the following properties are hold for all
X,y,Z €A,

B yo2G-o2)=x->0-2)=((x*y) >z

(i) 1->x=x

(i) x<yifandonlyifx -y =1,

(iv) xvy=(x-=y->y)A(y->x) -x)

(V) x<yimpliesy-z<x- z
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(Vi) x<yimpliessz->x<z-y,
(Vi) x->y<(@Z-x)-(z-y),
(viii) x >y <(y—=2) = (x> 2),
(ix) x<@x-y) -y,

X)) x*x(x->y)=xAy,

xi) x*xy<xAy

(xii) x->y<(xxz)-> (y=*2),
(xiii) x*(y »>2) <y - (x*2),
xiv) (x->y)*x(y—-2z)<x-z
xv) (xxx7)=0.

Note. In the sequel, we shall use A to denote as BL- algebras and the operation

V, A, * have priority towards the operations " — ".
Note. In a BL- algebra A, we can define x™ = x — 0 for all x € A.

Definition 2.3[13] A filter of a BL- algebra A is a non-empty subset F of A
such that for all x,y € A4,

Q) Ifx,y €F, thenxxy €F,

(i) Ifx e Fandx <y, theny € F.

Proposition 2.4[13] Let F be a non-empty subset of a BL- algebra A. Then, F
is a filter of A if and only if the following conditions are hold

Q) 1€F,

(i) x,x >y € Fimplies y € F.

A filter F of a BL-algebra A is proper if F # A.

Definition 2.5[1, 3, 4] A vague set S in the universe of discourse X is
characterized by two membership functions given by

Q) A truth membership function ts: X — [0, 1],

(i) A false membership function fs: X — [0, 1].

Where ts(x) is lower bound of the grade of membership of x derived from the
‘evidence for X’, and fs(x) is a lower bound of the negation of x derived from
the ‘evidence against X’ and tg(x)+fs(x) < 1. Thus the grade of membership
of x in the vague set S is bounded by a subinterval [ts(x), 1 — fs(x)] of [0, 1].
The vague set S is written as S = {(x, [ ts(x), fs(x)])/x € X}, where the
interval [ts(x), 1 — fs(x)] is called the value of x in the vague set S and
denoted by Vs (x).

Definition 2.6[4] A vague set S of a set X is called

(i) the zero vague set of X if t;(x) = 0 and fs(x) = 1 forall x € X,
(i)  the unit vague set of X if ts(x) = 1 and fs(x) = 0 forall x € X,
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(ili)  the a- vague setof X if tg(x) = aand fs(x) =1 —a forall x €
X, where a € (0,1).
Definition 2.7[4] Let S be a vague set of X with truth membership function tg
and the false membership function fs. For all «, 8 € [0, 1], the («, B)-cut of
the vague set X is crisp subset S, p)of the set X by S, 5 = {V(x) = [a,
B1/x € X}. Obviously, S0y = X.

Definition 2.8[4] Let D[0, 1] denote the family of all closed subintervals of [0,
1]. Now, we define refined maximum (rmax) and “>" on elements D; =
[aq, bq] and Dy[a,, b,] of DJ[0, 1] as rmax (D;,D,) =
[max{a,, a,}, max{b,, b, }]. Similarly, we can define <, = and rmin.

3. Anti-Vague Filter

In this section, we introduce the notion of an anti-vague filter of BL-
algebra with illustration. Moreover, we discuss some related properties.

Definition 3.1 Let S be vague set of a BL-algebra A is called an anti vague
filter of A if it satisfies the following axioms

() Vs(1) < Vs(x),

(i) Vs(y) < rmax{Vs(x = y),Vs(x)} forall x,y € A.

Proposition 3.2 Let S be vague set of BL-algebra A. S is an anti vague filter of
A if and only if the following hold if for all x,y € 4,
() ts(1) < ts(x)and 1 — f5(1) < 1 - fo(x),
(i)  ts(y) < max{ts(x - ¥),ts(x)} and
1-fs(y) <max{l - fs(x > y),1- fs()}

Proof: Let S be an anti-vague filter of A. Then from (i) of definition 3.1 and
the definition of Vs, we have (i) straight forward. From (ii) of definition 3.1and

the definition of Vg, (ii) is obvious.m
The following is the example of definition 3.1 and proposition 3.2.

Example 3.3 Let A = {0, a, b, 1}. The binary operations '« " and " — ' give by
the following tables 3.1 and 3.2:
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Table3.1: ‘ = "Operator

Table 3.2: ‘=’ Operator

Then (4, Vv, A, %, =, 0, 1) is a BL- algebra. Define a vague set S of A as
follows:

S ={(1,[0.2, 0.7]), (a,[0.3, 0.5]), (b,[0.3, 0.5]),(0,[0.2, 0.7]}.
It is easily verified that S is an anti-vague filter of A and satisfy the conditions
(1) and (i) of proposition 3.2.
Proposition 3.4 Every anti-vague filter S of BL- algebra A is order preserving.
Proof: Let S be an anti-vague filter of BL-algebra A.
Then, we prove that if x < y,then Vg(x) = Vs(y) forall x,y € A.

From (ii) of the proposition 3.2, we have,

ts(y) < max{ts(x = y), ts(x)}
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= max {ts(1), ts(x)},
[From (iii) of proposition 2.2]
Also, we have 1 — fo(y) < max{1 — fs(x » y),1 — fs(y)}.
From (i) of the proposition 3.2, we have tg(1) <ts(x)and 1 —fs(1) <1 —
fs(x). Thus, ts(y) < max{ts(x),1— fs()}
<1-fs(y), and so
Vs(y) = [ts(¥), 1 = fs(¥)]
< [ts(x), 1 = fs(x)]
= Vs(x).
Hence Vs(x) = Vs(y). B
Proposition 3.5 Let S be a vague set of BL- algebra A, S be an anti-vague
filter of A if and only if x-(y-2z)=1implies Vs(z) <
rmax{Vs(x),Vs(y)} forall x,y,z € A.
Proof: Let S be an anti-vague filter of BL-algebra A.
Then, from (ii) of the definition 3.1, we have
Vs(z) = rmax{Vs(z —» y),Vs(y)} forall x,y, z € A.
Now, Vs(z = y) < rmax{Vs(x = (y = 2),Vs(x)}.
If x - (y — z) = 1, then we have
Vs(z = y) < rmax{Vs(1), Vs(x)} = Vs (x).
So, Vs(2) < rmax{Vs(x),Vs(y)}.
Conversely, since x - (x » 1) = 1 forall x € A.
Then V5(1) < rmax{Vs(x),Vs(x)}
= Vs(x).
On the other hand, from (x = y) = (x = y) = 1.
It follows that Vi (y) < rmax{Vs(x — v),Vs(x)}.
From the definition 3. 1, S is the anti vague filter of A.m

From (i) of the proposition 2.2, and the proposition 3.5, we have the
following.
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Corollary 3.6 Let S be vague set of BL- algebra A, S be an anti vague filter of
Aifand only if x *y < z or y x x < z implies Vs(z) < rmax{Vs(x),Vs(y)}
forall x,y,z € A.
Proposition 3.7 Let S be a vague set of BL- algebra A, S be an anti vague filter
of Aifandonly if (i) x < y,thenVs(x) = Vs(y),

(i) Vs(x *y) < rmax{Vs(x),Vs(y)} forall x,y, € A.
Proof: Let S be an anti vague filter of BL- algebra A. Then, from the
proposition 3.4, wehave x <y, Vs(x) = Vs(y).
Since x*y<x=*y and corollary 3.6, we have Vg(x*y) <
rmax{Vs(x), Vs(y)}.
Conversely, let S be a vague set and satisfies (i) and (ii). For all x,y,z € A, if
x *y < z, then from (i) and (ii), we get Vg(z) < rmax{Vs(x), Vs(y)}.

From corollary 3.6, we have S is an anti vague filter. m

Proposition 3.8 Let S be a vague set of BL- algebraA. Let S be an anti vague
filter of A. The following holds for all x,y,z € A4,

(i) If Vs(x = y) = Vs(1), then Vs (x) = Vs(y),

(ii)  Vs(xVvy) =rmax {Vs(x), Vs(y)},

(i) Vs(x * y) = rmax {Vs(x), Vs(¥)},

(iv)  Vs(1) = rmax{Vs(x), Vs(x ™)},

(V) Vs(x = 2) < max {Vs(x = y),Vs(y = 2)},

(Vi) Vs(x-y)= Vs(xxz - yx2),

(vii) Vs(x->y) = Vs((y = 2) = (x = 2)),

(vii)) Vs(x =) 2 Vs((z > x) = (2> y)).
Proof: (i) Let S be an anti vague filter of BL- algebra A.
Then, from the definition 3.1, and since Vg(x — y) = Vs(1).

We have Vs(y) < rmax{Vs(x),Vs(x = y)}
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= rmax{Vs(x), Vs(1)}
= Vs (x).
Thus, Vs(x) = Vs(y).
(i) SincexVy>=xandxVy=>y.
From the proposition 3.4, we get Vs(x vV y) < rmax{Vs(x),Vs(y)}.
From the definition 3.1 we have
Vs(x Vy) < rmax{Vs(x = (x Vy)), Vs(x)}
= rmax{Vs((x - x) V (x - y)), Vs(x)}
= rmax{Vs(x - y),Vs(x)}
< rmax{rmax{VS(y - x- y)), Vs(y)}, VS(x)}
= rmax{rmax{Vs(1), Vs(y)}, Vs(x)}
= rmax{Vs(y), Vs(x)}
= rmax{Vs(x), Vs(y)}
Hence, Vs(x VvV y) = rmax {Vs(x), Vs(¥)}.
(i)  From (ii) of proposition 3.7, we have
Vs(x * y) < rmax{Vs(x), Vs ()}
Since x * y = x V y, proposition 3.4, and (ii), we have
Vs(x xy) = Vs(xVy)
= rmax{Vs(x), Vs(y)}.
Thus, Vs(x * y) = rmax {Vs(x),Vs(y)}.
(iv) From (iii), we have rmax {Vs(x), Vs(x7)} = Vs(x * x7) = Vs(1).
Therefore, V(1) = rmax {Vs(x), Vs(x7)}.
(v) From (iii) and proposition 3.4, since (x = y) * (y = z) < x - z,
we get Vs((x = y) * (y = 2)) = Vs((x - 2),
rmax{Vs((x > ), Vs(y = 2))} 2 Vs((x - 2).
Therefore, we have Vg(x = z) < rmax {Vs(x = y),Vs(y = 2)}.
From the proposition 2.2 and (i) of proposition 3.7 we can prove (vi), (vii) and

(viii) easily. m
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Proposition 3.9 Let S be a vague set of BL- algebra A, S be an anti vague filter
of Aifand only if (i) Vs(1) < Vs(x),

(i) Vs ((x > (v = 2) = z) < rmax{Vs(x), Vs ()}
forall x,y, € A.

Proof: Let S be an anti vague filter of A. By the definition 3.1, (i) is straight

forward.
Since, Vs ((x - (y- z)) - Z) < rmax {VS ((x - (y- Z)) - (y-

2)).Vs»)}. (3.)
Now,wehave (x = (y—=2) > (y—=>2z)=xV(y—>1z) =>x.
Vs((x = (y = 2)) = (y = 2)) < Vs(x). [from the proposition 3.4] (3.2)
Using (3.2) in (3.1), we have Vs((x = (y = 2)) = 2) < rmax{Vs(x),Vs(y)}.
Conversely, suppose (i) and (ii) hold.
Since Vs(y) = Vs(1 = y)
=Vs(((x=>y) > (x->y)~Y)
< rmax{Vs(x - y),Vs(y).
From (i), S is an anti vague filter of A. m
Proposition 3.10 Intersection of two anti vague filters of A is also an anti
vague filter of A.
Proof: Let U and W be two anti vague filters of A.
To Prove: U n W is an anti vague filter of A.
Forall x,y,z € Asuchthatz < x - y,thenz - (x - y) = 1.
Since, U, W are two anti vague filters4, we have Vy(y) <
rmax{Vy(z),Vy(x)} and Vi, (y) < rmax{Vy,(2), Vy, (x)}.
That is,ty(y) < max {ty(z),ty(x)} and
1-fu() <max{l - fy(2),1 - fy(x)}, tw(y) < max{ty (2), tw(x)} and
1— fw() < max{l - fiy(2),1 - fiy (x)}.
Since, tyaw (y) = min{ty (), tw ()}
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< max {max{ty (2), ty(x)}, max{ty (2), tyy (x)}}
= max {max{ty(2), tw(2)}, max{ty (x), tw (x)} }
= max {max{tynw (2), tynw (%)} }
and 1 — fyaw (¥) = max{1 — fy,(y), 1 — fw ()}
< max {max{1 — fy(2),1 - fy(x)}, max{1 - fiy (2), 1 — fw (x)}}
= max {max{1 — f;(2),1 — fiy (2)}, max{1 — fy;(x),1 —
fw ()} }
= max{max{1 — fynw(2), 1 = funw ()} }.
Hence, Vyaw () = [tunw ), 1 = fuaw (] < rmax{Vyaw (2), Vyaw ()}
Thus U N W is an anti vague filter of A. m
Corollary 3.11 Let R; be a family of anti vague filters of A, where j € I, I isa
index set, then N ;¢; R; is an anti vague filter of A.
Note: Union two anti vague filters of BL- algebraA need not be an anti
vague filter of A.
Proposition 3.12 A p- vague set and zero vague set of a BL-algebra A are anti
vague filters of A.
Proof: Let S be a p-vague set of BL-algebra A, and S be an anti vague filter of
A.
Then, from the proposition 3.4, we have if x < y, then Vs(x) > Vs(y) for all

x,y,€ A.

To prove: Vg(x * y) < rmax{Vs(x),Vs(y)} forall x,y, € A.

Now,ts(x * y) = p = max{p, p} = max {ts(x), ts(y)} 3.3)

and  1— fs(cxy) = p = max{p, p} = max {1 - f5(x),1— fs(} for al
x,y,€EA (3.4)

From (3.3) and (3.4), we have Vs(x * y) < rmax{Vs(x), Vs(y)}.

Thus, p- vague set is an anti vague filter of A.

Similarly, we prove zero vague set is an anti vague of A. B
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Theorem 3.13 Let S be a vague set of BL-algebra A, S be an anti vague filter
of A if and only if the set S, o is either empty or a filter of A for all p,o €
[0, 1], where p < 0.

Proof: Let S be an anti vague filter of BL-algebra A and S, ) # @ for all
p,o € [0, 1].

To prove: S, ) is a filter of A.

If x <yandx € S ). From the proposition 3.12, we have Vs(y) < Vs(x) <
[p,o] forall x,y € A.

Thus,y € S(, q)-

If x,y € S0, then Vs (x) and Vs(y) < [p, o].

From (ii) of the proposition 3.7, we have V(x * y) < rmax{Vs(x),Vs(y)} <

[p, ol.
Thus, x *y € S(,q). Hence S, ) is a filter of A.

Conversely, if for all p,o € [0, 1], the set S, 4 is either empty or a filter of
A.

Let ts(x) = py, ts(¥) = p2, 1 = fs(x) = 0y and 1 — f5(y) = o3

Put p = max{p,, p,}and ¢ = max{l — 01,1 — 0, }.

Then, ts(x) , ts(y) < p and 1 - f5(x),1 - fs(y) < 0.
Thus, Vs(x) and Vs(y) < [p, 0], thatis x,y € S o).

Thus, S(,q) # 0.

Hence, by the assumption S, ) is a filter of A.

To prove: S is an anti vague filter of A.

Ifx <y ts(x)=pand1 - f;(x) = 0.

Thenx € S, 5.

Since, S, q) isafilter,y € S, ), thatis, Vs(y) < [p, o]. (3.5)
Since, S, q isfilterof A, x*y € S, .
Thatis, 9s(x * y) < [p,o] forall x,y € A
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= [max{p, p,}, max{l — 03,1 — 6,}]

= rmax{[ts(x), 1 = fs(], [ts(), 1 = fs(¥)]

= rmax{Vs(x), Vs(y)} forall x,y € A. (3.6)
From (3.5) and (3.6), S is an anti vague filter of A. &
Note. The filter S, + is called a vague-cut filter of BL- algebra A.

Proposition 3.14 Let S be an anti vague filter of BL-algebra A. Then S, is
either empty or a filter of A for all p € [0, 1].

Proof: Let S be an anti vague filter of BL-algebra B. Then from the theorem

3.13, the proof is obvious. &

4. Conclusion

In the present paper the notion of an anti-vague filter in BL- algebra
with suitable examples are studied. Also investigated some related properties
with the help of more implication of an anti-vague filter of BL-algebra.
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Abstract

In this paper, alpha, beta and gamma product of two fuzzy soft
graphs are defined. The degree of a vertex in these product fuzzy
soft graphs are determined and its regular properties are studied.
Keywords: alpha, beta and gamma product of fuzzy soft graphs,
degree of a vertex, regular properties.
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1. Introduction

Graph theory is used to model various types of relations that exist in
different fields of physics, chemistry, medicine, electrical network, computer
science such as networking, image processing etc. Whenever the information
provided is imprecise, uncertainty exists. Molodtsov [1] initiated the concept
of soft sets to deal with uncertainty. A. Rosenfeld [2] developed the theory of
fuzzy graphs in 1975 based on fuzzy sets which were initiated by Zadeh [3] in
1965. Maji et al. [5,7] presented the definition of fuzzy soft sets and applied it
in decision making problems. Later many researchers progressively worked on
these concepts and developed it. Operations on fuzzy graphs were
demonstrated by J. N. Mordeson and C. S. Peng [6]. Akram and Saira Nawaz
[8,11] introduced fuzzy soft graphs, studied some of its properties and applied
these concepts in social network and road network. Shashikala S and Anil P N
[12,15] discussed connectivity in fuzzy soft graphs and studied hamiltonian
fuzzy soft cycles. A. Pouhassani and H. Doostie [13] studied degree, total
degree, regularity and total regularity of fuzzy soft graph and its properties.
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Regular fuzzy soft graphs and its related properties are studied by B
Akhilandeswari [16]. Shovan Dogra [10] studied some types of fuzzy graph
products such as modular product, homomorphic product and determined its
degree of vertices. Union and intersection of fuzzy soft graphs and some of its
properties are studied by Mohinta and Samanta [9]. Fuzzy soft theory provides
a clear picture of the problems that allows parameterization finds applications
in many areas. Recently, it is used to represent the oligopolistic competition
among the wireless internet connection providers in Malaysia by Akram and
Saba Nawaz [17].

In this paper, some products of fuzzy soft graphs namely alpha, beta and
gamma products are defined and degree of a vertex in these products are
determined and its regular properties are studied.

2. Preliminaries

Definition 2.1: [11] A fuzzy soft graph G over a graph G™: (v, E)is a triple
(F,K, A) where:

a) A is a nonempty set of parameters

b) (F, A) is a fuzzy soft set over V

c) (K, A) is a fuzzy soft set over E
d) (F(e;), K(e,)) is a fuzzy graph on G Ve, e A
i.e. K(e,)(xy) <min{F(e,)(x), F(e,)(y)} forall e, € Aand X,y V.

Definition 2.2: [14] The underlying crisp graph of a fuzzy soft graph Gis
denoted by G” :(F*, K*) where F" = {x eV :F(e)(x) >0 for somee e A} ,
K" = {(x, y) eV xV 1K (e)(x,y) >0 for somee, e A}.

Definition 2.3: [8] Let G be a fuzzy soft graph on G™. The degree of a vertex
xis defined as deg: (x) =D D K(e)(xy).

geA yeV,y=#x
Definition 2.4: [8] ] G is said to be a regular fuzzy soft graph if (If(ei), R(ei))
is regular fuzzy graph for all e, € A. If (If(ei), R(ei)) is a regular fuzzy graph
of degree k for all e, € A then G is a k-regular fuzzy soft graph.

Definition 2.5: [4] The degree d_.(x)of a vertex v in Gis the number of
edges incident with x.
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In this paper, we assume that G": (v, E) of any fuzzy soft graph G is finite and
simple.
Notation: Let G, : (F,,K,,A) and G, :(F,,K,, A,) be two fuzzy soft graphs.

The relation lzl(ei)z Rz(ej)for all e <A, e €A means that
F.(e)(X) 2K, (e;)(e) VxeV,,ecE,where F, is a fuzzy soft subset of V,
and K, is a fuzzy soft subset of E, .

3. Alpha product (o - producty, Beta product
(8- producty@nd Gamma product (y - producty0f Fuzzy
soft graph

Definition 3.1: Let G,:(F, K, A) and G,:(F, K, A,)be two fuzzy soft
graphs on G, and G, respectively. The a — product
G,xG, : (FxF, Ky xK;, A x Ay) is defined as follows:
(F,xF,): A x A, > FS(V, xV,) by
('51 x Ez)(eilej)(xkyl) = El (&) (X ) A IE'2 (e;)(y,) Ve, e A ey e Ay XY, €V, szand
(K, xK,): A x A, - FS(E, xE,) by

F(@) (%) A K, (&) (MY) i % =X, 1Y, € E,
N F, (ej)(yl)i\ Kl(ei)(xkxnl_) if y, =Y. XX, €E
F (&) (y) AR, (8)) (Vo) A K (&) (X Xy) if XX, € By,

-~ _ - ylyn & EZ
F (&) (%) A F(e)(x,) A K, (ej)(ylyn) if x.x, & E,

yl yn € EZ

(KyxKy) (8) (% ¥) (% Y,) =

Definition 3.2: Let G,:(F,.K,,A) and G,:(F, K,,A,)be two fuzzy soft
graphs on G, and G, respectively. The S — product
61;562 ;(Elﬁﬁz,@;;zz,Alez) is defined as follows:
(|51>;|52):A1><A2—>FS(\/1><V2)by

(ﬁléﬁz)(ei:ej)(ka): 'EJ_ (ei)(xk)/\ﬁz (ej)(yl)vei GA1!ej €Ay XY, Elevzand
(}’<‘1§[<”2):A1XA2 —> FS(E, xE,) by
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Fo(&) (x) AR (&) (%) AK, (8) (ViYa) if X =X,
_ N _ YiYn €E,
F, (ej)(yl)/\Fz (ej)(yn)/\Kl (&) (XXn) 1f Y =Y,
X X, € E
lzl (&) (XXn) A I22 (ej)(yl Y if xx, € E,, vy, €E,

(K K:) (e €) (43) (%nYn) =

Definition 3.3: Let G,:(F,.K,,A) and G,:(F, K,,A,)be two fuzzy soft
graphs on G, and G, respectively. The y — product
G, xG, : (F,xF,, K, xK,, A x A,) is defined as follows:
(F,xF,): A x A, - FS(V, xV,) by

(FxF,) (6,8) (4 ) = Fy (&) (X ) AF; () (v)) Ve, € A e, € Ay, X, Y, €V, xV,and
(K, xK,): A x A, > FS(E, xE,) by

F(@) (%) A Ky (€)(MY,) i % =%, 1Y, € E,

Ez (ej)(y|)A51(ei)(Xka)~if Yi = Yo XXy € B

F (&) (x) AR (&) (X,) A K, (ej)(ylyn) if X, # X,

- ~ - Yi¥n € B

F, (ej)(yl)/\ F, (ej)(yn) AK (&) (XXy,) 1Ty, # Y,

~ _ X X, € E,

K, (&) (X Xp) A K, (ej)(ylyn) if XX, € E,, VY, €E,

(KixK,) (&:8) (%) (%nYy) =

G,:(F,K, A) and
G, :(V,,E,)respectively such that
Vi ={X,, %}, E, ={xx,}, Vo ={Y1, Y2, ¥a}s E, ={y.¥., ¥2¥s }
A, ={e }where i=1,2 and A, ={e;}where j=3,4. Let
(., A).(E, A), (K, A)and (K,,A,)be represented by the following Table
1.

Example 3.4: Consider two fuzzy soft graphs
G,:(F,,K,,A)on G, :(v,,E,)and

F, X, X, F, Yy Ys Ys
e, 0.4 0.6 e, 0.3 05 0.8
¢, 0.7 05 e, 05 0.6 0.7
K, XX, K, AR Y,V
e, 0.1 e, 03 0.4
e, 0.3 e, 0.4 05

Table 1 : Tabular representation of two fuzzy soft graphs

230




Some studies on products of fuzzy soft graphs

0.3 . 0.5
x1(04) o - e x2(0.6) x1(0.7) & * x2(0.5)
el a2
Fig.1.G,
y1(0.3) v1(0.5)
03 04
y2(03) 04 ¥3(0.8) ¥2(0.6) 05 ¥3(0.7)
e3 e4
Fig.2.G,
x1y1(0.3 03 x1y2(04) 04 x1y3(0.4)
0.3
03 0.3
0.3
0.3
x2y1(0.3) 0.3 x2y2(0.5) 0.4 x2y3(0.6)
el,e3
Fig.3.G, xG,
o
x1y1(0.3) x1y2(0.4) x1y3(0.4)

x2y1(0.3) x2y2(0.5) x2y3(0.6)

el,e3

Fig.4. 61§62
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x1y1(0.3) 03 x1y2(0.4) 0.4 x1y3(0.4)
03
03
0.3 03 0.3
03 03 0.3 03
x2y1(0.3) x2y2(0.5) x2y3(0.6)
el,e3

Fig.5.G, xG,
Ve

4. Degree of a vertex in Alpha product («- product)
of two fuzzy soft graphs and its regular
properties

Theorem 4.1: Let G, : (F,,K,,A) and G, : (F,,K,, A,) be two fuzzy soft graphs on
G, :(V,,E))and G, :(V,,E,) respectively. If F,(e,)>K,(e,)andF,(e,)> K, (e;)

then deg ¢, (4, 1) =[L+d_. (x)]leildg, (yo) +[1+d . (v,)]e;|dg ()

Proof: degs & (%, ¥.)= . > (le:Rz)(ei,e,-)(lel)(Xzyz)

(e.6))eA (Xy1)(Xpy2)eE

= Z Zﬁ(ei)(xl)AKZ(ej)(y1y2)+ Z lez(e,-)(yl)A Rl(ei)(x1x2)+

GEA X=X &EA  Yi1=Y,
ejehy 1Y€k, ejeh, X Xef)

> S Re)() AR (E)(,) AK (€)% %,) +

g EeA  XXeEy
ejehy Y1Y2Ep

> S Re)0) ARE) ) AK, €)(V1Y5)

g A XXo2E;
ejehy V1Yr€E,

=3 DKy + Y. YK EIx)+ Y DK (e)(xX,) +

&EA X=X & A V1=, & €A XX€eE
ejeA, Y1Yq€E; ejehy XXefy ejehy V1Y, 2E;
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> YK E)MY,)

e A XX2E
ejeAy 1Y€k,

&[dg, (1) +[ej|dg (x) +[e;[d_ . (v1)dg (x)+feifd . (x)dg, (1)
=[1+d . ()] [dg, () ++d . (v2)]le;ldg (x,)
This is true for any vertex (X;,y,)in élxéz with IE1 > }Zz and IE2 > Kl.

Theorem 4.2 : Let G, and G, be two fuzzy soft graphs on G,” : (v,,E,) and
G, 1 (V,,E,) respectively. If F,(e;) <K, (e;)and F,(e,) is a constant function

with lzl(ei)(xk):c VX, €V, then
deds g, (% y) =clei[le;[d - (VI+d . (x)]+fes dg (6)IL+d . (v,)]

Proof: Given F,(e,) <K,(e;) then F,(e;)>K,(e;). Fi(e)(x,)=c Vx €V,
forany (x,,y,) eV, xV,
degs . (¥ = >, > (KpxKy)(ee)(xY,) (x,Y,)

(ei.6j)eA (xqy1)(Xpy2)eE

- Z lel(ei)(xl)/\ RZ(ej)(ylyZ)—i— Z lez(ej)(yl)/\Rl(ei)(xlx2)+

&EA  X=X; &eA V1=V,
ejeh, Y1Y€E; ejehy X Xp€fy

> S R(e)() AR (€)(,) A K (€)% X,) +
SR es,

> TRE))ARE)G) AK,E)(Y.Y,)
g €A XX2E;
ejeh, YiYq€E;

:Z ZI‘El(ei)(Xl)-i-z Z}Zl(ei)(xlxz)"'z Zkyl(ei)(xlxz)-i_

& EA X=X, &eA V=Y, & €A XXp€E
ejehy Y1Yr€E; ejehy X XpeE; eiehy YiYr2E,

> Y F(e)x)

g €A XX 2E;
ejehy 1Yr€E,

=[eld ) 2 Fe)06) + ey [0, 00 + s A, - ()0 () +

yfd, (%) X Re)(x)d - (1)

g eA

233



Shashikala S and Anil P N

=le;|dg - (v2) clei]+[e;|dg (x) +[e j\dG;C (¥1)dg (%) +[e j\dqc (x)cleldg - (v)
= cleifle;|dg (y)R+d_. ()] +]es[dg ()I+d . (v,)]

Theorem 4.3 : Let G, and G, be two fuzzy soft graphs on G,” : (v,,E,) and
G, :(V,,E,) respectively. If F, (e;) <K,(g)and F,(e;) is a constant function
with lzz(ei)(yl):m vy, €V, then

degs ¢, (% Y1) = mlei|fe;|d- (x)IL+ d_ . (vl +eildg, (y)[L+d . (x)]
Proof: Given IE2 (e;) < Rl(ei)then Ifl(ei) > Izz(ej)

dege . (0w y)= D X (KixKy)(ee)04y:) (xys)

(e.6))eA (xy1)(Xpy2)eE

= z leil.(ei)(xl)/\lzz(ej)(ylyZ)_i_ Z Zﬁz(ej)(yl)/\}Zl(ei)(xlxz)+
GeA X=X &EA  Vi=Y,
ejeAy Yiy2€E, ejehy XX€ky

> S Re)() AR (E)(,) AK (€)% %,) +

& eA  XXeE;
ejehy N1Yo2E,

> SR () ARE) (%) A K, (€,)(Y,)
g eA XX 2E;
S ATE )

=3 SKe)ny)+ Y. DRE))+ Y DFR(e)(y)+

&eA X=X & A Vi=Y, & eA  XXeE
ejeAy Y1Yq€E; ejehy XXefy ejehy N1Y¢2E,

PN ACHIAD)

g eA XX eE
ejehy 1Yok,

elds, (v2) +[e[dg- 00) D@y, +[efd_(v2) Do () (y)d- () +
ejeh, 2 ejeh,

lefd . (x)dg, (1)

=mley[Je; dg- (x)IL+d_ . (vl +feifdg, (v)R+d . (x)]

Theorem 4.4 : Let G, and G, be two fuzzy soft graphs on complete graphs
G, :(V,E))and G, :(V,,E,)respectively. If Ifl(ei)z Izz(ej)and
Fo(e;) 2 Ky(e) then degs s (x,¥:) =le|ds (v1)+[e;[dg ()

Proof:deg: o (X, y)= . > (|ﬁ<~1>a< K,) (€,8)) 04 Y1) (X,Y,)

(&.ej)eA (XY1)(X2Y2)eE

= SRE))AKENWY) Y. DR E)(:) AK (8 )(xX,) +
geA X=X &A1=y
ejehy Y1Yr€E; ejehy X Xp€E)
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S SR ) AR (E)(,) A K (8)(X,X,) +

g eA X XeE
ejcA, 1Yok,
> SRE)0) AFE) (%) A K, (8))(Y.Y,)

&N  XXeE;
ejeAy N1Yo<E,

=Y KDY+ Y TKe)Xx)+ Y DK (e)(x%)+

&EA X=X &A1=V, G EA  XX€E
ejehy Y1Y€E, ejehy XX eE; ejehy V1Yr¢2E,

PN ACHIAD)

eeA  XX2E
ejeAy 1Y€k,

=[1+d . ()] [dg, () +1+d_ . (v2)]e;[dg (x)

=[e;|dg (v.) +‘ej‘dél (x,) (since G,"and G,"are complete graphs)

Theorem 4.5 : Let G, : (F,,K,,A) and G, : (F,,K,, A,) be two fuzzy soft graphs
on regular graphs G, :(V,E)and G, :(V,,E,)respectively. If
Izl(ei) > Rz(ej)and IE2 ()= Izl(ei) then C~;1 ffé? is a regular fuzzy soft graph
if and only if G, and G, are regular fuzzy soft graphs.

Proof: Let G, and G,be regular fuzzy soft graphs of degree k and
k,respectively. For any vertex (x,y,) €V, xV,,

degs g, (% y)) =[L+d_. (x)]leifdg (y) +[1+d_ . (y)lle;|ds (%) (From
Theor;m 4.1)

deg g, (% ¥) = 1+
This is true V(x,y,) €V, xV,

Hence, C~51 ;<(§2 is a regular fuzzy soft graph.

Tlek, +[1+|E,°

]

&k,

Conversely, Let G,xG, be a regular fuzzy soft graph. For any two vertices
(lel) and (X2 y2) in Vl ><V2 ,
dEQG‘lxéz (X]_; yl) = degélxéz (XZ’ yZ)

[1+d . 0)]leildg, (1) ++d_ . (y)]les[dg ()
=[1+d_. (x)]le|dg, (v2) +[L+d_..(y,)]e;|dg (x;) (From Theorem 4.1)

Fix xeV,, consider (x,y;)and (x,y,)in V,;xV,,
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[L+d_. 00l fdg, (v) +R2+d_ (v)]ey[dg, 00
=+ d . 0Tl [dg (v,) L+ (v2)][e;|ds ()
S[L+d (]efdg (v,) =1+ d_. (0)]eilds, ()
=dg (v,)=dg (¥2)

This is true for all vertices of V, . -. G, is a regular fuzzy soft graph.
Fix yeV,, consider (x,y,)and (X,y,)in V, xV,,

[+d . ()lleilds, () +IL+d_ . (9)]]e;|dg, (x)
=[1+d_. (x)]lelds, () +L+d_ . (1)][e|dg (x)
=[Lrd_ (]e;lds () =[L+d . (N]e;[dg (x,)
=dg (%) =dg (x;)

This is true for all vertices of V,. .G, is a regular fuzzy soft graph.

Theorem 4.6 : Let G, and G,be two fuzzy soft graphs on complete graphs
G, :(V,,E,)and G, :(V,,E,)respectively. If lfl(ei) > Izz(ej)and
F,(e;)>K,(e,) then G,xG, is regular if and only if G, and G,are regular

fuzzy soft graphs.
Proof: Let G, and G,be regular fuzzy soft graphs of degree k and

k,respectively. Let G,”and G, are complete graphs.

degs .5 (%, Y1) =lei[dg, (1) +‘ej‘d(51 (x,) (From Theorem 4.4)
This is true V(x,y,) €V, xV,

Hence, (31 ><(§2 is a regular fuzzy soft graph.

Conversely, Let élxéz be a regular fuzzy soft graph. For any two vertices
(lel) and (XZ y2) in Vl XVZ !

degélxcSZ (x,y) = degélxéz (X5, ,)

l&i|dg (v2)+fe;|ds (%) =ledg (v,) +[e;|ds (%)

Fix xeV,, consider (x,y,)and (x,y,)in V,xV,,

le:ldg, (v2) +[e;|ds (0 =[ei|dg (v,)+[e;|ds (%)

= dg (¥1) =dg (¥,)
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This is true for all vertices of V, .. G, is a regular fuzzy soft graph.
Fix yeV,, consider (x,y,)and (X,y,)in V, xV,,

leilds (V) +e;|dg (x) =le|dg (v)+[e;|ds (x,)

= dél (%)= dé‘l (X2)

This is true for all vertices of V,. .G, is a regular fuzzy soft graph.

Theorem 4.7 : Let G, and G,be two fuzzy soft graphs on complete graphs
G, and G, respectively then Glxéz becomes a Cartesian product of fuzzy

soft graphs.
Proof: By the definition of alpha product of fuzzy soft graphs, for any two
vertices (xy,)and (x,y,)in V, xV,,
Fi () () A Ky (6)) (11Y2) 1 % =%, 1y, € B,
_ F, (ej)(yl):\ K. (ei)(xlxz) if y1=Y,%X, €E
F, (e)) () AF, (8)) (Vo) AK (&) (X,%,) if XX, € Ey,
N N N V1Ye € B,
Fo(e) (X)) AF () (X)) A K, (ej)(ylyz) if x,x, ¢ E,,
V.Y, € E,

(K, xKy) (608)) (4Y,) (%, ;) =

Since G, ’and G, are complete graphs,
Fo(e) () A K, () (V1Y) if X =X, .Y, € E,
F, (€;) (y.) A K (&) (X %,) if Yy =Y,,XX, € E
= (KyxK,) (6,€;) (Y1) (%, ¥2) = (K, x K,) (81,€,) (%, Y) (X, Y.)

is a Cartesian product of G, and G, .

(K xK;) (€,8)) (%, 5) (%,Y2) :{

Theorem 4.8 : Let G, and G,be two fuzzy soft graphs such that
Izl(ei)s Rz(e,.). Letlzl(ei) be a constant and G, is a complete graph then
(31;552 is regular fuzzy soft graph if and only if G,is a regular fuzzy soft
graph and G, is a regular graph.

Proof: Let Izl(ei)(xk):c VX, €V,

Given Ifl(ei) < Kz(ej)then IE2 ()= Kl(ei). Let G, be a complete graph.

From Theorem 4.2,

degs ¢, (% Y1) =Cli[le;[dg - (y)[+d . )]+ ey dg ()4 d . (v,)]

= cleile;|do. (v) +fe;[dg 06) +fesfd . (v)dg (%)
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Let G, be a regular fuzzy soft graph with degree m and G,"is a regular graph of
degree n.

degg g, (%, V1) = c|ei”ej‘n+‘ej‘m+‘ej‘dez*c (y,)m

]

Hence, élxéz Is regular fuzzy soft graph.

:|ei”ej‘cn+‘ej‘m [1+‘E2C

Conversely, assume that (31 §§2 is regular fuzzy soft graph.

d99@1:@2 (%, Y1) = deggl:‘gz (X5, Y,)

c|ei|\ej\dez*(y1)+\ej\dél (x1)+\ej\dG;c (¥1)dg (%) +\ej\dqe (x)cleld - (v,) =
cleillesldg- (v2) +les dg () +es[d . (v,)dg (%) +[ej|d . (x,)clei|d, - (y2)

Fix xeV,, consider (xy,)and (xy,)in V, xV,,

cleles[dg - (v2) +fes[dg GO+ (y)l=clei[le;[dg - (v,) +]es[dg O+ _ . (¥)]
This is true when degree of all vertices in G,” as well as in its complement are
equal. Hence, G,” is regular.

Fix yeV,,

c|ei|\ej\d62*(y)+\ej\dél(x1)[1+ d_.(y)]= c|ei|\ej\dGz*(y)+\ej\dél(x2)[1+ d_.(y)]
= dél(xl) = d(;‘l (X2)

Hence, G, is a regular fuzzy soft graph.

Theorem 4.9 : Let G, and G,be two fuzzy soft graphs such that
Izl(ei)é Rz(e,.). If élxéz, G, are regular fuzzy soft graphs, G,” and G, are
regular graphs then ZE(ei)(xk) is same for all k=1,2,3.....

geA
Proof: Let G, be a regular fuzzy soft graph of degree m, G,"andG," are regular
graphs of degree s and n respectively.
Given F,(e;) <K, (e;)then F,(e;) > K,(g;). Using the definition of G, xG,,

degs.c (y)= 2 X (KixKy)(ee)(xy:) (es)

(&.ej)eA (Xy1)(XY2)eE
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:z Z|El(ei)(xl)+z ZR1(ei)(X1X2)+Z Zﬁl(ei)(xlxz)_i_

&EA X=Xy €A V1=V, & €A XXeE
ejeAy Y1Y2€E; ejeAy XXef ejeh, Y1Yo2E;

> S RE) ) ARE)(X)

&N XXeE,
SR AZE

e;ld: (yl)egﬁ(ei)(xl>+\e,-\d@1(xl>+\e,-\d6f (y)dg (%) +lesld (%) dg - (v,)

=\e,-\de;<y1>e§ﬁ(ei)(x1)[1+dG;c (6)1+[eldg (<)I1+d . (v,)]
Since él zézl is a regular fuzzy soft graph,

dege, ., (4, 2) =deg g, (%, ¥2)
\e,—\de;(yl)eZAﬁ(ei)(xl)[ude (4)]+[ejldg ()I+d . (v)]=
\e,-\de;(yz)e§ﬁ(ei)(x2>[1+dqc ()1 +[esldg (x)I+d . (v,)]
‘ej‘ne%;llzl(ei)(xl)[l+ d_. (x)]+e;|mlL+ d_.(y)]=

DN ACHICS e d, (X,)1+ e[ mfL+ d_ . (y.)]

g eA
=L, nZIEl(ei)(xl)[1+dG*c(xl)]:‘ej‘nZﬁl(ei)(Xz)[l+d . (x,)1(Since G, is
geA ' Gch >
regular) _
= Y R(e)) =D F(e)X)
g &eA

Theorem 4.10 : Let G, and G,be two fuzzy soft graphs such that
Isz(ej)g Kl(ei). If élxéz, G, are regular fuzzy soft graphs, G, and G," are
regular graphs then Zﬁl(ej)(yl) is same forall 1=1,23...

BJEA21
Proof: Proof is similar to the proof of theorem 4.9.

Theorem 4.11 : Let G, and G,be two fuzzy soft graphs with
Izz(ej)s Rl(ei)and Izz(ej):cthen élzézis a regular FSG if and only if
G, and G,"is a regular graph and G, is a regular FSG.

Proof: Given IEZ(ej) =c, Since Izz(ej) < Rl(ei), IEl(ei) > Rz(ej).

Let G,be a regular FSG of degree m, G,” and G, are regular graphs of degree
n and p respectively.
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From Theorem 4.3,
degs ., (%, 1) =clei[es[dg. (x)IL+d_ . (y)I+elds ()L +d_.(x)]

ejfi+d, . (y)l+mlefi+d . ()]

= élxéz is a regular FSG.

=ncC

el

Conversely, Let él xéz be a regular FSG.
degélxéz (le yl) = degélxéz (X21 yz)
cleylesld; )L+ )]+ fds, (Y)IL+d_ (x)]=
clelesld; L+ ()1 +[elds, (V) I+ d_ ()]
Fix xeV,,
cleles[ds; Ol+d_ . (vl +[elds (y)IL+d . (x)]=
cleylesdg- O+ (v)]+feilds, (v)lL+d . (0]
=dg (y)=dg (v)and d_.(y)=d_.(y.)
— G, is aregular FSG and G, is regular.
Fix yeV,,
cleylesld CO+d_ ]+ ldg, (NIL+d_. (x)]=
cleile;ldg )1+ d_ . (DI +[eilds (NI+d_. (x,)]
= de; (x) = dG; (x,)and de;“ (x) = def (%,)
This is true when G, is regular.
Theorem 4.12 : Let G, and G,be two fuzzy soft graphs where G, is a
complete  graph. If Izl(ei) and Izl(ei) are constant and
F.(e;) < K, (e,) thenG, xG, is a regular FSG if and only if G,is regular and
G, is a regular graph.
Proof: Let Izl(ei): IZl(ei):cand Glxéz be regular.
Given F () <K, (e;), F.(e;) 2K (&)
deQ@lxéz (X11 yl) = degélxéz (Xz , yz)
Using the result of theorem 4.9,
l&y]dg (v2) DR (€))L . (x)T+[ej]dg (x)L+d . (¥)]=
e 1 2
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le,[dg - (v2) D R ) 0D+ (x,)1+]e [ds (%)L+d_.(y,)]
geA 1 2
le,]dg - (v0) 2o Fi@)(x) +[e [dg )IL+d_ . (y)]=
e e 2
\ej\dG;(yz)zﬁl(ei)(xzmej\dél (x)IL+d_..(y,)] (Since Gis a complete
gen 2
graph)
Given F,(e,)=cC
CleiIdG;(y1)+d@1(><1)[1+d6;c(yl)]=CleiIdG;(y2)+d@1(xz)[1+de;c(yz)]
Fix xeV,,
CleiIdG;(y1)+d@1(X)[1+dG;c(yl)]=Cleilde;(yz)+d51(><)[1+d6;c(yz)]
=g, () =dg-(y)and d_.(y)=d_.(y.)

This is true only when G, is a regular graph.
Similarly, fix yeV,,
= d(gl (Xl) = dé1 (Xz)
= G, is regular FSG.
Conversely, Let G,and G, be regular with degree m and n respectively.

degs s, (4, Y1) =[)]dg - (v) DR (€)()IL+d_. ()] +]e,|ds (x)L+d_c(v)]
“ e eA 1 2
= ‘ej ‘n|ei|c+‘ej‘m(1+ p)

Therefore, (31 xéz is a regular FSG.

5. Degree of a vertex in Beta product (- product) Of

two fuzzy soft graphs and its regular properties
Theorem 5.1: Let G, and G,be two FSGs on complete graphs G, and
G, respectively.

i) If Ki(e)<K,(e;) then degs s (,¥:) =[e;|d (x)d - (:)
B

i) If K,(e;) <Ki(e) then deg o (x,,y:)=leildg (v:)dg- (%)
Y]

Proof: deg; & (x,¥;)= > > (~1>5R2)(ei,e,-)(lel)(XZYz)
s

(&.e))eA (Xy1)(XY2)eE

=Y ZRE0W)ARE)0)AKE)0Y)+

g A X #X,
ejehy YiYr€E;
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> SR (e)(:) A FL(e)(Y2) A Ky () (X,X,) +

& EA  N17Y,
ejehy XX €E;

> 2 KE)06X) A K, (8) (1Y)
R et
I) For any vertex (xY,) €V, xV,

Since G, and G, are complete graphs, we have

deg 5 CRAEDD N ACH CEAIN HCHICAD)
feh e
Given Izl(ei)g Rz(ej)
degglxgz (X1, Y1) = z Zﬁl(ei)(xlxz)
s ec X X €
elje":iz Yiyzzelélz
=g dg (x)d - (v:)
ii) deg 5 (XL Y1) =D, ZK ()0 %,) A K, (8,)(Y1Y,)

g eA  XXeE
ejeA, Y1Yq€E,;

Since K 2 (8 )<IZ (&)
degs g, (% Y1) = Y YK ()Y,

g eA  XXeEy
ejehy N1Yo<E,

:|ei |d(§2 (Y1)dGl* (X1)

Theorem 5.2: Let G, :(F,.K,,A) and G, :(F,,K,, A,) be two fuzzy soft graphs
on G, :(V,,E,)and G, :(V,,E,) respectively. If
Izl(ei)z Izz(ej)and Izz(ej) > IZl(ei) then
i) If K (e,)<K,(e;) then
degs s, (4, Y1) =fej|dg (I . (v)) +dg - ()l +eild . (x)d (¥:)

B 2 1
i) If K, (e;) <K,(e;) then
degs ¢, (x4, Yi) =leifds, (v)Id . (%) +dg. (x)1+e;|d_. (v)dg (%)

B 1 2
Proof: degs o (%.¥)= D, > (KixK;)(e,)(4Y.) (%Y,)

B

(ee)eA () Ooy)eE P
= Z ZFl(ei)(Xl)/\ F(e)(X;) A Kz(ej)(y1Y2)+

gehA  XEXy
ejeA, Y1Yq€E;
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S S R(e) () AR (8))(Y) A K (6)(X X, ) +
e eA V17,
ejehy X Xpefy

3 DK (60 %) A K, (8))(Y,Ys)

& A  XXeE
ejehy Yiy,€E

i) Given Ifl(ei) > Rz(ej)and Ifz(ej) > Rl(ei). Also Kl(ei) < Izz(ej)
degglzgz (Xllyl) = Z ZKZ(ej)(ylyz)_i_ Z ZKl(ei)(Xlxz)

& €A X #Xp & eA  V1#Y,
ejehy Y1Yo€E, ejehy X Xpely

3 DK (E)(xx,)
g A XX eE
ejeh, Y1Yq€E;
=le[d_ . (x)dg, (v)+lgs[[d  (y1)dg () +]ej|dg (x)d - (v2)
=les[dg, (I (v2) +dg - (y)l+feild . (x)d (v,)
ii) Given Ifl(ei)z Rz(ej), Ifz(ej) > IZl(ei)& Izz(ej) < Kl(ei)
degglzgz (Xllyl) = Z ZKZ(ej)(ylyz)_i_ Z ZKl(ei)(Xlxz)

& €A X #Xp A 17y,
ejehy Y1Yo€E, ejehy X XpeEy

DN ACHIAD)

g N XXeE
ejehy Y1Yr€E,

=Jei[d . (x)dg, (1) +le; [« (v)dg () +leildg, (v,)d- (%)
=Je[ds, (V)Id . (%) +d - ()T +e |d . (v)dg ()

Theorem 5.3: Let G, :(F,,K,,A) and G, :(F,,K,,A,) be two fuzzy soft graphs
on G, :(V,,E))and G, :(v,,E,)respectively. If F,(e,) <K, (e,)andF,(e)is a
constant function with F(e)(x)=c vx, €V, then

degs, s, 04 Y1) =[ey[dg 0T - () +dg - (vT+clelfeld - (0)dg ()

Proof: degs s (%, V)= > > (~1§R2)(ei1ej)(xlyl)(x2y2)
B

(e.ej)eA (xi¥1)(X2Y2)<E
Using the given conditions,

=3 SRE)F Y DK+ SR E)(XX,)

& EA X #Xp &eA  V1#Yp &eA  XXeE
ejeAy 1Y€k, gjeA, X Xpek; ejeh, Y1Yq€E;
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degs.., (% ) =Jeifed . (x)dg - (vo)les[ +lesldg (4)d . (v2) +[ej|dg (x)d - (3:)

=le;ldg (x)Id_ . (v0)+dg - (v)l+cle e d_ (x)d - ()

Theorem 54: Let G, and G,be two FSGs on G, :(V,E,)and
G, :(V,,E,) respectively. If F,(e;) <K, (e;)and F,(e;) is a constant function
with IE2 (e))(y))=m vy, €V,then
deg; ¢, (% Y1) =leidg, (YOIA . (%) +d - ()1 + feifle;md . () (x)
B 1 2
Proof: degs s (%, V)= . D (KoxK,) (e e)) (%, Y:) (X,Y,)
B

(e.ej)eA (xy1)(XY2)eE
Using the given conditions,

=Z Zkz(ej)(Y1y2)+z Zﬁz(ej)(yl)"'z Zﬁz(ej)(y1y2)

& EA  X#Xp &N V12Y, & eA  XXeE
ejeAy Y1Yq€E; ejehAy XXek e, Y1Yq€E;

=le[ds, (v2)d . (%) +les|md . (y))d- (x)fei|+leildg, (v)d - (%)
=leildg, (Y (%) +d - (x)1+ e g md . (v,)d - (x,)
Theorem 5.5: Let G, and G, be two FSGs on complete graphs G, and

X
B

G, respectively. él>/§62 is a regular FSG if and only if G,and G, are regular.

Proof: Let G, and G,be regular FSGs with degrees m and n respectively. Let
G, and G,” be complete graphs with degrees p and q respectively.
deQélxéz (X, 1) = Z Z (KyxK;)(e,€;)(x Y;) (X, Y,)

B

(e.ej)eA (xi¥1)(X2Y2)<E A

=3 SR ) (%) A K, (8))(:Ys)

g eA  XXeE|
ejehy 1Yo<E,
Case (i): If K,(e,) <K, (e;) then
G,xG, (Xl’ yl) = Z Z R1 (ei)(xlx2)
Y

g A XXeEy
ejeA, 1Y€k,

ds (%)d,- ()

=lejlma

deg

élfgéz is a regular FSG.
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Case (i): If IZZ(ej)s Kl(ei) then
deg(gl;gz(xl’yl): Z ZKZ(ej)(ylyZ)

g eA  XXeEy
ejehy 1Yok,

=[eiJdg, (v)d - (%)
=feilnp
C~51>/§(§2 is a regular FSG.
Conversely, Let (31 >ﬂ<(§2 be a regular FSG.
d99§1:§2 (X, Yy) = degglégz (X3, Y2)
Case (i): If K, (e,) <K, (e;) then
ley]dg (x)dg - (v2) =e;|dg (x.)d, - (v)
Fix xeV,,
dg (), (¥2) =dg () - (¥,)
=d . (y)=d - (v,)
-G, is a regular graph.
Fix yeV,,
dg (x)dg - (y) =dg (x,)d - (¥)
= d(gl (%)= dé‘l (X;)

~.G, is regular.

Case (ii): Similarly for Kz(ej) < Kl(ei) ,we get G, and G, as regular.

Theorem 5.6: Let G, and G,be two FSGs and G,” is a complete graph and G,”
is a regular graph. If Izl(ei) > Rz(ej), IE2 ()= Kl(ei)and Kl(ei) = Rz(ej) then
éﬁ;@ is a regular FSG if and only if G, is a regular FSG.

Proof: Let G, be a regular graph of degree p and G, is a complete graph. Let

Ki(e)=K,(e)) =c, F(e) =K, (), F(e,) 2 Ky (e).
Let us assume that G, is a regular FSG of degree m.

Using the definition of degree of a vertex in beta product of FSGs and the

above conditions, we get
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degél;(gz (Xl’yl): Z Z IZz(ej)(y1Y2)"' Z Z|ﬂ<~1(ei)(xlxz)+ Z lel(ei)(xlxz)

&EA  X#Xp & A V17Y, &eA  XXpeE
ejeA, Yi1Yq€E; ejeAy XXpeEy ejeA, YiYq€E;

= lel(ei)(xlxz)+ > Zﬁl(ei)(xlxz) (Since G," is a complete graph)

&EA Ni#Yp &eA  XXeE
ejehA, XX€E ejchy YiYyo€Ey

ej\dezﬂ (v2)dg (%) +[e;|dg (x)d - (v,)
= lds, (g () +d_ . ()]

:‘ej‘m[p+s]

Gl>ﬂ<f§2 is a regular FSG.

Conversely, Let él>[§§2 be a regular FSG, G, is a regular graph of degree p
and G, is a complete graph.

degs g, (%, ¥:) =deg 5 (%;.¥:)

= Jejldg (x)[dg - (v1) +d_ . (v)]=g;[dg () - (v,) +d . (¥)]

= le;|dg () [p+t1=|e;|ds (%,)[p+t] where d_.(y)=t

= dg (%)=dg (x,)

~.G, is regular.

Theorem 5.7: Let G, and G,be two FSGs and G,”is a complete graph and G,”
is a regular graph. If Izl(ei) > Rz(ej), IE2 ()= Kl(ei)and Kl(ei) = Rz(ej) then
§l>;§2 is a regular FSG if and only if G, is a regular FSG.

Proof: Proof is similar to the proof of Theorem 5.6.

Theorem 58: If G, and G, are two regular FSGs with
F.(e)=K,(e,),F,(e;)>K,(e;), G and G, are regular but not complete
graphs, then beta product of two FSGs G, and G, is a regular FSG.

Proof: Let G, and G, be regular FSGs with degrees m and n respectively. Let
G, and G,” be regular graphs of degrees p and q respectively and suppose that

G,” and G, are not complete graphs. Let F,(e,) > K, (e;), F,(e;) > K, (e;).
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degs,q, Cuy)= 2 3 (KixKp)(ee) () (x:.)

(ej.ej)eA (xi¥1)(X2Y2)<E
Case (i) : Assume that G, and G, are isomorphic graphs. Let
K. (&)= Kz(ej) =C
degélxgz (X, Y1) = Z Z Fu(e)(x) A F(e)(X,) A Kz(ej)(ylyz) +
Y/

6N X #X
ejeAy Y1Yq€E;

> S (e (:) AR (8))(Y,) A Ky (6)(X X, ) +
& eA Yi#Y,
ejehy X Xo€f;

Z Z Rl (&) (X, %;) A IZ2 (ej )(Y1Y,)

g €A XXeE
ey YiYo€E,

= Z z K2 (ej)(ylyz) + Z Z lzl(ei)(xlxz) + Z Z R1(ei)(X1X2)
& EA  X#Xp & EA Y17y, & eA  XXef
ejehy V1Yr€E, ejeh, XX ef ejehy 1Y€k,
=[eifd_ - 0)dg, (y)+[e;|d . (v1)dg () +[ej[dg (x)dg - (v:)
:‘ej‘m (q+s)+|ei|sn (Since G,” and G, are regular graphs of degree p and g
and are isomorphic, de*° (x)= dG <(y)=5)

Gl>/§G2 is regular.

Case (ii) : Assume that G,” and G, are not isomorphic but are regular graphs
of degreespand g .

By the definition,

degél;éz (Xl!yl): Z ZKz(ej)(y1y2)+ Z ZKl(ei)(X1X2)+
& EA X #Xp &EA  N1*Y,
ejehy Y1Yo€E, ejehy X X€E;

Z ZRl(ei)(XlXZ)Alzz(ej)(ylyz)
chehe et
If Ky(e) <K, (),
degél;éz (X1’y1)= z zgz(ej)(y1y2)+ Z ZKl(ei)(X1X2)+

G EA X#X GEA Yi#Y,
ejchy YiYyr€E, ejehy X Xp€E;

Y KiE)(xx,)

g N XXeE,
ejehy Y1Yo€E

=[e;dg 0Idg () +d_ . (y)I+e[dg, (y)d . (x,)

=le;|mla+t]+[ens
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C~5'1>ﬁ<c'§2 is regular.
If K, (e)) <K (e),
deQé‘l;@z (Xl!yl) = Z lez (ej)(yly2)+ Z zlzl(ei)(xlxz)"'

& EA X #Xp &eA  V1#Y
ejeA2 Y1Yo€E, ejeA2 XX, €y

3 3K, (6)(Ys)

g eA  XXeEy
ejeAy 1Y€k,

=[eilds, (V)Idg: () +d_. )]+ fes[dg (x)d . (3:)
=[e;[n[p+s]+e;|mt

Gl>ﬁ<G2 is regular.

6. Degree of a vertex in Gamma product

(- producty OF two fuzzy soft graphs and its regular
properties

Theorem 6.1: Let G, and G,be two FSGs on complete graphs G, and

G, respectively and F,(e) > K, (e;),F,(e;) > K,(e,)

) If K, (g)<K,(e;) then

degs, s, (04 ¥s) =[es[dg, )+ (v)]+ e fde, (1)

i) If K, (e;) <K,(e;) then

degs g, (%1 Y1) =le|[dg, (y)IL+d, . (x)1+[e;|ds (%)

Proofl: Given Ifl(ei) > Kz(ej), IE2 (e;)= Rl(ei).For any vertex (xY,) eV, xV,,
degs,c Cuy)= 2 3 (KixKy)(e,e)(uy) (x:2)

(& .ej)eA (Xy1)(XY2)eE

- Z zlzl(ei)(xl)/\lzz(ej)(ylyz)"‘ Z lez(ej)(yl)/\ IZl(ei)(xlxz)Jr

GEA X=X &A1=y

ejeA2 YAZE=N ejeA2 XX, €Ey
z ZFl(ej)(Xl)/\ Fl(ei)(xz)/\Kz(ej)(ylyz)+
G EA X #Xy

ejehy Y1Y,€E,

S S R (e)) () AR (6))(Y,) A K ()(xX,)

& €A Y17y,
ejehy XXefy
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S ST (8) (%, %,) AK, (8,)(V1Y,)
SR ies,

i) Given K, () <K, (e,;),
deds g, (X, 1) = 2. DK, )M+ Y DK (6) (% X,) +

GEA X=X &eA V1=

ejehy 1Y€Ey ejehy XXeky
Z sz(ej)(y1Y2)+ Z ZK1(ei)(X1X2)+ Z ZK1(ei)(X1X2)
& EA X #Xp &eA  V1#Yp & €A XX€eE
ejeAy N1Yq€E, ejeh, X XpekE ejehA, Y1Yq€E;

Since G, and G, are complete graphs,

=Y KDWY+ Y DK E))+ Y DK (e)(x%,)

g e X=X, e Y=Y, g A XX eE,
ejehy YiYeE; ejehy X Xpef) ejehy Y1YeE;

degs, g, (%, Y2) =[e;[dg (%) +le[ds, () +fes dg (x)dg - (3:)
=le;|dg (x)RL+d - (v)I+[eldg ()

ii) Given K, (e;) <K, (e;)

degéﬁ@ (Xl’yl): Z z (KljRz)(ei'ej)(xﬁl)(xz)/z)

(&.e))eA (Xy1)(XY2)eE

= Z ZRl(ei)(X1X2)+ Z zlzz(ej)(ylyz)"‘ Z Z lzz(ej)(ylyz)

&eA  N1=Y; &EA X=X & €A XXeE
ejeh, X XeEy ejeh, Y1Yq<E; ejehy 1YzeE;

degéljéz (%, Y;) =[e;|d & (x)+leilds (v.) +[eJdg, (v.)d,- (%)
=[e[dg, (y)IL+d- (x)]+[e;|ds (%)
Theorem 6.2: Let G, and G, be two FSGs on crisp graphs G, and
G, respectively and F,(e) > K, (e;),F,(e;) > K,(e)
) If K,(g)<K,(e;) then
degs,., (% Y2) =6 Jdg (L0 (y) + - ()] fefdg, (y)+d ()]
i) If K,(e;) <K,(e;) then
degs,., (% Y1) = ldg, (y)+d () + e ()l +fes[dg O)l+d (3]
Proof: Given F,(g,) > K, (e,), F,(e;,) 2K, (&)
) If K, (e;) <K,(e;) then
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Using the definition of degree of G,xG,
V4

degs s ()= 2 X (KixKy)(e.e)(y:) (%Y,

(&.ej)eA (Xy1)(XY2)eE

=3 KDY+ Y DK E)xX)+ > DK, (e)(v.Y) +

&EA X=X &eA V=Y, & EA X #Xp
ejehy Y1Yr€E; ejehy X Xpef; ejehy Y1Y,€E,

3 SR E))+ Y K (E)0%,)

&GEA V1#Y, G EA X X€E
ejehy X XpeE) ejehy Y1Yo€E,

degs ., (. ¥) =les|dg (<)IL+d . (v)) +dg - (v)]+elds (v)IL+d . (x,)]
i) If K, (e;) <K,(e;) then
dege.q, (uy)= > X (KixK;)(eng)(6y) (x.Ys)

(e8))eA (1) (XpYz)eE r

= Z ZKz(ej)(y1y2)+ Z ZK1(ei)(X1X2)+ Z ZKz(ej)(y1y2)+
BEA X=X & A V=Y, G EA  X#X
ejeA, Y1Yq€E; ejeAy XXpeEy ejeAy N1Y2€E,

PIEDIN OV RIS INPITACH (A%

degs,., (% 2) = ldg, (Y)L+d () + e (o)l +fes[dg O+ d (3]
Theorem 6.3: Let G, :(F,.K,,A) and G, :(F,,K,, A,) be two fuzzy soft graphs
on G, and G, respectively. If Izl(ei) < Izz(ej)and Izl(ei) is a constant function
with F(e)(x)=¢ VX, €V, then
degs (% Y1) =[e|dg CML+d . (y:) +dg - (vl +clefos[d - (v L+ d . ()]
Proof: Given Izl(ei)s Rz(ej) then ﬁz(ej)z IZl(ei), IZl(ei)s Kz(ej)and

F(e)(x)=c
By the definition,

degélxéz (X1’y1)= Z ZE(ei)(X1)+ Z Z}Z1(ei)(x1xz)+

& EA X=Xy & eA V1=V,

ejeh, Y1Y€E, ejehy X Xpefy
z ZFl(ej)(Xl)/\ F(e)(x,)+ Z zKl(ei)(X1X2)+ Z zKl(ei)(Xlxz)
GEA X #X GEA Y17, G EA  XX€E
ejehy Y1Yr€E, ejehy X X€E, ejehy V1Yr€E,

250



Some studies on products of fuzzy soft graphs

degs .c, (%, Ya) =85 dg - (v) Do Fi(e)(x) +[e [ds 0) +eiled . 0u)d - (v)le [+
4 e 1
lejfdg, (x)d_ . (v2) +le|dg (x)d - (1)
=Jej|dg (R+d_ . (v)+dg - (v)]+cleeldg - (y)lL+d . (x)]

Theorem 6.4: Let G, :(F,,K,,A) and G, :(F,,K,,A,) be two fuzzy soft graphs
on G,"and G, respectively. If F,(e;) <K, (e,)andF, (e,) is a constant function
with IE2 (e;)(y,)=c vy, €V,, then
degs g, (%, Y1) =[ei[dg, (y)IL+d . (x)+d- (x)1+cle e dg. (x)IL+d ()]

Proof: Proof is analogues to the proof of Theorem 6.3.

Theorem 65 : Let G, and G,be two fuzzy soft graphs with
Isl(ei)sﬁz(ej)and F(e)(x)=c Vx, eV, then élxéz is a regular FSG if
Y

and only if G, is regular, G,"and G, are regular graphs.
Proof:  Given ﬁl(ei)(xk):c : Izl(ei)sﬁz(ej), Izz(ej)zﬁl(ei)then
K.(e;)<K,(e,). Let G, be a regular FSG of degree m, G,’and G, are

regular graphs of degree p and q respectively.
degélxéz (Xllyl): Z Z (K1>7<KZ)(ei'ej)(lel)(XZyZ)

(e.65)eA (xqy1)(Xpy2)eE

Using Theorem 6.3,
=Jejfdg (R+d_ . (y2)+dg - (v +cleeldg - (v)lL+d_(x)]

=‘ej ‘m [1+‘E2C ]

+|E2|]+c|ei|‘ej‘p[1+‘ElC

él>;§2 is a regular FSG.

Conversely, Let Gl >7<C'§2 be a regular FSG.

deggljgz (X, Y,) = degél;{;z (X5, Y,)

lesldg, (O (1) +dg - (vl +clees[dg - (v)L+d . (x)]=

=lej[dg (I (¥2) +dg- (v)l+clefe fdg - ()l (x,)]
Fix yeV,,
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lesldg, (O (1) +dg - (N]+cleres|dg - DI+ . (x)]=
=lej[dg, ()1+d . (v) +dg - (V)]+cleifes|dg - (NR+d . (x,)]
= dg (%) =dg (x;)and d_.(x)=d_.(x,)

i.e. G, and G,” are regular.
Fix xeV,,

[ O+d_ () + - ()] +clefeld - (L+d_ ()] =
=lej|dg COR+d_ . (v2)+dg- (vl +cleile;[dg - (v)L+d . (X)]
This holds good when dsz (y)= dG; (y,)and de;° (y)= de;° (y,)

= G, is regular.

Theorem 6.6: Let G, and G,be two FSGs on complete graphs G, and
G, respectively. If F,(e)>K,(e,) and F,(e;)>K,(e)then G,xG, is a
e

regular FSG if and only if G, and G, are regular FSGs.

Proof: Let G, and G, be regular FSGs of degree m and n respectively. Given
F.(e)>K,(e,) and F,(e;)>K,(e;), G and G,” are complete graphs of

degree p and g respectively.
From Theorem 6.1,

i) If K (e)<K,(e;) then
degs . (%, ¥:) =[e;|ds CIL+d, - (v)]+felds, (v)
=[e;|m[L+q]+[e[n
élxéz is a regular FSG.
/4
i) If K, (e,) <K,(e;) then
degs s, (%, Y1) =leildg, (y)[L+d - (x)]+e; dg ()
=[e;n[1+ p]+[e;|m
élxéz is a regular FSG.
/4

Conversely, Let G, xG, be a regular FSG.
V4
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degéljéz (X, ¥,)= degé};éQ (X,,Y,)
For K,(e)<K,(e,),

‘ej‘dél(xl)[1+ de - (y)1+lelds, (v) :‘ei‘dél(xz)[“ d,.- (v)]+[elds (v.)
Fix xeV,,

‘ei ‘dél ()L+ dG; (y)l+e, |d§2 (Y1) :‘ej ‘dél O+ dG; (y)]+e, |d(§2 (y,)
Since G, and G,  are complete graphs, we get déz (y,) = déz (y,)

~.G, is aregular FSG.

Fix yeV,,

le)]dg )L+ - (DI+[e|dg, (v) =le;|ds O)IL+d - (DI+[eilds, (v)
=dg (%) =dg (X;)

~.G, is aregular FSG.

i) For K, (e;) <K,(e;), similar process is followed and we get G,and G,
as regular FSGs.

Theorem 6.7 : Let G, and G,be two FSGs with F,(e;)<K,(e;)and
Izz(ej)(yl):c vy, €V, then élxéz is a regular FSG if and only if G, is
4

regular, G, and G, are regular graphs.
Proof: Proof is similar to the proof of Theorem 6.5.

7 Conclusions

In this paper, different products of fuzzy soft graphs are defined and
demonstrated with some examples. The degree of a vertex in these product
FSGs under some conditions and the regular properties associated with it are
analyzed. When fuzzy soft graphs are very large these formulas will play a
major role which helps in studying some of its properties.
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In this study, a deterministic mathematical model of Typhoid fever
dynamics with control strategies; vaccination, hygiene practice,
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stability in terms of the control reproduction number, R, with
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a forward bifurcation and the sensitivity analysis conducted revealed
the most biological parameters to be targeted by policy health
makers for curtailing the spread of the disease. The optimal control
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1. Introduction

Typhoid fever is a life-threatening infection that is usually caused by
Salmonella enteric serovar Typhi (S. Typhi) and Salmonella enteric serovar
Paratyphi (S. Paratyphi, that is Paratyphi A, B, and, uncommonly is S. Paratyphi
C) [1]. Typhoid fever has been a public health challenge globally. However, the
disease is endemic in most developing countries in Africa and South-East Asia
where potable clean water, sanitation and hygiene are either grossly inadequate
or non-existent.

The transmission of S. Typhi and S. Paratyphi occur through the
consumption of contaminated food or water resulting from inadequate
environmental sanitation and hygiene practices [2]. People that are clinically ill
from typhoid fever and those who have recovered from it pass out the bacteria
in their stools (carriers) and urine [3]. A chronic carrier sheds Salmonella
Typhoid more than 12 months after onset of illness. Human beings are the only
known reservoir of Typhoid and the mode of transmission happens through food
and water contaminated by acutely ill or chronic carriers of the bacteria [4].

Vaccine can be taken to prevent Typhoid fever but does not provide long-
term immunity [5]. On the other hand, educating travelers moving to typhoid
endemic regions on the importance of sanitation and hygiene precautions as well
as vaccination will help immensely to preventing the rapid spread of Typhoid
disease [4].

Mathematical models of infectious diseases are used to test and compare
various intervention strategies especially when there are limited resources [6].
In controlling Typhoid fever, several mathematical models have been
formulated. For instance, Mushayabas [7] considered the impact of education
campaigns and treatment on the dynamics of Typhoid fever and Abboubakar
and Racke [8] carried out a human and bacteria model without considering
hygiene practice and individuals protected through vaccination in the
population, while Karunditu et al. [9], Peter et al. [10], Nyerere et al. [11], Peter
et al. [12], Edward and Nyerere [13], Kgosimore and Kelatlehegile [14] and Aji
et al. [15] considered only human population without factoring in the bacteria
concentration in the contaminated food and or water. Tilalum et al. [16], Okolo
and Abu [17], Peter et al. [18], Abboubakar and Racke [19] and Awoke [20]
studied the optimal control of typhoid transmission with control measures. None
of the aforementioned works studied the combined control measures such as
vaccination, hygiene practice, screening of carriers and sterilization of the
bacteria in the environment as autonomous or non-autonomous system of
equations. This study will bridge these gaps and form a novel contribution to the
existing body of knowledge on the subject matter.

Peter et al. [10] forms the motivation of this work. They considered
Protected, Susceptible, Infected, Treated and Recovery model without the
bacteria concentration and the effect of screening of infected carriers and
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hygiene practice on transmission dynamics of Typhoid fever. They assumed that
the protected class belongs to only individuals that have been vaccinated before
entrance into Typhoid endemic population and also optimal control and
numerical simulation were not considered in their work. Modifying the work of
Peter et al. [10], we consider Protected, Susceptible, Infected individuals,
Carriers, Recovery and Bacteria concentration model in which some susceptible
individuals are protected through vaccination and population practices hygiene
which reduces the transmission rate. Hygiene practices which include safe
water, sanitation and personal hygiene are crucial in preventing and controlling
the spread of Typhoid. In addition, the screening and treating of carriers who
are silent spreaders of the disease due to their asymptomatic nature and the
sterilization of bacteria concentration in the immediate environment are also
important in elimination of typhoid fever in the population. This work will be
the first to consider sterilization of the bacteria concentration as a control
measure for typhoid fever. Also, the sensitivity analysis for the prediction of
appropriate intervention strategies for the control of typhoid fever spread and
the optimal control analysis are carried out in this work.

Therefore, a modified version of the work of Peter et al. [10] is formulated
in Section 2 and a comprehensive mathematical analysis of the model in Section
3. The sensitivity analysis and optimal control strategies of the Typhoid fever
dynamics are considered in Section 4 while the numerical simulations and
discussion are given in Section 5. Section 6 is the conclusion of the work.

2. Model description and formulation

In this section, the work of Peter et al. [10] is modified by considering
human population (infected carriers) as well as bacteria concentration. The
human population at any time, t is subdivided into five subpopulations namely;
protected population, P(t), susceptible population, S(t), infected population,
I(t), carrier population, I.(t) and recovered individuals, R(t). The bacteria
concentration is represented by B.(t). In this study, the protected population,
P(t), are susceptible individuals that are vaccinated and individuals coming in
from the population that is not at risk of Typhoid fever into typhoid fever
endemic population. Infected population, I(t), are infected individuals that are
showing symptoms of the disease and are capable of spreading the bacteria in
the environment while carrier population, I.(t), represents asymptomatic
infected individuals that are treated but still carrying the Salmonella Typhi.
Recovered individuals, R(t), are individuals who have recovered from the
disease by treatment or natural immunity.

The protected population, P(t), of the proportion, « € (0,1) is increased by
birth or immigration at a rate, A, and also from susceptible individuals that are
protected through vaccination at a rate, n. The protected population loses
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immunity when the vaccine wanes at a rate, y. The susceptible population is
increased at a rate, (1 — a)A, of the unprotected population through birth or
immigration and also from recovered population, R(t), after losing their
temporary immunity at a rate, ¢. Susceptible population contract typhoid disease
through food, water or environment contaminated by Salmonella bacteria as a
result of inadequate hygiene practice measure at a rate, (1 — p)A and progress

to infected population. Here, A = Kii; is the force of infection, g is the ingestion

c

or consumption rate of the contaminated food, water or environment, K is the
carrying capacity of the bacteria in food, water or environment and p € (0,1) is
the hygiene practice control measure. Infected individuals progress to carrier
class at a rate, o while some infected individuals recovered fully by treatment
at rate 7, or they die of the disease (bacteria) at a rate, d. Carrier class, 1.(t),
recovered by natural immunity at a rate, 7, or by early treatment when they are
screened at a rate, W with 6 as the treatment rate. The natural death rate, u is
assumed for all the human population.

For the bacteria concentration, B.(t), in the environment, they increased
through the shedding from Carriers and symptomatic population, I.(t) and I(t)
at the rates, m; and m, respectively. The shedding rates, m; and m, are reduced
by p, the level of hygiene practice the infected populations, I.(t) and I(t),
observed. The bacteria decays in the environment at a rate, ug.. We assume that
there is no human to human transmission but rather human aids in shedding the
bacteria in the environment or contaminating the environment; neither there is
immigration of infectious humans. Also, disease induced death does not occur
in carrier class since they are asymptomatic, that is before the bacteria can cause
death, it must have progressed to symptomatic stage. The systematic diagram of
model is given in Figure 1.

ol (1-o)A

¥P

5 (- p)is

uP us

s -
ALa- pi -7
/ -
s P

p)lc

HeeBe

Figure 1. The systematic diagram for Typhoid fever model.
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The system of differential equation is derived using the Figure 1 as follows.

ap
dt
as
dt

= aA + nS- (y + P )
=1-a)A+VYP+ dR-(n + p+ (1 —-p)A)S
% = (1—-p)AS-(c+71,+ u+dl

> 1)
% =ol- (t, + YO+l

Z—f =70+ (1, + YOI, - (n + d)R
dB,
& m,(1—p)l+m (1 —-p)lc — upB; ),

with initial conditions, P(0) > 0, S(0) > 0, I-(0) = 0,1(0) = 0, R(0) = 0,
B-(0) = 0, where A= (Ii% and the model parameters are assumed to be
nonnegative.

3. Mathematical Analysis of the Model

3.1 Invariant Region

Invariant region is a region where the model solutions are uniformly
bounded.

Theorem 1. All feasible solutions of the model are uniformly bounded in a

proper subset D = Dy X Dg_, where Dy = {(P, S LIcR) €RY:N(D) < /—:} is
[(2 + ”1)(1—P)]A} is

UKB

a subset for human population and Dg_ = {BC ER,:B, <
a subset for bacteria concentration in environment.

Proof. The total human population, N(t) is givenby N=P +S + 1 +I. +
R with initial conditions N(0) = N, and B.(0) = B,, for the bacteria in the

environment. This implies that from equation (1) that 2—1: =A—uN —dlI.Inthe

absence of disease-induced death rate, that is, d = 0, we have dst” <A —uN

which by method of integrating factor and the initial condition, N(0) =
N, gives

N(b) < ﬁ + (No - ﬁ)e—uf. @)
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As t — o in equation (2), we have N(t) < % This means that the feasible
solutions of the model for the human population are in the region, Dy =
{(,s1L1cR) €RE:N(®) < ’—:}

For bacteria concentration since N(t) < /—: it means that I < /—: and I, < /—:
we have from the last equation of (1) that

dB. A A
ar m2(1 —p)N + (1 — p)N — pupB, < (1 —P);+7T1(1 —P);—

HBBC : (3)
Solving equation (3) with B.(0) = B, as the initial condition yields

(5 +m1)(1-p)A (my +m)(1-p)A\ _
B, < FRIROPR . (- T2TRCDR) oo, (4)

(3 +71)(1-p)A
HUB
solution of the bacterial population enters the region Dp = {BC ER,:B, <
[(z + m)(1-p)]A

HHB
Theorem 1 implies that the model is well posed mathematically and

epidemiologically. Therefore, it is sufficient enough to study the dynamics of
the model (1) in the region D = Dy X Dg_.

As t — oo in equation (4), we have B, < . Therefore, the feasible

}. This completes the proof.

3.2 Positivity of the Solutions

Theorem 2. Let D ={P,S,I,IcR, B.} € R,°be solution set such
that P(0) = Py, S(0) =Sy, I-(0) = I, 1(0) = I,, R(0) =R, and B.-(0) =
B, are positive, then the elements of the solution set D are all positive for t >
0.

Proof. From the first equation of the model equations (1), we have

dpP
S =aA+nS—( + WP=—-( + WP. ®)

Integrating equation (5) with initial conditions P(0) = P, yields
P(t) = Pje- Y+t >,

In a similar way, the rest of the equations of the model equation (1) with initial
conditions, S(0) = S,,1(0) = Iyl (0) = Io,R(0) = Ry and B.(0) = B, give
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S(t) = Spexp (fot -(n+up+(Q —p))x)) du >0,
I(t) = Iyexp{—(c+ 1, + pu+ d)t} =0,
Ic (t) = Igexp{— (1, + WO + )t} =0,
R(t) = Roexp{- (1 + $)t} =0,
B.(t) = Beoexp(— ppt) = 0.

Therefore, the solution set {P(t), S(t), I(t),I.(t), R(t), B.(t)}, of the
system (1) is positive for all t > 0 since exponential functions and their initial
conditions are positive.

3.3 Disease-free equilibrium point and Control

Reproduction Number

We compute the control reproduction number, R, which is define as the
average number of secondary cases reproduced when an infected person is
introduced into a population where control measures like vaccination, screening,
sanitation and hygiene are in place.

In obtaining this, we apply the next-generation matrix approach [21] at the
disease-free disease (DFE). The disease-free equilibrium (DFE) is obtained by
equating the right hand side of the equation (1) to zero and solve simultaneously
for the disease-free equilibrium, E, = (P°,5%,1° 12, R%, BY). We have DFE,

_ (Aapin) Aly+p(i-a)
o (u(y+r1+u)' (y+n+1) /0.0,0, O)'

By the principle of next-generation matrix approach, we have

0o o 2% ks 0 0
K
F=10 0 o | V= -0 Ky 0] (6
0 0 0 —m(1—-p) —m(1—p) ug
where
a=0-p), =G+ wWky=(m+ W, ka=@+1,+ p+d), ky=
(t; + WO+, ks = + ¢). (7)

Solving for the maximum eigenvalue of the matrix, FV =1, we have

R = aBSol(om,+m,K,)(1-p)] (8)
¢ KupK3Ky '
With the definition of equation ), we have
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_ BA-p)(y+(1-a)w)[(om1 +15(T2+ WO +1)) (1-p)] 9)

R
¢ UK pp (v +n+p) (0+T1+ ptd) (T2+ PO +p)

The control reproduction number, R, can be written as
R.=R; + R;¢, (10)

where

_  B(1-p)*m;S, _ B(1-p)?om1So (11)

I'™ kug(o+ti+ptd) T 1€ 7 Kug(t, +WO+p)(o+t1+ ptd)

denote the reproduction numbers which the infected population and carrier
population contributed respectively through their shedding in the environment.

3.4 Local stability of the disease-free equilibrium,

Ey
Theorem 3. If E, is the DFE of the model, then E, is locally
asymptomatically stable if R, < 1, otherwise it is unstable if R, > 1.

Proof. In proving this theorem, the Jacobian matrix of equation (1) at the
disease-free equilibrium, Ej is given as

-k; 7 0 0 0 0
Y -k, 0 0 ¢ %ﬁso
afSq
JEH=| 0 O - ks 0 o0 = | 2
0 0 -k, 0 0
0 0 T, (t, + WO) - ks 0
0 0 m(l-p) m(1-p) 0 —ug

The eigenvalues of the Jacobian matrix (12) are —ks and the solutions of the
polynomial

A+ A2 +BA2+CA2+DA+E=0 (13)
where
A:k1+k2 +k3+k4+|.lB,
B = (k; + kz )(k3 + kg + pp) + ka(ks + pg) + p(ky +v) + ksup(1 —R)),

C = u(ky + pup)(ky +v) +kikoks + kapg(ky +k )(1 —Ry)
+ k3kaup(1 — Re) + ka(ky + k) (ks + pp),
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D = pkzpg(ky +v)(1 —R)) + uky(ks + pg)(ky +v) + kskyppg(ky +
k,)(1 —Re),
E = p(ky; +v)kskapp(l — Re).

Using the theorem in Heffernan et al. [22], the roots of the polynomial (13) have
negative real partif A, B,C,D, E > 0. With the definition of R, in equation (10),
we have A,B,C,D,E > 0 if R, < 1. Therefore, the Jacobian Matrix (12) has
negative real eigenvalues if R, < 1. Hence, the disease-free equilibrium, E,, is
locally asymptotically stable if R. < 1. This ends the proof.

3.5 Global stability of disease-free equilibrium
Theorem 4. The disease-free equilibrium, E,, is globally asymptotically
stable if R, < 1.
Proof. We construct a Lyapunov function using the infected classes only
and this is given by

L =

[om(1-p)+m,(1-p)k,] m1(1-p) 1
I I —B. . 14
mpkaks + 19:). 9 ¢ + UB ¢ ( )

Differentiating (14) with respect to time, t, along the solutions of the model (1)
gives

dL _ (omi(1-p)+my(1-p)ky aBBc o 71 (1-p) )

—(m(1 =P +m (1= p)lc — wpBy). (15)
Expanding and simplifying (15) yields

= (s () s — 1) B, = (o — 1) Be

K
< 1, we have

Since S < S, and B0 =

dL
p < B.(R.—1).
dL . _ . dL . , )
Clearly, =< 0ifR, < 1.If B, =0, — = 0. By virtue of LaSalle’s Invariance
dt ¢ ¢ dt

Principle, the disease-free equilibrium, E,, is globally asymptotically stable
(GAS) whenever R, < 1.

3.6 Endemic Equilibrium State
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The Endemic equilibrium state E* is a state where the disease is present in
the population. At BB _d A dR_2B_ , We obtain after solving
dt dt dt dt dt dt

simultaneously that

«  kaks(Rc—1) +  Oks(Re—1) N (T1k4+0(T2 +‘P9))(Rc—1)
I = - o IC = - 4 R = 1
B B B
B = [m2(1-p)ky+omy (1-p)lks(Rc—1)
c - y

Bugp

— A(ky—aw)B+Kkq[0(t; +W0)d+dk,sti—kzkaks](Re—1)

S B(kikz—ny)

p* — aA(B(kiky—ny))+n[A(k; —ap)B+ky[o(t; +¥0)d+dk,ts —kskyks](Re—1)]

k1B(k;kz—ny) '
Then, P*,S%1%1.,R*, B, are all positive if and only if R. > 1, which
established that the endemic equilibrium state, E* = (P* S* I*,1.", R,
B.") exists for R. > 1.

3.7 Local Stability of Endemic Equilibrium State

Due to the mathematical complexity of the stability of endemic equilibrium,
the Centre manifold theory approach is used to establish the local stability of
endemic equilibrium by proving the existence of a forward bifurcation of the
system. A forward bifurcation means that the endemic equilibrium is locally
asymptotically stable if R, > 1 but near unity.

Theorem 5. The endemic equilibrium is locally asymptotically stable
whenever if R, > 1 but near unity.

Proof. Using the approach of Centre manifold theory by Castillo-Chavez
and Song [23], let 8 = B~ be a bifurcation parameter at R, = 1 so that g =

. _ Kupksky P . . .
B = Stk )] This implies that the Jacobian matrix of equation (12)

has negative eigenvalues and a simple zero eigenvalue.

The left and right eigenvectors associated with the Jacobian matrix (12) are w =
(W1, Wy, W3, Wy, ws, W) and v = (vq, vy, V3, Uy, Vs, Ug) respectively
where

_ n(kskeks—dpT1ke—ad(r, +¥O))ws

1= kaks(my—kikz) 2
kq(kskgks—dT1ks—0d(z, +¥80))ws __ows _ (T1k4+c(r2 +W9))W3
kaks(y—k1kz) P gy TS ksKs ' e
kaws m1(1-p)cvs Cv3 aBSy
V1 =V, =05 =0, =———,V = —,W3,U3 > 0,c = —.
c kaup KB
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Representing the state variables P =x;, S =x,, I = x3, [, = x4, R = x5,
B, = x4 so that the system (1) becomes Z—f =F = (fu, far f3: far 5, f)T With

fi = fi(x1, X2, X3, X4, X5, X¢), We have the non-zero second order partial
0% f3(Eo) _ a-pp” 0% f3(Eo) _ _ 2(-p)B"So 9% fs(Eo) —
9x,0x¢ k' 9xg’ k2 " 9xgd B

derivatives at E, given as

(1-p)So
—

2

We compute the coefficients, m and n as follows m = v, (sze

ax26x6
2 0%f3 _ 0%fs L
wé—=) and n = wyvs > 0. Upon substituting, we have
6x6 3x36ﬁ*

m= — k3(1—p)ﬁ*U3W32 (kl(k3k4k5—(l)T1k4—O'(l)(T2 +q"6)) 2k350) < O

ck Kyaks(k1kz—1y) ck '

k3v3(1-p)S
n:WS 33 ( p)0>0’

ck

which implies that a forward bifurcation exists. Thus, the endemic equilibrium
is locally asymptotically stable if R, > 1 but near unity. This is shown
graphically in Figure 2.

20
-~ 4
18 p;
’I
16 -
V4
e U4
_x_— 14~ //
3 12f ,’
>
2 Unstable DFE /
3 10r /
= ,l
8 8 /
“ao-’ 6 l’
= ’
U
ar U4
Stable DFE V4 Stable EE
U
2r ’
U4
0 4
0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5
R

[

Figure 2. Forward bifurcation for typhoid model.
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3.8 Global Stability of Endemic Equilibrium

The global stability of endemic equilibrium, E™, is established in the
absence of disease induced death.
Theorem 4.The endemic equilibrium, E*, is globally asymptotically stable if
R.>1andd = 0.

Proof. We construct the Lyapunov function given by

:%[(p PHY+(ES=S)+U-I)+U. -1+ (R -RH*+

(B. =B -B’ nB—C*).
Taking the derivative of L along the solutions of equation (1) yields
L=[P-P)+ S —-S)+U-I)+(U.—1 *)+(R—R*)]%(P+S

+l+ 1 +R) + (12 )ddB:
which upon substitution gives
L=[P-P)Y+(S-SD+U-1)+U.—-1.")+ (R—-R)](A
—u(P+S+I1+1,+R)—dl) (16)

+(1-59) (1 = P+ (1 = P = 1, Bo).

Substituting at endemic equilibrium,
A= H(P* +S* +I* + IC* + R*) + dl*,,uB — 1, (1-p)I
in equation (16) and simplify, we have

L'=—u[(p-p)+(s- S)+(1—1)+(1 1)+(R R)] +m,(1 -

O P [1 4= 2 =2 — - [ -

P)+(s- 5)+(1—1)+(1 1Y)+ (R-r)]. a7

L + 1 (1_f)1c*
B B

Using the hypothesis that d = 0 in (17), we have

—u[(P-P)+(5-5)+U-1)+U, -17)+ (R-R)]*+ (m,(1 = p)I*

B.*

BL‘

with = -< 1, —< 1. This implies that L < 0 since 2 —B— if* <0, by

[ [

arlthmetlc and geometrlc theoremand L=0ifP=P*,S=S5",1=1",1. =
1., R =R*and B, = B;. This means that the endemic equilibrium, E*, is
globally asymptotically stable (GAS) whenever R, > 1 and d = 0 according to
LaSalle’s Invariance Principle.
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4, Sensitivity Analysis and Optimal Control
Analysis

4.1 Sensitivity Analysis of the Model Parameters
Sensitivity analysis is used to examine the connection between uncertain
parameters of a mathematical model and a property of the observable output
[24]. 1t is used to determine the model parameters that have a great impact on
reproduction number, R, for the purpose of targeting such by intervention
strategies [25]. In carrying out the sensitivity analysis, we adopted normalized

forward index method as used by Rodrigues et al. [25] and this is given by Sfc =

%x%, where Y is the parameters reflecting in the control reproduction
[
number, R.. The sensitivity indices of R, are given in Table 2 using the

parameter values in Table 1.

Table 1. Parameter values of the model with their sources

Parameter Indexsign Sensitivity Parameter Indexsign Sensitivity

index values index values
A 100 [16] u 0.0247 [16]
y 0.33 [26] d 0.066 [30]
a 0.5 [27] m 0.9 [30]
o) 0.000904 [28] T, 0.8 [16]
o 0.03-0.05 [28] Up 0.0345 [31]
7, 0.002 [16] p 0.75 [11]
T, 0.0003 [16] 0 0.2 [16]
p 0.3 Assumed B 0.9 [16]
n 0.75 [11] K 500000 [29]

Table 2. Sensitivity index of the parameters values

Parameter Indexsign Sensitivity Parameter Indexsign Sensitivity

index values index values
y + 0.66520217 d - 0.53789731
a — 0.03617419 M + 0.161676646
o - 0.08282213 M, + 0.838323354
T, - 0.01629918 Ug - 0.999999999
T, — 0.00027716 vy — 0.138579983
p - 1.99999999 0 — 0.138579983
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From Table 2, the parameters with positive indices (4, 7,, ¥ ) indicate that
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they have impact on expanding the disease in the population if their values are

increase. Also, the parameters in which their sensitivity indices are negative
have influence in reducing the burden of the bacteria in the population as their
values increase because the control reproduction number decreases as their
values increase, which will lead to reducing the endemicity of the bacteria in the

increasing because the control reproduction number increases as their values
population.
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Figure 3. Simulations for the impact of model parameters on control

reproduction number.
According to the phase plane (Figure 3a), the value of R, decreases

drastically as p and ug increases. Also, the value of R, decreases sharply in
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Figure 3b as p increases, but the change of n has a significantly lower impact
on R.. The phase planes in Figures 3c and 3d illustrate similar results, which
shows that R, is much sensitive to ug than to n and v, respectively. Therefore,
from all cases, ug has shown to be a superior force in reducing the burden of
Typhoid fever. However, the combination of p and ug has proven to be the best
control strategy as compared to the rest.

4.2 Optimal Control Analysis

The optimal control model is formulated from system (1) when the constant
parameters, n, p, ¥, up are time dependent that is n(t), p(t), ¥(t) and pg(t)
where n(t) is vaccination control, p(t) is hygiene practice control, W(t) is the
screening control and pg (t) is the sterilization control.

The objective function to be minimized is given as

tf mun®(t) | myp?(t)
J(®, p®, WO, up®) = f,7 (1+1c +Be+ M4 T2 O,

msW2(t) . muud(t)
e ) (18)

subject to equation (1) with

n=n(t),p=pM),¥="0,us = uz(t). (19)

The coefficients, a, b, c,are the weight constants for the infected, carriers and the
bacteria concentration respectively whereas m;, i =1,2,3,4 are cost of
implementing these control measures. We assume a quadratic expression for the
costs based on literature. The control measures, n(t), p(t), ¥(t), ug(t) are
Lebesgue measurable with 0 < n(t) <09,0<p(t) <1,0<¥Y() <1, 0<
up(t) <1for0 <t <t.

We aimed to minimize the number of infectives, carriers, bacteria
concentration and their costs of implementations, that is, J(n(t)*,
p(O, PO, us(D)*) = min](rl(t), p(t), ¥P(b), uB(t)). The optimal control
pair is obtained using Pontryagin maximum principle [32]. This principle
converts equations (18) and (1) with (19) into a problem of minimizing
pointwise a Hamiltonian H with respect to n(t), p(t), ¥(t), pg(t) such that;

daj dapP as dl dl dR
H(P,S,1,1;,R,B;) = E+’11$+’125+’13E+’14d_;+’155+’16

dB¢
dt *

Thus,

269



C. E. Madubueze, R.I. Gweryina, and K. A. Tijani

2 2 2
H(P,S,1,1c, R, Bc) = (al + bl + "1 4 ’”Z’;“) + 120

+

m,pp(t)? dlc

2 )+/‘{1_+Azdt+13dt+/‘{4

d
+/15dt+/16 ¢

where 44, 1,, 13, A4, 15 andA are the adjoint variable functions.
So,

2 2 2
H= (al +bl, + cB, + ml“(t) + mz’;(t) +m3tm +m““§(t) )+

A(ah + n(OS- (v + WP) + 2, <(1 — @A + YP + R- (n() + p +

(1-p() L) >+/13<(1—p(t)) PP S_ (o471, + u+d)l>

(K+B¢) (K+B¢)
Ay(ol - (1, + YOO +w)l.) + As(te] + (7, + P(O)O)I. - (n +
$)R) + 16(7-[2(1 - P(t))l + 7T1(1 - P(t))lc — Up (t)Bc)- (20)

Theorem 5. Given an optimal control n(t)*, p(t)*, Y(t)*, ug(t)* and
corresponding state variables P, S, 1,1, R, and B that minimize the objective
function J(n(t), p(t), (), up(t)) over U, there exist adjoint functions
A1, - Ag Satistying;

A
d— = (4 — )y +pdy, )
AZ ¢
d = (AZ /11)1'](1:) + |.l/12 + (/12 /13)(1 p(t) (If_'_BB )
ats _ —a+ A3 —A)o+ (A3 —A5)ty +As(u+d) — 772(1 - p(t))AG ,
dt N > (21)
St = b+ (g — A5) (12 + W(OO) + Aapt — 1 (1= p(D) A,
A
25 = (s - /14)<1> + st
daAa,
d_t6 =—c+ (A, — 13)(1 p(t)) 1B, )( ) + Asip (D). )

(K+B )

with the transversality condition, 4;(t;) = 0,fori = 1(1)6 and the controls
n*(t), p* (t), ¥*(t)and ug (t) satisfying the optimality condition;

N = max {0,min (1, S22 \
B 1
W = max {0,min (1,422%)}
up" = max {0,min (1, 22)} . J
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Proof. Using Pontryagin maximum principle, we obtained the adjoint
equation and tranversality conditions by differentiating the Hamiltonian
function with respect to state variables P, S, 1, I, R and B respectively which
is evaluated at the optimal control functions n(t), p(t), ¥(t), ug(t). So, the
adjoint system (21) is obtained using the following derivatives

ddy _ _OH dA, _ OH dAs; _ OH dd, _ OH dAs _ _OH dds _ _ OH

dat 9P’ dt as ' dt a1’ dt  alc’dt  OR' dt 9B,

while the interior of the control set of equation (22) is obtained by solving for
n(t), p(t), Y(t), ug(t) in the respective equations
oH

0H 0H 0H
=0 —

on® _  op® ' ow(®  oup(D
This completes the proof.

The optimality system involves equation (1) with (19), equations (21) and (22).

5. Numerical Simulations and Discussion

The numerical simulations of the optimality system involving equations (1)
with (19), (21) and (22) are implemented using Runge-Kutta method with the
aid of MATLAB R2007b. The simulations are carried out to examine the impact
of the control measures on Typhoid fever.
The parameter values used for the simulations are in Table 2 while the initial ¢
onditions are from Mushanyu et al. (2018) as follows; S(0) = 10000, 1(0) =
10,1.(0) = 10,R(0) = 0,B.(0) = 100000. P(0) = 100 isassumed. The
weight constants for simulation are given as m; =9 x 107}, m, =5 X
105, m; = 7 x 10? and m, = 4 x 10°.

(@) Optimal and constant control. The importance of time-dependent control
measures is considered in Figure 3. With optimal control, a typhoid-free
population is attained within 200 days compared with constant control which
shows the endemicity of the typhoid in the population. This is achieved when
u, is at the upper bound for 150 days and u,, u; and u, are below a bound of
0.3 for 175 days before they decline to their final time. This implies that control
measures should be implemented in time to achieve a typhoid free population.
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(b) Vaccination and hygiene practices. We minimize the objective function
for vaccination and hygiene practices (u,, u, # 0,u; = u, = 0) to assess their
effect on the disease. The number of infected
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concentration are reduced when compared to without control (See Figure 5).
This is obtained when v, is at its upper bound for all the time 200 days and u,
attains a bound of 0.9 and decline after 5 days (Figure 5D). However, typhoid
disease still remains in the population.
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Figure 5. Solutions of Typhoid model for the infected state variables without
and with vaccination (u,) and hygiene practices (u,) control measures only.
W/0o means without.

(c) Vaccination and screening. We minimize the objective function for
vaccination and screening (uq, us # 0,u, = u, = 0). They reduced the number
of infected persons and bacteria concentration but not as in case (b) (see Figures
5 and 6) as the number of carriers reduces in Figure 6B than Figure 5B. This
may be as a result of screening in the combined control measures. This is
achieved when the control, u,, is maintain at the upper bound for all time (200
days) while u; decline after attaining upper bound for 110 days (Figure 6D).
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Figure 6. Solutions of Typhoid model for the infected state variables without
and with vaccination (u;) and screening (us) control measures only. W/o
means without.

(d) Vaccination and sterilization. We minimize the objective function for
vaccination and sterilization (uq,u, # 0,u, = uz = 0). The simultaneous
implementation of u; and u, reduced the number of infected persons and
bacteria concentration to zero after 70 days and 30 days respectively while the
number of carriers in the population is almost zero as at 200 days. The control,
u,, Maintains an upper bound for 200 days while u, attains a bound of 0.2 for
190 days before decline to its final time.
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Figure 7. Solutions of Typhoid model for the infected state variables without
and with vaccination (u;) and sterilization (u,) control measures only. Here,
W/0 means without.

(e) Hygiene practices and screening. We minimize the objective function for
hygiene practices and screening (u,, u; # 0,u; = u, = 0). The observed effect
is similar to case (c) except that u; attains an upper bound and declines after 70
days while u, of abound of 0.55 and declines immediately to final time. The
disease still remains endemic in the population.
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Figure 8. Solutions of Typhoid model for the infected state variables without
and with hygiene practices (u,) and screening (us) control measures only.
Here, W/o means without.

(f) Hygiene practices and sterilization. We minimize the objective function
for hygiene practices and sterilization as control measures (u,, u, # 0,u; =
u; = 0). The combined implementation of u, and u, reduces the number of
infected persons and bacteria concentration to zero after 110 days and 50 days
respectively while there is still some infected carriers in the population after 200
days. The hygiene practice u,, initially increases from 0.18 to 0.28 bound within
8 days and declines after 120 days while u, attains a bound of 0.2 for 195 days
before declining to its final time.
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Figure 9. Solutions of Typhoid model for the infected state variables without
and with hygiene practices (u,) and sterilization (u,) control measures only.
Here, W/o means without.

(9) Screening and sterilization.

We minimize the objective function for

screening and sterilization as control measures (uz, us # 0,u; = u, = 0). The
simultaneous implementation of u; and u, behaves similar as cases (e) and (f).
Here, the number of infected persons, carriers and bacteria concentration reduce
to zero after 75 days, 100 days and 45 days respectively. This is achieved when
us and u, are at bound 0.28 for 170 days and 0.19 for 190 days respectively
before declining to their final time.
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Figure 10. Solutions of Typhoid model for the infected state variables without
and with screening (us) and sterilization (u,) control measures only. Here,
W/0 means without.

(h) Three combine control measures We minimize the objective function for
three control measures that is uy, u,, uz, # 0,u, = 0 (123), uy, Uy, Uy, # 0,u3 =
0 (124), uq,us,uy, # 0,u, = 0 (134) and  uy, us, uy, # 0,u; = 0 (234). We
notice from Figure (10) that bacteria clearance reduces the number of infected
populations (I(t),1.(t)) and bacteria concentration. However, the combine
implementation of vaccination, screening and sterilization gives a better result
compared to uq, u,, u,, and uq,us, uy,, as it achieves a typhoid-free population
in shortest period of time than others.
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Figure 11. Solutions of Typhoid model for the infected state variables with
optimal control. Here, 123 means uq,u,, us; combine, 124 means u,, u,, U,
combine, 134 means u,, us, u, combine, 234 means u,, u;, u, combine.

7. Conclusion

In this study, the mathematical model of Typhoid fever dynamics with
protected human population and bacteria concentration is examined. The control
measures such as vaccination, hygiene practice and screening are taken into
consideration. The disease-free and endemic equilibrium states are both locally
and globally stable whenever R, <1 and R. > 1 respectively. The local
stability of endemic equilibrium state is established using Centre manifold
theorem in order to show existence of forward bifurcation while the global
stability is done when disease-related death rate is neglected. The sensitivity
analysis of the control reproduction number is carried out and the result indicates
that the typhoid fever disease will be controlled in the population if susceptible
people are vaccinated with high practice of personal hygiene as well as
screening of the carriers are screened and also the bacteria in the environment is
disinfect or sterilization.

The optimal control analysis is carried out for time-dependent control
functions to form non-autonomous system. The Pontryagin maximum principle
is used to establish the optimality conditions for the system. This is solved
numerically to establish that optimal control implementation achieved infection-
free population on time compare to constant control. Considering when there is
limited resources to implement all the controls together, screening and bacteria
sterilization should be adopted for two combined controls, while vaccination,
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screening and bacteria sterilization should be implemented together for three
combine controls. However, the combined implementation of all controls is
more effective in eradicating the disease from the environment. It is therefore
recommended that these preventive measures (vaccination, hygiene practice,
screening and sterilization) should be adopted by the policy makers to eliminate
the typhoid bacteria from the population.
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1 Introduction

The ideal concept in topology was developed by Kuratowski [Kuratowski,
1966].The notion of a-I-continuity was introduced in 2004 [A. Acikgoz and Yuk-
sel, 2004].The conception of nano topology was initated by L.Thivagar [Thivagar
and Richard, 2013a].In addition to that the concept of continuity, a-continuity,
kernal and clopen in Nano topology was introduced by [Karthiksankari and Sub-
bulakshmi, 2019] [Thivagar and Richard, 2013b] and [M. Lellis Thivagar and
SuthaDevi, 2017].Parimala and Jafari [Parimala and Jafari, 2018] had worked
on Nano ideals.This work aims the introduction of contra Na-I-continuous func-
tions by applying the concept of Na-I-open and Na-I-continuity in nano ideal
topology.Also this contra Na-I-continuity are compared with some existing func-
tions.Moreover, new class of functions are obtained. At every places the new
notions have been substantiated with suitable examples.Throughout this article
we use the notation NTS, NITS, N-regular, N-open, Na-open, N-clopen, Na-Cts
for Nano Topological Spaces, Nano Ideal Topological Spaces, nano regular space,
nano open, nano «-open, nano clopen, nano a-continuous respectively.Similar
notations are used for their respective closed sets.

2 Preliminaries

Definition 2.1. [M. Lellis Thivagar and SuthaDevi, 2017] Let (U, tr(X)) be a
NTS and S is a subset of U.The nano kernel of S is defined as NKer(S)=N {U : S
is a subset of U, U € Tr(X)}.

Theorem 2.1. [M. Lellis Thivagar and SuthaDevi, 2017] Let (U, Tr(X)) be a
NTS and A1, Ay C U.We have

1. x € NKer(A,) iff for any N-closed set F containing x, A, and F are disjoint,
2. If Ay C NKer(A,) and then A1= Ker(A:) if Ay is N-open in U,
3. If Ay C Ay, then NKer(A1) C NKer(As).

Definition 2.2. [Thivagar and SuthaDevi, 2016] A NTS (U, Tr(X)) along with an
ideal I defined on U is called as a NITS and is denoted by (U, Tr(X),I). Throughout
this paper U represents a NTS (U, Tr(X)) and Uy represents a NITS (U, Tr(X),I).

Definition 2.3. [Rajasekaran and Nethaji, 2018] Let (U, Tr(X),I) be a nano ideal
topological space and A C U.Then A is said to be Na-I-open if A C Nint(Ncl*(Nint
(A))).The complements of Na-I-open is Na-I-closed set.
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Theorem 2.2. [V. Inthumathi and Krishnaprakash, 2020] Let (Uy, Tr(X1),1) be a
NITS and (U,, Tr(X1)) be a NTS.Then h : Uy, — U, is called Na-1-Cts on U, if
h=1(S) is Na-I-open in U, for any N-open set S in Us.

Definition 2.4. Bhuvaneswari and Nagaveni [2018] A NTS (U, Tr(X)) is called
N-regular Space, if for each N-closed set T and each point x ¢ T, 3 disjoint N-open
sets G and H such that x € Gand T C G.

3 Contra Na-I-Continuity

The notations used are CNa-open, CN-Cts function, CNa-Cts function, CNa-
I-Cts function for contra nano a-open, contra nano continuous, contra Na- con-
tinuous, contra Na-I-continuous function resp.

Definition 3.1. Ler (U, 7r(X1)) and (Us, Tr/(X3)) be NTS.Then h : Uy — U, is
CNa-Cts if h=1(S) is Na-closed in U, whenever S is N-open set in Us.

Definition 3.2. Let h : (Uy, Tr(X1),1) — (Us, Tr(X2)) is CNa-1-Cts if h=1(S) is
Na-I-closed in Uy whenever S is N-open set in Us,.

Example 3.1. Let Uy={i,jk 1}, U//R={{i},{j}.{k}.{l}} and X,={i}.Then tr(X1)
={Uy,¢,{i}}.Let I={¢}.Here the N a-I-open sets are{Uy,¢,{i},{i,j},{i.k},{i1}.{i,
Lk ik} . Let Us={m,n,0,p} with Us/ R'={{m},{n},{o,p}} and Xo={n,
0}.Then Tr/(X2)={ Us,¢,{n},{o,p},{n,o,p}}. We define h:(Uy,7r(X1),1)—( Us, Trr
(X2)) as fli)=m, f(j)=n, fik)=0 and f{(1)=p.Then h=(S) is Na-I-closed in U, when-
ever S is N-open in Us.Therefore h is CNa-1-Cts.

Proposition 3.1. 1. Any CNa-I-Cts function is CNa-Cts.

2. Any CN-Cts function is CNa-1-Cts.

Proof. (i) Leth: (Ui, Tr(X1),1) — (Us, Tri(X2)) be a CNa-1-Cts function.Let
S be a N-open in Us,.Since h is CNa-I-Cts, h=1(S) is Na-I-closed in U,.We know
that each No-I-closed set is Na-closed.Hence h™'(S) is Na-closed in U,.Hence h
is CNa-Cts.
(ii) Let h : (U, Tr(X1),1) — (Us, Tri(X2)) be a CN-Cts function.Let S be a N-
open set in Us.Since h is CN-Cts, h™1(S) is N-closed in U,.It is obvious that every
N-closed set is No-I-closed. Thus h=1(S) is Na-I-closed in Uy.Which implies h is
CNa-I-Cts function.O

Example 3.2. CNa-Cts # CNa-I-Cts
Let Uy={i,j,k,1} with Uy/R={{i},{j.k},{l} } and X, ={1}.Then tr(X1)={Uy,¢,{l}}.
Let I={¢,{1}}.Here the Na-open sets are {Uy,¢,{1},{i,1},{j,l}.{k1},{i,j,1},{ik 1},
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{j,k,1}} and Nav-T1-open sets are {Uy,¢,{l} }.Let Uy={m,n,0,p} with Us/ R'={{m},
{n,0},{p}} and Xo={m,n}.Then tr/(X3) = {Us,¢,{m},{n,0},{mn,0}}. We define
h: (Uy, Tr(X)I) — (Us, Tr(X3)) as h(i)=m, h(j)=n, h(k)=0 and h(l)=p.Then
h=Y(S) is Na-closed in U, but not Na-I-closed whenever S is N-open set in U.
Hence h is CNa-Cts but not CNa-1-Cts function.

Example 3.3.  CNa-I-Cts # CN-Cts

Let Uy={i,j,k,l} with Uy/R= {{i},{j},{k},{I}} and X,={i}.Then tr(X1)={U1,¢,{
i}}.Let I = {¢}.Here the Na-I-open sets are {Uy,¢,{i},{i,j}, {i,k},{i,01}.{i.j.k}.{i,j,
1}, {i,k,1}}.Let Us={m,n,o,p} with U/ R'={{m},{o,p},{n}} and Xo={n,0}.Then
Tr(X2) = {Ux¢,{n},{o.p},{n.0.p}}.We define h : (Uy, Tr(X1),I) — (Us, Tri(X2))
as h(i) = m, h(j) = n, h(k) = o and h(l) = p.Then h=*(S) is Na-I-closed in U,
but not N-closed whenever S is N-open set in Uy. Hence h is CNa-I-Cts but not
CN-Cts function.

Theorem 3.1. Let h : (U, Tr(X1),1) — (Us, Tri(X2)), then the following state-
ments are equivalent:

1. his CNa-I-Cts,
2. for each N-closed subset T of Uy, h~Y(T) € NodO(U,),

3. for each x € Uy and each N-closed set T of U, containing h(x), 3 U €
NalO(Uy) such that h(U) C T,

4. h(Nal-cl(V)) C NKer(h(V)) for each V C Uy,
5. Nol-cl(h=%(W)) C h=*(NKer(W)) for each W C Us.

Proof. (i) = (ii) and (ii) = (iii) are obvious.

(iii) = (ii) Let T be any N-closed set of Uy and x € h=Y(T).Then h(x) € T and 3

U, € NalO(Uy) such that h(U,) C T.Therefore, we obtain h }(T) = U { U, : x €

h=Y(T)} and hence h~'(T) € NalO(Uy ).

(ii) = (iv)Let V. C U..If y & NKer(h(V)), then by Thm 2.1, 3 a N-closed set T of
U, containing y such that h(V) N T=¢.Therefore VN h=Y(T) = ¢ and Nod-cl(V) N

h=Y(T)=¢.Hence h(Nal-cl(V)) N T=¢ and y & h(Nad-cl(V)).Thus h(Nal-cl(V)) C

NKer(h(V)).

(iv) = (v) Let W C U,.By the hypothesis and Thm 2.1, h(Nol-cl(h='(W))) C

NKer(h(h=Y(W))) C NKer(W) and Nad-cl(h=Y(W)) C h=Y(NKer(W)).

(v) = (i) Let W be a N-open set of Us.By Thm 2.1, Nad-cl(h=*(W)) C h~Y(NKer(W))
= h=Y(W) and Nold-cl(h=Y(W)) = h=Y(W).Therefore h~1(W) is Na-I-closed in (U,

Tr(X),1).0
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Theorem 3.2. If a function h : (Uy, Tr(X1),1) — (Us, Tr(X3)) is CNa-I-Cts and
Vis N-regular, then h is Na-1-Cts.
Proof. Let x € Uy and Y a N-open set of U, containing h(x).Since U, is N-regular,
Ja N-open set Z in U, containing h(x) such that Ncl(Z) C Y.Since h is CNa-1-Cts,
by the above theorem, 3 X € NalO(U, ) such that h(X) C Ncl(Z).Therefore h(X) C
Ncl(Z) C Y.Hence h is Na-1-Cts.O

Definition 3.3. A function h : (U, Tr(X1),1) — (Us, Tri(X2)) satisfy the Na-I-
interiority rule if Nal-int(h='(Ncl(W))) C h=Y(W) Whenever W is N-open set of
(U, Tri(X2))-

Theorem 3.3. If a function h : (Uy, Tr(X1),1) and (Us, Tr/(X3)) is CNa-1-Cts and
satisfies Na-I-interiority rule, then h is Na-1-Cts.

Proof. Let Y be any N-open set of Us. Since his CNa-1-Cts and Ncl(Y) is N-closed,
by Thm 3.1, h~Y(Ncl(Y)) is Na-I-open in (U,, Tr(X),1).By hypothesis of h, h~*(Y)
C h™Y(Ncl(Y)) C Nad-int(h~Y(Ncl(Y))) C Nad-int(h=(Y)) C h=Y(Y).Thus, we ob-
tain h=Y(Y)=Nal-int(h='(Y)) and consequently h~*(Y) € NalO(U).Therefore h is
Na-I-Cts.O

Theorem 3.4. Let (U,, Tr(X1),1) be any NITS and h : (U, Tr(X1),1) — (U,
Tri(X2)) be a function and g : Uy, — Uy X U, be the graph function, given by g(x)
= (x, h(x)) for every x € Uy.Then fis CNa-I-Cts if and only if g is Na-1-Cts.
Proof. Let x € Uy and let T be a N-closed subset of Uy x U, containing g(x).Then
TN ({x} x Us) is N-closed in {x} x U, containing g(x).Also {x} x Uy is home-
omorphic to Us. Hence {y € Uy : (x, y) € T} is a N-closed subset of Us.Since
h is CNa-I-Cts, U { h"(Y) € Uy : (x, y) € T } is a Na-I-open subset of (U,
Tr(X1),D).Further, x € U{ h"Y(Y) € Uy : (x, y) € T} C g (T).Hence g~ }(T) is
Na-I-open.Then g is CNa-1-Cts. Conversely, let F be a N-closed subset of Us.Then
U, x Fis a N-closed subset of U, x Us.Since g is CNa-1-Cts, g (U, x F)is a
Na-I-open subset of U,. Also, g (U, x F)=h~'(F).Hence h is CNa-1-Cts.O

Definition 3.4. A NITS (U,, Tr(X1),1) is called No-I-Ts if for any distinct two
points x, y € Uy, 3X, Y € NalO(U, ) containing x and y, resp., such that X N Y=¢.

Definition 3.5. 1. A NTS (Uy, 7r(X4)) is termed as a N-Urysohn Space if for
any two distinct points x, y € Uy, 3 disjoint N-open subsets x € A, y € B
such that the N-closures A and B are disjoint N-closed subsets of U;.

2. ANTS (U, Tr(X1)) is called N-Ultra Hausdorff if any two distinct points of
U, can be separated by disjoint N-clopen sets.

Theorem 3.5. If (U, Tr(X1),1) is an NITS and for any two distinct points x; , X3
€ Uy, J afunction h into a N-Urysohn Space (Us, Tr(X2)) such that h(x1) # h(xz)
and h is CNa-1-Cts at x;1 , xo, then (Uy, Tr(X1),1) is No-1-Ts.
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Proof. Letx; , X2 be any two distinct points of U;.Then by hypothesis there is a N-
Urysohn Space (Us, 7r/(X2)) and a function h : (Uy, 7r(X7),0) and (Us, 7r/(X5)),
which satisfies the required condition.Let y;= h(x;) for i=1,2.Then y; # y,. Since
(Ug, 7r/(X2)) is N-Urysohn, 3 N-open neighbourhoods X, and X,, of yi, y»
respectively in U such that Ncl(X,,) N Ncl(X,,)=¢.Since h is CNa-I-Cts at x;,
3 Na-I-open neighbourhoods W, of x; in U; such that h(I¥,,) C Ncl(X,,) for
i=1,2. Hence we get W,, N W,,=¢ because Ncl(X,,) N Ncl(X,,)=¢.Therefore
(Uy, 7r(X1),D) is Na-I-T5.O

Corolary 3.1. If h is a CNa-1-Cts injective function of a NITS (U,, Tr(X1),1) into
a N-Urysohn space (Usy, Tr(X3)), then (U, Tr(X1),1) is a Na-I-Ts space.

Proof. For any to two distinct points x1 , xo in Uy, h is CNa-I-Cts function of
U, into a N-Urysohn space (U, Tri(X3)) such that h(xi) # h(xy) because h is
injective.By Thm 3.5, the space (Uy, Tr(X1),1) is Na-1-T5.0

Theorem 3.6. If h is a CNa-1-Cts injective function of a NTS (U, Tr(X1),1) into
N-Ultra Hausdorff space (Us, Tr(Xs3)), then (U, Tr(X1),1) is a Na-I-Ty space.
Proof. Let the pair of distinct points of Uy be x1 , xs.Since f is injective, U, is
N-Ultra Hausdorff h(x,) # h(x2) 3 N-clopen sets Zy, Zo such that h(x,) € Zy, h(x)
€ Zy and Z; N Zy=¢.Then x; € h='(Z;) € NalO(U,) for i=1,2 and h=%(Z;) N
h=Y(Zy)=¢.Therefore (U,, Tr(X),1) is a No-I-Ty space.C

Definition 3.6. Let h : (Ui, Tr(X1),l) — (Us, Tr(X2)).The graph G(h) of the
function h is called be CNa-I-closed in U, x U, if for any (x1, x2) € (U; X
Us)\G(h), 3 A € NalO(U,) and a N-closed set T of U, containing xo such that
(U1 x Uy) N G(h)=0¢.

Lemma 3.1. Let h : (Uy, Tr(X1),I) — (Us, Tr(X32)).The graph G(h) of the function
h is CNa-I-closed in Uy x Us if and only if for each (xi, x2) € (Uy x Uy)\G(h), 3
A € NalO(Uy, xy) such that h(A) N Ncl(T)=¢ where T is a N-closed subset of U,
X U, containing g(x1).

Theorem 3.7. If h : (Uy, Tr(X1),1) — (Us, Tr(X2)) is a CNa-I-Cts function and
Us is a N-Urysohn space, then G(h) is CNa-I-closed in Uy x Us.

Proof. Let (x1, x2) € (Uy X U)\G(h).Then x5 # h(x1) and 3 N-open set A, B of U,
such that h(x1) € A, xo € B and Ncl(A) N Ncl(B)=¢.Since h is CNa-I-continuous,
3 U € NalO(Uy,x,) such that h(U) C Ncl(A).Therefore h(U) N Ncl(B) =¢.Hence
G(h) is CNa-I-closed.O

Theorem 3.8. If h : (Uy, Tr(X1),1) — (Us, Tr(X3)) is a CNa-I-Cts function and
(Us, Tri(X5)) is Ts, then G(h) is CNa-I-closed.

Proof. Let (x1, x2) € (Uy X Uy)\G(h).Then x5 # h(x1) and 3 N-open set B of U,
such that h(x,) € B, x3 # B. Since h is CNa-I-Cts, 3 U € NalO(U4,x,) such that

288



Contra Na-1-Continuity over Nano Ideals

h(U) C Ncl(B).Therefore h(U) N (Us - B)=¢ and Us-B is a N-closed set of U,
containing xo.Hence G(h) is CNa-I-closed.O

Definition 3.7. A NITS (U, 7r(X),1) is called No-I-connected if there exists Na-I-
open sets A and B which form a separation of X.

Proposition 3.2. A CNa-I-Cts image of a Na-I-connected space is connected.

Definition 3.8. A NITS (U, tr(X),1) is called No-I-normal if given any non-empty
disjoint N-closed sets T and F such that 3 Na-I-open sets A of T and B of F such
that A N B=¢.

Definition 3.9. A NTS (U, tr(X)) is called N-Ultra normal if given any non-empty
disjoint N-closed sets T and F such that 9 N-clopen sets A of T and B of F such
that A N B=¢.

Theorem 3.9. Ifh : (Uy, Tr(X1),1) — (Us, Tri(X2)) is a CNa-I-Cts closed injective
function and (Us, Tr(X3)) is N-Ultra-normal space, then (Uy, Tr(X1),1) is a Na-
I-normal space.

Proof. Let the two disjoint N-closed subsets of Uy be Fy and Fs. Since h is N-
closed and injective, h(F) N h(F3)=¢ where h(F1) and h(F3) are N-closed subsets
of Uy.Since Uy is N-Ultra normal, 3 N-clopen sets Y, of h(F1) and Y5 of h(F3) in
Uy such that Y1 N Ys=¢.Hence F; C f~1(Y;), f1(Y;) € NalO(U) for i=1,2 and
(Y1) NfY(Ys)=¢.Therefore (Uy, Tr(X),1) is a Na-I-normal.O

Theorem 3.10. For the functions h : (Uy, Tr(X1),1) — (Us, Tr/(X3)) and g : (Us,
Tri(X2),I’) = (Us, Trr(X3)), We have

1. gohis Na-I-Cts, if h is CNa-1-Cts and g is CN-Cts.
2. gohis CNa-I-Cts, if his CNa-I-Cts and g is N-Cts.

Remark 3.1. In general, g o h is not CNa-1-Cts functions if g and f are CNa-1-Cts
functions.The below example illustrate this result.

Example 3.4. Let U,={ijkl} with U/R={{i,k},{j},{I}}, and X,={i,l}.Then
Tr(X1)={U1,¢,{1},{i,k},{i,k,1}}.Let I, ={¢,j }.Let Us={m,n,0,p} with Uy R'={{m,
n},{o,p}} and Y={o,p}.Then tr/(X2)={Us,¢,{p},{mo},{mo,p}}.Let I,={¢,m}.

Let W={t,u,vw} with W/R"={{t},{uv},{w}} and Z={w}.Then T (Z)={ W,¢,{w}
}.Define h : (Uy, Tr(X),11) — (Us, Tri(X2)) by h(i)=n, h(j)=p, h(k)=m, h(l)=0 and
8 (Us, Tri(Y)I5) = (Us, Tri(Z)) by g(m)=w, g(n)=t, g(0)=u, g(p)=v.Then h and
g are CNa-I-Cts functions but (g o h)~'(w)=k which does not belongs to Na-I-

closed in (Uy, Tr(X1),1).
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4 Conclusion

Through the above discussions we have summarized the conceptulation of
contra Na-I-continuity and its characteristics based on Nano Urysohn Space and
Nano Ultra Hausdorff Space.Also, We compared contra Na-I-continuity with
some existing functions using suitable examples.Further, this concept may be ex-
tended to Frechet Urysohn Space and Completely Hausdorff space in Nano Ideal
Topology.
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Study of feedback retrial queueing system
with working vacation, setup time and
perfect repair
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Abstract

This manuscript analyses a retrial queueing system with working
vacation, interruption, feedback, and setup time with the perfect
repair. In the proposed model, the server takes vacation whenever
the system gets empty but it still serves the customers at a relatively
lower rate. To save power, the concept of setup time is included in
the model. At vacation completion instant, the server is immediately
turned off as soon as the system gets empty. The customer, who
arrives during the closed-down state, activates the server and waits
for his turn till the server is turned on. The unreliable server may
sometimes fail to activate during setup. The failed server will resume
service on being repaired. In the paper, explicit expressions for
system size, sojourn times, and probabilities of various states of the
server are obtained and results are analyzed graphically using
MATLAB software.
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1. Introduction

Retrial queueing systems with vacations and feedback of customers have
attracted many researchers due to their widespread applications in real-life
situations such as cellular networks, call centers, computer systems, inventory
systems, and production management. In such systems, the customer, who finds
the server busy, joins the orbit (free pool) and after a random period, it retries
for the service. The retrials may follow a constant or classical retrial policy. In
a constant retrial policy, the customer at the head in retrial orbit can reattempt
for the service, but in a classical one, all the customers can retry for their turn
independent of all others in the orbit. Many researchers analyzed the
applications of retrial queueing systems. Falin and Templeton [6] did pioneering
work on retrial queues. A good survey on the retrial queueing system was done
by Artalejo et al. [2] and Yang et al. [20].

Queueing systems with vacations play a vital role in many real-life systems. The
vacations may be due to many reasons. In classical vacation policy, no service
is provided to the customers during vacation. Servi and Finn [18] introduced a
new vacation class i.e., working vacation, in which service is provided to
customers but at a comparatively lower rate. Readers may refer Do [5],
Arivudainambi et al. [1] and Chandrasekaran et al. [3] for reference.
Furthermore, the concept of vacation interruption has been widely used in
queueing systems. In this policy, at service completion instant, the server
interrupts the ongoing vacation and returns to a normal working state on finding
waiting customers. Keeping in view the importance of the concept, many
researchers have analyzed the queueing systems with vacation interruption. Li
and Tian [12] analyzed M/M/1 queueing system with working vacation and
interruption using the matrix geometric method. A pioneer work on M/G/1
queueing model with vacation interruption was done by Zhang and Hou [21].
Later, Gupta and Kumar [7, 8, 9] studied retrial queues with different vacation
policies, impatient behaviour of customers and obtain closed-form expressions
for important performance measures.

The retrial queueing system with Bernoulli feedback of customers is
characterized by the feature that the unsatisfied customers may rejoin the system
with some probability until they receive satisfactory service. Choi et al. [4]
analyzed a retrial queueing model with geometric loss and feedback. Kumar et
al. [10,11] studied M/G/1 retrial queueing model with feedback and starting
failure. Mokaddis [15] analyzed feedback queueing systems with vacations and
system failure. Varalakshmi et al. [19] discussed a single server queue with
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immediate feedback and server breakdown. The concept of power saving is very
important in today's scenario. To save power, the system should be turned off
when not in use. Realizing the need for power saving, many researchers studied
queueing model with setup time. Phung- Duc [16, 17] incorporated the concept
of setup time to retrial queueing system. We may refer the reader to [13, 14] for
the related works.

In this manuscript, a single server retrial queueing system with feedback, setup
time, working vacation, and interruption under perfect repair is analyzed. If
setup time is taken as zero, the model reduces to M/M/1 feedback retrial
queueing system with working vacation and interruption. Further, the model
changes to a retrial queueing system with feedback and setup time with perfect
repair if vacation time tends to zero. Thus, our model generalizes some of the
retrial queueing models existing in queueing literature.

2. Practical application of the model

Consider a manufacturing system consisting of an iron re-rolling mill, a
Foreman(server), and a worker(assistant) to operate the mill. The foreman will
operate the mill if the raw material is available and produce the products i.e.,
iron angles, iron rods, etc. If the raw material is not available due to transport
Issues, an increase in the price of raw material, etc., then the foreman may go on
vacation(rest). During the vacation period of the foreman, if raw material
becomes available then the worker will operate the mill, but the production will
be relatively at a slow speed. When a batch of the product is completed, then the
worker will call the foreman to resume the production at a higher speed by
interrupting the vacation of the foreman.

In another situation, if the foreman’s vacation period completes, he will return
to the production to operate the mill. If the raw material is available then he will
manage the production at a higher speed otherwise, if the raw material is not
available, to save power, he may turn off the mill. Again, the availability of new
raw material will initiate the setup of the machine (re-rolling mill) and
production starts again if setup occurs successfully otherwise the machine will
be sent for repair, and during this period there will be no production.
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3. Model description and assumptions

We considered a Markovian retrial queueing system with working vacation,
interruption, feedback, and setup time under perfect repair. The following
assumptions are taken for the proposed model.

1.

The arrival of customers is by the Poisson process with rate . The customer
who finds the server busy; joins the free pool (orbit) and waits for his turn.
The customers in the orbit are assumed to follow classical retrial policy. The
retrial time is exponentially distributed with parameter &.

The service time in the normal state of the server is assumed to be
exponentially distributed with rate p. When all the customers are served, the
server goes to a working vacation state in which it still provides service to
customers with a slow rate 0. The vacation time and service time in vacations
again follow an exponential distribution with vacation rate ¢.

The unsatisfied customers may rejoin the orbit as feedback customers with
probability ‘> or may leave the system with complementary probability f=
(1-1).

On completion of vacation, if customers are found still waiting for their turn,
the normal service period resumes otherwise, the server is turned off
immediately to save power.

The customer who arrives in the off-state of the server; waits for his turn in
front of the server till it is turned on. The setup time is required to restart the
server. The setup time is assumed to follow an exponential distribution with
a mean of 1/s. The customers arriving in the setup state, have to join the
orbit.

The server is assumed to be unreliable i.e., during the set-up state, activation
of the server may fail with probability p = (1-p). The failed server is sent for
repair and repair time is exponentially distributed with parameter r.

The inter-arrival time, service time, vacation time, retrial time, and setup
time are all mutually independent.

Taking N(t) as the number of customers in the orbit at time t and J(t) as the
state of the server.

where,
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( 0, the system is busy in a normal state at time t

1, the server is free in a normal state at time t
J() = 4 2, the server is busy in working vacation state

3, the server is free in working vacation state
4, the server is in setup or close — down state

\ 5, the server is under repair state

{N(t), J(t)} represents a Markov process with following state-space
{(n,j),n>0,j=0,1,2,4,5} U {(0,3)}.

Here (n, 0), n > 0 represents that server is busy in a regular service period with
n customers waiting in the orbit. The state (0, 1) represents that system is in a
close-down period. States (n, 1), n >1 shows that system is free in the regular
service period. States (n, 2), n >0 represents the state that the system is busy in
the working vacation period. The state (0, 3) represents that the server is free
during the vacation period. States (n, 3), n>1 do not exist due to the inclusion of
the concept of vacation interruption. States (n, 4), n>0 represent that system is
in a setup state with n customers in the orbit and one customer waiting in the
service area for successful set up of the system. States (n, 5), n>0, show that the
system is under repair due to sudden breakdowns with n customers waiting in
the orbit for their turn.

4. Steady-state equations and stationary
probabilities

Denoting by p,, ;, the probability of n customers waiting in the orbit when the

system is in state j and using Markov process for the quasi-birth death model,
the stationary state equations governing the model are

(A+ wWpoo = $Po2 +EP11+ SPPo4a + TPos (1)
A+ Wpno =Wn-10+ PPn2+ M+ 1)Epny11 + ADn1 + SPPra + TPns,

n=1 (2)
APo1 = PPos (3)
(A+8)Pn1=fOPn2+ fOPn_12+ fUubn_10+ fubno , n21 (4)
A+ 6+ ¢)po2 =1pos (5)
A+0+P)pns = AP 12 n>1 (6)
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(A+$Ipos = ifPoo + fOPo 2 (7)
A+ $)poa = APo1 (8)
A+ $)Pna = APp-14, n2=1 9)
(A+7)pos = SPPoa (10)
(A +1)pns = SPPpna + APpogs .  n= 1 (11)

Defining probability generating functions

G@ =) pu" ,  i=0,1,2,45 (12)
n=0

Multiplying equations (1) and (2) with appropriate power of z and taking
summation for all possible values of n and using above-defined generating
functions,

(A+u—22)Go(2)
= ¢G,(2) + AG1(2) +$G1(2) + spG4(2) +1G5(2) — Apos (13)

Multiplying equations (3) and (4) with appropriate power of z and taking
summation for all possible values of n and using generating functions we get,

A+ 8)G1(2) = (fz+ fIuGo(2) + (f + £2)0G,(2) — Apo4 (14)

whereA=f9p02 +ufPoo — P01 — PPo3 (15)
Po1

= ~ 16

Poz—mpm (16)

P03—¢P01 (17)
_(A0+¢) a8

Poo-( #¢f /«l¢(l+9+¢))p01 (18)

Again using probability generating functions along with equations (5) and (6)
(A + 9 + ¢ - AZ)Gz(Z) = /1p03
12
= gpo 1
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/12
P(A+0+¢p—212)
Using equations (8), (9), and (12) together
A+ 5)G4(2) = 22G4(2) + Apg 4

A
(A+s—Az)

Gy(2) =

Po1 (19)

Gy(2) = Po1 (20)

Similar calculations in equations (10) and (11) yield
A+7r—22)Gs(2) = s(1 — p)G4(2)
Makin use of equation (19) in the above equation, we obtain

As(1 —p)
A+71—A2)(A+s—Az) Pt

Gs(2) = (21

Using the value of G,(z) from equation (14) in equation (13), and rearranging
the terms we get the following differential equations

B RS R ey ) P
Gi(z) + : (A ,u(f+ fz) >Gl(z) = B(z) (22)
1 A(A -2 oA -1
where B(z) = E[(/l + %) 01— <¢ + (++Z)> G2(2)
— (5pG4(2) + 1G5 (Z))l (23)

To solve the differential equation we first find integrating factor,
Az(1+/1+f) @A+ A+uf)
ILF=e$ <(f + f2z) HEf? ) (24)

The solution of the differential equation (23) is

—/‘lz(l /1+$) _ @A+ A+uf)
Gi(z)=e ¢ <(f+fz) uEf? )

£ E A+§ A+ A+uf)
fef <(f +fz) WS )B(z)dz (25)
0

Gy (z) is obtained from equation (14) as follows
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A+8)G61(2) - (f'*‘ fZ)HGz(Z) + Apo1
(fz+f)u

Go(2) = (26)

Taking limit z — 1 in equations (19), (20), (21), (25), and (26) we obtain the
expressions

2

Go(1) = mpo 1 (27)
A

G4(1) = Epo 1 (28)
A(1 —

Gs(1) =22 (29)

- +¢ z +§ A+ A+uf)
61 = 7 (57) [ F057) ((f sf2) W )B(z)dz 30)
0

Go(1) = A +8)G,(1) _#902(1) + Apo1 31)

Differentiating equations (19), (20), (21) and taking limit z — 1we get

3

G,(1) = Wpo 1 (32)
12

G,(1) = s_2p0 1 (33)
A2(1 —

oy = 2L, (34)

sr?
Equation (23) on taking limit z — 1 implies
1
3

Similarly differentiating equation (26) and taking limits we obtain

G1(1) = 2[§61(1) = (6 + ¢)G2(1) — spGa(1) — rGs(1) + (A + A)po11(35)

1
Go(1) = i [(A +8)G1(1) = 6G3(1) — fOG,(1) — ufGo(D)] (36)
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We observe that all the closed-form expressions for G;(z) and their derivatives
fori=0, 1, 2, 4, 5 are implicitly expressed in terms of p, ;.

Po 1 May be obtained by using the normalization condition

Go(D)+ G (D) +G6,(D)+6,()+6(1)=1 (37)

5. Performance measures

In the present section, we obtain some important system performance
measures of our proposed model as follows.

Expected orbit length E[Lo] = G4(1) + G1(1) + G5(1)

+G,(1) + Gs(1) (38)
Expected sojourn time in orbit E[W,]
= E[Lo]/2
_ Go(1) + G1(1) + G3(1) + G4 (1) + G5(1)
= (39)
A
Expected system length E[Ls] = E[Lo] + Go(1) + G,(1) (40)

Expected sojourn time in system E[Ws] = E[Lg]/A
E[Lo] + Go(1) + G,(1)

- > (41)
Probability of server being in off state = p, ;
Probability of server being in working vacation state (Pr,,,,)
= G,(1) + “ Po1
¢
A? A
= 2@t HP! +$Po1 (42)
Probability of server being in setup state (Prg) = G,(1)
A
= S Po1 (43)

Probability of server in repair state (Prg) = G5(1)
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_AQ=p)

44
" Po1 (44)

6. Numerical and graphical analysis

In the present section, the numerical and graphical interpretation of derived
closed-form expressions of various system performance measures, for the
proposed mathematical model is performed. For this purpose, some of the
system parameters are assumed to be fixed as A=3, p=7, £&=1.8, ¢=2, 6=3, =0.7,
p=0.7, r=0.8, s=0.6, unless otherwise mentioned. The behaviours of important
performance measures, for a different set of values of one or more of the
parameters is analyzed in the below-plotted graphs.

0.1 ‘
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009 |~ —p-07 $K/vK
—Hp-1
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- B
3 0.07 _——t
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Set up Rate (s)
Figurel: Off-state probability versus setup rate for different values of p

From figure 1 we see that with an increase in setup rate, the probability of the
server being in off-state increases. This is due to the reason that with an increase
in the setup rate, the setup time decreases which causes early return in a normal
state of the server hence increasing the probability of the server being in an off
state. This probability of off-state increases with an increase in p, for a fixed
value of set up rate; this is again due to an increase in chances of successful set
up of server that further increases the off state probability.
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We observe from figure 2 that the off-state probability of server increases with
repair rate r, for a fixed value of p. This is due to a reduction in repair time with
an increase in repair rate which leads to quick repair hence faster return to
normal service thereby increasing the off-state probability.
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Figure3: Effect of setup rate on mean orbit length for different repair rates

Figure 3 reveals that the expected orbit length decreases with an increase in
setup rate. This is because with an increase in setup rate, the time required for
set up of server decreases which results in a quick return to normal service
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period of server thereby reducing the orbit length. For the same reason, mean
orbit length decreases with a decrease in repair time.
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Figure 4: Effect of repair rate on mean orbit length for different arrival rates

We see from figure 4, the expected orbit length decreases with an increase in
repair rate. As expected the mean orbit length increases with an increase in
arrival rate, for a fixed repair rate. This is due to a reduction in inter-arrival time
which increases mean orbit length.
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Figure 5: Effect of repair rate on repair state probability of server for different
values of p
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Figure 5 depicts that with an increase in repair rate, the probability of the server
being in repair state decreases. This agrees with our expectations. As the repair
rate increases, the repair is done in a lesser time that makes a faster return to the
normal state from the repair state hence the probability of the server being in the
repair state decreases. Again with an increase in p, for a fixed repair rate, the
chances of successful activation (set up) of server raise hence the probability of
server being in repair state decreases.
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Figure 6: Probability of server in vacation versus vacation rate for different
service rates

We observe from figure 6 that the probability of the server being in vacation
state decreases with an increase in the rate of working vacation. The reason
behind the observation is a decrease in the duration of vacation with an increase
in the vacation rate. Further, the probability of the server in vacation state
increases with service rate p; this is due to faster service which promotes server
vacations.
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Figure 7: Probability of server in set up versus service rate for different setup
rates

Figure 7 depicts that with an increase in service rate, the probability of the server
being in setup state increases, this is as expected intuitively. For fixed service
rate, as set up rate s increases, the probability decreases; this is due to faster
activation of server with reduced setup time.
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Figure 8: Variation in Expected system length with setup and repair rate
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Figure 9: Variation in off state probability of server with setup and repair rate

Figures 8 and 9 represent the graphical behaviour of mean system length and
off-state probability with setup and repair rate respectively. As expected, the
mean system length decreases whereas off-state probability increases with an
increase in the setup rate, for a fixed value of repair rate.

7. Conclusion and future scope

This paper analyses a single server retrial queueing system with working
vacation, vacation interruption, Bernoulli feedback and setup time under perfect
repair. The closed-form expressions for expected system size along with the
probability of various system state probabilities, closed-down state have been
obtained via the probability generating functions approach. The variation of the
derived expressions against some of the system parameters is graphically
studied by using MATLAB software. The observed graphical results are
analyzed and are found to agree with the theoretically expected behaviour. The
retrial queueing model with imperfect repair and multiple waiting servers can
be considered for future investigations.
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