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Abstract

In this paper we present Nano soft(NS) *(.#) semi open(SO) sets and
NS #(.#) semi closed(SC) sets in nano soft ideal topological space.
Further we investigate NS *(.#) semi interior and NS *(.#) semi clo-
sure with theorems and examples. Also their properties and charac-
terization are discussed.
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1 Introduction

Molodstov[9] created the soft set (SS) theory in 1999 to address the issue of
modelling uncertainty mathematically. The soft topological spaces (STS) were
first described by M. Shabir and M. Naz[12]. Many other authors contributed
to this area. Soft Semi Open sets and Soft Semi Closed sets were developed by
Binchen [2] and their characteristics in soft topological spaces were examined. As
for the nano topological spaces, it seems that their study was initiated by Lellis
Thivagar et al.[6] in 2013. Since then, various mathematicians proved many im-
portant results on nano topologies. In 1990, Jankovic and Hamlett[3] developed
the ideal topological space. The notion of soft ideal was initiated by Kandil et
al.[4]. S. P. R. Priyalatha et al.[10] invented the nano soft ideal topology. In this
paper we investigate NS °(.#) Semi Open sets, NS °(.#) Semi Closed sets, NS
*(.#) Semi Interior sets and NS *(.#) Semi Closure sets in nano soft ideal topo-
logical space based on the concept of nano topology with soft ideal sets. Further,
the characterization and properties are discussed with theorems and examples.

2 Preliminaries

Definition 2.1. Let U be a non empty finite set of objects called the universe, R
be an equivalence relation on U named as the indiscerniblity relation. Elements
belonging to the same equivalence class are said to be indiscernible with one
another. The pair (U , R) is said to be approximation space. Let X C U.

(i) The Lower approximation of X with respect to R is the set of all objects,
which can be for certain classified as X with respect to R and it is denoted

by Lr(X). That is, Lr(X) = { UA{R(z): R(z) C X}} where R(x)
zeU
denotes the equivalence class determined by x.

(ii) The Upper approximation of X with respect to R is the set of all objects,
which can be for possibly classified as X with respect to R and it is denoted

by Ur(X). Thatis, Ur(X) = { U{R(z) : R(z) N X # @}}

zel

(iii) The Boundary region of X with respect to R is the set of all objects which
can be classified neither as X nor as not X with respect to R and it is

denoted by Br(X) = Ur(X) — Lr(X)".

Definition 2.2. Let U be the universe, R be an equivalence relation on U and
Tr(x) = {f],@,LR(X),UR(X),BR(X)} where X C U and Tr(X) satisfies the

10



On NS °(.#) Semi Open Sets

following axioms.
(i) Uand ) € TrR(X).
(ii) The union of the elements of any subcollection Tr(X) is in Tr(X).

(iii) The intersection of the elements of any finite sub collection Tr(X) is in
TR(X).

That is, Z'R(X ) forms a topology on U and it is called as the nano topol-
ogy on U with respect to X. The elements of Tr(X) are called as nano
open sets”.

Definition 2.3. If (U, Tr(X)) is a nano topological space with respect to X where
X C U and if A C U, then the nano interior of A is defined as the union of all
nano open subsets of A and it is denoted by NInt(A)

Definition 2.4. If ( UJ Tr(X)) is a nano topological space with respect to X where
X CUandif A C U, then the nano closure of A is defined as the intersection of
all nano closed sets containing A and it is denoted by NCI (A).

Definition 2.5. If (U, 7x(X)) is a nano topological space and A C U. Then A is
said to be Nano SO if A C NCI(NInt(A)).

Definition 2.6. A SS .., on the universe U is defined by the set of ordered pairs
Fy = {(e,F(e)) ce€ E,F(e) € P(U)}, where F : E — P(U) such that
F(e)=10,ife¢ o and o/ C E

Definition 2.7. Let T be the collection of SSs over U, then 7 is said to be soft
topology on U if

(i) U,De7
(ii) Union of any number of SSs in T belongs to T.
(iii) Intersection of any two SSs in T belongs to T.

The triplet (ﬁ , 7, ) is called soft topological space over U. The members
in T are said to be soft open sets in U.”

Definition 2.8. A soft subset 7., of a soft toplogical space U is said to be soft
closed if U — %, is soft open.

11



S. P. R. Priyalatha, S.Vanitha

Definition 2.9. Let (U 7, E) be a soft topological space over U and F . be a SS
over U. Then the soft closure of F ., denoted by %, is the intersection of all soft
closed supersets of F.;.”

Definition 2.10. Let (U 7, E) be a soft topological space over U, Z., beasSS
over U and u € U. Then u is said soft interior of F.; if there exists a soft open
set G, such thatw € 4,;, C F .

Definition 2.11. A SS .., in a soft topological space (U, 7, E) is said to be soft
SO if there exists a soft open set Y., such that G,y C F; C Cl(Yy).

Definition 2.12. An ideal . on a topological space (U ,T) is a non empty collec-
tion of subsets of U which satisfies

(i) Ae S and B C Aimply B € . and
(ii) Ae S and B € .7 imply AUB € ..

Definition 2.13. Let .% be the non empty collection of SSs over Q, with the same
set of parameters E. Then . C SS(U)g is called a soft ideal on U with the same
set E if,

(i) € S and ¥ € 7 implies Fp U9y € 5.
(ii) I € S and 9 C Fg implies G € S.”

Definition 2.14. Ler U be ‘a non empty finite set of objects called the universe,
Fw C YGyis an SS over U and I is an ideal on 9y. Then (U, % ,.%) is an
triplet ordered pair of soft ideal approximation space and

Tr(S) = {0,@,LR(J), Ur(¥), BR(J)} where .9 C 4., and Tp(F) satisfies
the following axiom
(i) U.0 € 7(5)
(ii) The union of the elements of any subcollection of soft ideal Tr(.#)is in
Tr(S).
(iii) The intersection of the elements of any finite subcollection of soft ideal

That is, Tr(.%) forms a soft ideal topology on U having atmost five elements of
soft ideal and four ordered pair ((7 ,Tr, E, 7)) is called a NS ideal topological
space over U with respect to .7, then the members of Tr are said to be NS ideal
open sets in U.

12
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Definition 2.15. Let (U ,7, B, .7) be a NS ideal topological space over U. Then
NS ideal closure of SS Fg over U is denoted by Ns;Cl(FE). Thus Ns;Cl(FE)
is the smallest NS ideal closed set which containing # and is defined as the

intersection of all NS ideal closed supersets of F .

Definition 2.16. Let .7 4 be a soft subset of a soft topological space (F4,T). Fp
is said to be a soft SO set if,Fp C cl(int(Fg))

Definition 2.17. Let .7 4 be a soft subset of a soft topological space (F4,T). Fp
is said to be a soft SC set if its relative complement is soft SO.

Definition 2.18. Ler (#4,7) be a soft topological space and let Fg be a SS
in Z4. The soft semi- interior of Fg is the SS U{Fc : ZF¢ is soft SO and
Fo C Fp}and is denoted by S- int(Fg).

Definition 2.19. Let (%4, T) be a soft topological space and let 5 be a SS in
F 4. The soft semi- closure of ¥ is the SS { F¢ : Fcissoft SCand Fp C Fc}
and is denoted by S- cl(Fp).

3 NS¥#) SO Sets

In this section we present NS *(.#) SO sets, NS *(.#) SC sets, NS *(.#) semi
interior and NS *(.#) semi closure with theorems and examples. Throughout this
paper we represent nano soft ideal semi open sets by NS *(.#) SO sets, nano soft

ideal semi closed sets by NS #(.#) SC sets, nano soft ideal topological space by
NSITS.

Definition 3.1. “Let (Y ,iz(°(.#))) be a NS ideal topological space over Y and
soft ideal F 4 is said to be NS *(.%) SO set if 4 C Ns;Cl(NsrInt(Fa).

Example 3.1. Ler Y = {y1,y2} and E = {ey,ex} Let A = {e1}. Then
Fa={(e),Y)}and *(F) C F where (F) =10, (ex,{w1})} and

R ={F(y) x Z ()} Here vp(I) ={Y,0, (e1, {y1, y2})} and

(t5(2) = {Y,0, (e2,{y1,y2})}. Then the family of all NS*(.%) SO sets are

@7 Y7 {617 {y1, yQ}}v {(617 {y1, y2})? (627 {yl})}7 {(617 {y1, yQ})’ (627 {y2})} and the

family of all NS*(.%) SC sets are 0, Y, {ea, {y1}}, {(ea, {y1,v2})}, {ea, {y2}}-

Theorem 3.1. Every NS °(.¥) open set in NS ideal space, %4 is a NS °(%) SO
set.

Proof. This proof is deduced from definition 3.1. O

Remark 3.1. The above theorem does not hold true in its opposite implication.
Therefore, not all NS *(.%) SO sets are NS *(.9) open sets.

13
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Example 3.2. Consider the NS *(.%) SO set in the example 3.1 are
{<€17 {yh y2}>7 (627 {yl})}7 {(617 {yla y2})7 (627 {y2}>} but these are not NS s(j)

open sets.
Remark 3.2. %, %4 are always NS *(.%) S- closed and NS*(.%) S- open sets.

Theorem 3.2. A soft ideal F in a nano soft ideal topological space is a NS *(.9)
S- open set iff there exists a NS *(.9) open set ¢ > Fc C Fp C Ngrcl(Fc).
Proof. Suppose that 5 C Ngrcl(Ngrint(Fg)).Then for #c = Ngrint(Fp),
we have Fc C Fp C Ngrcl(Fc). Therefore the condition holds. Conversely
suppose that F C Fp C Ngrcl(F¢)) for some NS °(.F) open set F¢. Since
Fc C Ngrint(Fp) and so Ngjcl(Fc) C Ngicl(Ngpint(Fg)). Hence Fp C
Ngrcl(Zc) C Ngrel(Ngrint(Fp)). Hence Fp is NS () SO set. O

Theorem 3.3. Let (Y,iz(*(.#))) be a NS ideal topological space over Y and
{(FB,) : a € A} be aset of NS *(.7) S- open sets in Y. Then Uaen Fp,, is also
a NS °(.7) S- open set.

Proof. Let {(Fp,) : o € A} be a collection of NS *(.#) SO sets in Y.
Then for each o € A, we have a NS *(.¥) open set F¢, T Fp, such that
Fc, € Fp, € Ngicl(Fe,). Then UoenFo, C Fp, C UaeaNgrcl(Fe,) C
NS[CZ(UQGAQCQ).

Hence Uyepn 5, is a NS *(F) SO set. O

Definition 3.2. A soft ideal Fp in a NS ideal space (Y ,ig(°(.#))) is called a NS
$(F) SC set, if its complement is a NS *(.%) SO set.

Theorem 3.4. For each NSI closed set in a NS ideal TS (Y, iz(*(.#))) is NS *(.%)
SC set.

Proof. Assume that Fp in a NSITS (Y ,ir(*(.%))) is a NS *(.#) closed set. By
the definition of NS *(.9) closed set, its complement is NS *(.%) open set. Then
(Zg)¢isaNS*(F) SO set. Hence Fp is a NS *(.#) SC set. O

Remark 3.3. The converse of the above theorem is not true. In other words, not
every NS *(.#) SC set is an NS *(.%) closed set.

Example 3.3. From the example 3.2, consider the NS *(.%) SC sets {(e1,y1)},
{(e2,y2)} which are not NS *(.7) closed sets.

Theorem 3.5. Let F¢ be a NS °(.#) SC set in a NS ideal topological space
(Y,ir(*(.#))) iff NsyintFg C Fo C Fg for some NS *(F) closed set Fp.
Proof : Since F¢ is NS*(#) SC
<~ ()¢ isNS*(F) SO
<= there exists Fp > Fp C (Fc)¢ C Ngrcl(Fp)
by theorem 3.2

14



On NS °(.#) Semi Open Sets

<= thereis a NS *(.%) open set #p > (Ngicl(Fp))¢ C Fo C (Fp)-.
<= a NS *(.F) open set Fp > Ngrint(F5) C Fc C (Fp)-.
<= there exists #p > Ngrint(Fg) C Fc C Fg

where Fp = %5, O

Theorem 3.6. A soft ideal Fp in a NSITS (Y ,ip(*(.#))) is NS *(.#) SC iff
stint(NS[Cl(gB» g }\B-
Proof : 333 is NS*(&) SC
(/ ) C NSICZ(NS]’int( O\ c)
— (Zp)° C NSICZ(NSICZ(/B)C), by definition
& (F)° € (Nsrint(Nsicl(Fp)))"
<~ (/B) - N‘gﬂnt(NS[CKyB))
This completes the proof. O

B

Theorem 3.7. Let (Y ,ip(°(.#))) be a NSITS and {(F,) : o € A} be a collec-
tion of NS *(.%) SC sets in Y. Then Noca-Fp, is also NS 5(.F) SC set.

Proof : Let {(F,) : a € A} be a collection of NS *(.%) SC sets in Y. Then
for each o € A, we have a NS *(.%) closed set F¢,, such that Nsrint %, C
gBa - JOZCQ- Then Ngﬂnt(ﬂaeAgca) - ﬂaeANSIint(JOZCQ> - ﬂaeAgBa -
NacaFc,. Because Npep T, = Fo is NS *(F) closed set then Nyepn F g, is NS
(&) SC set. O

Definition 3.3. Ler (Y, iz(°(.#))) be a NSITS and let F g be a soft ideal in'Y .

(i) The NS °(.%) semi- interior of Fp is the U{Z¢c : Fc NS*(F) SO and
Fo C Fp}and is represented by NS* (.7 ) S- int(Fp).

(ii) The NS *(.%) semi- closure of Fg is the N{.F¢ : Fc NS*(F) SC and
Fp C Fc} and is represented by NS *(.9) S- cl(F ).

Clearly NSI °(.%) S- cl(:Fp) is the smallest NS*(.#) SC set containing Fp and
NS *(.F) S- int(Fp) is the largest NS*(.¥) SO set contained in Fp.

By theorem 3.8 and 3.15 we have NSI S-int(F ) is NS*(.#) SO and NS *(.%) S-
cl(Fg) is NS *(.F) SC sets.

Example 3.4. Let (Y, i (°(.#))) be a NSITS and the soft ideal F5 = {(e1, 1), (€2, y1,92)}
as in example 3.2 we get NS °(.%) S-int(Fp) = Fp.
)
(

Example 3.5. Let (Y, iz(*(.#
as in example 3.2 we get NS °

)) be a NSITS and the softideal 5 = {(e1,y1), (€2, y2)}
I) S-cl(Fp) = 5.

Theorem 3.8. Let (Y, ip(°(.#))) be a NSITS and Fp be a soft ideal in' Y. We
have Ngpint(Fp) CNS*(S) S-int(Fp) C Fp CNS*(S) S-cl(Fp) C Ng;cl(Fp).
Proof: This proof follows from the theorem 3.1, theorem 3.4 and definition 3.3.
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Theorem 3.9. Let (Y, ir(*(.#))) be a NSITS and Fg be a soft ideal in F 4. Then
the following hold.
(i) (NS*(F)S — cl(Fp)) =NS *(F)S — int(Fp)
(ii) (NS*(F)S —int(Fp))® =NS*(F)S — cl(F3)
Proof :
(i) (NS *(I) S-cl(Fg))" = (N{Fc : Fcis NS *(F) semi closed and F o C
F1\e
ii}{)jg . Fe is NS*(.7) SC and T € T,
=U{F&: ZEisNS*(F) SO and F& C F5}.
=NS *(.7) int (Fp)°.

(ii) (NS *(F) S-int(Fp))° = (UW{Fc : Fc is NS °(F) semi open and F ¢ C
Fp})e.

= N{F¢& . Feis NS*(F) SO and Fo C Fi).
= N {F& : F&isNS*(F) SC and F& C FL).
=NS *(.7) cl (Fp)°.

Theorem 3.10. Let (Y,ig(*(.#))) be a NSITS and let F and F¢ are soft ideals
in'Y. Then the next holds.

(i) NS*(F) S-cl(Fy) = Fyp and NS *(.F) S- cl(Fp) = Fa.
(ii) Fpis NS*(F) SC set iff F = NS *(F) S-cl(Fp).
(iii) NS *(.7) S-c(NS *(.7) S-cl(Fg)) =NS *(.F) S-cl(Fp).
(iv) Fp C Fc implies NS *(F) S-cl (F) C NS *(F) S-cl(Fc).
(v) NS*(F) S-cl(Fp N .Fc) CNS *(F) S-cl(Fp)NNS *(F) S-cl(Fe).
(vi) NS*(.F) S-cl(Fp U .Fc) CNS *(F) S-cl(F)UNS *(F) S-cl(.Fc).
Proof:

(i) It is trivial.
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(ii)

(iii)

(iv)

(v)

(vi)

On NS °(.#) Semi Open Sets

If Fp is NS *(F) S- closed set, then F is itself a NS *(.%) S-closed in
F 4 containing Fp. So NS *(F) S-cl(Fp) is the smallest NS *(.9) SC
set containing ¥ and Fpg =NS *(.F) S-cl(Fg). Conversely, suppose that
Fp =NS*(I) S-cl(Fp). Since NS*(F) S-cl(Fg) isa NS *(.#) SC set, so
Fpis NS *(F) SC set.

Since NS *(%) S-cl(Fp) is a NS*(.9) SC set therefore by part (ii) we have
NS *(.7) S-cl(NS *(.F) S-cl(F)) =NS *(.F) S-cl( Fp).

Suppose that Fp C Fc. Then every NS *(7) SC super set of F¢ will
also contain Fg. This means every NS *(.%) SC super set of F¢ is also a
NS #() SC super set of Fp. Hence the NS °(.%) intersection of NS *(.%)
semi- closd super sets of Fp is contained in the NS*(.%) intersection of NS
5(F) SC super sets of F¢. Thus NS *(.F) S-cl(Fp) CNS *(F) S-cl(F¢).

Since Fp N Fo C Fpand Fp N Fc C Fc and so by part(iv) NS *(F)
S- Cl(ﬁB ﬂﬁc) QNS s(j) S-cl (93) and NS S(J) S- Cl(ﬁB ﬂﬁc) QNS
S(I)S-cl(Fc).Thus NS*(I) S- cl(Fp N Fc) CNS *(F) S- cl(Fp)NNS
S(F) S-cl(Fe).

Since g C Fp U Fc and Fc C Fp U F¢, so by part(iv) Fp C F¢o
implies NS *(.%) S- cl(F#p) CNS *(F) S- cl(Fc). Then NS *(F) S-
cl(Fp) CNS*(F) S-cl(Fp U Fc) and NS *(F) S- cl(Fc) CNS*(F) S-
cl(FpUFc), which implies NS * (.7 ) S- cl(F)UNS *(.F) S- int(Fc) CNS
S(S) S-cl (Fp U Fc). Now, NS*(F) S- cl(Fg), NS *(F) S- cl(F¢) be-
longs to NS °(.%) SC set in % 4 which implies that NS *(.%) S-cl(-%#p)UNS
S(F) S- cl(Fc) belong to NS °(.F) SC set in F4. Then Fg CNS *(.F)
S- cl(Fg) and Fc CNS *(F) S- cl(Fc) imply Fp U Fc C NS °(F)
S- cl(Fp)UNS *(F) S-cl(Fc). That is, NS *(F) S-cl(F5)UNS *(.F) S-
cl(Fc) is a NS *(F) SC set containing Fp C Fc. Hence NS °(F) S-
cl(FpU Fc) CNS*(F) S- cl(Fp)UNS *(F) S- cl (%c). So, NS*(F) S-
Cl(ﬁB U 350) =NS S(ﬂ) S- Cl(gZB)UNS S(f) S- Cl(gc).

Theorem 3.11. Let (Y, iz(*(.#))) be a NSITS and let F and F are soft ideals

inY.
(i)
(i)

Then the following holds.
NS *(.F) S-int(Fy) = Fyand NS °(F) S- int(F 4) = Fa.

Fpis NS *(I) S- open set iff Fp = NS *(F) S-int(Fp).

(iii) NS*(F) S-int(NS *(F) S-int(Fy)) =NS *(F) S-int(Fp).

(iv)

Fp C Fc implies NS °( ) S-int (Fp) C NS *(F) S-int(Fc).
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(v) NS (.9 S-int(.F5)N\NS *(F) S-int(.Fc) CNS *(.F) S-int(: T N Fc).
(vi) NS*(F) S-int(F U Fe)=NS *(F) S-int(F3)UNS *(F) S-int(Fc).
Proof:
(i) Clear.

(ii) First part of the proof is obvious from the definition 3.1. Conversely, sup-
pose that Fp =NS °(F) S-int(Fp). Since NS *(.F) S-int(Fg) is a NS
() SO set, so Fp is NS *(F) S- open set in F 4.

(iii) Since NS*°(7) S-int(Fg) is a NS °(.7) S- open set therefore by part (ii) we
have NS *(.%) S-int(NS *(.7) S-int(Fg)) =NS °(.F) S-int(Fp).

(iv) Suppose that Fp C Fc. Since NS *(.F) S- int(¥p) C Fp C Fc. NS
5(S) S-int(Fg) is a NS *(F) SO subset of F¢, so by the definition of NS
(F) S-int(F¢), NS *(I) S-int(Fp) CNS*(F) S- int(F¢).

(v) SinceFp C FpNFcand Fo C FpN . Fe and so by part(iv) NS *(.F) S-
int (¥p) CNS*(I) S-int(FpNZFc)and NS *(I) S- int(Fc) CNS*(F)
S- int(F N Fc). So that NS *(F) S- int(:F5)\NS *(F) S-int(F) C NS
(F) S-int(Fg N F¢), since NS *(F) S-int(Fp N Fc) is a NS *(F) SO
set.

(vi) Since g C Fp U Fc and Fc C Fg U Fc, so by part(iv) g C Fco
implies NS °(.%) S- int(Fg) CNS *(F) S- int(F¢). Then NS *(.7) S-
int(#p) CNS *(F) S- int(Fp U Fc) and NS °(F) S- int(Fc) CNS
S(F) S-int(Fp U F¢), which implies NS *(.7) S- int(F5)UNS *(7) S-
int(F¢) CNS *(F) S- int (Fp U Fc). Now, NS °(.F) S- int(Fp), NS
() S- int(ZF¢) belongs to NS *(F) SO set in F 4 which implies that NS
5(F) S-int(Fp)UNS *(F) S- int(F¢) belong to NS *(.F) semi- open set in
F 4. Then Fp CNS*(F) S- int(Fp) and Fc CNS *(F) S- int(F¢) imply
FpUFc CNS*(F)S-int(Fp)UNS *(F) S-int(F¢). That is, NS *(.F)
S-int(Fp)UNS () S- int(F¢) is a NS *(.F) SO set containing FpU Fc.
Hence NS °(%) S-int(%p U F¢) CNS *(F) S- int(Fp)UNS*(F) S- int
(Fc). So, NS*(F) S-int(Fp U Fc) =NS *(F) S- int(Fp)UNS *(F) S-
il’lt(aozc).

4 Conclusion

This paper investigate the concept of NS #(.#) SO sets in nano soft ideal topo-
logical space. Some of the theorems and examples are discussed. Moreover, we
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defined NS #(.#) SC sets, NS *(.#) semi interior, NS *(.#) semi closure sets and
go through their properties.
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In this paper, we make an interesting connection between the mathematical approaches
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1. Introduction

The fuzzy set was introduced by Zadeh [24] in 1965 where each element had
a degree of membership. The bifuzzy set on a universe was proposed by K. Atanasov
[15] in 1983, as a generalization of fuzzy set, which discussed both the degree of
membership and the degree of non-membership of each element. The concept of
Neutrosophic set was proposed by F. Smarandache [15] as a generalization of the
intuitionistic fuzzy set, which straight away proved to be very effective in the
domains of decision-making, artificial intelligence, and other areas. The 2020
generalized neutrosophic b-open sets were introduced by Das and Pramanik. 2012
saw the introduction of neutrosophic topological space by Salama and Alblowi [16].
Topological spaces and generalized neutrosophic sets were studied by Salama and
Alblowi [17]. Then Deli et al. [8] proposed a bipolar neutrosophic set as an extension
of neutrosophic sets. A combination of neutrosophic set and vague set is what
Shawkat Alkhazaleh [2] refers to as neutrosophic vague set. The neutrosophic vague
theory can be used to practice dealing with vague, biased, and inaccurate information.
Neutrosophic bipolar vague sets were first introduced by Satham Hussain [18]. In
topological spaces, neutrosophic vague binary sets were presented by
P.B.Remya.and A.Francina Shalinl. [14]. According to their definition, Arokiarani et
al. [3] developed some relationships between the two neutrosophic semi-open
functions. neutrosophic pre-open sets and pre-closed sets were first described by Rao
and Srinivasa [13] in neutrosophic topological spaces. Iswaraya and Bageerathi were
the first to introduce the ideas of neutrosophic semi-closed sets and neutrosophic
semi-open sets [12]. In neutrosophic topological spaces, generalized neutrosophic
closed sets were studied by Dhavaseelan and Jafari [9]. Imranet et al. [10] later
presented the neutrosophic semi-open sets in neutrosophic topological space. Imranet
et al. [11] used neutrosophic topological spaces to define neutrosophic generalized
alpha generalized continuity. Pushpalatha and Nandhini [20] established the concept
of neutrosophic generalized closed sets in neutrosophic topological spaces.
Ebenanjar et al. [21] went on to introduce neutrosophic b-open sets in neutrosophic
topological spaces. C. Maheswari, M. Sathyabama and S. Chandrasekar. [23] were
the first to introduce the concept of neutrosophic simplistic b-closed sets in
neutrosophic topological spaces. Afterward, Das and Pramanik [6] proposed
neutrosophic soft open sets in neutrosophic soft topological spaces. Das and Tripathy
[7] recently pioneered the idea of pairwise neutrosophic-b-open sets in neutrosophic
bitopological spaces. M., Shabir, M., Naz [19] who was the first to identify a bipolar
soft set and its operations, such as union, intersection, and complement. Then,
Karaaslan and Karata's [22] new approximation redefined bipolar soft sets, giving
researchers a chance to examine their topological structures. On two initial universal
sets, Binary soft set theory was proposed by Ackgoz and Tas [1]. Then, S.S.,
Benchalli., [4] related basic properties have appropriate parameters that are defined
over two initial universal sets. The concept of neutrosophic bipolar vague binary
topological space is discussed in the current work along with its investigation. The
basic operation in this paper uses a bipolar binary set. Additionally, this study
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examines neutrosophic bipolar vague binary b-open, b-closed, b-interior, and b-
closure operators in addition to the connections between a number of other operators.

2. Preliminaries

Definition 2.1 [18]

Within the context of discussion S, the word Neutrosophic Bipolar Vague Set
(abbreviated as NBVS) is expressed as Aypys- Anpys =
{< x, TPANBVS (%), FPANBVS (), iPANBVS (), TNANBVS (),

FY yngvs (), IN anpvs(),>; x € S}. Their extension pertains to ‘truth membership’,
‘indeterminacy ~membership’, and ‘falsity membership, {T7 p NBVS(x) =
[(THPE), (THP@ Pansvs@®) = [U)P@), NP FPanprs(x) =
[(FPC, (FOPI,  where TP () =1—-(F)P(x), FH ()= 1-
(TP (x) and giventhat 0 < (TP (x)+{U )P (x) + (F)P(x) < 2.

Also {TNANBVS(JC) = [(THYC), (THN)L; IV anprs() = [N ), AHN(0)];
FN anprs(x) = [(FON (), FHN (01} where (THY) =1-F)H' ),
(FHN(x) =1—(T)N(x)and giventhat 0 = (THN(x)+( )V (x) + (F )V (x) =
2.

Example 2.1
If S = {x1,x,,x3} is a set of universes. We define the NBVS Angv as follows.
Anpy =

X, _

{[0.4,0.7]", [0.6,0.6]7,]0.5,0.8]7,[—0.4,—0.7]¥,[-0.5,—0.5]",[-0.6, —0.8]N’
X2

[0.5,0.7]7,]0.5,0.7]%,[0.5,0.7]%, [-0.5, —0.5]", [-0.6, —0.6]",[—0.7, —0.7]N’

X3
[0.4,0.8]7,[0.7,0.5]%,[0.4,0.8]7,[—0.5,—0.7]", [-0.6, —0.7]¥, [-0.5, —0.7]N}

Definition 2.2 [14]
A Neutrosophic vague binary set Mnve (NVBS in short) over a standard universe
S;={x,1<j<nkS;,={m 1<k<p} is an object of the form

TMNVB (xj)' iMNVB (xj)' FMNVB (xj) .

( . ; VXJ € Sl)
Myyp = !
I Tatnns i) Butns Vi) Brtys Vi)
< NVB Nl/;k NVB ;vyk E SZ)
is defined as Trinys (%) = [T7(), T ()] Dty (%) =

[17Ce) 1 ()]; Fangys () = [F~ (), F*(x5)]; x5€S1 and Ty, ) =
[T~ i), T )1 Iy Oi) = U™ 1) I )1 Ertyy s 1) =
[F~ (i), F* i) 15k € S, where
1. T+(xj) =1- F‘(xj); F+(xj) =1- T‘(xj); xi €Spand T (y,) =1~
F~i); F*() =1 =T (yx); Yk €S>
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2. —0<T (x)+1 (x;) +F (x;) < 2%
0T () +I1I (y)+F (y) <2%and
—0 < T*(x;) +I"(x;) + F*(x) < 27;
=0T () + I (i) + F* () < 27
3. T~(x),I"(x;), F~(x;):V(S1) —[0,1] and
T~ ), I” i), F~(i): V(S,) = [0:1]-T+(xj)'1+(xj)’F+(xj): V(s -
[0,1] and T* (i), I (i), F ¥ (vi): V(S2) — [0,1].
Here V (S51),V (S,) represent power set of vague sets on S; S, respectively.

Example 2.2
Let S; = {xy, x5, x3}, S5 = {y1,y,} be the common universe under consideration. Ayygs
is given below:

MN B
F<[0.2,0.3][0.6,0.7][0.7,0.8] [0.3,0.7][0.5,0.6][0.3,0.7] [0.1,0.9][0.4,0.8][0.1,0.9]>\

_ ! X, ’ X5 ’ X3 L
- L ([0.6,0.8][0.5,0.7][0.2,0.4] [0.2,0.7][O.6,0.9][0.3,0.8]> J

)

Y1 Y2

3. Operations on Neutrosophic bipolar vague binary set

Definition 3.1
The bipolar binary set 4y is defined on a conventional universe S; = {x;,1 <j <n};
S, = {¥r, 1 < k < p}is an object of the form

(T4 ta (). Fax)) (T ). 1a ), Fa())

j
<(TA(yk)'IA(Yk)fFA(yk))I;iTA(yk)'IA(yk)'FA(yk))N Vyi € S3)}

14 N
(Ta() 1a(x) Fa(xg)) 281> (011 and  (Ta(), 1a(xy), Faly)) =S5 = [1,0]
provide the truth, indeterminacy and false membership values of the components x; in S;
and  (T4(Vi), La i), Fai))P: Sz = [0,1] and (Ty i), La Vi), Fai)N: S, = [—1,0]
provides the truth, indeterminacy and false membership values of the component y; in
S,.

Definition 3.2
A Neutrosophic Bipolar Vague Binary Set My, (NBVBS for brevity) over a standard
universe {S; = {x;, 1 <j < n}; S, = {y, 1 < k < p}} is conceptual entity that may be
represented as

Mypyp =
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TMNBVB (xj) IMNBVB (xj) FMNBVB (XJ)

= (( x] B Vx]
TMNBVB (yk)l IMNBVB (yk)l FMNBVB (yk) P
e 5,)(( o ) VYK € Sy
U,
~ IS A N
( TMNBVB (xj)’ IMNBVB (x]')’ FMNBVB (xj) Vs
Xj ’ J
vinzrs Vs Tinsws ) Fstngrs 0\
€5S,) (< NBVB NBVB NBVB Yy, € S,)
Vi
is defined as,

’TMNBVB (xj)P = [T_(xj)'T+(xj)]P; TMNBVB(xj)N = [T_(xj)'T+(xj)]N
iMNBVB(x])P [I_(xj)'1+(xj)]P; iMNBVB(xj)N = [I_(xj)'1+(xj)]N
FMNBVB(x]) F (xj) F+(x} ]P; F'MNBVB(XJ)N F~ (xj) F+(x} ] :
Trtnsrs VO = [T~ W), T 0175 Trngys 0" = [T~ i), T i)Y
Ings D" = 1" T G175 Ty @Y = U~ i) T i)Y
FMNBVB(yk)P [F~ (i), F+()’k)] FMNBVB(yk)N [F~ (), F+(3’k)]
Vx; € S; and Yy, € S,. where, 1. (TH)P(x;) = 1 — (F)P(x;);
(FH(x) =1- (T (x); (THV(x) =1—FDIN(x); FH(x) =1-
(THV(%) and (TH ) = 1= (F )P FHP i) = 1= T Gni)
THYN) =1 = F DI EFHV) =1 = (T (k) Vx; € S;and Vyy € S,.
1. -0 (THP(x) + U (%) + F)HP(x) < 2*
0= (THN(x) + UV (x) + F)N(x) = 27;
2. (THP(x), AP (), FHP(x), (THP(x;), AP (%), FHP(x): V(Sy) = [0,1]
(T~ )N(xj) a- )N(xj) (F~ )N(xj) (T+)N(XJ) (1+)N(xj) (F+)N(x]) V(s = [-1,0]
(T ), U i), FP i), (TH ), AP i), (FHP (11): V(S2) = [0, 1]]

(THY @), AN, FOY i), (THY i), UHY i), FHN (i): V(Sz) = [-1,0
Here V' (S,), V(S,) denotes power set of bipolar set on S;and S, respectively.

Example 3.1

Let S; = {x;,x,,x3}and S, = {y,, y,} be the standard universe under consideration.
A NBVBS is given below:
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MNBVBS
r[0.3,0.6]7,[0.5,0.5]7,[0.4,0.7]%,[-0.3, —0.5]", [-0.4, —0.4]", [-0.5, —0.7]" A
X1 ’
[0.4,0.6]7,[0.4,0.6]7,[0.4,0.6]7,[—0.4, —0.4]", [-0.5,—0.5]", [-0.6, —0.6]" _
X, ’
_ [0.3,0.7]7,[0.6,0.4]7,[0.3,0.7]7,[—0.4, —0.6]", [-0.5, —0.6]", [ 0.4, —0.6]”_ [
X3
[0.6,0.8]%,[0.5,0.7]%,[0.2,0.4]%, [-0.3, —0.6]", [-0.5,—0.7]", [-0.4, —0.7]" _
V1 ’
[0.2,0.7]7,[0.6,0.9]7,[0.3,0.8]%,[-0.5,—0.7]",[-0.3, —0.7]", [-0.3, —0.5]"
\ V1 y,
Definition 3.3

Let Mypygs and Pygygs be two NBVBS ona common universe S; and S, the Mygygs
is included by Pygygps denoted by Mygyes S Pygygs If the below condition is true:
If Vx; €S;and1<j<n

—~ P = P = N = N
1) TMNBVB (xj)P = TPNBVB(XJ'?D and TMNBVB (xjg = TPNBVB('X];\?
(2) IMNBVB(xj)PZ IPNBVB(xj) Pand IMNBVB(xj) NS IPNBVB(xj) N
3) FMNBVB(xj) = FPNBVB(xj) and FMNBVB(xj) = FPNBVB(xj)
andVy, €S,and 1<k <p
(1) TMNBVB (yk)P < TPNBVB(yk)P and TMNBVB (yk)N > TPNBVB(yk)N
(2)’1\MNBVB(yk)P 2 {I\JNBVB(yk)P and I/I\iINBVB(yk)N S II-:\NBVB(yk)N
(3) FMNBVB (yk)P 2 FPNBVB (yk)P and FMNBVB (yk)N S FPNBVB (yk)N

Example 3.2

Let S; = {x;,x,}and S, = {y,} be the standard universe. A NBVBS is given below:
[0.1,0.2]7,[0.6,0.7],[0.8,0.9]7,[-0.1,-0.2]"V,[-0.6,—0.7]" [-0.8,-0.9]"

)

X
[0.2,0.6]”,[0.5,0.6]”,[0.4,0.8]”,[—0.21,—0.6]N,[—0.5,—0.6]”,[—0.4,—0.8]”
Mypygs = xz )
[0.1,0.3]7,[0.6,0.7],[0.7,0.9]7,[-0.1,—0.3]N,[-0.6,—0.7]",[-0.7,—0.9]N"
Y1
Pnpyas
([0.2,0.3]%,[0.5,0.6]%,[0.7,0.8]%,[-0.2, —0.3]", [-0.5, —0.6]",[-0.7, —0.8]" .\
X1 ’
_ [0.3,0.7]%,[0.4,0.5]7,[0.3,0.7]%,[-0.3,—0.7]", [-0.4, —0.5]", [-0.3, —0.7]" .
= - s r
[0.2,0.4]7,[0.5,0.6]7,[0.6,0.8]7,[—0.2, —0.4]",[-0.5,—0.6]", [-0.6, —0.8]" .
\ Y1 J
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Clearly Mygyss < Pypvas-

Definition 3.4
Let Mypygs and Pypyps are two NBVBS
(1) Union of two NBVBS, Mygygs and Pygygs IS a2 NBVBS given as,

MNBVES U PNBVABSZSNBVB:S:
( ((TSNBVBS(Xi)'ISNB\:s(Xi)'FSNBVBs(Xi))P; Vx; € S;) )
j

((TSNBVBS i) Isnpyps V) Fsypyps Vi)
Yk

. ) _ N
<(TSNBVBS(X]'),ISNB\;?S(X]-)IFSNBVBS(Xj)) ;VX] € Sl)

)PVyK € Sy)

T ,i ’?
\<( snpves V) SNB\;is(Yk) SNBVBS(Yk))NVyk € SZ>)

The relationship between the ‘truth-membership, indeterminacy-membership, and
false-membership functions’ of Mygyps and Pygygs IS provided as

TSNBVBS (xj)P
= [max (TMNBVBS_ (xj)' TPNBVBS_ (xj)) »max (TMNBVBS+ (xj)' TPNBVBS+ (xj))]
I~ (XJ)P
= [min (’MNBVBS_ CH N/ — (xj)) U (Tnygyss” (4 Iongyss (x,-))]
Fswaves (XJ)P
= [min (FMNBVBS_ (xj)' FPNBVBS B (x]')> ,min FMNBVBS+ (xj)' FPNBVBS+ (xj))]
TSNBVBS (xj )N
= [min (TMNBVBS ) — (Xj)) U (Tuypyss” (%) Tonsyss (xj))]
Ispyas (xj)N
= [max (1 YR €79 9 P— (Xj)) ,max (1 Musvss (5) IPugyss (xj))]
FSNBVBS (xj)N
= [max (FMNBVBS_ (xj)' Fpypyes (x]')> ymax (FMNBVBS ’ (xj)' FPNBVBS+ (xj))]

Similarly, for vy, € S,.

Example 3.3
From above example 3.2,
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¢ [0.2,0.3],[0.5,0.6][0.7,0.8][—0.1, —0.2][0.6, —0.7][- 0.8, —0.9]

X1 ;
[0.3,0.7][0.4,0.5][0.3,0.7][—0.2, —0.6][—0.5, —0.6][—0.4, —0.8]
Snaves = 1 ( P )
2
[0.2,0.4][0.5,0.6][0.6,0.8][—0.2, —0.4][—-0.5, —0.6][—0.7, —0.9]
\ Vi J

Definition 3.5

Assume Mppygs and Pygygs as two NBVBS
(i) Intersection of two NBVBS, My gy5s and Pygygs isa NBVBS given as,
Mygves N Pypyes=Snavas

( ((TSNBVBS(xj)'iSNBi;B.S(xj)'ﬁSNBVBS(xj))P; Vx; € S;) )
j

T g F
(« sneves VK SNBZ,iS(yk) SNBVBS(yk))vak €5,)

X . A N
((TSNBVBS(x]')’ISNBi;B.S(xj)'FSNBVBS(xj)) ;VXj (S 51)
j

Ts ils K)Fs (629)
L(( NBVBS NBI;B;{S NBVBS )vak € SZ)J
It is given that the ‘truth-membership, indeterminacy-membership and false-membership

function are similar to that of Mygy5s and Pygyps-

TSNBVBS (xj )P
= [min (TMNBVBS ) — (xj)) ,min (TMNBVBS HE) A — (xj))]
Isnpyss (xj)P
= [max (IMNBVBS_ (xj)' Ipypyes (x]')> ymax (IMNBVBS * (xi)' IPNBVBS+ (xj))]
FSNBVBS (xj)P
= [max (FMNBVBS_ (xj)' Fpypyes (x]')> ymax (FMNBVBS ’ (xj)' FPNBVBS+ (xj))]
Tsusyes (xj)N
= [max (TMNBVBS ) — (xj)) ,max (TMNBVBS+ (CT)ly r— (xj))]
iSNBVBS (xj)N
= [min (IMNBVBS_ C N —— (x]-)) ,min (IMNBVBS+ C) N — (xj))]
Fsyavss (xj)N
= [min (FMNBVBS_ (), Fengyas (xj)) ,min (FMNBVBS+ C N — (x,-))]

Similarly, forvy, € S,.
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Example 3.4
From above example 3.2

 [0.1,0.2],[0.6,0.71[0.7,0.8][—0.2, —0.3] [~ 0.6, —0.7][— 0.8, —0.9]
X1 ’
[0.2,0.6][0.5,0.6][0.4,0.8][—0.2, —0.6][—0.4, —0.6][—0.3, —0.7]
Sneves = 4 ( - )
2
[0.1,0.3][0.6,0.7][0.7,0.9][—0.1, —0.3] [ 0.5, —0.6][— 0.6, —0.8]
\ V1 J
Definition 3.6
Let Mygyps© is defined as,
Mygygs© > N
((TMNBVBS(Xi) ’TMNBVBS(Xi) FlVII\lBVBS(Xi) ) _(TMNBVBS(Xj) ’TMNBVBS(Xj) ?MNBVBS(X]') ) VX, € Ul)
— Xj ' Xj :
<(TMNBVBS oK TMNBVBS (Yk)CFMNBVBS (Yk)C)P . (TMNBVBS 0 TMNBVBS (Yk)cﬁMNBVBS(y}()C)N vy, € Uy)
Yk b ' Yk 5 2
~ c _ P
Where TMNBVBs(xJ') = [1 - T+(xj) 1-T (xj) ] ;

oo (5)” = [=1=T*(), =1 = 7~(x)
fMNBVBS(xj); =[1-1*(x), 1-1"(x)]"
Totnsyss (57) = [1-1*(x),~1-1"(x)]"
FMNBVBs(xj); =[1-F*(x), 1-F (x)]"
Pty (%51) =) - () "
TMNBVBS(yk)C =[1-T*(), 1-T () 1%
Tutneres V)° = [=1 =T+, =1 =T~ () 1
Tinevss ) = 1= 1" (), 1= 1" 1%;
Ttnprs)° = [=1 =T, —1 = ") IV
Prtrss 00 = (1= F*(), 1= F~ () 1%;

~ N _
FMNBVBS(yk)C = [_1_F+(YI<)’_1_F (YR) ]N
Vx] € Sl and Vyk € SZ

Example 3.5
Let My gy is defined as in above example. Its complement is given by,
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MNf(Vf[SoCA,OJ] [0.5,0.5][0.3,0.6])"([-0.5,—0.7], [-0.6,—0.6],[-0.3, —0.5DN)
(([0.4,0.6][0.4,0.6] [0.6,0.4])"([—0.;1—0.6], [-0.5,-0.5],[-0.4,—0.4])")
_ ) (([0.3,0.7][0.6,0.4][0.3,0.7])P([—0.:,2—0.6],[—0.4,—0.5],[—0.4,—0.6])N); >
(([0.2,0.4][0.3,0.5] [0.6,0.8])P([—0.:,3—0.7], [-0.3,-0.5],[~0.3,-0.6D")
(([0.3,0.8][0.1,0.4] [0.2,0.7])P([—0.51—0.75], [-0.3,—0.3],[~0.5,—0.7])N)
\ Vo J

Proposition 3.1
Let Aygves Bnsves and Cygyes be NBVBS then
(@) Angves € Bngves and Cypyps & Dnpves = Anpves U Cnpves € Bnpres U
Dypygs and
(b) Aygves N Cnpves & Bnpves N Dypves
(¢) Angves S Bupves and Aygyps S Cnpves = Anpves & Bnpves N Cnpyes
(d) Avgves S Cnpves and Bygyps & Cnpvps = Anpves Y Bysves S Cnpues

(6) Anpves & Bnpyps and Bygyps € Cypyes = Anpves € Cnpvss
Proof:

Proof is clear.
Theorem 3.2
A bipolar neutrosophic vague binary set is the bipolar fuzzy set.
Proof:
Let S is a “bipolar neutrosophic vague binary set.
Then by setting the positive componentiy, (%) Fuysys (%) sV €Sy and
fMNBVB v)F; FMNBVB (vi)PVy, € S, equal to zero as well as the negative component
o N 4 N a ~
IMNBVB (X]) ) FMNBVB (xj) ;ij € Ujand IMNBVB (yk)N; FMNBVB (yk)N;vyk €U, equal to
zero reduces the bipolar neutrosophic vague binary set to bipolar fuzzy set.

4. Neutrosophic Bipolar Vague Binary Set Topology

The present paper deals with Neutrosophic bipolar vague binary topology and provides
definitions and features for key terminology such as unit, zero, interior, course, ‘ b -open,
and b c-closed sets.
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Definition 4.1
A family of ‘neutrosophic bipolar vague binary sets’ in Sy, S, that adhere to the following
criteria constitutes a Neutrosophic bipolar vague binary topology in a same universe with
Sl! SZ

(i) Onsve Wnavs € TA®
(ii) For any Mngve, Pneve€ T2 2"2, Mnsve N Prevs€ T4 2Y 2

i.e., the finite intersection of a collectlon of sets belonging to the NBVB topology,
denoted as T4 8V5, is also an element of T} 5VE.

(iiii) Let {M,pyg; i € 1 Y VBB then U;e, TVEVE < ¢NVEVE

i.e., the arbitrarily union of a set of NBVB sets in 73'3V5 is also belongs to

VB

NBVB

Example 4.1
Consider the sets S; = {xy,x, }, S,= {y,} The topology under consideration is a
“neutrosophic bipolar vague binary topology.

TZVBVB_
00]11][11] [00][ 1,— 1][ 1,— 1] [00][1 1][1 1] [00][ 1,— 1][ 1,— 1 [00[1 1][1 1] [00][ 1,— 1][ 1,— 1]
Ongve = ¢ - ) - ly ¢ " )
[0.2,0.4][0.6,0.8][0.6,0.8][~0.2,—0.4] [~ 0.6,—0.8][—0.6,—0.8], ,[0.3,0.6][0.7,0.8][0.4,0.7][~0.3,—0.6][—0.7,—0.8][~0.4,—0.7]
Mygvg = - ) - )
((06,081(07,051(0.2.04](-06,-08](-07.-09][~02-04],
Y1
[0.6,0.71[0.1,0.9][0.3,0.4][—0.6,—0.7][~0.1,—0.9][~0.3,—0.4], ,[0.7,0.8][0.3,0.71[0.2,0.3][—0.7,~0.8][~0.3,~0.7][~0.2,~0.3]
Pygve = ( - )< - )
<[0.6,0.7][0.2,0.5][0.3,0.4][—0.6,—0.7][—0.2,—0.5][—0.3,—0.4]>
] 1 -
[0.2,0.4][0.6,0.9][0.6,0.8][—0.2,—0.4][—0.6,—0.8][- 0.6,—0.8]
Knpve = Mygyg N Pypyg = ¢ )

X1
([0.3,0.6][0.7,0.8][0.4,0.7][—0.7,—0.8][—0.3,—0.7][—0.2,—0.3]> ([0.6,0.7][0.7,0.9][0.3,0.4][—0.6,—0.8][—0.2,—0.5][—0.2,—0.4])

X2 Y1
[0.6,0.7][0.1,0.8][0.3,0.4-][—0.2,—0.4][—0.6,—0.9][—0.6,—0.8]>

X1
([0.7,0.8][0.3,0.7][0.2,0.3][—0.3,—0.6][—0.7,—0.8][—0.4,—0.7]> <[0.6,0.8][0.2,0.5][0.2,0.4][—0.6,—0.7][—0.7,—0.9][—0.3,—0.4])

X2 Y1
[1,1][0,0],[0,0][-1,—1],[0,0],[ 00])<11][00][00][ 1,—1],[0,0], OO]> <11[00][00][ 1,- 1][00][00]>

X1 X2 Y1

Hygvg = Mygyg U Pygyvg = ¢

Ungve = (

Definition 4.2
Neutrosophic bipolar vague binary open set is defined as an element of neutrosophic
bipolar vague binary topology.

Example 4.2
Oneve:WNBVE, MNBVB, Prneve, Kneve, Hneve are as a NBVBOS.

Definition 4.3
A NBVBCS is the complement of an NBVBoS.

Example 4.3
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oo[ 1,— 1][00][00])
00[ 1 —-1],[0,0],[0,0]
ONBVB —[< ) = UNBYEB

00[ 1 1][00][00])

0 4,0.7][0.2,0.3][0.3,0.6][— 0.4,—0.7][—0.2,—0.3][—0.3,—0.6]>
X2

0 2,0.4][0.1,0.3][0.6,0.8][— 0.2,—0.4-][—0.1,—0.3][—0.6,—0.8]>}
Y1

0 6,0.8][0.2,0.4][0.2,0.4][-0.6,—0.8][— 0.2,—0.4][—0.2,—0.4])
X1
MNBVB

[0.3,0.4][0.1,0.9][0.6,0.7][-0.3,—0.3][-0.1,—0.9][-0.6,—0.7]
< X1 >]

[0.2,0.3][0.3,0.7][0.7,0.8][—0.2,—0.3][—0.3,—0.7][—0.7,— 0.8]
PNBVB ( )

X2
< [0.3,0.4][0.5,0.8][0.6,0.7][— 0.3,—0.4][—0.5,—0.8][—0.6,—0.7]>

Y1

(<[0,0][1,1][1,1],[0,0][—1,—1][—1,—1])

X1
[0,0][1,1][1,1],[0,0][-1,—-1][-1,—1]
Ypvs =4 ( % ) ¢ = Onbvs
[0,0][1,1][1,1],[0,0][-1,—1][-1,—1]
( )
Y1
Definition 4.4

The triple (Sy, S5, TA BV5) is known as a NBVB topological space where 7 2¥? isa NBVB
topology.

Example 4.4
If S;={x1,x,} and S, = {y1} TN ?VE= {Onpve.WNrvE, MNeve, Pnave, Kneve, Hneve} then
the triplet (S, S,, TV EVB) is clearly a NBVBTS.

Definition 4.5
LetS; = {x;,<j <n},S, = {y, 1 < k < p} be the two universes under study.
Over this common universe, a zero NBVBS is represented as Yygyp and is given by

<(‘{[1 11[0,0][0,013" X{[-1, —1][0,0][0,013")

” Vx] € S1)
Ynpye = p ]— - N
(11110011001 ><§E€ L0000 oy
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Definition 4.6
consider S; ={x;,1<j<n},S, ={yr, 1 <k <p} as the two universes. Over this
common universe, a Unit NBVBS defined as @ygyg IS given by

ij € Sl>
Xj
1) —
YEVE T (10,01(1,21[1,1137 {[0,0][- 1, —1][-1, —1]}")
( Vy € S3)
Yk
Definition 4.7
Let (51, S, TABYE) be a NBVBTS and also let

Mngve=

((TMNBVB(xj)’iMNBJIC/;?(xj)'ﬁMNBVB(xj))P;ij c Sl> ((TMNBVB(Yk)riMNB;If(Yk)rﬁMNBVB(yk))pvyk € 52>
((TMNBVB(xj)'iMNB;:f(xj)'ﬁMNBVB(xj))N; VX] € Sl> ((TMNBVB(yk):iMNB;:(yk):ﬁMNBVB(yk))NVyk € SZ)
A NBVBS defined over a common universe S;,S, based on definition 3.2. The
neutrosophic bipolar vague binary interior (designated as M3z, 5) and closure (designated
asa Mygyp ) are then defined as follows:
MR pv=V {Mipyg;i € \M§pyp is a NBVBOS over Sy,S, with Migys S Mypys; Vi}
Mysys=n {M}gyg; i € \M}gyp is a NBVBCS over Sy,S, with Mygys S Migyp; Vi}

Example 4.5 In example 4.1,

([0.6,0.7][0.1,0.8] [0.3,0.4][-0.2,—0.4][-0.6,—0.9] [—0.6,—0.8]>
X1

<[0.7,0.8] [0.3,0.7][0.2,0.3][—0.3,—0.6][—0.7,—0.8][—0.4,—0.7])
X2

([0.6,0.8][0.2,0.5] [0.2,0.4][-0.6,—0.7][-0.7,—0.9] [—0.3,—0.4]>
V1

0o _ —
Hygyg= =Hypvs

From example 4.1,
([0.6,0.8][0.2,0.4][0.2,0.4][—0.6,—0.8][—0.2,—0.4][—0.2,—0.4])
X1
([0.4-,0.7][0.2,0.3][0.3,0.6][—0.4,—0.7][—0.2,—0.3][—0.3,—0.6])
X2
([0.2,0.4][0.1,0.3][0.6,0.8][—0.2,—0.4][—0.1,—0.3][—0.6,—0.8])

Y1
and Sy. Further,
1. MNBVB |S a NBVBCS (=4 MNBVB = MNBVB
2. MNBVB |S a NBVBOS (=4 M](\)IBVB = MNBVB

C —MC
Mypve= =Mypvp

Definition 4.8

Let A Y2 be NBVBT and My, is defined as

(i) “Neutrosophic a@ — open set[N,0] iff Mygyp S MY svsMypvsMYsvs (Mysrs)
(ii) ‘Neutrosophic semi open set[NSO] iff My, € MygvsMysrs(Mysys)
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(iii) ‘Neutrosophic pre open set[NPO] iff Mygyp S M3 5y5Mysrs (Mypyvs)

Definition 4.9
In an NBVBT 7458, an NBVB My gy is said to be,
(1) Neutrosophic Bipolar Vague Binary ‘b -Open (NBVBDO) set is defined if and only if

MNBVB c MI(\)IBVB(MNBVB) U MNBVB(MI(\)IBVB)
(i1) Neutrosophic bipolar vague binary’b -closed (NBVBDC) set is defined if and only if

Mypvp 2 MI(\)IBVB (Mygve) N Mypys (MI(\)IBVB)

It is obvious that (NBVBPO U NBVBS0O) €NBVBbO. Inequalities cannot be substituted
for the inclusion.

For an NBVBS Mygyg in a NBVBT 74 5V5

(i) Mygyg is an NBVBDO set iff Mygy,p isan NBVBDOC set.

(if) Mygyp is an NBVBDC set iff My g5 isan NBVBDO set.

Proof: evident from the definition.

Definition 4.10
Let (S1,S,, 7422 ) be a NBVBTS and Mngeve be NBVBS over Sy, Sy,

(i) Briefly [M2%,5],Neutro b — interior of Mysve is the set of all union of “neutrosophic
bipolar vague binary ‘b — open sets that occur in Mneve. (i€), M5%,z=U
{Mlgyp;i € \M}gyp is a NBVbOS over Sy, S, with Mizyp S Mygys; Vi}

(i) Briefly [Mpg, 5], Neutro b -closure of Mysve is the set of all intersection of

neutrosophic bipolar vague ‘b -closed set of S, S, that occur in Mygyg. (ie),
Ml pys =N {Migyg;i € I\M}gyp isa NBVBbCS Sy, S, with Mygys S Mipyp; Vi)
It is evident that the complement of the set M5, is the smallest ‘b -closed neutrosophic
bipolar vague binary set over S; and S, that includes Mngvs-. Additionally, M2%, is the

largest ‘b -open neutrosophic bipolar vague binary set over S; and S, that is contained
inside Mygy5.

Theorem 4.1

Let Mngvs neutrosophic bipolar vague binary set in a NBVBT 74 V% then
. b
() (MII\JI%VB)C:MIfIBVB )
(i) (MR sy5 )=Mfpyp ?

Proof:
Let Mnsve be a NBVBS in NBVBT.
Now M24,5° = [U {'D; D is a NBVBbO setin S;, S, and D € Mygys'}]¢
=N {'D¢; D¢ is a NBVBbC set in C Mg,z S D'}
Replacing D¢ by ‘M’, we get,
(M5%,5)¢ =N {'M; M is a NBVBbC setin S;,S, and M 2 MSz,5' }

b
(MI{)I(I)?VB)C = MI(\:IBVB .
This shows how (i) equivalent (ii) can be shown.
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Theorem 4.2

In the topological space T™BVE every neutrosophic bipolar vague binary set of
neutrosophic bipolar vague binary pre-opens is equivalent to a set of neutrosophic bipolar
vague binary b -opens”.
Proof:

Assuming 'Mygyg' as a ‘neutrosophic bipolar vague binary pre-open set’ in an
NBVBTS tVBVE then

Mypyve € (Mfgys) (Mypys)
Mypyve € (Mfgys)(Mypys) U (Mysy5)
C (MYsy5)Mypys(Mygys) U Mypys(Mygys)

C (MRsvs) [Mysys(Mygys)] U Mygys[Mygys (Mygys)]
This Mygyg isa NBVBDO set.

(ili)  Let Mypyp be a NBVBO setin a NBVBT tV5VE then
MNBVB c MNBVBMleBVB(MNBVB)

Mysvs S MygysMysvs(Mygys) U My sys(Mygys)

MNBVB c MNBVBMlgBVB(MNBVB) U MI%BVBMNBVB(MNBVB)
My gy is therefore an NBVBbO set.

Theorem 4.3

Assuming Mygyp is an NBVBO set in a NBVBT V8B then
() Mp sy = Mygys N MII\),BVB

i 0 _ g0 p 0
(ii) Mpgyg = Mygyg U Mygyp

Proof:
(i) Given that M5, is an open NBVB b set
There is a Mpsys 2 MigyeMysvs[MEsys] 0 Mypve Mygve(Mygys) 2

(0] (0]
Mygyp[Mypye ] N Mygys (Mygys)
b 0] 0 _ 14
And also My g,z 2 Mygyg U MygypMygyg N Mygys Mypgys = Mygyg N My,
The inclusion in reverse is evident.
b _ 14
HenCe, MNBVB - __IfIBVB n MNBVB
In the same way, (ii) can be shown

Theorem 4.4
If Mypyp isan NBVB set contained in an NBVTS 7VBVE then
(i) Mygys = MNBOVB U MygysMypys and
MIfIBVB = MNBVB N MNBVB MI%)BVB

e D _ T 0
(ii) My gys = Mygve U Mygys Mypyp
o

p — 0
MNBVB - MNBVB n MNBVBMNBVB
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Proof:

S 0 S 0 Sv
MNBVB = MNBVBMNBVB MNBVB = MNBVBMNBVB

— O _—
Mypvs U Mypyp = Mypys 2 Mypyp U MygveMypys
0
S0 Mygyp U MygysMygve S Mygyp----------- 1)
Also Mygyp S Mygyp,

0 0 S S
MygvsMygve S MygysMygve Mypye S Mygyp

MNBVB U MSBVBMNBVB c MIf/BVB V) MNBVB c MIf/BVB ----------- (2)
From (1) and (2) we get,

My gvs = Mygyp U MygysMygyp
MIfIBVBO = MNBVB N MNBVB MIC\?BVB

The hypothesis can be illustrated by using the complement of M3,z = Mygys U MQgy5
This shows that (i)

The evidence for (ii) is similar.

Theorem 4.5
If Mygyg isan NBVB set ina NBVTS tV8VBthen
(i) sz/BVBQ/IIfIBVBO = MI%BVBO U M{gysMypyve Misys
(ii) Mygys Mygys = Mygyp N Mypyp MIC\?BVBMNBVB
Proof:

We have MIfIBVBMI\qIBVBO = MI%BVBO U MleBVBMNBVB (MIfIBVBO)
= Mygys. Y Mysys(Mygve ) [Mysve N Mygys Mipys]
c MIfIBVBO U MI(\?BVB [MNBVB N MNBVB (Ml(\?BVB)]
=Mypve’ U Mygys[Mysve (Mysys)]
In order to establish the converse inclusion, it is observed that,
MIfIBVB(MIfIBVBO) = MIfIBVBO U MleBVBMNBVB (MI%BVBO) =2 MIfIBVBO U
MlgBVBMNBVB (MlgBVB)
We have MIfIBVB (MIfIBVBO):MIfIBVBO U MNBVB Ml(\?BVB
This provides evidence for (i)
The proof for (ii) can be considered equivalent.

Theorem4.6
If Mypyp is an NBVB set in a NBVTS tV8V5then
. o o -
(I) MII\)/BVBMII\)/BVB = MIZ\QIBVB U MNBVB MI?BVB

.. o 0 P
(i) MII\)IBVB MIZ\JIBVB = MII\)IBVB N MygysMypys
Proof:
D p _ b O 0 p O
We have My oMypye = Mygyg U Mypyp MNBVB(MNBVB )
—_ \pb CE Y A 7 U 0 1\ — aP Iy o 7 20
= Mygyg U (MNBVB Mygpyp [MN_BVB ﬂ MN!S’V_BMNBVB DD =Mygyg U Mygyg [Mygys]
In order to establish the converse inclusion, it is observed that,
s 0\ __ 0 1) Y 0 0
MIfIBVB(MIfIBVB )_MIfIBVB U MygysMypys (Mygys ) 2 Mypyp U
0 0
MygysMygys (MNgys)

o
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Therefore, we have My gy s Misys’ = Mipys” U MigysMypve Misys
This provides evidence for (i)
The proof for (ii) can be considered equivalent.

5. Conclusions

In this paper, we have proposed the idea of neutrosophic bipolar vague binary

topological spaces with suitable examples. Also, we have discussed neutrosophic bipolar
vague binary b -open and b -closed set and neutrosophic bipolar vague binary interior and
closure with respect to neutrosophic theory and we have given their properties also. In
future, we will investigate the relationship between NBVBPOS and NBVBS separation
theorem.
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Detour Self-Decomposition of Corona
Product of Graphs

E. Ebin Raja Merly*
Anlin Bena E'

Abstract

Decomposition of a graph G is the collection of edge-disjoint sub-
graphs of G. The longest distance between any two vertices of G is
its detour distance. A subset S of V(&) is a detour set if every vertex
of GG lie on some u — v detour path, where u, v € S. If a graph G can
be decomposed into subgraphs G4, G, ..., G,, with same detour num-
ber as GG then the decomposition II = (G4, G, ..., G,,) is called de-
tour self-decomposition. The cardinality of maximum such possibil-
ity of detour self-decomposition in G is the detour self-decomposition
number of GG and is denoted by 744, (G). The bounds of detour self-
decomposition number of corona product of graphs based on few
properties have been discussed here.
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1 Introduction

The graphs G = (V, E) that we have used in this work are all finite, simple,
connected and undirected. We refer to [4] for important graph theory terms.

G. Chartrand, P. Zhang, and G.L. Johns [1] introduced the notion of the detour
number. In the graph G for any two vertices = and y, the notation D(z,y) refers
to the detour distance which is the longest x — y path of length in G. The x — y
detour means a x — y path of D(x,y) length. Vertices lying at any = — y detour of
G are represented by Ip[z, y] and for any of the subset S of V(G), Ip[S] implies
U yesIplx,yl. If Ip[S] =V, S is considered as a detour set and also the detour
set with the least number of vertices in G is the minimum detour set and also
the cardinality of this set is a detour number. It has applications in game theory,
telephone switching centres, facility location, distributed computing, information
retrieval and communication networks.

Graph decompositions is one of the interesting areas of research in Graph
Theory. The edge disjoint subgraphs collection G, G, ..., G, of G represents the
decomposition of GG if G’s each edge is in exactly one G;, 1 < i < n [6].

The idea behind H-decomposition was introduced by L.Posa, P. Erdos, and
A. W. Goodman [3] and various problems related to H-decomposition has been
studied in recent years. Recent researchers found interest in graph decompositions
based on some graph properties. The concept “’steiner decomposition number of
graphs” [7] introduced by M. Mahiba & E.E.R. Merly, in which the graph and its
subgraphs had the same steiner number motivated us to introduce the concept of
detour self-decomposition of graphs. In [5], we introduced the concept of “detour
self-decomposition of graphs”, some general properties and bounds of detourself-
decomposition of some graphs has been studied.

Many research articles have been published based on graph operations. Re-
searchers are particularly drawn to the corona product among the several graph
operations now in use because of its complicated yet distinctive structure. The
corona G ® H of the given graphs GG and H is well-defined as the graph acquired
with taking one copy of G and |V (G)| number of copies of H. Here, the i"
vertex of G has been adjacent to every vertex at the i*" copy of H. Due to the
structural properties of the corona product of graphs, it is interesting to study its
detour self-decomposition.

In this paper, keeping the first graph as any general graph and giving certain
restrictions to the second graph, the detour number and the bounds of the detour
self-decomposition number of the corona product of such graphs have been stud-
ied.
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2 Preliminaries
The subsequent work makes use of the following definitions and theorems.

Definition 2.1. [5] The decomposition 11 = (G1,Ga,...,G,) of G is stated to
be detour self-decomposition if dn(G) = dn(G;),1 < i < n and detour self-
decomposition number of G is the greatest cardinality of such decomposition and
is represented as Ty, (G).

Theorem 2.1. /2] Every detour-set for the non-trivial connected graph G consists
every end vertices of that graph.

Theorem 2.2. [2] A tree T having k end-vertices has detour number k.

Theorem 2.3. [9] Any G of an order p > 2,2 < dn(G) < p

3 Main Results

Lemma 3.1. Consider v as the cut vertex for G. If G — {v} has m components
then dn(G) > m ie., the detour set at the least consists one of the vertex from
every component of G — {v}.

Proof. Let v represent a cut vertex of the graph, G.

Let G — {v} has m components H;, Hs, ..., H,,.

To prove: dn(G) > m i.e., to prove the minimum number of detour set of G
contains atleast m vertices.

Suppose dn(G) = my,where m; < m.

Since m; < m, some components of G — {v} does not have any vertices in
S, let H; be one of the components of G — {v} that does not have any vertices
at the S. Meanwhile /p[S]| = V(G) means there is a vertex pair v;, v; € S such
that the vertices of H; lies in some v; — vy, detour path in GG. Also since v is a cut
vertex and {v;, v, } ¢ V(H;) the v; — vy, detour paths contains a detour path v; —v
followed by a v — v detour path covering all the vertices of H; again followed
by another v — vy, detour path. But this does not form a path since the cut vertex
v is repeated twice in this sequence which is a contradiction to the definition of
path. Hence for GG the detour set contains at least one vertex from every G — {v}
components. [

Lemma 3.2. Consider G and H as any two graphs and detour number of H is 2.
Then dn(G ® H) = |V (G)|.
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Proof. Let V(G) = {v1,v2, ..., vy (e} and the vertex set of i copy of H be
{tiys Uiy ooy Uiy g 151 < i < V(G| Meanwhile dn(H) = 2 so rename the
vertices of i*h copy of H in such a way that {u;, , u;, } is the detour set of i'h copy
of H,1 <i < |V(G)|.

In G ® H, every vertex of (G is a cutvertex and one of the components of
G ® H — {v;} is the i*" copy of H, from lemma 3.1 the minimum detour set of
G ® H contains atleast one vertex from the 'k copy of H .

Also for any i and j* copy of H, there exists two vertices u;, , u;, such that
all the vertices of i*" and j** copy of H and all/some vertices of G lie in some
u;, — u;j, detour paths.

In this way the set S' = {uy,, ua,, ..., ujv()), } satisfies the condition for detour
set and this set is minimum since removal of a vertex from S contradicts lemma
3.1.

Hence dn(G © H) = |S| = |[V(G)]. O

Theorem 3.1. Let G and H be any of the two graphs and detour number of H is 2.
If|V(H)| > |V(G)| then G® H is detour self-decomposable and 7054, (G © H) >

(||‘\i((g))|‘ - 1)|V(G)| +1

Proof. Let G and H be the graphs and dn(H) = 2.

By lemma 3.2, dn(G ® H) = |V(G)].

Let V(G) = {Ul, Vg, ..., U|V(G)|} .

Let the i copy of H have the vertex set {u;,, iy, - - -, Ui ), }-

Since dn(H) = 2, rename the vertices of i*" copy of H in such a way that
{u;,, us, } as the detour set for the graph H.

Assume |V (H)| > |V (G)|

Then |V(H)| = a|V(G)| + b,where a,b € Z1,0 < b < |[V(G)]

InG® H,deg(v;) > |V(H)|+1=4a|V(G)|+b+ 1.

Consider the case when b = 0.

Take G|y (@)++ as the star graph with center vy, and pendant vertices
forall 0 < 5 < a— 2 and

Uksiv vz Uesivayirsr o UkGenivia WG
1 <k <|V(G)|

Removal of edges of G;,1 < i < (a — 1)|V(G)| from G ® H results into a
connected graph G since i*" copy of H is connected to G through edges
Vitlins Villia—y) v (@2 o Yillia vy ;

Again there exists |V (G)| stars with |V (G)| pendant vertices in G’ but removal
of these subgraphs from G’ results into a disconnected graph and the components
may have different detour number which may or may not be further decomposed
into subgraphs with same detour number.

In G’, each v;, 1 <i < |V(G)] is a cutvertex of G’ and one of the components
of G’ — {v;} is the i" copy of H, from lemma 3.1 the minimum detour-set of G’
consists atleast a vertex from the i** copy of the graph H.
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Also for any i*" and j*" copy of H in 7/, there exist two vertices u;,, uj, such
that all the vertices of 7! and j** copy of H and all/some vertices of G’ lie in some
u;, — U, detour paths.

In this way the set S = {u1,, ua,, ..., Uy (@), } satisfies the condition for detour
set and this set is minimum since removal of a vertex from S contradicts lemma
3.1 Hence dn(G") = |S| = |[V(G)|.

Thus G itself is a subgraph of G ® H with same detour number. Depending
upon G and H it can further be decomposed into subgraphs with same detour
number.

Hence Ty (G © H) > (el = D|V(G)] + 1.

]

Theorem 3.2. Let G and H be any of the two graphs and detour number of H is 2.
IV (H)| > [V(G)] and |V/(G) |V ()| then m0o (GO H) > | WL [V(G)| +1

Proof. Let G and H be the two graphs and dn(H) = 2.

By lemma 3.2, dn(G ® H) = |V(G)].

Let V(G) = {v1,v2, ...,0}V(G)|} .

Let the 7" copy of H have the vertex set {u;,, U, .., Uiy )

Since dn(H) = 2, rename the vertices of i’ copy of H in such a way that
{u;,, u;, } as the detour set for the graph H.

Assume |V (H)| > |V(G)|and |V(G)| 1 |V (H)|

Then |V (H)| = a|V(G)| + b,where a,b € Z+,0 < b < |V(G)|

InG o H,deg(v;) > |V(H)|+1=alV(G)|+ b+ 1.

Take G jjv(@)|++ as the star graph with center v, and pendant vertices
Ukjiv @420 Uhivi@asr - Ykirn v Yoo for all 0 < j < a — 1 and
1<k <[V(G)

Removal of edges of G;, 1 < i < a|V(G)| from GO H results into a connected
graph G’ since H's i*" copy is connected to ( atleast through an edge v;u;, .

In G', each v;,1 < i < |V(G)] is the cut vertex. Also one of the components
of G’ — {uv;} is the i copy of H, from lemma 3.1 for G’ the minimum detour set
consists atleast a vertex from each copy of H.

Also for any i*" and j™ copy of H in (, there exist two vertices u;,, u;, such
that all the vertices of i and j'* copy of H and all/some vertices of G lie in some
u;, — uj, detour paths.

In this way the set S = {u1,, ua,, ..., ujv(e), } satisfies the condition for detour
set and this set is minimum since removal of a vertex from S contradicts lemma
3.1. Hence dn(G’) = |S| = |V(G)|.

Thus G’ itself is the G ® H subgraph with same detour number. Depending
upon G and H it can further be decomposed into subgraphs with same detour

number. Hence 7yq,(G ® H) > L'V H)|J V(G)|+1. -
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Lemma 3.3. Ler G be any graph and H be any tree with exactly one center then
dn(G ® H) =V (Q).

Proof. Let V(G) = {v1,v2, ..., vjy(c)| }-

Let the 7" copy of H have the vertex set {u;,, Uiy, ..., Ui, }- Let the center
of i*" copy of H be u;,.

In G ©® H, each vertex of GG is a cutvertex and one of the components of
G ® H — {v;} is the i*" copy of H, from lemma 3.1 the G ® H minimum detour
set consists at least a vertex from the i*" copy of H .

Again, considering the subgraph H + {v;} in G ® H, the set {u;,, v;} is the
minimum detour set for this subgraph.

Also for any i and j* copy of H, there exists two vertices u;, , u;, such that
all the vertices of i"" and j** copy of H and all/some vertices of G lie in some
u;, — u;, detour paths. In this way the set S = {uy,, ua,, ..., ujv (@), } satisfies the
condition for detour set and this set is minimum since removal of a vertex from S
contradicts lemma 3.1. Hence dn(G © H) = |S| = |V (G)]. O

Theorem 3.3. Let G be any of the graph along with the H be any tree with exactly
one center. If |V(H)| > |V(G)| then G ® H is detour self-decomposable and

7Tsdn(G © H) > (||‘\§((g))|| - 1)|V(G)| +1

Proof. From lemma 3.3 dn(G © H) = |V(G)|.
The proof is same as the theorem 3.1. [

Theorem 3.4. Let GG be the any of the graph and the H be any tree with exactly
one center. If |V(H)| > |V(G)| and |V(G) t |V(H)| then m5q,(G © H) >

V(H
vt v+

Proof. From lemma 3.3 dn(G © H) = |V (G)].
The proof is same as the theorem 3.2. U

4 Conclusions

In this paper, a decomposition parameter on the basis of the detour num-
ber is studied. The detour number and few lower bounds for the detour self-
decomposition number on corona product of some graphs that satisfy such decom-
position is discussed. Although the first graph in the corona product is general,
the lower bound for general graphs remains unsolved. Further research can be
obtained by analyzing the graphs satisfying this decomposition with other graph
parameters and graph operations.
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Abstract

In this paper, pseudo regular and totally pseudo regular spherical fuzzy graphs are
defined using pseudo degree and total pseudo degree of a vertex. A necessary and
sufficient condition for pseudo regular spherical fuzzy graph is given. Some properties
of pseudo regular and totally pseudo regular spherical fuzzy graphs are derived.
Theorems related to these concepts are stated and proved.
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1. Introduction

Zadeh [16] introduced the concept of fuzzy set (FS) as a generalization of the crisp
set, and it has numerous applications in networking, decision making,
telecommunication, artificial intelligence, management sciences, computer science,
social science, and the chemical industry. The fuzzy set theory was proposed in order to
deal with problems involving a lack of information and impreciseness. It can deal with
uncertainty and vague problems whose membership functions lie in the closed interval
[0, 1]. Atanassov [2] proposed the intuitionistic fuzzy sets (IFSs) as an extension of
Zadeh’s [16] fuzzy set theory. Cuong [4, 5] initiated the concept of the picture fuzzy set
(PFS) as a direct extension of intuitonistic fuzzy sets, which may be adequate in cases
when human opinions are of types: yes, abstain, no, and refusal. Mahmood et al. [10]
introduced the concept of spherical fuzzy set which gives an additional strength to the
concept of picture fuzzy set by enlarging the space for the grades for all the four
parameters. Kifayat et al. [7] studied the geometrical comparison of fuzzy sets,
intuitionistic fuzzy sets, Pythagorean fuzzy sets, picture fuzzy sets with spherical fuzzy
sets. Cen Zuo, et al. [15] introduced the some new concepts of picture fuzzy graph.
Akram et.al [1] introduced the notion of spherical fuzzy graphs and Abhishek Guleria
[6] also introduced generalized version spherical fuzzy graphs using T-spherical fuzzy
sets. Mordeson and Peng [11] introduced some operations on fuzzy graphs. Mohamed
Harif and Nazeera Begam [8] defined regular spherical fuzzy graphs and studied some
properties of regular spherical fuzzy graphs. Muhammad Shoaib et al. [9] introduced
complex spherical fuzzy graphs. In this paper, pseudo regular and totally pseudo regular
spherical fuzzy graphs are defined using pseudo degree and total pseudo degree of a
vertex. A necessary and sufficient condition for pseudo regular spherical fuzzy graph is
given. Some comparative study between pseudo regular and totally pseudo regular
spherical fuzzy graphs are done.

2. Preliminaries

Definition 2.1[10] A spherical fuzzy set S in U (universe of discourse) is given by
S={< a,us(a),ns(a),vs(a) >: ¢ € U} where us:U - [0,1], ns:U - [0,1] and
vs: U — [0,1] denote degree of membership, degree of neutral membership and degree
of non-membership respectively, and for each « € U satisfying the condition
0 < u2(a)+n2(a)+vi(a) < 1. The degree of refusal for any spherical fuzzy set S and
a € Uisgiven by rs(a) = /1 — (ué(a) +ni(a) + vi(a)).
Definition 2.2 [1] A spherical fuzzy graph (SFG) G = (N, L) where

e N ={v,,v,,..,v,}suchthat o;: N - [0,1], 0,: N - [0,1] and g5: N — [0,1]

denote the degree of membership, degree of neutral membership and degree of
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non-membership of each element v; € N respectively, and
0 <o) +0? ) +o0? ()< 1,foreveryv; € N,(i =1,2,3...,n).
e LS N x Nwhereu;:L— [0,1], uy: L » [0,1] and us: L — [0,1] are such
that
p(ui, ) < min{oy (w;), 01 (w) },
1o (s, uj) < min{o,(w;), 0, (uj)},
us(ui, ) < max{os(w;), o3(u;)}
0 <uf (wpw)+p3 (uyw) + pd (w,w) < 1, forevery (w,w) €L,
(i =1,23...,n).
Definition 2.3 [1] Let G = (N, L) be a SFG. The degree of a vertex u of a SFG is

dg(w) = (Z I ), ) 1w ), ) s v)).

U+v U+v U#v

Definition 2.4[1] The minimum degree of a SFG G = (N,L) is defined by
6(G) = (61(9),62(9), 65(G)), where

61(9) = min{d,(w)/ u € N},

6,(G) = min{d,(w)/u € N }

65(G) = min {d;(u)/ u € N}.
Definition 2.5 [1] The maximum degree of a SFG G = (N,L) is defined by
A(G) = (81(9),82(G),A3(G)) where

A, () = max{d,(u)/u € N}},

A;(G) = max{d,(u)/u €N},

A3(G) = max{ds;(u)/u €N }.
Definition 2.6 [8] Let G = (N, L) be a SFG. If dg(u) = (cq,¢2,¢3), Vu € N. (i) each
vertex has same degree (cq, ¢y, c3), then G is said to be regular spherical fuzzy graph
(RSFG) of degree (cy, ¢4, ¢3) Or (¢4, ¢2, c3) — regular spherical fuzzy graph.
Definition 2.7 [8] Let G = (N, L) be a SFG, then the order of G is denoted by 0(§G) and

defined by
0@ = <Z a®, ) o, ) ag(v)>.

VEN VEN VEN

Definition 2.8 [8] Let G = (N, L) be a SFG, then the size of G is denoted by S(G) and

defined by
SG) = (Z pa ), ) ), ) us(uv)>-

UVEL UVEL UveEL

Definition 2.9 [3] Let G* = (V, E) be a crisp graph. Then the 2-degree of v is defined
as the sum of the degrees of the vertices adjacent to v and it is denoted by t(v).
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Definition 2.10 [14] Let G* = (V,E) be a crisp graph. The average degree of v is
t(v)
dw)

denoted by d, (v).
Definition 2.11 [14] A graph G* = (V,E) is called pseudo regular if every vertex of G
has equal average degree.

3. Pseudo regular spherical fuzzy graphs

Definition 3.1 Let G = (N,L) be a spherical fuzzy graph on G* = (V,E). The
2 —degree of a vertex v in G is defined as the sum of degrees of the vertices adjacent to
v and is denoted by ts(v) = (t1(v), t,(v), t3(v)) where t;(v) =X d;(uw) =
Yuzw li(w,w); i = 1,2,3 and d;(u) is the degree of the vertex u which is adjacent
with the vertex v.

Definition 3.2 Let G = (N,L) beaSFG on G* = (V,E). A pseudo (average) degree of
a vertex v in spherical fuzzy graph G is denoted by d¢(v) and is defined by d¢(v) =

(d9(v), d% (v), d%(v)) where d%(v) = “2’3)
G*

edges incident at v.

Definition 3.3 Let g = (N,L) bea SFGon ¢G* = (V,E). If dg(v) = (kq, ko, k3) for

all ve N then G is called (kq,k,, k3)-pseudo regular spherical fuzzy graph or

(kq, ky, ks) —PRSFG.
Example 3.4 Consider a SFG G on G* = (V, E) given in figure 3.1.

(0.2,0.4,0.6)

defined as where t(v) is the 2 —degree of v and d(v) is the degree of v and it is

Y i =1,2,3 and dg;-(v) is the number of

¢,(0.1,0.2,0.6) e, (0.1,0.2,0.6)

w(0.1,0.2,0.4) e3(0.1,0.2,0.6) u(0.1,0.2,0.3)
Figure 3.1: Pseudo Regular Spherical Fuzzy Graph G

Here, d(u) = (0.2,0.4,1.2), d(v) = (0.2,0.4,1.2), d(w) = (0.2,0.4,1.0) and dg-(u) =
2, forallu € N.

Now u is adjacent to v and w.

Then d¢ (uw) = (0.2,0.4,1.2).

Similarly, d¢(v) = dg(w) = (0.2,0.4,1.2).

Thus G is (0.2,0.4,1.2) —PRSFG.
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Definition 3.5 Let § = (N, L) be a spherical fuzzy graph on G* = (V,E). The total
pseudo degree of a vertex v in G is denoted by td¢(v) and is defined by tdg(v) =
(td¢(v), td§ (v), td$(v)) where td?(v) = d&(v) +o;(v) for all v € V and i=
1,2,3.

Definition 3.6 Let G = (N, L) be a spherical fuzzy graph on ¢* = (V,E). If all the
vertices of G have the same total pseudo degree (kq,k,, k3), then G is said to be a
(ky, ko, k3)-totally Pseudo regular spherical fuzzy graph ((ky, k,, k3) — TPRSFG).
Example 3.7 Consider a SFG G on G* = (V, E) given in figure 3.2.

w(0.3,0.3,0.3)

5(0.1,0.1,0.1) e,(0.1,0.1,0.1)

x(0.3,0.3,0.3) 7(0.3,0.3,0.3)

€,(0.1,0.1,0.1) €,(0.1,0.1,0.1)

u(0.3,0.3,0.3)
Figure 3.2: Totally Pseudo Regular Spherical Fuzzy Graph G

Here d¢(w) = d¢(v) = dg(w) = dg(x) =(0.2,0.2,0.2) and tdg(w) = (0.5,0.5,0.5)
forall u € V. Hence G is (0.5,0.5,0.5) —TPRSFG.

Remark 3.8 A Pseudo regular spherical fuzzy graph need not be a totally Pseudo
regular spherical fuzzy graph. It can be verified by the following example.

Example 3.9 Consider a SFG G on G* = (V, E) given in figure 3.3.

x(0.7,080.9) 5 (0.102,0.6) w (0.4,050.6)

€,(0.2,0.4,0.6) €,(0.2,0.4,0.6)

[ o
1©(0.2,0.6,0.7)  ,(0.1,0.2,0.6)  v(0.1,0.2,0.3)
Figure 3.3: Illustration of Remark 3.8

Here dg (u) = dg(v) = dg(w) = dg(x) = (0.3,0.6,1.2);
tdg(u) = (0.5,1.2,1.9) and td§ (v) = (0.4,1.8,1.5)
Therefore G is PRSFG.
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But tdg (w) # tdg(v)

Hence G is not TPRSFG.

Remark 3.10 A totally pseudo regular spherical fuzzy graph need not be a pseudo
regular spherical fuzzy graph.

Example 3.11 Consider a SFG G on G* = (V, E) given in figure 3.4.

x(0.2.0.40.6) (0.1.0.102) w(0.203,06)

¢,(0.1,0.2,0.1) ¢,(0.1,0.1,0.1)

L 4 ®
u(0.2,04,06) ¢,(0.1,0.1,0.1) 1(0.2,0.3,0.6)
Figure 3.4: lllustration of Remark 3.10

Here tdg (u) = tdg(v) = td¢(w) = tdg(x) = (0.4,0.6,0.8);
d¢(u) = (0.2,0.2,0.2) and d(v) = (0.2,0.3,0.2)

Therefore G is TPRSFG.
But dg(w) # dg(v)
Hence G is not PRSFG.
Note: From the above examples, it is clear that in general there does not exist any
relationship between regular spherical fuzzy graphs and totally regular spherical fuzzy
graphs. However, a necessary and sufficient condition under which these two types of
spherical fuzzy graphs are equivalent is provided in the following theorem.
Theorem 3.12 Let G = (N, L) be a spherical fuzzy graph on ¢G* = (V,E). Then N is a
constant function if the following are equivalent.

1. G is pseudo regular spherical fuzzy graph.

2. G is atotally pseudo regular spherical fuzzy graph.
Proof:
Assume that N is a constant function.
Leto; (W) = ¢q,0,(u) = cy,03(u) = ¢3 forallu € N.
Suppose G is a pseudo regular spherical fuzzy graph.
Thendg(w) = (kq, ky, k3) forallu € N.
Now,

tdg(u) = dg(w) +o(w)
= (ky, ky, k3) + (c1,¢2,¢3)
= (ky+cy, ky +cy, ks +c3)

Hence, G is a totally pseudo regular spherical fuzzy graph.
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Thus (i) implies (ii) is proved.
Suppose G is a totally pseudo regular spherical fuzzy graph.
Then,
tdg (u) = (ky, ko, k3) forall u € N.
dg(W)+ o;(w) = (ky, ko, k3) forallu € N
dg(u) + (c1,¢,¢3) = (ky, ko, k3) forallu € N.
dg(w) = (ky, kg, k3) — (c1,¢3,¢3) forallu € N
Hence G is a Pseudo regular spherical fuzzy graph.
Thus (ii) implies (i) proved.
Conversely Suppose (i) and (ii) are equivalent.
Let G be a pseudo regular spherical fuzzy graph and a totally pseudo regular spherical
fuzzy graph.
Then, df(u) = k; and
tdi(u) = kj,forallu € Nandi,j=1,2,3.
di(u) +o;(u) = kjforallu € nandi,j = 1,2,3.
ki +o0;(u) = kjandi,j =1,2,3.
oi(w) = kj — k;forallu € Vandi,j=1.23.
Hence N is a constant function.
Example 3.13 Consider a SFG G on G* = (V, E) given in figure 3.5.

w(0.50505) . €(0.30303)  v(050505)

e5(0.3,0.3,0.3) e,(0.3,0.3,0.3)

1(0.5,0.5,0.5)
Figure 3.5: Spherical Fuzzy Graph G

dg(w) = (0.6,0.6,0.6) and td¢(w) = (1.1,1.1,1.1)
The graph is (0.6,0.6,0.6) —PRSFG and (1.1,1.1,1.1) —TPRSFG.

Theorem 3.14 Let G = (N, L) be a spherical fuzzy graph on ¢* = (V,E). If G is both
pseudo regular and totally pseudo regular spherical fuzzy graph, then N is a constant
function.

Proof:
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Assume that G is both pseudo regular and totally pseudo regular spherical fuzzy graph.
Then di*(u) = ¢; and tdf(u) = k;, forallu € V.
Now,
tdit(w) = k;
dif(w) +o;(w) = k;
¢ +o;(uw) =k;
o;(uw) =k; +¢
= constant
Hence N is a constant function.
Remark 3.15 The converse of the theorem 3.14 need not be true.
Example 3.16 Consider a SFG G on G* = (V, E) given in figure 3.6.

v(0.2,0.2,0.2)

e,(0.2,0.2,0.1)

w(0.2,0.2,0.2) e:(0.2,0.1,0.2)

e5(0.1,0.1,0.2)

1(0.2,0.2,0.2)
Figure 3.6: Illustration of Remark 3.15

Here N is a constant function.
But G is neither PRSFG nor a totally PRSFG.
Theorem 3.17 Let G = (N, L) be a spherical fuzzy graph on G*(V, E) a cycle of length
n. If L is a constant function, then G is a pseudo regular spherical fuzzy graph.
Proof:

If L is a constant function then p; (uv) = ¢4, p,(uv) = ¢y, us(uv) = ¢4 forall
uv € L. Thend$(u) = 2¢y,d5(u) = 2¢,, d§(u) = 2c3forallu € N,
Hence G is (¢4, ¢y, ¢3)-Pseudo regular spherical fuzzy graph.
Remark 3.18 Converse of the above theorem 3.17 need not be true.
Example 3.19 Consider a SFG G given in figure 3.3. Here G is a pseudo regular
spherical fuzzy graph but L is not a constant function.
Theorem 3.20 Let G = (N, L) be a spherical fuzzy graph on G* = (V, E), an even cycle
of length n. If the alternate edges have same membership values, then G is a pseudo
regular spherical fuzzy graph.
Proof: If the alternate edges have the same membership values, then
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L(e-) _ {(ml,mz,m3), if jisodd
J (ny,ny,n3), ifjiseven

If (m,,m,, m3) = (ny,n,,n3), then L is a constant function.

So by the theorem 3.17, G is a pseudo regular spherical fuzzy graph.

If (my, my, m3) # (ny,n2,n3), then dg(v) = (my, my, m3) + (ng,n5,n3) forallv e V.

So tg(v) = (2my + 2ny, 2m, + 21y, 2m3 + 2n3) and dg-(v) = 2.

Hence G is a pseudo regular spherical fuzzy graph.

Remark 3.20 The above theorem 3.20 does not hold for a totally pseudo regular

spherical fuzzy graph.

Example 3.21 Consider a SFG G on G* = (V, E) given in figure 3.7.

u:(0.2,0.2,0.2) €,(0.2,0.2,0.1) u,(0.1,0.2,0.2)

forall i = 1,2,3.

e(0.1,0.2,0.2) €;(0.1,0.2,0.2)

u5(0.3,0.3,0.1) 1,(0.3,0.2,0.1)

€;(0.2,0.2,0.1) e,(0.2,0.2,0.1)

u,(0.1,0.2,0.3) ¢,(0.1,0.2,0.2) u,(0.2,0.3,0.1)
Figure 3.7: Illustration of Remark 3.20

Here alternate edges have the same membership values.
dg(uy) = dg(uz) = dg(uz) = dg (uy) = dg(us) = (0.3,0.4,0.3) and
td&(uy) = (0.4,0.6,0.6) and tdd(u,) = (0.5,0.7,0.4)
tdg(uy) # tdg(uz)
Therefore, G is not TPRSFG.
Theorem 3.22 If G = (N, L) is a regular spherical fuzzy graph on G* = (V,E), an
r —regular graph, then d¢(v) = d?(v) forall v € N.
Proof:
Let G =(N,L) is a (kq,k,, k3) regular spherical fuzzy graph on G*(V,E) an
(1,75, 13) regular spherical fuzzy graph.
Then d,(v) = ky,d,(v) = k,,d5(v) = kg forallv € G and dg-(v) = r for all
vEQG.
So, tg(v) = @ di(w),Yd,(w),Y ds(u)) where each u is adjacent with vertex v.

Which implies
tg) = () i, ) dy@), ) dsw)

= (Tkl,rkz, Tk3,)
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tec (v)
Also d?(v) = dcg*(v)

Which implies df* (v) =
Which implies d*(v) = ( T
= (ky, ko, k3)

Which implies df(v) = d;(v) forall i =1,2,3.
Theorem 3.23 Let G = (N,L) be a spherical fuzzy graph on G* = (V,E), an
r —regular graph. Then G is pseudo regular spherical fuzzy graph, if G is a regular
spherical fuzzy graph.
Proof: Let G = (N, L) be a (kq, k,, k3) regular spherical fuzzy graph on G*(V,E) an
(11,15, 13) regular spherical graph.
Then df(v) = d;(v)forallv € N.

dif(v) = k;forallveN.
Which implies all the vertices have same pseudo degree (kq, k,, k3).
Hence G is (kq, k4, k3) pseudo regular spherical fuzzy graph.

tg (v)
_r .
rki1 Tk, rk3)

4 Conclusions

Graph theory has become a most powerful conceptual framework for modelling and
for solutions of combinatorial problems that arise in various areas, including
mathematics, computer science, and engineering. Many real life problems can be
represented by graphs. The spherical fuzzy model is a more flexible model because it
broadly resolves the ambiguity of actual phenomena. To solve many real-world
problems and loosen restrictive constraints, the need for SFGs will arise. In this paper,
we have defined pseudo regular and totally pseudo regular spherical fuzzy graphs using
pseudo degree and total pseudo degree of a vertex. A necessary and sufficient condition
for pseudo regular spherical fuzzy graph is given. Some results between Pseudo regular
and totally Pseudo regular spherical fuzzy graphs are derived. In the future, we plan to
extend this study to (i) operations on pseudo regular spherical fuzzy graphs; (ii)
complex spherical fuzzy graphs.
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A linear system of 'n’ second order ordinary differential equations
of reaction-diffusion type with discontinuous source terms is consid-
ered. On a piecewise uniform Shishkin mesh, a numerical system is
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1 Introduction

Differential equations with small parameters reflect the rapid progress of sci-
ence and technology and many practical problems, including mathematical bound-
ary layer theory and approximation of solutions are described in [Doolan et al.,
1980], [Roos et al., 1996] and [Miller et al., 1996]. Sometimes, solving mathemat-
ical problems accurately can be very challenging, if even impossible; especially in
these situations, approximations of the solutions are needed. Its derivative often
does not converge uniformly at z = 0 or z = 1 as ¢ — 0, whereas the gener-
ated asymptotic solution converges uniformly to the solution of reduced difficulty
in the prescribed problem throughout the interval [0, 1]. Several finite difference
methods have been suggested as problems of this type have been taken up for dis-
cussion in [Paramasivam et al., 2013, 2010]. In this paper, we consider the type
of problem below, but we assume discontinuity of the source term at an interior
point of the domain. For second-order singular perturbation problems of reac-
tion diffusion type with discontinuous source term, many authors have studied the
finite-difference and finite-element methods; References are included [Paramasi-
vam et al., 2014, LinS and Madden, 2009]. Motivated by the works of [Miller
et al., 1996], in the present paper we discussed a approximate solutions generated
by the numerical approach must be globally established at every point throughout
the domain of the exact solution to represent a boundary layer with that method.
A basic interpolation technique, such as piecewise linear interpolation, takes the
numerical solution from a finite-element approach limited to mesh points for the
entire domain. Since our method should be extended to complex situations in
higher dimensions, we consider only finite-element subspaces via piecewise poly-
nomial basis functions. For small values of parameter ¢, the strategy proposed in
this work gives better findings and is more suitable.

In the interval Q = {x : 0 < = < 1}, a singularly perturbed linear system of
‘n’ second order ordinary differential equations of reaction - diffusion type with
discontinuous source terms is considered. Assume that the point d € €2 occurs
as a single discontinuity in the source terms. The jump at d in any function q; is
defined by [¢](d) = ¢(d+) — d(d—).

The self-adjoint two-point boundary value problem that corresponds is

— — —

—Fi"(z) + A(z)d(z) = f(x) on Q- UQT, @ givenon T and f(d+) # f(d—)
(1)

where I' ={0,1}, Q" ={z:0<ax<d}, Qt ={a:d<z <1}

Here « isacolumn n—vector, £ and A(z) are nxn matrices, £ = diag(¢),

£= (e, -+, ) With 0 < g < 1 forall i =1,...,n. The parameters are

assumed to be distinct and, for convenience, to have the ordering

g1 < -0 < gy
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Cases in which any of the parameters are coincident are not considered here for the
sake of convenience. The number of layer functions and, as a result, the number of
transformation parameters in the Shishkin mesh specified in Section 4 is reduced
in these situations. The problem can also be written in the operator form

—

= fon Q UQ, @givenon D, and f(d+) # f(d—),
where the operator L is defined by
d2
da?’

For all z € Q, it is assumed that the components a;;(x) of A(z) satisfy the in-
equalities

L = —ED*+A, D*=

ai;(z >Z|aw )| for 1 <i<mn and a;;(z) <0 for i # j ()

J#i
Jj=1

and, for some «,

I<a< xglél} Zam 3
1<i<n j 1

It is assumed that «a;;, f; € C?(Q), for i,j = 1,...,n. Then (1) has a
solution 7@ € C(Q)NCH(Q)NCH(Q-UQ™).
It is also assumed that

g, < va
C' is a generalised positive constant that is independent of = as well as all singu-
lar perturbation and discretization parameters used in this article. The empirical
results are discussed for the continuous problem are presented on the following
section. In Section 3, piecewise-uniform Shishkin meshes can be used to solve
the boundary and interior layers. The discrete problem is described in Section 4,
and the corresponding maximum principle and stability result are defined. Inter-
polation error bounds is defined in Section 5. The parameter-uniform error esti-
mation is defined in Section 6. The numerical diagrams in Section 8 are included.
Discussion and conclusions is described in Section 9.

)

2 Analysis of the finite element method

Let V be a given Hilbert space with norm || - ||, and scalar product (-, -). V is
usually a subspace of the Sobolev space H'(Q~ U Q") = HY(Q™) U HY(QT).
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Consider the weak formulation, find @ € H}(Q2™ U Q™)™ in particular u; €
H}(Q UQt)fori=1,...,n such that

ﬂi(ui,vi) = fz(Uz) A v; € H&(Q_ U Q+) (5)
Bius, v5) = —e(ug, v7) + < > (aguy), Uz’>
j=1
and

fi(vi) = (fi,Ui)

where (u;,v;) = [w;v; da. B;(u;,v;) is a bilinear form on Hj (2~ U Q)™ and
0
fi(v;), a given continuous linear functional on Hj (2~ U Q)" and f;(vi(d+)) #

fi(vi(d—)).

Lemma 2.1. Suppose that the bilinear form B;(-,-), i = 1,...,n, is continuous
on Hy(Q~ UQT)" is coercive, that

|Bi (wi, vi) | < Ayl | [[vil] (6)

Bi(vi,v;) > al|vil|? (7)

where o and vy are constants that are indepentent of u; and v;. Then for any
continuous linear functional f;(-), the problem (5) has a unique solution.

A natural norm on H}(Q~ U Q1)" associated with the bilinear form j3;(-, -) is
the energy norm
e, = (eilluil [ + o Juil[§)

where ||v;||1 = (v}, v;)Y2, |Jvillo = (vi, ;)Y on H}(Q~ U Q)™

17 71

||v;

Lemma 2.2. A bilinear functional [5;(u;,v;), i = 1,...,n, satisfies the coercive
property with respect to
HU1||2 < Bi(vi, vi)

Proof. Fori=1,...,n

Bi(vi,vi) = —eilv;, v;)+ ( i(aiﬂj)a Uz')

j=1
1 n

= EiHvz‘H%JF/(Z(%UJ)'Uz')dﬂﬁ
o J=1

A%

il |vil[§ + af[vil[5
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3 The Shishkin mesh

A piecewise uniform Shishkin mesh with N mesh-intervals is now constructed
N
on Q- UQ* as follows. Let Q¥ = QY U Q" where Q" = {mk}ljzll, otV =
{xk}g_’éﬂ Q' = {1, and TN = T. The mesh Q" is a piecewise uniform
-2

mesh on [0, 1] that was generated by dividing [0, d| into 2n + 1 mesh-intervals
as follows:

0,01]U---U(op_1,04) U (0n,d—0,]U(d—0p,d—0pq]U---U(d— 0q,d].

The points separating the uniform meshes are determined by the n parameters
0., which are defined by 0y =0, 0,41 = %,

an—min{C—l,Q\/g" lnN} (8)

47 o
and, for r=n—1, ... 1,
0, = min TUT+1,2\/ET InN ;. )
r+1 o
Clearly
d 3d
0<01<...<an§1, Z§1—0n<...<1—01<d.

Then a uniform mesh of % mesh-points is placed on the sub-interval (o,,,d —
o, , and a uniform mesh of Sﬁn mesh-points is placed on each of the sub-intervals
(0r,0041] and (d — 0y41,d — 0., 7=0,1,...,n— 1, respectively.

The remaining was generated by dividing [d, 1] into 2n + 1 mesh-intervals as
follows:

[d, d+71]U- - -U(d4+T7_1, d+7,]U(d+ 70, 1 =7, |U(1 =7, 1 =T, 1 ]U- - -U(1—71, 1].

The points separating the uniform meshes are determined by the n parameters
7, which are defined by 79 = %, Tnt1 = 1,

1
T = min{Td,Q\/g” lnN} (10)

Ja

and,for r=n-—1, ... 1,

TT:min{@,Q\/ngnN}. (11)
r+1 Ja
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Clearly

1—d 3(1—d)

d < d+n < ... < d+7, < 1 1

Then a uniform mesh of % mesh-points is placed on the sub-interval (d+7,,1—
7, , and a uniform mesh of % mesh-points is placed on each of the sub-intervals
(d+7,d+ 70q)and (1 — 749, 1 — 7], 7=0,1,...,n— 1, respectively.

In practice, it is convenient to take

N =8né, § >3, (12)

where n denotes the number of distinct singular perturbation parameters involved
in the experiment (1). This produces a class of 2"*! piecewise uniform Shishkin
meshes (1.

When all of the parameters o, and 7, r = 1,...,n, are set to the left, the
Shishkin mesh Q" becomes a classical uniform mesh with the transformation
parameters o,,7, and a scale N~! from 0 to 1.

The following inequalities hold for the mesh QY s =1,...,n —1

hi <2/N  for 1<k<N

<l-1,< ... <l-7 < 1.

N N 5N N
hi > 1/N  for —§k§3—and5—§k§7_
8 8 8 8
N N N
hy <1/N for 1§k:§§ and%ngE
N N N
hi <1/N for ?Skg% and%<k§N
N N N N
hp > — f — <k < d(d <k<(d—— 13
vy, for gsksgaay wdld-gop)sksUd-g) (43
N N N N
he> = for d+ -~ <k<d d <k<(l--—
K2R T G SRS AT R and (1 - geqy) sh=0-g)
N N N N
hy < — f 1<k< — d(d——)<k< —
eSSy, for lsksgre and(d-gre)sks S
N N N N
hy < — f —<k<d+—— d(l—-—)<EkE<N
eSSy, for Ssksdibg ad(l-g)sks

4 The discrete problem

In this segment, a numerical method for (5) is constructed using a finite el-
ement method with a suitable Shishkin mesh. Let fori = 1,....,n and &k =
L...,N=1\{3}, Vix C H}(Q UQT)" be the space of piecewise linear func-
tionals on 2~ U Q7 that vanish z = 0, d, and 1.
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The finite element approach is now established for the discrete two-point bound-
ary value problem, U, ,, € V,

Bi(Uik,vi) = f(vig), Vv € Vig, VN = 0. (14)
By Lax — Migram Lemma implies that
1. The discrete problem has a unique solution,
2. The discrete problem is stable.
From (3) on A implies that for arbitrary z € (Q~ U Q™)
FAE>adle Yeon VY,

Vi), 1s dual space for V .
Let {¢;p : k=1,--- ,N — 1\{§}} be a basis for V; ;, where N = N (i, k) is the
dimension of V; ;. Then

J-1 N-1
Uik = Cixbix + E Cigdik,  Px =0
k=1 k=% 41

2

where the unknowns C; j, satisfiy the linear system
AU =B

with A = Bi(¢i,, bik,), U = Cix, B = fi(dir)-
The corresponding difference scheme is

Bi(ér1, d11) Bi(dra, d12) -0 Bildry, dnn-1) Cia
61(¢1,27 ¢1,1) 51 (¢1,25 ¢1,2) T 61(¢1,27 ¢n,N71) CV1,2
6n<¢n,N'—17 ¢n,1) Bn(gbn,N'—la ¢n,2) e Bn(qﬁn,N—‘la d)n,N—l) Cn,;\/—l
(fla ¢1,1)
(f17 ¢1,2)
(Fus Gnv-1)
Fork=1,....N —1
¢1,k = ¢2,k == gbn,k
Cip=0Cop=-=0Chy
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The nonzero contribution from a particular element is

Tk T

| bin—1-Gig—1dr [ ¢ip_1.¢ipdx
A — | = Th—1
i,k — Th41 Thy1

f @,k-@bz‘,kdw f ¢z’,k-¢i,k+1d$
Tk Tk

Similarly, the local load vector is

Tk+1
f fz'-¢i,kd$
lg@k = xéﬁi
f fi~¢i,k+1d$
Tk
Tk Tr41
For k = &, the local load vector ( | fi(§ —1)+ [ fi(§+1))/2
Th—1 T

S Interpolation error bounds

Lemma 5.1. Let uy ), be the V; -interpolant of the solution u;; of (1) on the
fitted mesh Q. Then

max sup [[uly — wiglloy < C(N-2nN)?,
i=1,..n g <1 ’

where C is a constant independent of the parameters ;.
Proof. The estimate is obtained separately on each subinterval Q) = (xy_1,2) €
Q- uQt,
k=1,...,N —1\{4}. Note that for any function g; ; on (2
9ir = Gik—10ik—1 + GixPik
and so it is obvious that, on €2,
|9i ()] < max |93k ()] (15)
and it’s easy to see that by using sufficient Taylor expansions
9i1(2) = gig(2)] < Chi rrglgx ‘g;/k(m)‘ (16)
Fori =1,...,n from (16) and using Lemma 3 in [Paramasivam et al., 2014], on

Qe Q- UQT,
lupy,(2) — ik (w)] < Chy, max [u; 4 ()]
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2
<ol (17)
&g

Also, (17) using Lemma 6 and Lemma 7 are in [Paramasivam et al., 2014] on
9 GQ*,fork:L...,%—l

|ui g () = wig(2)] = |vj),(2) + wj) () = vip(2) — wir(2)|

< o7 (@) = vir(@)| + [wig (@) — wir(@)] + [wig (@) — iy ()]

< Chi%ﬁ:lei, ()] + Chi; maXIMf,Z(x)I +Chy Igl]aXIng(fv)l

<C(1+i3q( +CZ Z (18)
q=1

The discussion now centres on whether 2,/,, InN/\/oc > d/4 or 2\/alnN/\/5 <
d/4 should be used. In the first case 1/¢, < C (InN)? and the result follows at
once from (13) and (17). In the second case o,, = 2,/€,InN/\/c. Suppose that k
satisfies N/8 < k < 3N/8. Then hy = 2(d — 20,,)/N and therefore

hk — 9N~ 1d 20’n’
€n €n
o, <1—x,and so
e~ Vall—zk)/\/eEn < e~Veaon/\eEn _ =2InN _ N2 (19)

Using (19) and (13) in (18) gives the required result.

On the other hand, if & satisfies 1 < k£ < N/8 and 3N/8 < k < N/2 and
r=mn—1,...,1, then the discussion now centres on whether 2,/¢, InN/\/a >
rorq1/7 4+ 1or 2,/ nN/\/a < 1o,y /1 + 1should be used.

In the first case 1/e, < C'(InN)? and the result follows at once from (13) and
(17).

In the second case 0, = 2/,InN/\/oand s =1,...,n — 2.

1. Suppose that & satisfies N/8(s + 1) < k < N/8(s) and d — (N/8(s)) <
k<d—(N/8(s+1)). Then hy = 8n(c,+1 —0,)/N or8n(c, —0,41)/N
and o, <1 — x,, therefore

h g
L " or guN -1 I It (20)
Er Er Er

0r+1

Using (20) and (13) in (18) gives the required result.
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2. If k satisfies 1 <k < N/8(s+ 1)andd — (N/8(s+ 1)) < k < N/2 Then
hi, = 8n(oy41 — 0,.)/N or 8n(o, 11 — 0,.)/N and therefore

hug =8nN~1 —(UTH — o) or 8nN_1—(UT —0ri1)
Er Er Ep

: 2D
Using (21) and (13) in (18) gives the required result.
Also, (17) using Lemma 6 and Lemma 7 are in [Paramasivam et al., 2014] on
Q,eQt fork=5+1,...,N-1
|ui x(2) = win(@)| = |vi(2) + Wik (2) = vig(z) — wir(z)]
< [oip (@) = vik(@)] + [wik (2) — wiy(@)| + [wii(2) — w]i(z)]
< Chi Hgl)éix |v; (z)| + Ch max\wL (z)| + Ch max ]wﬁ,:(x)\

C’(1+ZBq( +CZ Z (22)

The discussion now centres on whether 2\/5 lnN/\/5 2 (1—d)/4 or2,/e,InN//a <
(1—d)/4 should be used. In the first case 1/¢,, < C (InN)? and the result follows

at once from (13) and (17). In the second case 7;,, = 2\/alnN/\/5. Suppose that

k satisfies 5N/8 < k < 7TN/8. Then hy, = 2(1 — 27,,) /N and therefore

@ — 2.]\]*1ﬂ7
En €n
T, <1 — x}, and so
e Voll—au)/Ven < p=Vam/Ven _ o=2InN _ N2 (23)

Using (23) and (13) in (22) gives the required result.

On the other hand, if % satisfies N/2 < k < 5N/8 and TN/8 < k < N and
r=mn—1,...,1, then the discussion now centres on whether 2,/¢, InN/\/a >
rTr41/r + 1 or 2\/g,InN/y/a < r7,41 /1 + 1should be used.

In the first case 1/e, < C (InN)? and the result follows at once from (13) and
(17).

In the second case 7, = 2,/&,InN/\/aands =1,...,n — 2.

1. Suppose that & satisfies 5N/8(s + 1) < k < 5N/8(s) and 1 — (IN/8(s)) <
k<1—(N/8(s+1)). Then hy = 8n(7.41 — 7,)/N or 8n(1, — 741)/N
and 7, < 1 — z;, therefore

*= 8nN—1@ or 8nN—1@, 24)
Using (24) and (13) in (22) gives the required result.
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2. If k satisfies N/2 < k < N/8(s+1)and 1 — (N/8(s+1)) < k < N Then
hy, = 8n(7,41 — 1) /N or 8n (7,41 — 7,) /N and therefore

b _ gy Tt = 7)o ﬂ, (25)

gy & Er
Using (25) and (13) in (22) gives the required result.
For k = %, the source terms is assumed by

([ G -0+ [ aG o

hi, = (h—1 + hg+1)/2, hg—1 = (2p—2 — xx—1) and hyp1 = (Tps1 — Thto),
hk,1 = 871(0”,1 — Un)/N, hk+1 = 8%(7’1 — TQ)/N
@ _ Pget1 + i1 4nN71<<0-n—1 — o)+ (11 — 1))

= 26
E; 282' E; ( )

Using (26) and (13) in (22) gives the required result. ]

Lemma 5.2. Let u:‘ i be the V; i-interpolant of the solution u; i, of (1) on the fitted
mesh Q. Then

max Sup ||uzk _ulk“& < O( llnN)27
=1,...,, n0<g;<

where C'is a constant independent of ¢;.

Proof. Fori =1,...,n from the definition of the energy norm

/

e — winlle, = ei((ufp —win) s (W), — tig)") + (Ul — i, wly, — uig). (27)

Each term on the right is now treated separately. It is easy to see that the second
term satisfies

(uf = Uiy uf p — i) < |Juf ), — wig| |- (28)

Using integration by parts and noting that (u;"k — u; 1) (zg) = 0, for each k, the
first term can be bounded as follows

N-1 i

(i — i) s (e —wig)) = > / (ul/(5) — e (5))2ds

kzlvk#% Ti—1

Z5

Z / * // _ Ui,k”(s))(uzk<s) — Uz’,k(3>>d8

k=1k#£5 4
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N-1 T
SCID I RTCCITREEETE
k:l,k;ﬁ% Ti—1
= (&‘Ui,k", u;k - Ui,k),

where the fact that u;,"” = 0 on each (2, has been used.
The estimate for the second derivative of the components of w; j are contains in
[Paramasivam et al., 2014], using lemma 6 and lemma 7 in[Paramasivam et al.,
2014] then gives

d 1

ety — wsa)] < [l = wall [ siluplds + [ afuiylds
0 d

d 1
I@m&mh—uMNSH@ﬁ—wMK/+/ﬂawﬂ+&wﬁﬂ+&mﬁb%
0 d

d 1
n n BR
SCM%—%M/+/M+§)M +o§j 2)
0 d q=t
< CHu:(,k - ui,k“v

and so
5@'((“;]9 — uzk) ) (Ujk - Uzk) ) < CHU:k - UzkH (29)
Combining (27)-(29) leads to

),

and the proof is completed using the estimate of ||u;, — ;|| from Lemma 5.1.
[

luig = wiklle; < Clluiy — wirl|(1+ af|uy -

Lemma 5.3. Let u} be the V; ;. -interpolant of the solution u; . of (1) on the fitted
mesh Q. Then

max sup i g — winll, gv < C(N~HnN)2.
i=1,...,n 0<e; < )
Proof. Since uj,(xy) — u;x(zy) = 0, it follows from the definitions of the norms
that

’

’
i = wil |2 g ll = i (ui — wi) (uig — wi) ) < fuiy —

Using the estimate in Lemma 5.2 completes the proof. ]

67



Parameter-uniform convergence of a finite element method for a singularly
perturbed linear reaction diffusion system with discontinuous source terms

6 Interpolation error estimate

Lemma 6.1. Let u, j, be the solution of (1) and U, j, the solution of (14). Suppose
that V; .. Then

iilllaX ’6@<Uz,k - ULk,’Ui)’ < C(NillnN)Q‘|Ui’k|’l2(§N),

,,,,, n
where the constant C' is independent of ¢;.

Proof. Since v; is in V ;, it can be written in the form

N-1
v; = E Ui,k(bi,ka

k=1k#%

and so
N-1

@(Um — Uik, Ui) = Z Uzkﬁz(Uzk — Uk, ¢zk> (30)
k=1,k#%
Then, foreach k,1 < k < N—1\{Z}, using (1), (14) and the fact that (1, ¢; x)ov =

(17 ¢1,I€) = %7

n n

ﬁz(Uzk — Uk, ¢zk> = Z((lszi,k, ¢zk) - Z(aijui,k> ¢zk)

j=1 j=1

n

= Z(aijuj,k(%), i) — Z(Gijuj,k, )
j=1

Jj=1

B Z(az‘j(uj,k(l’k) = Ujk), Dik)

Since

Tk

|wjk(Tr) — k] = |/U§,k(8)d8| < I,
where
Th41
o= | u(s)las
Tk—1

it follows from (13) that

(hi + Pg1)

18i(Ui ke — i, Gige)| < C (I + N71). (31)

2
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Assume for the moment that
I, < C(N'nN)>. (32)

Then (30)-(32) and the Cauchy-Schwarz inequality give

N-1 1/2 1/2
_ hi +h hi + h
8.V~ wago )] < Oy 3 et b, (o )
k=1k#%

< C’(N_llnN)Q\|U¢,k||l2(§N)=

as required.
It remains therefore to verify (32). From the estimate are contain Lemma 3 in
[Paramasivam et al., 2014], for the first derivative of the solution, it is clear that

Thi1
r<C [ e+ [ fods
Th—1
It follows that
I < C(hy + hig1)? /s, (33)
and that
1< Bt hen)” e (34)
&
Fori=1,...,n, k=1,..., % — 1, then the discussion now centres on whether

2y/en InN/\/a > d/4 or 2,/e,InN/\/a < d/4 should be used. In the first case
1/e, < C (InN)? and the result follows at once from (13) and (34). In the second
case 0, = 2,/,InN/+/a. Suppose that k satisfies N/8 < k < 3N/8. Then
hi, = 2(d — 20,)/N and therefore

hi _ 2N_1d— 20,17
En En
on, <1 — a1, and so
e Voll—zu)/Ven < g=vVaon/ven _ o=2InN _ N2 (35)

Using (35) and (13) in (34) gives the required result.

On the other hand, if & satisfies 1 < k£ < N/8 and 3N/8 < k < N/2 and
r=mn—1,...,1, then the discussion now centres on whether 2,/€, InN/\/a >
roy41/7 4+ 1 or 24/e.InN/\/oa < ro,.q1/r + 1should be used.

In the first case 1/¢, < C(InN)? and the result follows at once from (13) and
(34).

In the second case 0, = 2,/,InN/\/oand s =1,...,n — 2.
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1. Suppose that & satisfies N/8(s + 1) < k < N/8(s) and d — (N/8(s)) <
k<d—(N/8(s+1)). Then hy = 8n(c,+1 —0,)/N or 8n(c, —0,41)/N
and o, <1 — x,, therefore

h r - Up — r— Urp
M _ gy N-1IrL "0 en N 1&) (36)
Er Er Ep

Using (36) and (13) in (34) gives the required result.

2. If k satisfies 1 <k < N/8(s+1)and d — (N/8(s+ 1)) < k < N/2 Then
hy = 8n(o,41 — 0,)/N or 8n(o,.1 — 0,)/N and therefore

h r - Urp _ r— Ur
_’fzgnN—lworgnN 1M’ (37)

Er Er Er

Using (37) and (13) in (34) gives the required result.
3. Finally, suppose that k = {N/8(s),d—(N/8(s)), N/8n,d—(N/8n)}. Then

k
QE(/—F
k-_

1

1

)‘u;k’dl‘ < [k-fl + [k-+1

< O(N7'nN)?

For:=1,...,n, k= % + 1,..., N — 1, then the discussion now centres on
whether 2,/g, InN/\/ao > (1 —d)/4 or 2,/g,InN/\/a < (1 — d)/4 should be
used. In the first case 1/¢, < C(InN)? and the result follows at once from
(13) and (34). In the second case 7,, = 2,/c,[nN/ V/a. Suppose that k satisfies
bN/8 < k <7N/8. Then hy = 2(1 — 27,,)/N and therefore

hi _ 2N’11 - 27’n7
En En
7, < 1— x4, and so
e~ Veall—zx)/Ven < e~ Vam/Ven — o=2InN _ A2 (38)

Using (38) and (13) in (34) gives the required result.

On the other hand, if & satisfies N/2 < & < 5N/8 and TN/8 < k < N and
r=mn—1,...,1, then the discussion now centres on whether 2,/¢, InN/\/a >
rTr41/7 + 1 or 24/e,inN/\/o < r7,11/r + 1should be used.

In the first case 1/e, < C (InN)? and the result follows at once from (13) and
(34).

In the second case 7, = 2./, InN/y/aand s =1,...,n — 2.
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1. Suppose that & satisfies 5N/8(s + 1) < k < 5N/8(s) and 1 — (N/8(s)) <
k<1—(N/8(s+1)). Then hy = 8n(7.41 — 7.)/N or 8n(1, — 741)/N
and 7. < 1 — z;, therefore

h r - r r = Ir
Mk _ gy N1t T e o 8nN_1ﬁ, (39)

Er Er Ep

Using (39) and (13) in (34) gives the required result.

2. If k satisfies N/2 < k < N/8(s+1)and 1 — (N/8(s+ 1)) < k < N Then
hi, = 8n(741 — 1) /N or 8n (7,41 — 7.)/N and therefore

h T —r — r— Ir
M _ gyt T =) e -1 (T = ). (40)

Er Er Er

Using (40) and (13) in (34) gives the required result.

3. Finally, suppose that k& = {d + N/8(s),1 — (N/8(s)),d + N/8n,1 —
(N/8n)}. Then

k+1
I < (/ + /)\u;7k|dx < Ly 4+ I
k—1 k

< O(N7'nN)?
For k = %, the source terms is assumed by

Tr+1

([ 55 -0+ [5G+

hie = (hi—1+ hig1)/2, hgo1 = (Tp—2 —xp—1) and hyy1 = (Tpg1 — Tiy2),
hi—1 = 8n(0p_1 — 0n)/N, hpy1 =8n(m —72)/N

@ _ Rgy1 + hi—1 _ 471N71((0n—1 - Un) + (7'1 - 7'2)) (41)
&; 2¢; &i

Using (41) and (13) in (34) gives the required result.

71



Parameter-uniform convergence of a finite element method for a singularly
perturbed linear reaction diffusion system with discontinuous source terms

7 Discretization error

Lemma 7.1. Let uy ), be the V ;-interpolant of the solution u; ;, of (1) and U, , the
solution of (14). Then

v < C(N"HnN)?,

*
Jnax ||Usx — iyl
where the constant C' is independent of the parameters ;.

Proof. From the coercivity of j;(.,.) in Lemma 2.1 and since U; , — u}, € V;,
Uik = ui k|2 v < CBiUin — g, Ui — )

< C[/Bi(UiJc — Uik, Ui,k - U;kk) + 5z(uzkz - Uzk, Ui,kz - U:k)]

Using Lemma 6.1, with v; = U; ,, — Uy pos then gives
1Uij = wisl2 g < CINTHRN)?||Usg — ujl],, g,
Cancelling the common factor gives
Ui — w4l g < C(N i),
as required. 0
Theorem 7.1. Let w; , be the solution of (1) and U, j, the solution of (14). Then

m
=1

ax [|Uir — uwigl|_ gv < C(N~'nN)?,

..... n
where the constant C' is independent of the parameters ;.

Proof. Since
Uik = winll, g < Uik — uipll, g + [luiy — winll,, g~
the result follows by combining Lemma 5.1 and Lemma 7.1. [

Theorem 7.2. Let w;, be the solution of (1) and Uy, the solution of (14). Then
the following parameter uniform error estimate holds

max  sup ||Uig — uig||_ gv < C(N'nN)?,
1:1,...,n0<5i§1 Eis

where the constant C' is independent of the parameters ¢;.
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Proof. Since 0, < 2,/6,InN/\/a, r = n,...,1, consider k satisfies, 1 < k <
N/8s and (3N/8s) < k < &, s = 1,...,n — 1 on a neighbourhood of the
boundary layers.

Using the Cauchy Schwarz inequality and Theorem 7.1,

1 /
< (8—/120[5)1/2(57/\((]@1@ — uik) (s)[*ds)'/?
Qp

Qp
O-T
< €—T||Uzk — uinll_ o~

< O(NnN)% (42)
On the other hand, Suppose that k satisfies N/8 < k < 3NN/8, outside the bound-
ary layers, hy > 1/N and so
\(Uig — wig)(z1)|* < Nhi|(Uig — wig)(zp) |

3N

8
<N Z il (Ui — wie) () |°
k=N/8

< N||Usg — wik] 2oy

Using Theorem 7.1 then leads to
Uik = wig) (@) | < ||Uik — winlliz@y))

< C(N'InN)>. (43)

Combining (42) and (43) as required results

Since 7, < 2/, InN/y/a, r = n,..., 1, consider k satisfies, % < k < 5N/8s
and 1 — (TN/8s) < k < N —1,s = 1,...,n — 1 on a neighbourhood of the
boundary layers.

Using the Cauchy Schwarz inequality and Theorem 7.1,

(Ui — ) (@x)] = | / (Usp — ) (5)ds]
Qk

Er
Qp

<( 1 /12d8)1/2(€7“/‘(Ui,k — Ui,k)/(s)\2d3)1/2
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o
< Uik = winll g~
67" T

< CO(N YInN)>. (44)
On the other hand, Suppose that k satisfies 5N/8 < k < 7N/8, outside the
boundary layers, hx, > 1/N and so

(Ui — wig) ()| < Nhi|(Uig — uig) (i) ?

3N
4
<N Z | (Ui g — wige) (i) |> < N||Uii — ui,kHlQ2(QN)-
k=N/4
Using Theorem 7.1 then leads to

|(Us ke — wip) (r)] < |[Usg — wigl[2@ny)

< C(N"'InN)2. (43)
For k = %, h% = (hN 1 +hN+1>/2, h% 1= (IN 9 — TN 1) and h%Jrl =
(x%Jrl _l’%m)a
Uy —u;x)(wx)|* < Nhy|(U x = u; ) (w )
hy y+hyy,
< N SR 0y ) o) S NIy~ syl

Using Theorem 7.1 then leads to
(U = 9) (@) < Usy — ;. lzam)
< C(N7'nN)>. (46)
Combining (44) and (46) completes the proof. ]

8 Numerical Illustrations

Example 8.1. Consider the BVP

—Ei"(z) + A(z)i(x) = f(z), for x € (0,1), @(0) = 0, @(1) = 0
where E = diag(e;, &), A = g -1 fi=0+2%27 fo =
1, 2) -1 5(l’+ 1) ) 1 ) 2
(4, 2%)T. For various values of &1, e¢g N =8k, k=2", r=3,---,8, d = 0.3,
and o = 1.9,

Using the general methods from [Miller et al., 1996] , the £ uniform order
of convergence and the € uniform error constant are computed by applying fitted
mesh method to the Example 8.1 shown in the Figure 1. In the following Table 8
outlines the conclusions.
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i Number of mesh points N
64 128 256 512 \ 1024

20 1 0.7544E-03 | 0.1717E-03 | 0.6677E-04 | 0.2797E-04 | 0.1303E-04
272 | 0.1786E-02 | 0.2975E-03 | 0.1115E-03 | 0.4510E-04 | 0.2050E-04
2=4 | 0.3974E-02 | 0.7429E-03 | 0.1842E-03 | 0.7169E-04 | 0.3064-04
275 | 0.8120E-02 | 0.1769E-02 | 0.3029E-03 | 0.1139E-03 | 0.4607E-04
278 | 0.1492E-01 | 0.3948E-02 | 0.7378E-03 | 0.1837E-03 | 0.7132E-04
27101 0.2426E-01 | 0.8082E-02 | 0.1761E-02 | 0.3010E-02 | 0.1129E-03
27121 0.2426E-01 | 0.8082E-02 | 0.1761E-02 | 0.3010E-02 | 0.1129E-03
27141 0.2426E-01 | 0.8082E-02 | 0.1761E-02 | 0.3010E-02 | 0.1129E-03
DY | 0.2426E-01 | 0.8082E-02 | 0.1761E-02 | 0.3010E-02 | 0.1129E-03
p™ | 0.1319E+01 | 0.1389E+01 | 0.1453E+01 | 0.1473E+01
C;,V 0.9233E+00 | 0.9053E+00 | 0.7898E+00 | 0.5031E+00 | 0.5032E+00

Computed order of & -uniform convergence, p* = 1.319
Computed £ -uniform error constant, Cé\i = 0.9233
Table 1: Values of DY, DV, pV, p* and CJ! for e; = o 2 = 1%

9 Conclusions

The research work presented in this article is based on the fundamental con-
cept developed by [Miller et al., 1996]. They considered convection diffusion
problems in one dimension. In this paper, second order parameter uniform con-
vergence has been established for system of n second order differential equations
of reaction diffusion type with discontinuous source terms. The proposed method
can be extended to higher dimensional problems.
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Figure 1: Graphical representation of solution for ¢ = 27% and N = 512 of
Example 8.1.
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Isolate g-eccentric domination in fuzzy
graph
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Abstract

In a fuzzy graph G(p, 1), a dominating set D C P(G) is said to be
g-eccentric if at least one g-eccentric vertex a of every vertex b in
P — D exists in D. If the induced fuzzy sub graph < D > has at
least one isolated vertex, then a g-eccentric dominating set D of G is
said to be an isolate g-eccentric dominating set. The isolate
g-eccentric domination number is defined as the smallest cardinality
over all isolate g-eccentric dominating sets of (G. This article
introduces the isolate g-eccentric point set, isolate g-eccentric
dominating set, and their numbers in fuzzy graphs. In some standard
fuzzy graphs, bounds are found for an isolate g-eccentric domination
number.
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1 Introduction

Rosenfeld [1975] created the idea of fuzzy graphs(FG). The g-eccentric node
and related concepts were introduced by Linda and Sunithal [2012]]. |Janakiraman
et al. [2010] initiated the eccentric domination in graph. |Arriola [2015]
introduced the concept of isolate domination in graph. Isolate domination in
graphs discussed by Hamid and Balamurugan [2016]. The isolate eccentric
domination in graphs introduced by Bhanumathi and Nirojal [2018]]. Ismayil and
S.Muthupandiyan [2020] initiated the g-eccentric domination in FG. [smayil and
Muthupandiyan| [2020] initiated the complmentary nil g-eccentric domination in
FG. Muthupandiyan and Ismayil [2021] initiated the idea of perfect g-eccentric
domination in FG.

The isolate g-eccentric point set, isolate g-eccentric dominating set and
associated its numbers in FG are introduced in this article. Additionally, the
bounds for various well-known FG’s isolate g-eccentric domination number are
determined. There are a few theorems that are presented and demonstrated based
on isolate g-eccentric domination in FG. Graph and FG theoretic terminologies
can refer Harary [1992] and Rosenfeld [1975] respectively. Here after, the
notation G means connected simple FG.

A FG G(p, ) on G*(P, Q) is characterized with two functions p on P and
on (@ C P x P,where p: P — [0,1] (P is a vertex set on G*, p is a vertex set on
G)and i : Q — [0,1] (Q is an edge set on G*, p is an edge set on GG ) such that
p(a,b) < p(a) A p(b),Ya,b € P. We anticipate that p will be reflexive and
symmetric functions, and p will be a non-empty finite fuzzy set. We indicate the
crisp graph G*(p*, *) of the FG G(p, 1) where p* = {a € P : p(a) > 0} and
p* = {(a,b) € Q : p(a,b) > 0}. The order and size of a FG G(p, i) are defined

byp=> ,cppla)andq= Z(ab)eQ i(a, b) respectively.

A path P of length n is a sequence of different vertices ag, a1, ..., a,, such that
pla;i—1,a;) > 0, i« = 1,2,..,n and strength of the path P is
s(P) = min{u(a;—1,a;), i = 1,2---n}. An edge (a,b) is said to be strong (or
strong arc) if its weight is greater than or equal to maximum strength of all paths
between a and b. Symbolically si(a,b) > CON Ng_ () (a, b).

The strong neighbourhood of a node «a is defined as Ns(a) = {b € P : (a,b)
is a strong arc }. The minimum strong degree of a FG G(p,pu) is
0s(G) = min{ds(b) : b € p*} and maximum strong degree of G is
Ay(G) = max{ds(b) : b € p*}.

78



IgED in FG

If there is no shorter strong path from a to b, the strong path 7 from a to b is
referred to as a geodesic in a FG. The length of a geodesic from a to b is the
geodesic distance (g-distance) from a to b and is indicated by d,(a,b). The
expression e,(a) = max{d,(a,b),b € P} describes the geodesic eccentricity
(g-eccentricity) of a node a € P in a connected FG. The g-radius and g-diameter
of the vertices of GG are both defined in terms of g-eccentricity, with the former
being denoted by 7,(G) = min{e,(a),a € P} and the latter by
dy(G) = max{ey(a) : a € P}. Leta,b € P(G) be any two vertices in a FG
G(p, 1), a vertex a at a g-distance e,(b) from b is a g-eccentric point of b. The
g-eccentric set of a vertex a is defined and denoted by
E,(b) = {a : dy(a,b) = e4(b)}. The set S C P in a FG is called g-eccentric
point setif V. a € P — S, 3 at least one g-eccentric point b € S of a.

Aset D C P(G) in a FG G(p, ) is called a dominating set (D-set) for V
b € P— D, Jatleast a vertex a € D, such that (a, b) is a strong arc. A D-set
D C P(G) of a graph G is a g-eccentric dominating set (g-ED set), if for every
b € P — D, there exists at least a g-eccentric vertex a of bin D. A g-ED set D
is a minimal g-ED set if any subset D’ C D is not a g-ED set. The g-ED number
is denoted and defined by 7,eq4(G) = min{|D;|/D;, is a minimal g-ED set}. The
upper g-ED number is denoted and defined by I'j.s(G) = max{|D;|/D;, is a
minimal g-ED set}. A vertex a is called isolate if u(a, b) = 0, forall b € P(G).

2 Isolate g-eccentric point set in a fuzzy graph

In a FG G(p, i) an isolate g-eccentric point set and its numbers are introduced
with suitable examples and certain points are observed in this part. We stated and
demonstrated the theorems based on the isolated g-eccentric point set.

Definition 2.1. A g-eccentric point set S C P(G) of a FG G(p, u) is an isolate
g-eccentric point set (1g-EP set) if the induced fuzzy sub graph < S > contains at
least an isolate vertex. An Ig-EP set S is a minimal Ig-EP set if any subset S’ C S
is not an Ig-EP set. The Ig-EP number is denoted and defined by e,,(G)= min
{|Si|/S; is a minimal Ig-EP set}. The upper Ig-EP number is denoted and defined
by E..(G) = maz{|S;|/S; is a minimal Ig-EP set}.
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Example 2.1.

0.2 0.4

0.2
a1(07) a5(03) CL4<05)

Figure 1: Ig-EP - set in FG

The FG given in figure |1} the Ig-EP sets are S1 = {a1,a2}, S = {as,as, },
Sy = {ag,as}, S4 = {ai,a3} and S; = {ai,as}. The Ig-EP number is
€og(G) = 0.7 and the upper Ig-EP number is E,,(G) = 1.4.

Observation 2.1.

(i) If S is a minimal Ig-EP set, then S’ C S is not an Ig-EP set.
(1) In a fuzzy tree, every Ig-EP set has at least one pendent vertex.
(iii) For any FG G(p, 11), €04(G) < Eoy(G).
(iv) The complement of an Ig-EP set is need not be an Ig-EP set.

(v) If S'is an Ig-EP set, then S’ D S is need not be an Ig-EP set.

Example 2.2. In a FG given in example 2.1} the set S; = {ay,a3} is an Ig-EP
set, the complement of S\ = {as, a4, as} is a g-eccentric point set (g-EP- set) not
an IgEP-set.

Example 2.3. Add the vertex as in the set S, S5, S3,S4 and Sy in example |2.1
all the sets are not an IgEP-set.

Result 2.1.
(i) eng(K,) = po, Where pg = min{p(a),a € P(K,)}.
(ii) eny(P,) = > p(a), where a is a pendent vertex .

Theorem 2.1. Let G(p, i) be a FG and let S be an Ig-EP set. Then S is a minimal
Ig-EP < YV a € S, satisfies one of the following condition:
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1. a hasno Ig-EP in S.
2. There exists some b € P — S such that E;(b) N S = {a}.

Proof. Assume that S is a minimal Ig-EP set of a FG G(p, ). ThenVa € S, S —
{a} is not an Ig-EP set. Then 3 some node b € P — SU{a} which is not an isolate
g-eccentric vertex in S —{a}or3b € P—SU{a},i.e bhasnoIg-EPin S — {a}.
Case(i) If b = a, then a has no Ig-EP in S.

Case (ii) If b # a, then assume that b has no Ig-EP in S — {a} but b has an Ig-EP
in S. Then a is the only IgEP of b in S. Thatis £,(b) N S = {a}.

Conversly, assume that S is an Ig-EP- set and V a € S one of the condition holds.
Suppose that S is not a minimal Ig-EP set, 3 a vertex a € S such that S — {a} is
an Ig-EP set. Therefore, a is strong neighbor to at least one node b inS — {a} and
a has an Ig-EP in S — {a}. Hence, condition (¢) does not hold.

Also, if S — {a} is an Ig-EP set, then V b in P — S is strong neighbor to at least
one vert ex in S — {a} and b has an Ig-EP in S — {a}. Therefore, condition (i7)
does not hold. this is a contradiction to our assumption that V a € D satisfies one
of the condition. Hence, S is minimal Ig-EP set. O

3 Isolate g-eccentric domination in a fuzzy graph

This section studies an Ig-ED set, a novel domination parameter as well as an
Ig-ED number for some FG. A few observations and theorems are discussed.

Definition 3.1. A g-ED set D C P(G) of a FG G(p, 1) is called an Ig-ED set
(Ig-ED-set)if the induced fuzzy sub graph < D > contains at least an isolate
node. An Ig-ED set D is a minimal Ig-ED set if a subset D' C D is not a Ig-
ED set. The Ig-ED number is denoted and defined by ~ogeq(G)= min{|D;|/D;
is a minimal 1g-ED set}. The upper 1g-ED number is denoted and defined by
Loged(G) = max{|D;|/D; is a minimal 1g-ED set}.

Example 3.1.

ay (02) CLQ(O?)) CL3<O4)

0.2 0.3 0.3
0.4 0.6

a1(0.5) as(0.6) ag(0.7)

Figure 2: Ig-ED - set in FG
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The FG in figure the Ig-ED-sets are D; = {aj,as,a3} and
Dy = {ay, a3, as}. Hence, Ypea(G) = 0.9 and I'ypeq(G) = 1.2.

Example 3.2. The FG given in figure |l| the D-set D; = {as}, ID- set Dy =
{a1, as,a4}, gED-set D3 = {aq, a3, a5} and Ig-ED set Dy = {aq, as,as}. Then,
YG) = 0.3,%a(G) = 1.4, 74e4(G) = 1.2 and v,4e4(G) = 1.6.

Observation 2: For any FG, G(p, 1)
D) Y(G) < 7(G) < Yogea(G)
(1) Yged(G) < Voged(G)
(iii) po < Yogea(G) < p.
(iv) Every subset D' C D is not an Ig-ED set.
(v) Every super set D” O D is need not be an Ig-ED set.
(vi) The complement of an Ig-ED set is need not be an Ig-ED set.

Example 3.3. Let us consider the FG figure[l|and in example the set D, =
{a1, as,a3} is an Ig-ED set. Add one more vertex as in Dy then the set Dy is not
an Ig-ED set.

Example 3.4.

0.2 0.3 0.3 0.3
a1(02) a2(05) (13<O4) a4(06) CL5(03)

Figure 3: Path FG

The FG given in figure 3, D = {aq, as, a5} is a Ig-ED-set. The Complement
P — D = {as, ay} of D is ID-set but not a Ig-ED- set.

Result 3.1.

() fG =K, +K, + K, +K, where | p; |=2,| p5 |=1,| p5 |= 1 and
| pi [= 2, then y(G) =| p2 | + | p3 |, Ya(G) = min{| p1 | + | p3 |,| p2 |
=+ | P4 ‘} and P)/ged(G) = P)/oged(G) :’ P1 ‘ + ’ P4 ‘

(i1) IfG = Km + Kp2 + KP3 + Kp4 where | pi |:| PZ |: n,n > 2 | PZ |: L
| p5 |= 1, then ¥(G) = 70a(G) = Vged(G) = Yogea(G) < 2.
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(i) f G = K, + K,, + K,, + K, where | p} |=¢q, | p5 |= 1, | p} |= 1.and
| i |= pand g < p, then 5(G) =| p5 | + | p3 |, Yoa(G) =[ p7 | +min{]
P 1,1 3% |} Ygea(G) < 4 and Yogea(G) < mind]| pi |1 o5 |} + 2.

(IV) Voged(kp) = pPo-

(V) Yogea(G) = pif and only if G (o, p) = K,.

(vi) VOged(Kme) =D, | pf |: 1, | P2 ’: 0.

4 Bounds on isolate g-eccentric domination in fuzzy
graph

This section discusses the bounds for an Ig-ED number of a FG under certain
conditions.

Theorem 4.1. Let P, be a path FG,
B+ 1, n=3k+1
3 7

Yoged(Fp) < { P49 n=3k+2.

p* |=n then

Proof. Let P, be a path FG, | p* |=n.

Case(i) n = 3k.

Let D = {a1,a4,a, ..., agg—2, as; } be the minimum g-ED set in P,. Then (D)

contains at least one isolated vertex. Hence D is an Ig-ED set. Therefore,

’YOged(Pp) < %’ + 1.

Case(ii) n = 3k + 1.

Let D = {ay, a4, ar, ..., azx—2, asx+1} be the minimum g-ED set in P,. Then (D)

contains at least one isolated vertex. Hence (D) is an Ig-ED set.

Therefore,Y,gca(Fp) < & + 1.

Case(iii) n = 3k + 2.

Let D = {ay,a4,as,as, ..., asg—1, 3x+1035+2 } be the minimum g-ED set in P,.

Then (D) contains at least one isolated node. Hence D is an Ig-ED set.

Therefore, Yogea(F,) < £ + 2.

Hence, From cases (7), (#¢) and (7i7) we conclude that
P -

) <4 § 5

Theorem 4.2. Let C, be a cycle FG,

2 niseven
<< 3
”Yoged(Cp> = { §—|— 1.nisodd .

p* |= n then
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Proof. Proof of (i): If n = 4, any two adjacent nodes of C), is a g-ED set but not
an Ig-ED set.

Letn =2k and k > 2.

Let the cycle C, = {aiasas...,aska;}. Each vertex of C, has exactly one
g-eccentric vertex (unique g-eccentric node FG).

Case(i) k 1s odd.

Let D = {ay,as,...,ax, G2, ..., g1} be the minimum g-ED set and (D)
contains an isolated node. Hence (D) is an Ig-ED set. Therefore, Y,4.4(C,) < &
Case (ii) k is even.

Let D = {ay,as,...,a5_1, a2, ..., a2} be the minimum g-ED set and (D)
contains an isolated node. Hence (D) is an Ig-ED set. Therefore, v,4c4(C,) < &
Proof of (ii)

Let n = 2k + 1, is odd, each vertex of C), has exactly two g-eccentric node. If
b; € P(G) has b;y, b1+ 1S a g-eccentric vertex.

Case (i): n = 3k,n— odd implies m is odd.

Let D = {ay,aq,27, ..., ak, Q13 ..., Gop—1} be the minimum g-ED set and (D)
contains an isolated node. Hence (D) is an Ig-ED set. Therefore, 7oge4(C,) < %.
Case (ii): n = 3k + 1, n— odd implies £ is even.

Let D = {ay,a4,..., 11, Qg 13, Qkr6, ---, 21} be the minimum g-ED set and
(D) contains an isolated node. Hence (D) is an Ig-ED set. Therefore,
'Yoyed(op) < ’é-

Case (iii): n = 3k + 2, 3k— odd implies £ is odd.

Let D = {ay,ay, ..., ag_1, k, Q43, ..., Q211 ; be the minimum g-ED set and (D)
contains an isolated node. @ Hence (D) is an Ig-ED set. = Therefore,
'Yoged<0p) < § + 1L

£ niseven
N e : <5
From the cases (), (7¢) and (4i7) we obtain v,4.q(C,) < { P 1, nisodd.

3

3

O

Theorem 4.3. Let G be a FG of order p with n nodes. Then ogeq(G 0 K,,) < n,
where | p} |= 1.

Proof. Let V(G) = {a1, as, a3, ...a, }. Let b} be the pendent vertex adjacent to b;
in Go K,. Then {b}, 1), ...b],} is an Ig-ED set for Go K ,,. Hence, Y,4eqd(G o K,) <
n. [l

5 Discussion and conclusion

The geodesic distance and geodesic eccentricity(g-eccentricity) in FG are
already defined and discussed in |Ismayil and Muthupandiyan| [2020]] using strong
arc. In this article, Ig-EP set, Ig-ED set, and their corresponding numbers in FG
are introduced. For some standard FG, these numbers (Yo5eq(G) & 7oq(G)) are
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obtained and bounds for ,44(G) are also derived. Monophonic Ig-ED set and
monophonic connected Ig-ED set and their number in FG may be extended using
strong arcs.
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Abstract

Any graph operation of a graph drive only one graph structure. But
eccentric graph operation of almost all the graphs drives more than
one graph structure, which are interesting and marvelous one. The
eccentric graph of G is denoted by ecc(G). Only few families of
prime cordial eccentric graphs are investigated. A graph G is sepa-
ration cordial graph, if it admits separation cordial labeling. In this
paper, we investigate some new families of separation cordial eccen-
tric graphs such as ecc(C,, ® K;), ecc(P(Cy(2))) and ecc(S(m,n)).
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1 Introduction

Labeling of graph is one of the interesting and active area in the field of graph the-
ory. Rosa [1967] introduced the concept of graceful. Graham and Sloane [1980]
introduced the concept of harmonious. Graceful labeling and harmonious labeling
are the origin of the graph labeling methods in graph theory. Cahit [1987] intro-
duced another important type of labeling, which contains aspects of both graceful
and harmonious, is called cordial. Separation cordial graph was introduced by
Elachini V. Lal [2015a] and presented the separation cordial labeling of some
standard graph. Elachini V. Lal [2015b] investigated some star and bistar related
separation cordial graphs.

Eccentricity related study of graphs are interesting and marvelous, one such ec-
centricity related study of graphs is eccentric graphs. The special type of graph
operation, which is called eccentric graph of graph was defined by Akiyama et al.
[1985] and they also contributed few interesting characterizations of such graphs.
Any graph operation of a graph drive only one graph structure. But eccentric graph
operation of almost all the graphs drives more than one graph structure, which are
interesting and marvelous. Such a interesting graph structures of eccentric graphs
of some particular classes of graphs are found and characterized by Kaspar et al.
[2018]. Some few families of prime cordial eccentric graphs are investigated by
Poulomi Ghosh and Anita Pal [2017].

Graphs discussed here are simple, finite and undirected graphs. For graph the-
oretical terminologies we refer Harary [1972]. For all standard terminologies
and notations in Number theory we refer Tom M Apostol [1998] and we refer
Gallian [2019] for the literature on graph labeling. In this paper, we obtained
some new families of separation cordial eccentric graphs such as ecc(C,, ® K7),
ecc(P(C,(2))) and ecc(S(m,n)).

We will give brief summary of definitions which are useful for the present inves-
tigations.

Definition 1.1. A graph labeling is the assignment of unique identifiers to the
edges and vertices of a graph.

Definition 1.2. A separation cordial labeling (or sc-labeling) of a graph G with
vertex set V is a bijection f from V to 1, 2,-- -, |V (G)| such that if each edge uv
assigned the label 1 if f(u) + f(v) is an odd number and label 0 if f(u) + f(v)
is an even number then the number of edges labeled 0 and the number of edges
labeled 1 differ by at most 1. A graph G is separation cordial graph (or sc-graph),
if it admits separation cordial labeling.

Definition 1.3. Let G be a graph with vertex set V' and edge set E. The eccentric
graph of G is denoted by ecc(G) = (V, E'), where E' = {(u,v) : dg(u,v) =
ecc(u) or dg(u,v) = ecc(v) for u,v € V}.
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Definition 1.4. Double star S(m,n) graph where m,n > 1 is the graph consist-
ing of the union of two starts K, ,, and K, together with a line joining their
centers.

Definition 1.5. Shee and Ho [1996] Let G, Gy, - -+ , Gy, be n(> 2) copies of a
graph G. It is denote by G (n) the graph obtained by adding an edge to G; and
G, i=1,2,- — 1, and call G(n) the path-union of n copies of the graph
G.

2 sc-graphs
We will present some new families of separation cordial eccentric graphs.

Theorem 2.1. ecc(C,, ® K;) is sc-graph for n > 3

Proof. C,, ® K, has 2n vertices and 2n edges. vy, vo, v3, - - - , v, are vertices
of Cy; wy,we,ws, - - ,w, are pendent vertices and v wy, VoWs, VW3, * + + , Vp Wy
are pendent edges of C,, ® K;

Case 1 : when n is even.

ecc(Cy, ©® K1) is § P, and the vertices of ecc(C,, ©® K1) are v, Wa i, Wi, V2 4,
fori =1,2,---, 3.
Then, |V (ece(C,, ® K1))| = 2n and |E(ecc(C, ® K;))| = 22 . Define f :
V(ece(C,, ® Ky)) — {1,2,--- ,2n} as follows.

Sub case 1(a) : n =4.

flo1) =L fv2) = 6, flungz) = 4, f(onpa) =8, f(w) = 2, f(w
f(UJnTH) =3, f(wnT+4) = 5. Now ¢4(0) = ( ) = 3, then |ef(0)—
Thus, ecc(C,, ©® K7) is sc-graph for n = 4.
Sub case 1(b) : n = 0(mod4) and n > 4.

F(01) = L, f(v2) = 6, [(va2) = 4, f(vs
f(UJnTJr?) = 3, f('(Un+4) = 5, f(viga) = f(v;) +8, fori = 1,2,--., =4,
flwiys) = flw;) + 8 fori = 1,2,-, %2, f(vipe) = f(v;) + 8, fori =

2
"TH,n‘QHL,...,n 2,f(’w1+2> f(wl)—i—8 for ':n;rZ,nTH’...,n—2.

Now e(0) =ef(1) = %Tn, then |e;(0)—es(1)| < 1. Thus, ecc(C,, ® K7) is sc-graph
for n = 0(mod4) and n > 4.
Sub case 1(c) : n = 2(mod4) and n > 4.

Fo) = 1, f(v2) = 6, f(ves2) = 4, Flowss) = 8, flun) = 2, fluz) =
f(w"TH) = 3, f(w%) = 9, f(vi-‘rQ) - (Ul) + 8, for i = 1727"' 7%’
flwise) = flw;) +8, fori = 1,2, 24
nT—i_QanT—Hlv'” 7n_3’f(wi+2) :f<wz)+8 for nT-i—QvnT—HLa”' 7n_3’f(vn) =
2n and f(w,) = 2n — 3.

1) =8, f(w) = 2, f(wg) =17,
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Now e;(0) = %2 and e;(1) = 222, then |e;(0)—e;(1)| < 1. Thus, ecc(C,, © K7)
is sc-graph for n = 2(mod4) and n > 4. Therefore, ecc(C,, ©® K;) is sc-graph for
n is even.
Case 2 : when n is odd.

ecc(C, ® K1) is a subdivision of outer edges of C,,(1, ”T_l), where wq, wo, w3,

-, w, are vertices of C, (1, %5%) and Ungs, Ungs -+, Un, UL, U2, Us, * *+ , Unga Are
the subdivided vertices of the edges wws, wows, wswy, - - -, wywy of Cp(1, %1)
Then, |V (ecc(C,, ® K1))| = 2n and |E(ecc(C,, ® K1))| = 3n. Define f :

V(ece(Cp, ® Ky)) — {1,2,--- ,2n} as follows.

flw;)) =i, fori = 1,2,--- . n, f(UnTH+,L-) =n+i, fori =1,2,--- ,"T_l,
flv) =2+, fori=1,2,--- 2,
Now e;(0) = 221 and e;(1) = 25, when n = 1(mod4) and e;(0) = 2H
and ef(1) = 221, when n = 3(mod4). Then |e;(0)-es(1)| < 1. Therefore,
ecc(C,, ® Ky) is sc-graph for n is odd.

Hence, ecc(C,, ® K) is sc-graph forn > 3. O

Example 2.1. C; © K, ecc(Cs ® K1) and sc-labeling of ecc(Cs ® K1) are shown
in below figure.

W 4 W 3

Cj@K] ECC(C5®K]J
Figure 2.1 : C5 ® K, ecc(Cs @ K7) and sc-labeling of ecc(Cs ® K)

Theorem 2.2. ecc(P(C,,(2))) is sc-graph for n > 3.

Proof. P(C,(2)) has 2n vertices and 2n + 1 edges. The vertices of P(C,,(2))
are vy, Vo, U3, * + + , Up, Wi, Wa, W3, * ++ 5 Wh.
Case 1 : when n is even.

ecc(P(C,(2))) is S(n — 1,n — 1) and the vertices of ecc(P(C,(2))) are
two centers Wntz, Ungz, and two set of pendent vertices vy, vo,v3,- -+ , v, and
Wy, W2, W3z, "+, Wp.
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|V (ece(P(Cr(2))))] = 2n and |E(ecc(P(Cr(2))))| = 2n — 1 and define
[ V(ece(P(Cn(2)))) — {1,2,--- ,2n} as follows.
f(UnT2> =1, f(v;) =2and f(wnTu) =3, f(v)) =i+ 2,fori =2,3,---, %,

flv) =i+ 1 fori =28 0 . n flw)=i+n+1fori=12-- 2,

flw;) =i+mn,fori =" 258 ... n Nowes(0)=n—1and ef(1) =n, then
ley(0)—ef(1)] < 1. Thus, ecc(P(C,(2))) is sc-graph for n is even.
Case 2 : when n is odd.

ecc(P(Cy(2))) is K,_o + Ky + Ko + K,,_» and the vertices of ecc(P(C,,(2)))
are wip, wa, -+ ,wanl,wnTH),--- , Wy UHTH,/UTLTH, UJHTH,wnTJrS, V1,U2," " ,Ungl,
Ungs, -, Upe |V (ece(P(Cnh(2))))] = 2n and |E(ecc(P(Cy(2))))] = 4n — 4.
Define f : V(ecc(P(Cn(2))))

funp) = 1 and f(vnygs)
n+2+z1 fore = 1,2, "=
flw;) =4+i,fori=1,2-- , flw) =2+, fori =22 250y,
Now e(0) = ef(1) = 2n — 2, then |e;(0)-ef(1)| < 1. Thus, ecc(P(C,(2))) is
sc-graph for n is odd.
Hence, ecc(P(C,,(2))) is sc-graph for n > 3. O

flwas) = 3and f(wasa) = 4, flu) =
/

_ ; . n45 ndgT
(vi) = n+14, fori = "= %5 ... n,

Example 2.2. P(C5(2)), ecc(P(C5(2))) and sc-labeling of ecc(P(C5(2))) are
shown in below figure.

7 we O ecc(P(Cs(2))) 0 Tvs 10

Figure 2.2: P(C5(2)), ecc(P(C5(2))) and sc-labeling of ecc(P(C5(2)))
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Theorem 2.3. ecc(S(m,n)) is sc-graph for m,n > 2.

Proof. S(m,n) is a double star for m,n > 2.
S(m,n) has m + n + 2 vertices and m + n + 1 edges. The vertices of S(m,n)

are v, V1, Vg, -+, Uy W, W1, Wy 5+ Wy, ecc(S(m,n))is Ki + K, + K,, +
K, the vertices of ecc(S(m,n)) are v, wy,ws, - , Wy, W,V1,Ve, ,+ - ,Uy. In
ecc(S(m,n)), v is adjacent to wy, way, - -+ ,w,; w is adjacent to vy, va, -+ , Uy, ,
and, also wy,wy, - -+ ,w, and vy, ve, - - - , v, are mutually adjacent.

V(ecc(S(m,n)))| = m+n+2and |E(ecc(S(m,n)))| = nm+m++n. Define
f:V(ece(S(m,n))) = 1,2,--- ,m+ n + 2 as follows.

f(v)=1land f(w) =2, f(w;) =i+2,fori =1,2,---  m, f(v;) =i+n+2,
fori =1,2,--- ,n. Now es(0) = ef(1) = ™E2ER 'when m and n are even. e;(0)
= matman=2 and ey(1) = HEE2  when either m is even and n is odd or m is
odd and n is even. e;(0) = ZE2ENE2 and ¢ (1) = 22ERER=2 when m and n are
odd. Thus, |e;(0)—ef(1)] < 1.
Hence, ecc(S(m,n)) is sc-graph for m,n > 2. O

Example 2.3. S(4,5), ecc(S(4,5)) and sc-labeling of ecc(S(4,5)) are shown in
below figure.

ecc(S(4.5))
Figure 2.3 : S(4,5), ecc(S(4,5)) and sc-labeling of ecc(S(4,5))
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3 Conclusions

Interesting and marvelous graph structures of some more new families of ec-
centric graph are derived and verified all are separation cordial eccentric graphs.
We discussed only the eccentric graphs of graphs, which are obtained by some
more graph operations of graphs. The construction of these eccentric graphs are
difficult but interesting one. We presented ecc(C,, ® K;), ecc(P(C,(2))) and
ecc(S(m,n)) are separation cordial eccentric graphs.
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