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Abstract

The aim of this paper is to investigate general hyperstructures
construction of which is based on ideas of A.D. Nezhad and R.S.
Hashemi. Concept of general hyperstructures considered by the above
mentioned authors is generalized on the case of hyperstructures with
hyperoperations of countable arity. Specifications of treated concepts
to examples from various fields of the mathematical sturctures theory
are also included.

Key words: Action of a hyperstructure on a set, general n-
hyperstructure, transformation hypergroup, Fredholm integral opera-
tor, ordinary and partial differential operator

MSC2010: Primary: 20N20; Secondary: 37199, 68Q70

1 Preliminaries

A resent book [7] contains a wealth of applications of hyperstructure the-
ory developed since 1934, see [20]. There are applications to the following
subjects: geometry, hypergraphs, binary relations, lattices, fuzzy sets and
rough sets, automata, cryptography, combinatoric, codes, artificial intelli-
gence, and probability. In section 2 and 3 we give some basic definition and
then, we consider three types of actions. In section 4 we present some ap-
plications. In section 5 there are described some applications of formerly
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investigated hyperstructures and corrected certain mistake from [14]. There
is a connection between automata and dynamical systems realized by infi-
nite automata without outputs and discrete dynamical systems.They are also
shortly called as action of semigroups or groups on a given phase (or state)
set. In connection with non-deterministic automata or with multifunctions
(relations) on algebraic structures and topological spaces seems to be natural
to investigate actions of multistructures on sets of various objects. Various
generalizations of the above mentioned classical concepts are possible. Some
motivating factors are coming from the general system theory [11, 23]; one
illustrating example below is just based on the concept of a general time
system. In [8 9] there are investigated various binary relation and hyper-
structures.

Notice, the binary relation on a binary hyperstructure, e.g. on a semihy-
pergroup, are quite natural created by inner translations.

We use [1, 3, 7, 10, 21, 22, 26] for terminology and notations which are
not define here. We suppose that the reader is familiar with some well-known
notation such as presentation in hyperstructure theory. The following facts
are some definitions and propositions in the theory of hyperstructure which
we need for formulation of our results and in the proofs of the main results.
For x from an ordered set H we denote by [x). = {y € H | x < y} the upper
end generated by z. -

The following lemma is called Ends Lemma.

Lemma 1.1. [3, 6, 24, 25] Let (H,o, <) be an ordered semigroup. Let axb =
l[aob)< for any a,b € H. The following conditions are equivalent:

1) For any pair a,b € H there exists a pair ¢,d € H such that b o ¢ < a,
cod<a.

2) A hypergroupoid (H,*) associated with (H,o,<) satisfies the associa-
tivity law and the reproduction axioms, i.e., (H,*) is a hypergroup.

Dually we can define the Beginnings Lemma:

Lemma 1.2. [6] Let (H,o,<) be an ordered semigroup. Let a xb = (a o b)<
for any a,b € H. The following conditions are equivalent:

1) For any pair a,b € H there exists a pair ¢,d € H such that b o ¢ > a,
cod>a.

2) A hypergroupoid (H,*) associated with (H,o,<) satisfies the associa-
tiity law and the reproduction azioms, i.e., (H,*) is a hypergroup.
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Quasi-order hypergroups have been introduced and studied by J. Chvalina.
The following definition can be found e.g. in [7, 12, 24].

Definition 1.1. A hypergroup (H,*) such that the following condition are
satisfied:

1) a€a®>=a® foranya € H,

2) axb=a>Ub* for any pair a,b € H 1is called a quasi-order hypergroup.
If moreover the unique square root condition:

3) a,b e H, a®> = b* implies a = b
is satisfied then (H,x) is called an order hypergroup.

Definition 1.2. [19] A hypergroup (G,x) is called a transposition hyper-
group if it satisfies the transposition axiom: For all a,b,c,d € G the relation
b\anec/d#0 impliesaxdNbxc# 0.

The sets b\ a = {x € Gla € bxx},c/d = {x € G|c € x xd} are called left
and right extensions, respectively.

Definition 1.3. [15, 16, 17] Let X be a set, (G,®) be a (semi)hypergroup
and m: X Xx G — X a mapping such that

n(m(z,t),s) € m(x,tes), where n(z,tes)={n(z,u);uctes)} (1)

for each v € X, s,t € G. Then (X,G, ) is called a discrete transformation
(semi)hypergroup or an action of the (semi)hypergroup G on the phase set
X. The mapping 7 s usually said to be simply an action.

Remark 1.1. [16] The condition (1) used above is called Generalized Mixed
Associativity Condition, shortly GMAC.

2 General hyperstuctures and w-hyper-
structures

Throughout this paper, the symbol X, Y will denote two non-empty sets,
where P*(X UY') denotes the set of all non-empty subsets of X UY.

A general hyperstructure is formed by two non-empty sets X, Y together
with a hyperoperation

x: X XY — P*(XUY), (z,y)—xxyC(XUY)ND.
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Remark 2.1. A general hyperoperation * : X x Y — P*(X UY) yields a
map of powersets determined by this hyperoperation.  Thus the map
®: P (X)x P*(Y) — P*(XUY) is defined by A B= |J axb.
a€AbEB
Conversely an general hyperoperation on P*(X) x P*(Y) yields a general
hyperoperation on X x Y, defined by = xy = {2z} ® {y}.
In the above definition if AC X, BCY, z € X, y €Y, then we define,

A*y:A*{y}:Ua*y, x*B:{a:}*B:Ua:*b,

acA beB

A®B= U ax*b.

acA,beB

Remark 2.2. [f X =Y = H, then we obtain the classical hyperstructure
theory. The concept of general hyperstructure with a hyperoperation which is
a mapping

x: X XY — P (XUY)

mentioned above (used by A.D. Nezhad and R.S. Hashemi) allows straight-
forward generalization onto case of “hyperoperation of an arbitrary finite
arity ” or direct generalization to hyperoperation of countable arity.

Let us define the general w-hyperstructure:

Definition 2.1. Let w be the smallest infinite countable ordinal. As usually,

we consider the smallest infinite ordinal w as the set of all smaller ordi-

nals, i.e. as the domain of all finite ordinals (non-negative integers). Let

{Xy; k € w} be a system of non-empty sets. By an general w-hyperstructure

we mean the pair ({Xp;k € w},*,), where x,: [[ Xi — P*(U Xk> is
kew kew

a mapping assigning to any sequence {Titrew € [[ Xk a non-empty subset

o ({Thtrew) € U Xi. hew

kew

Similarly as above, with this hyperoperation there is associated a mapping

of power sets
@ [P (x0) =P (U %)

kew kew

defined by

Qu ({ Ak }rew) = U{*w ({zrtrew); {zrtren) € H Ak}~

kew

Let us formulate the special case:
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Definition 2.2. [13] Let n € w be an arbitrary positive integer, n > 1. Let
{Xi;k = 1,...,n} be a system of non-empty sets. By a general n-hyper-
structure we mean the pair

{ Xk k=1,...,n},%,),
n n
where *,: [] Xp — P*(U Xk> 1S a mapping assigning to any n-tuple
k=1 k=1

(x1,...,2,) € [[ Xk a non-empty subset *,(z,...,2,) C J Xi.
k=1 k=1

Similarly as above, with this hyperoperation there is associated a mapping

of power sets
k=1 k=1

defined by

(A, ..., Ap) = U{*n(xl, coy )i (w1, ) € ﬁAk}

This construction is based on an idea of Nezhad and Hashemi for n = 2.

Hyperstructures with n-ary hyperoperations are investigated among others
in [2, 27].

Definition 2.3. Let G, (w) = ({Xy; k € w}, %), Ga(w) = ({Yis k € w},0,),
be a pair of general w-hyperstructures. By a good homomorphism
H: G,(w) — Gy(w) we mean any system of mappings H = {hy: Xy — Yi}
such that the following diagram is commutative:

[1X, —— P (U X)

kew

I | |+ (D1)
[ —— P(UY)

kew
Here [] hi({z}kew) = {h.(v,)}rew for any sequence {z,}re, and
kew
¢ P (U Xi) — P*(U Yi) is the lifting of a mapping ¢: J Xp — U Y&
kew kEw kew kew

defined by the mathematical induction. For x € X, we put ¢(x) = hy(x).

k k k
Suppose ¢: |J X; — | Y] is well-defined. Then for any » € X, ,\ U X
. ~ =0

7=0 7=0

7
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we put o(x) = hy,,(z). Then using mathematical induction the mapping
v: U Xk — U Yx is well-defined.

kew kew
If all mappings hy € H are bijections (or isomorphism if all Hy, Y} are

endowed with some structures) we call the H the isomorphism of w- hyper-
structures Gy (w), Go(w).

3 (General w-hyperstructures created by or-
dered sets and by differential operators

As a certain generalization of the general n-hyperstructure from [13],
Example 3.2, we will construct the following structure:

Example 3.1. Consider a countable system of pairwise disjoint ordered sets
(Xk, <), k € w and for x € Xy, let us denote [x), = {y € Xp;x < y}, i.e.
[x)x is the principal end generated by the element x within the ordered set
(Xk, <g). Further, put

so ({2 hhew) = ([0

kew

for any sequence *,, ({xk}kew) € [[ Xx. Then *w({%}kew) C U Xy, thus
kw kew

Gw) = ({Xk; k € w}, %)

is a general w-hyperstructure in the sense of the above definition.
IfH(w) = ({Yi; k € w}, e,) is a general w-hyperstructure such that (Yy, Z),
k € w are pairwise disjoint ordered sets and

.w({yk}kEw) = U[yk)k C U Yk

kew k€Ew

for any sequence {y, }rew € [] Yi we consider a system hy: (X, <p) —
kew

(Yi,=k), k € w, of strongly isotone mappings, i.e. for any x € X}, there
holds hy, ([zx)r) = [hk(ack))k Then denoting H = {hy.: Xy, — Yk € w}
we obtain that H is a good homomorphism of the general w-hyperstructure;
G(w) into the general w-hyperstructure H(w).

Indeed, consider an arbitrary sequence {zx, }rew € [] Xi. As above denote
k€w

by o 77*( U Xk)—> P*(U Yi) the lifting of the mapping p: U Xi — U Ya

kEw kEw kEw kEw



General w-hyperstructures and certain applications of those

induced by the system {hy: X, — Yi;k € w}—here in such a way that

©| Xy = hi.. Then for any sequence {x, }rew € [[ Xk we have
kew

p(rmhies)) = o(Ul) = U ellone) = U b (o)

— U [P (1)) = o ({1 (2),) brew)
= e, (H hy ({xk}kew)) )

i.e. pox, =e,o0 [[ hg, thus the diagram
kew

X —= P*(U Xk)

I | |+ (D2)
v — P*(U Yk>

kew

15 commutative.
From the above example there follows immediately the following assertion.

Proposition 3.1. Let (X,,<,), (Y., =,), k € w, be two countable collections
of pairwise disjoint ordered sets and G(w), H(w) be the corresponding w-
general hyperstructures. Suppose (Xg, <) = (Yi, =k) for each k € w and
hi: ( Xk, <p) — (Yi,=k) are corresponding order-isomorphisms. Then we
have G(w) = H(w).

Example 3.2. Let J C R be an open interval, C*(J) be the ring (with
respect to usual addition and multiplication of functions) of all real functions
f:J — R with continuous derivatives up to the order n > 0 including.
Denote

L(p07p17 s 7pn—1): (Cn(J) - Cn(‘])
the linear differential operator defined by

d"y(x)

L(po,pys -y Pn-1)(y) = " ips($> d*y(z)

dxs

dx»

where y € C*(J) and ps € C*(J), s = 0,1,...,n — 1. In accordance with
[4, 5] we put

9
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Instead of L(pyg,D11,---+P1n1) we write L(py). We put L(py) < L(p2)
whenever

L(p;) = L(pj70,...,pj’n71), j =12, plys(x) < pzﬁs(x), s=0,1,....n —1,
x € J and po(x) = pyo(x). Defining

s (L)), L(a), - L(B)) = (JAL() € LAL(T); L() < L(P)}

for any n-tuple (L(p,) )y L(py)) € TI LAL(J) we obtain that
k=1
L(n) =({LAy(J); k = ., n}, %) is a general n-hyperstructure.

Of course, LA (J) I8 the set of all first-order linear differential operators
of the form L(po)(y) = v'(x) + po(x)y, where py € C(J) and y € C*(J).
BEvidently LA;(J) N ILAk( ) = 0 whenever j # k.

It is to be noted that if k,m € {1,2,..., n} are fixed different integers then
setting X = LA, (J), Y = LA,,(J) we obtain from the above construction
an example of a general hyperstructure in sense of Nezhad and Hashemi. If,
moreover X =Y = LA, (J) then the resulting general hyperstructure is an

order hypergroup of linear differential n-order operators in the sense of [3],
chap. IV, or [4, 5].

Theorem 3.1. Let w be the smallest infinite countable ordinal, J C R be an

open interval. If
_ (H La(J), %, P (| LAk(J)))

kew kew
is the general w-hyperstructure of ordinary linear differential operators and
W) = (H V() 00 P (L VAk(J)))
kew kEw

is the general w-hyperstructure of solution spaces of linear ordinary homoge-
neous differential equations associated with L(J;w). Then we have

L(J;w) = S(J;w),

i.e. in the commutative diagram

[1 L) — P( U Law())

e [# (D3)
[T VAK() === P (U Var())

kcw kew
arrows [] @, ©* are bijections.
kew

10
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Proof. By [4, 5] we have ®;: LA,(J) — VA(J) is a group-isomorphism
for any k € w thus [[ ®x: [[ LAx(J) — [] VAL(J) is a bijection. Since

kew kew kew
{LA,(J);k € w}, {VA(J);k € w} are pairwise disjoint families we have
that the mapping ¢: |J LAL(J) — |J VAg(J) such that p|LAg(J) = P,

kew kew

k € w is a well-defined bijection hence the bijection 73*( U LAk(J)> —

kew

73*< U VA, (J )) is also well-defined.

kew
Now, for an arbitrary sequence {L, }ncw € [] LAk(J) we obtain that
kew

L (( H (I)Ic){Ln}HEw> = .w{(pn (L")}new = ‘w{Vn}nEw =

kew

= @(*w{(br:l(Ln)}n€w> = @ﬁ(*w{[’n}neaz)»

since the hyperoperation “e,” is associated with the hyperoperation “x,” .

Therefore the diagram D3 in the Theorem 3.1 is commutative. [

Let {(Sk, <k)ik € w} be a system of quasi-ordered semigroups. Define
a mapping ©,: [[ Sk — P*( U Sk) by the rule

kew kew

<>w<x17"'7xn):: LJ[xi)Sk
kew
for any sequence {z }reomega € [[ Sk. Then the general w-hyperstructure is

kEw
called the general w-hyperstructure determined by the Ends Lemma or shortly

EL-determined general w-hyperstructure.

Corollary of Theorem 3.1
Let w be the smallest infinite countable ordinal, w # 0, J C R be an

open interval. Let LFL(J;n) = <H LAg(J), #,, P* (U LAk(J))> be the
kew kew

EL-determined general w-hyperstructure of all linear ordinary differential

operators of all orders k € w.

Let SPL(J;n) = <H VAL(J), %0, P* (U VAk(J))) be the EL-determined
kew

kEw
general w-hyperstructure of solutions of homogeneous linear ordinary differ-

ential equations Ly = 0, L € |J LA, (J). Then LEE(J;n) = SFL(J;n).
kew
In the above construction we can use a finite sequence of positive inte-

gers {my, m,,...,m,} and then define the w-hyperoperation ®,, ({$k}kew) =

U [z™)<, for any w sequence {zy }rew € [ Sk-
kew kew

11
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4 General R-hyperstuctures (or L-hyper-
stuctures)

In the paper [13], due to ideas of Nezhad and Hashemi, there are consid-
ered General R-hyperstuctures (or L-hyperstuctures) in the following sense.
A general Right hyperstructure (or Left-hyperstructure) consist of two non-
empty sets X, Y together with a hyperoperation:

g X XY — P*(X) or 1, X XY — P(Y)
(z,y) = zxry C X, (,y) =z, y CY.

To be more precise a general Right hyperstructure (or Left hyperstructure)
is the quadruple (X,Y,P*(X),*g) or (X,Y,P*(X), ), shortly general R-
hyperstructure or general L-hyperstructure.

The set of points Yrz = {x*y : y € Y} that can be reached from a given
point x € X by the R-hyperoperation of two non-empty sets X,Y, is called
the R-hyperorbit of x.

If Yrxr = X for all x € X. Then the set Y is said to be R-hypertransitive
on Y. If Yrx = {x}. Then z is called a R-hyperfixed point to the R-
hyperoperation. The set {y € Y : x gy = {z}}, is called R-hyperisotopy
set at x.

Example 4.1. Let X # () be an arbitrary set, f: X — X be a mapping,
i.e. the pair (X, f) is a monounary algebra. Put' Y = N (the set of all
positive integers) and define *2: X xY — PYX) by the rule x *é n =
{f*(x);k € Nyn < k}. Then the quadruple (X,Y, P*(X),*]};) is a general
Right hyperstructure, i.e. R-hyperstructure. (Here, f* is the k-th iteration
of f)

Example 4.2. Let T be a linearly ordered set (i.e. a chain) with the least
element. Then T is called a time scale or time axis. Suppose A # () # B are
arbitrary sets and S is a binary relation between sets of mappings (impulses)
AT BT, de. S C AT x BT. Then the triad (AT, BT,S) is called a general
time system with input space AT, the output space BT and with input-output
relation (or the transition relation) S—cf.[23]. Now, denote X = AT, Y =
BT and define ¥7: X x Y — P*(Y) by z %7 y = S(z) = {u € Y;xSu}
for any pair of time-impulses x: T — A,y: T — B. Then we obtain the
quadruple (X,Y, P*(X),*?) which is a general Left hyperstructure, i.e. a
general L-hyperstructure.

In the above mentioned classical monography [23] as a general system

is considered a relation S C [[V; on non-void abstract sets. However—in
il

12
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detail—the index set I is decomposed into two subsets I, I, and by input-
output system is ment a relation S C X x Y, where X = [] V; is called
il
the input object and Y = [] V; is termed as the output object. (cf. [23],
i€ly

Definition 1.2).

In the connection with general w-hyperstructures we introduce input-
output systems with inner evaluated input and output objects. Denote K =
{1,2,...,n}. By an IEO-general system, i.e. an Input-Output general system

with Inner Evaluated Objects we mean a qudruple ( [[ X, [[ Y&, R, Fr),
keK keK
where Xy, Y; are non-empty sets, R C [ X x ][ Y% is a domain full
keK ke K
binary relation, i.e. DomR = [[ Xy = {x € [] Xx;3Jy € []: xRy},
kK keK keK
w,0 [ X = P(U Xi), %yt [[ Y — P(U Yi) are mappings (i.e. n-
keK keK keK keEK
ary multioperations)—thus ( [[ X, *.),( [ Yk, *,) are general n-ary hyper-
kK keK
structures and Fr: P(|J Xix) — P(U Yi) is a mapping defined in this

keK keK
way:

For a non-empty set M C |J Xg, i.e. M € P(J Xi) we denote My =
keK ek

{lzg, ..\ (2y, . 3, € kH Xy #x (21, ..o, (g, ..., 2,)n) N M # 0}. Then
€K

we put Fr(M) = *,(R(Myx) € U Yi. If My = 0 we define Fr(M) = 0.
KEK
(This definition includes the case Fg()) = 0)). Hence the diagram

I1X —— P(U X&)

keK keK

Rl J/FR (D4)
[N —— P(UY%)

keK kek

is commutative.
Now, in the case when X, = A, Y, = B for all £ € K, then denoting the
index set K by T (the time set-continuous, which means a linearly ordered

continuum with the minimal element, or discrete Ny) we obtain [] X = AT,
keK

[I Y. =B"and U Xp, = A |J Y, = B. Thus the above IEO-general

keK keK keK

system turns to the above mentioned general time system (here with an

inner evaluation) (AT, BT, R, x4, *p), where Fro %, = *p o R.

13
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By a homomorphism of an IEO-general system ( [ X, [] Yx, R, *x, *y)

keK keK

into another IEO-general system ( [] U, [[ Vi, S, *u, *17) we mean a quadru-

keK keK

ple of mappings H = [®xy, Pyv, Ppxv, Pryv], Oxv: [[ Xk — [[Us;

(I)yvi HYk — HVk7 (I)pXUf P(U Xk — P(U Uk), (I)pyvi P(U Yk) —
K K K K K

K

such that the diagram

11

keK

IV

keK

*

keK
dxvu dpxuU
[Tx =, »(Ux)
keK keK
R Fgr Fs
1% (U
keK keK
Syu Ppyv
& P(UW)
keK

v P(U Uk>

TE(J Vi)

is commutative. In concrete cases of modelling special systems, the used
objects and their mappings take a concrete interpretation.

4.1 L-hyperoperation (or R-hyperoperation) of a hy-
perstucture on a non-empty set

In this paragraph, we recall two definitions of a L-hyperoperation (or R-
hyperoperation) of a hyperstucture on a non-empty set. Let us make our
point clear with some examples.

Definition 4.1. [13] Let (G, *) be a hyperstructure and X be a non-empty set.

14
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A generalized L-hyperaction of G on X is a L-hyperoperation ¢ : G x X —
P*(X) such that the following axioms are satisfied:

1) Forall g,h € G and x € X, (g h,x) C ¢¥(g,¢¥(h,x)),

2) Forallg € G, (g9, X) = X.

For any g € G and A C X, (g, A) = U ¥(g,x), also for any x € X and
€A
B C G, Y(B,z) = U W(b,x). If in the axiom 1) of definition the equality

beB
holds, the generalized R-hyperaction is called strong.

As application of the above concepts we mention the classical interval
binary hyperoperation on a linearly ordered group. See [18]. In detail if
(G, -, <) is a linearly ordered group then we define a binary hyperoperation
x: G x G — P*(G) by

axb= [min{a,b})_N (max{a,b}|_ = [min{a, b}, max{a,b}]_
= {x € G;min{a, b} <z < max{a, b}}

(which is a closed interval) where min{a, b}, max{a, b} is the least element,
the greatest element of the set {a,b}, respectively. It is easy to verify that
the obtained hypergroupoid (G, %) is an extensive commutative hypergroup.
This hypergroup we obtain even in the case if we restrict ourselves onto the
set G of all positive elements of the linearly ordered group (G, -, <), (cf. the
proof of Proposition 4.1).

Proposition 4.1. Let (G, -, <) be a linearly ordered group, G, be its subset
of all positive elements (i.e. the positive cone) endowed with the interval
binary hyperoperation “,”. Define a mapping

Yo G x G — P*(G)

by
Yala,b) = (a+bl. ={zr € Gr <a+b}

for all pairs (a,b) € G, x G. Then the quadruple (G, G, P*(G), ) is the
generalized L-hyperoperation of the commutative extensive hypergroup (G, *; )
on the group (G,+, <).

Proof. For the proof see [13]. O
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5 Homomorphism of transformation
semihypergroups

Definition 5.1. Let (X, G, ), (Y, H,n) be two generalized transformation
semihypergroups (GTS). A pair of mappings ® = [u, ¢| such that p: G — H
1s & homomorphism of semihypergroups and p: X — Y 1is a mapping, is said
to be a homomorphism of GTS (X, G,v) into GTS (Y, H,n) if for any pair
lg,2] € G x X the equality

n(u(9), ¢(x)) = @(v(g, )

is satisfied, i.e. the diagram, where ¢*: P*(X) — P*(Y') is the corresponding
liftation of the mapping p: X — Y,

GxX —2 PH(X)
uwl lw* (D6)
HxY —“ PY)
commautes.
Example 5.1. Let XY be equivalent non-empty sets and f: X — X,
h:Y — Y be mappings such that mono-unary algebras (X, f) = (Y,h).
Denote G = {f™;n € No}, H={h",n € No} and define binary hyperopera-

tions
*x: G x G — P (G), o: Hx H— P*(H),

by
fPxfm={f"kecNy,m+n<k} and h"eh™ = {h¥F;k € Ng,m +n < k}.

Define mappings ¢: G x X — P*(X), n: HxY — 73*( ), by the same
rule Y(f" x) = {fF(x);k € {0,n,n+1,n+2,...}}, wh",y) = {h*(y);k €
{0,n,n+1,n+2,...}}. Suppose &: (X, f) — (Y h) is an isomorphism and
v: (X, f) = (Y, h) a homomorphism of the mono-unary algebra (X, f) onto
the mono-unary algebra (Y, h). Denote ® = [u, ¢| the pair of mappings such
that u(f™) = o fro &=t Then ® is a II-homomorphism of the generalized
transformation semihypergroup (X, G, ) into the GTS (Y, H,w).
Indeed, for an arbitrary pair [f™, x] € G x X we have

p(U(f",2) = ofa, f(2), [ (@), .} = {el2), o (f(2), 0 (f (@), }
= {p(2),0(h"(2)), (h"+1 (7)), } = w(h" p(2))
=w(€o ot p(x)) =w(p(f"). o)) = w(p x Q)[f", 2]).
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General w-hyperstructures and certain applications of those

The following example of generalized transformation hypergroup is based
on consideration published in [4, 5].

Example 5.2. Let J C R be an open interval and denote C°(J) the ring
of all infinitely differentiable functions on J. Let us consider the set LA, (J),
n € N, of linear differential operators of the n-th order in the form

-1
mn dk
L(p07"'7pn71> = dzn + E pk<$)dxk
k=0

Where p, € C*°(J), k=0,1,...,n—1; L(po,...,pn-1): C®(J) — C>=(J),
thus

L(po, - s pa1)(f) = F (@) 4pacr () f7 D (@) 4 po () f(2), | € OF(J).

Let 6;; stand for the Kronecker symbol 6. For any but fitedm €{0,1,...,n — 1}
we denote by

LAn(J)m - {L(p07 s 7pn—1>|pk € OOO<J>7pm > 0}

Shortly we put p = (po(z),...,pa_1(x)),x € J and on the set LA, (J),, we
define a binary operation “o,,” and a binary relation <, in this way:

L(p) om L(q) = L(u)
where ug(2) = pm(x)qr(2) + (1 — Opm)pr(x), 2 € J,O< k <n-—1, and
L(p) <m L(q)

whenever p () < (@), k £ m,k € {0,1,....n — 1}, p() = gu(z),z € J.
It is easy to verify that (LA, (J)m,om, <m) is an ordered noncommauta-

tive group with the neutral element D(w), where D(w) = (wo, ..., w,_1),
Wi (2) = Ogm. An inverse to any D(q) is D71(q) = 22y q%, e %

Let (Z,+, <) be an additive group of all integers with an usual ordering
“<”. Then by Lemma 1.1 the structure (Z,«), where

*x: L x 7 — P*(Z)

was defined by k1 = [k + 1)< is a hypergroup.
For fired D(q) € LA, (J).,, we define an action ¢, : Z x LA, (J),, —
P*(LA,(J)m) as follows,

ok, L(p)) = {L"(q) o L(p)[t < k}.

So (LA, (J)m, Z, p,) is a generalized transformation hypergroup.
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Abstract

This paper aims to present a short survey on two numerical func-
tions determined by a hypergroupoid, called the fuzzy grade and the
intuitionistic fuzzy grade of a hypergroupoid. It starts with the main
construction of the sequences of join spaces and (intuitionistic) fuzzy
sets associated with a hypergroupoid. After some computations of
the above grades, we discuss some similarities and differences between
the two grades for the complete hypergroups and for the i.p.s. hyper-
groups. We conclude with some open problems.
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1 Introduction

The study of hyperstructures connected with fuzzy sets represents a grow-
ing and new line of research spanning over the last twenty years. Till now
one can distinguish three principal approaches of this theme: the study of
new crisp hyperoperations obtained by means of fuzzy sets; the study of fuzzy
subhyperstructures (i.e. fuzzy sets those level sets are crisp hyperstructures);
the study of structures endowed with fuzzy hyperoperations and called fuzzy
hyperstructures.



Irina Cristea

We concentrate here on the first line of reserach. Its origin is due to
Corsini [12] in 1993, when he defined a join space from a nonempty set en-
dowed with a fuzzy set. Another definition of a join space induced by a
fuzzy set was given in 1997 by Ameri and Zahedi [1]. The Corsini’s direc-
tion was then investigated by Corsini and Leoreanu [16]. Ten years later,
the same Corsini [13] considered the inverse problem: to define a fuzzy set
from a hypergroupoid. Iterating both constructions he obtained a sequence
of join spaces and fuzzy sets that stops when there exist two consecutive
non-isomorphic join spaces. The length of the sequence, i.e. the number
of the non-isomorphic join spaces in it, was called by Corsini and Cristea
(14, 15] the fuzzy grade of a hypergroupoid. At the beginning the sequence
was studied for some particular hypergroups: the complete hypergroups and
the i.p.s. hypergroups. Recently this grade has been investigated with a gen-
eral and innovative method by Cristea [22, 23], Stefanescu and Cristea [30],
Angheluta and Cristea [2, 3] making use of an ordered n-tuple determined
by an equivalence relation. We will see the details in the next section.

One of the principal concerns of several researchers is that to obtain new
hyperstructures using modern tools for investigation of uncertain problems,
like intuitionistic fuzzy sets, rough sets, soft sets, interval-valued fuzzy sets.
Following Corsini’s idea, Cristea and Davvaz [24] associated with any hy-
pergroupoid a sequence of join spaces and intuitionistic fuzzy sets with the
length called the intuitionistic fuzzy grade. Although the fuzzy grade and
the intuitionistic fuzzy grade have similar definitions, the corresponding as-
sociated sequences of join spaces have different properties. In order to high-
light the differences between them, Davvaz, Hassani-Sadrabadi and Cristea
25, 26, 27] have investigated this problem for the complete hypergroups and
i.p.s. hypergroups of order less than 8. In this survey our main goal is to
realize a comparison between the two sequences.

The second section of the paper gives a survey of the construction of the
sequences of join spaces associated with a hypergroupoid or with a non-empty
set endowed with an (intuitionistic) fuzzy set. Section 3 is dedicated to some
computations of the two grades: the fuzzy and the intuitionistic fuzzy grade
of a hypergroupoid. In Section 4 we focus our comparison between the two
grades on the cases of the complete hypergroups and of the i.p.s. hypergroups
of order less than 8. In the last section we conclude with the statement of
some open problems.
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2 Sequences of the join spaces associated with
a hypergroupoid

We briefly recall the construction of the sequences of join spaces and
fuzzy sets/intuitionistic fuzzy sets associated with a hypergroupoid. For
a comprehensive overview of hypergroups theory the reader is refereed to
[11, 17, 31] and for fuzzy and intuitionistic fuzzy sets theory see [32, 5, 6, 7, 8.
We will use the terminology and the notations from [13, 23, 30].

Let X be a nonempty set. A fuzzy set A in X is characterized by a
membership function py : X — [0, 1], where for any x € X, the value pa(z)
represents the grade of membership of x in A. More generally, any function
p: X — [0,1] is called a fuzzy subset of X. We denote by F'S(X) the set
of all fuzzy subsets of X.

An Atanassov’s intuitionistic fuzzy set A in X is a triplet of the form
A = {(z,pa(x), \a(z)) | = € X}, where, for any z € X, the degree of
membership of x (namely pa(x)) and the degree of non-membership of x
(namely A4 (z)) verify the relation 0 < pa(z) + Aa(z) < 1; for simplicity, we
denote it by A = (u, ). We denote by IFS(X) the set of all intuitionistic
fuzzy subsets of X.

For any nonempty set H endowed with a fuzzy subset a € FS(H),
Corsini[12] defined a join space (H,o,), where the hyperproduct is defined
as it follows:

roay={zc H[alx)Naly) <alz) <alz)Valy)} (1)

Conversely, from any hypergroupoid (H,o) Corsini[13] defined a fuzzy
subset © € F'S(H) by the following formula:

>
() = £ [z oyl
q(u)

where Q(u) = {(a,b) € H* |u € aob}, q(u)=|Q(u)|.

If Q(u) =0, we set fi(u) = 0.

In 2010 Cristea and Davvaz[24] defined in a similar way an intuitionistic
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fuzzy subset associated with a hypergroupoid (H, o):

> el

E(U) _ (z,y)€Q(u) |x ° y|
n2

N (x7y)e§(u
X = 09

X (3)
xXr O
) | Y|

[terating equations (1) and (2) one obtains a sequence (‘H = (H, 0;), fi;_1)i>1
of join spaces and fuzzy sets associated with H. The sequence stops when
there exist two consecutive isomorphic join spaces. The length of this se-
quence, that is the number of the non-isomorphic join spaces in the sequence,
is called the fuzzy grade of the hypergroupoid H. More exactly we have the
following definition.

Definition 2.1. [14] A hypergroupoid H has the fuzzy grade m € N*  and
we write f.g.(H) = m if, for any 1 < i < m, the join spaces ‘H and “"'H
associated with H are not isomorphic and, for any s > m, *H is isomorphic
with ™ H.

We say that the hypergroupoid H has the strong fuzzy grade m, and we write
s.f.g.(H)=m,if f.g.(H) =m and, for all s,s >m,*H ="H.

Similarly, iterating equations (1) and (3) one obtains two sequences (;H =

(H, o5 15,); Ai = (T, \i))izo and ("H = (H, o5 5,); Ai = (Fz, Ai))izo of join
spaces and intuitionistic fuzzy sets associated with H. The sequences stop
when there exist two consecutive isomorphic join spaces and their lengths
are called the lower/upper intuitionistic fuzzy grade of the hypergroupoid H.
Let’s see better their definitions.

Definition 2.2. [24] A set H endowed with an intuitionistic fuzzy set A =
(i, A) has the lower intuitionistic fuzzy grade m and we write l.i.f.g.(H) = m
if, for any 0 < i < m, the join spaces (H, Oﬁi/@) and (H, OEHAXm) associated
with H are not isomorphic and, for any s > m, (H is isomorphic with ,,,_1H.
Definition 2.3. [24] A set H endowed with an intuitionistic fuzzy set A =
(i, A) has the upper intuitionistic fuzzy grade m and we write u.i. f.g.(H) = m
if, for any 0 < i < m, the join spaces (H, oﬁiva) and (H, Oﬁmvxm) associated
with H are not isomorphic and, for any s > m, *H is isomorphic with ™ 1 H.

The construction of the above sequences can start in two different ways:

1. from a hypergroupoid (H, o);
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2. from a nonempty set H endowed with a fuzzy set or an intuitionistic
fuzzy set.

It is easy to prove that in both cases one obtains the same fuzzy grade.
But what can we say about the other two sequences of join spaces and intu-
itionistic fuzzy sets?

If we start the construction from a hypergroupoid (H, o), we obtain only
one sequence of join spaces, because the first join spaces ¢H = (H, oy ) and
°H = (H, o,vx) are always isomorphic. Indeed, since, for any z € H, the
sum 7i(z) + A(z) is always constant, it follows that 7i(x) = fi(y) if and only
if M(x) = A(y).

Therefore in this case li.f.g.(H) = u.i.f.g.(H) and it is simply called the
intuitionistic fuzzy grade of H (shortly i.f.g.(H)).

On the other side, if we start the construction from a nonempty set H
endowed with an intuitionistic fuzzy set, one may obtain two different se-
quences with different lengths. We only illustrate this case by the following
example.

Example 2.1. [24] On H = {a,b, ¢, d} we define the Atanassov’s intuition-
istic fuzzy set:
fi(a) = 0.25 7(b) =0.25 7i(c) = 0.30 Fi(d) = 0.10
A 0.40 A(b) =0.40 X 0.5

To start with, we construct the first sequence of join spaces and we determine
its Li.f.g.(H).

For the associated join space

Oﬁ AN a b C d

a {a,0}  {a,b} {a,b,c} {a,b,d}

b {a,0}  {a,b} {a,b,c} {a,b,d}
¢ |{a,b,c} {a,b,c} c H
d |{a,bd} {abd} H d

we calculate the Atanassov’s intuitionistic fuzzy set associated with H as in
(3) and we obtain the following values:

fi(a) = 31/96 1y (b) = 31/96 1y(c) = 17/96 7y (d) = 17/96
A(a) =12/96 A (b) =12/96 Ai(c) =26/96 A\ (d) = 26/96,

therefore i, A Aj(a) = Ti; A A (b) < Tiy A Ai(c) = i, A Ai(d) and thereby it

25



Irina Cristea

results the following join space

o A a b c d

a |{a,b} {a,b} H H
b |{a,b} {a,b} H H
c H H A{c,d} {cd}
d H H A{cd} {cd}

For any » € H, we compute Jiy(r) = 4/16 and \y(x) = 2/16; thus, for any
z,y € H,xoy 5,y = H. So the first sequence of join spaces associated with
H has 3 elements, that is l.i.f.g.(H) = 3.

Now, in order to determine the u.i.f.g.(H), we start with the join space

OLVE a b c d
a {a,b} {a,b} {a,b,c} H
b {a,b} {a,b} {a,b,c} H

¢ |{a,b,c} {a,b,c} c {c,d}
d | H H  {ed d

Note that (oH,oy,5) and ("H, 0, 5) are not isomorphic. Since

fy(a) =13/48 ,(b) = 13/48 1,(c) = 13/48 1y(d) = 9/48
A(a) =9/48 (b)) =9/48  Ni(c) =9/48 A(d) = 13/48

it follows that 77, V A (z) = 13/48, whenever 2 € H, which means that, for
any x,y € H, x oy 5,y = H. Therefore the second sequence of join spaces
associated with H has 2 elements, that is u.i.f.g.(H) = 2.

Sometimes the computations of the values of the membership functions
[ii, Ti;, Ai, @ > 0 could take much time, thus it is useful to determine the
(intuitionistic) fuzzy grade of a hypergroupoid without calculating all these
values. In order to realize this we introduce some notations.

With any join space ‘H in the sequence of join spaces and fuzzy sets
corresponding to H, one may associate an ordered chain (‘Cy,'Cy, ..., C,)
and an ordered r-tuple (‘ky, ko, ..., 'k,), where

1. VJ >1: x,y EiCj <~ /’Iz;l(l') = ﬁi,l(y),
2. for x €'C;j and z €'Cl, if j < k then f;1(z) < fi—1(2)
3. 'k; = |'Cy, for all j.

We have similar notations for the sequence (;H = (H, o ,5,); A = (T, M) )iz0

>0-
With any join space ; H one may associate an ordered chain (‘*Cy,Cl, ...,'C,)
and an ordered r-tuple (*ky, ko, ..., "k,.), where

26



Fuzzy Grade of a Hypergroupoid: A Survey of Some Recent Researches

LV > 1 a,y €°C5 <= ANi(x) = 1 A N(y),
2. for x €'C; and 2 €'Cy, if j < k then 1; A Ni(x) < ; A Ni(2)
3. i]{?j = ’iCj‘, for all j

One of the crucial questions we have to ask is: When two consecutive
join spaces in these sequences are isomorphic?
A first answer was given by Corsini and Leoreanu [16] in 1995.

Theorem 2.1. [16] Let ‘H and "' H be two consecutive join spaces associated
with H determined by the membership functions fi;_, and fi;, where 'H =

UC’l, g = UC’{ and (ki, ko, ..., k., ) is the ri-tuple associated with "H,
=1 =1

(Ky, kb, ..., kL)) is the ro-tuple associated with "™ H.

The join spaces ‘H and “*'H are isomorphic if and only if 11 = 7o and
iy k) = (Koo K)o (R B ) = (KL RS,

rio

A similar theorem can be formulated also for the join spaces in the se-

quence (;H = (H, OﬁiAXi);Ai = (> \i))izo-

In order to use this result we need to determine both r-tuples associated
with “H and “"'H. But Stefanescu and Cristea [30] have given a sufficient
condition such that two consecutive join spaces are not isomorphic, that is
the sequence doesn’t stop, using only one r-tuple.

Theorem 2.2. [30] Let (ki, ko, ..., k) be the r-tuple associated with the join
space "H. 1If (ki,...,k.) = (ky,ke_1,...,k1), then the join spaces "H and
HLH are not isomorphic.

A second crucial problem arises: does there exist a hypergroupoid
H such that s.f.g.(H)/i.f.g.(H) = n, whenever n is a natural number?

The anser is yes, and an example is given in the following fundamental result.

Theorem 2.3. [30, 24| Let H = {z1,xs,...,xs}, where s = 2", n € N*\
{1,2}, be the commutative hypergroupoid defined by the hyperproduct

riox; =1z, 1 <1 <n,

zriox; ={x;, vy, ..., 2}, 1 <i<j<n.

Then s.f.g.(H) =i.f.g.(H) = n. Moreover, H is a join space.
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3 Computation of the fuzzy grade/intuitionistic
fuzzy grade of a hypergroupoid

Let (H, o) be a hypergroupoid. We define the following equivalence on H
Ry <= p(z) = 1(y).
We determine f.g.(H) when |H/Rj| € {2,3}.
Theorem 3.1. [2| Let (H, o) be a finite hypergroupoid.

1. If |H/Ry| = 2, that is (ki,k2) is the pair associated with H, then
s.f.g.(H) = 2 whenever ky =k, and f.g.(H) =1 otherwise.

2. If |H/Ry| = 3, that is (ky, ko, k3) is the triple associated with H, and

(a) if ky = ko = ks, then f.g.(H) =2

(b) if ki = ks # ko, then f.g.(H) = 2 whenever ky # 2ks and
s.f.g.(H) = 3, otherwise

(c) if ky < ko = ks, then f.g.(H) =1

(d) if ky = ko < ks, then f.g.(H) = 1 whenever P = 2k3 — 8k} —
kiks + 5k1k3 > 0 and f.g.(H) = 3, otherwise

(e) if ki # ko # ks, there is no precise order between fiy(x), 11 (y), fi1(2).
A similar result we obtain for the quotient H/R,5.
Theorem 3.2. (3] Let (H, o) be a finite hypergroupoid.

1. If |H/Ry,5| = 2, that is (ki ko) is the pair associated with H, then
i.f.g.(H) = 2 whenever ky = ko, and i.f.g.(H) = 1, otherwise.

2. If |[H/R,,x| = 3, that is (k1, ko, k3) is the triple associated with H, and

(a) if k1 = ko = ks, then i.f.g.(H) =2

(b) if k1 = ks # ko, then i.f.g.(H) = 2 whenever ky # 2ks and
i.f.g.(H) = 3, otherwise

(c) if ki < ko = k3, then i.f.g.(H) = 1 whenever 2k3 > 3kiky + 3k}
and i.f.g.(H) = 3, otherwise

(d) if k1 = ko < ks, then i.f.g.(H) = 1 whenever ks # 2k, and
i.f.g.(H) = 2, otherwise

(¢) if kv # ko # ks, then there is no precise order between i, (z) N
M), I (y) A M(y), By (2) A da(z).
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Angheluta and Cristea [3] have studied the intuitionistic fuzzy grade of a
hypergroupoid in the case of some particular ternaries. We integrate here this
theorem with similar results for the fuzzy grade. In the following the ternary
(k1, ko, k3) associated with H is intended respected with the equivalence Ry
(when we talk about the fuzzy grade) and R, respectively, (when we talk
about the intuitionistic fuzzy grade).

Proposition 3.1. Let H be a hypergroupoid of cardinality 2k, k > 3, with
the ternary associated with H of the type (k,k — 1,1). Then s.f.g.(H) =

i.f.g.(H)=1.

Generalizing, we obtain the same result for the ternary (pk,p(k —1),p), with
p, k€ N\{0,1}.

Proof. We prove only that s.f.g.(H) = 1. For the proof of the fact that
i.f.g.(H) =1, see [3].

Let H be a hypergroupoid such that |H| = 2k, k > 3, and (k,k—1,1) be
the ternary associated with H determined by the equivalence ;. Thus H can
be written as the union H = C1UC,UCS, with |Cy| =k, |Cs| = k—1,|C3| = 1.
Using equation (2), for any z € C,y € Cy, z € (5, one obtains

(o) = Ak —k—1

P = 3k2(2k — 1)

- 8k3 +2k% — 12k + 4

fi(y) = 5
2%(2k — 1)(3k2 — 1)

iy k=2

P = @k — 1)

After some computations that we omit here for lack of space, it results
the following relation

pa () < y) < (2),

which means that (k,k — 1,1) is the ternary associated with the join space
'H and thereby s.f.g.(H) = 1. O

Proposition 3.2. Let (2k,k, 1), with k > 2, be the ternary associated with
a hypergroupoid H. Then

1. s.f.g.(H)=1.

2. i.f.g.(H) = 3 and the sequence of join spaces is cyclic, that is 3 H ~
sH, g1 H ~1H, 3140H ~oH, for any | € N*.
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Proof. Considering (2k, k, 1), with &k > 2, be the ternary associated with a
hypergroupoid H respected with the equivalence R, we decompose H as the
union H = Cy} U Cy U Cy, with |Cy] = 2k,|Cy| = k,|C3| = 1. Using again
equation (2), for any x € C,y € Cy, z € Cj, one obtains

() = 15k + 11
P = S0k )3k + 1)

- 21k% + 58k + 25
/h(?J) =
3(k+1)(3k+ 1)(5k + 6)

i (2) = 13k* + 10k + 1
P = e DBk + D)6k + 1)

For any k > 2, it follows that

() < pa(y) < pa(z),

that is s.f.g.(H) = 1.
For the second part of the theorem see [3]. O

Proposition 3.3. Let (h,k,1), with 2 < h < k, be the ternary associated
with a hypergroupoid H.

1. Then s.f.g.(H) = 1.
2. If h=2 and

(a) k=2, then i.f.g.(H)
(b) k=3, theni.f.g.(H)

(c) k>4, then i.f.g.(H) = 3 and the sequence of join spaces associ-
ated with H is cyclic.

3;
2;

3. If h > 2, theni.f.g.(H) = 1, whenever k > h.

Proof. Since (h,k,1), with 2 < h < k, is the ternary associated with a
hypergroupoid H respected with the equivalence Rj;, we write H as the
union H = C7 U Cy U Cs, with |Cy| = h,|Cs| = k,|Cs] = 1. Calculating the
values of the membership function f; by using the formula (2), we obtain,
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for any x € C1,y € Oy, z € Cj, that

h? + 3k% + 4hk + 3h + 5k

Al = G Bkt D+ 26+ 2)

T(y) = 3h2k? + Th%k + 4hk3 + 9hk? + Thk + k* + 4k + 3k% + 21?2
sy = (h+ k) (h+ k + 1)(k + 1)(2hk + 2h + k2 + 2k)

- 5hk + 3h + 3k* + 4k + 1

f(z) =

(h+k+1)(k+1)(2h+2k+1)

Similarly as in the previous two lemmas, we prove that

() < pa(y) < pa(z)

and thus s.f.g.(H) = 1.
For the second part of the theorem see [3].
[

4 (Intuitionistic) fuzzy grade of special types
of hypergroups

In this section we deal with two classes of hypergroups: the complete
hypergroups and the hypergroups with partial scalar identities, shortly called
i.p.s. hypergroups. We determine the fuzzy and intuitionistic fuzzy grades of
all these hypergroups of order less than 8. This part of the paper is based on
the articles of Corsini and Cristea [14, 15], Cristea [21], Cristea and Davvaz
[24], Angheluta and Cristea [2, 3], Davvaz, Hassani-Sadrabadi and Cristea
[25, 26, 27].

4.1 The complete hypergroups

We start with the characterization of the complete hypergroups.
A hypergroup (H, o) is a complete hypergroup if it can be written as the
union of its subsets H = Ugeg Ay, where

1. (G,-) is a group;
2. for any (g1, 92) € G?, g1 # g2, We have Ay, N Ay, = 0;

3. if (a,b) € Ay, X Ay, thenaob=A

g2» g192°
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Let G = {g1,...,9m} be a finite group. Then with H = U A, we may

=1

associate an m-tuple [ky,. .., k|, where k; = |A,].
Using these notations and based on the fact that, for any v € H, dlg, €
G :u € A, Corsini [13] has determined the formula for the membership
function g associated with a complete hypergroup as the following one:

Similarly, the formula of the membership functions 7, A for a complete
hypergroup is simpler that those in the general case, as Cristea and Davvaz
proved [24].

Defining on H the following equivalence

u~v<<3dg€ G uve A,
one obtains that:

e 1 Qu)l) 1
PO = e M (Z 4,] ) 2

Ve

We notice that, if G5 and G, are non isomorphic groups of the same
cardinality and H,, H, are the complete hypergroups obtained by them,
then f.g.(Hy) = f.g.(H2), but their i.f.g. may be different.

Cristea [21] determined the fuzzy grade of all complete hypergroups of
order less than 7. Later on, Davvaz together with Hassani-Sadrabadi and
Cristea [27] determined their intuitionistic fuzzy grade. We recall here these
results.

Theorem 4.1. Let H be a complete hypergroup of order n < 6.

1. There are two non isomorphic complete hypergroups of order three that

have s.f.g.(H) =i.f.g.(H) =

2. Among the five non isomorphic complete hypergroups of order four,
three of them have s.f.g.(H) = i.f.g.(H) = 1 and two of them have

s.f.g(H)=1.fg.(H)=2.

3. There are 12 non isomorphic complete hypergroups of order 5. All of
them have s.f.g.(H) = 1. Nine of them have i.f.g.(H) = 1 and the
other three have i.f.g.(H) = 3.
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4. There are 21 non isomorphic complete hypergroups of order 6:
- 17 with s.f.g.(H) = 1 and 4 with s.f.g.(H) = 2.
- 16 with i.f.g.(H) =1, 3 withi.f.g.(H) = 2 and 2 withi.f.g.(H) = 3.

Angheluta and Cristea [2] have studied the fuzzy grade of some particular
complete hypergroups. It remains an open problem, and not a very easy one,
to determine their intuitionistic fuzzy grade.

Theorem 4.2. Let H be a complete hypergroup of type

1. [p,p,...,p, kp|, where n = |H| = 2kp. Then s.f.g.(H) = 2.

k times

2. [g,p,...,p,k,k,...,k,ps], 2<p<k<ps, n=|H|=2ps+ kt.

s times t times

o forn =4ps, s.f.g.(H) =3,
o for kt # 2ps, f.g.(H) = 2.

Y
J/

3. [@,k‘,...,k,p,p,...,}2,§,3,...,3l,l,...,l,2§k<p<8<l,n:
l t‘i:nes s ;irmes P ;irmes k times

|H| = 2(ps + kl).

o if kl =ps, then s.f.g.(H) = 3,
e otherwise f.g.(H) = 2.

4o, 12,023,008, .. om—1,... ,m— 1k,
‘ —— —— N ~ ”
k  times g times £ times —k_ times

3 m—1
k=m.cm.(1,2,...,m—1), n=|H| = mk =2°"k.
Then s.f.g.(H) = s.

4.2 The i.p.s. hypergroups

An i.p.s. hypergroup (i.e. a hypergroup with partial scalar identities)
is a particular type of canonical hypergroup. We recall that a canonical
hypergroup is a commutative hypergroup (H, o) with a scalar identity, where
every element @ € H has a unique inverse a~! such that it satisfies the
following properties

1.iffy€aox, thenz €atoy;

2. xrExoa—x=2x00
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The canonical hypergroups were introduced for the first time by Krasner
28] as the additive structures of the hyperfields and then Mittas [29] studied
them independently from the others operations. Later on Corsini determined
all i.p.s. hypergroups of order less than 9, proving that they are strongly
canonical.

Corsini and Cristea [14, 15] calculated the fuzzy grade for all i.p.s. hy-
pergroups of order less than 8 and their intuitionistic fuzzy grade have been
determined by Davvaz, Hassan-sadrabadi and Cristea [25, 26]. Here we sum-
marize these results.

Theorem 4.3. 1. There exists one i.p.s. hypergroup H of order 3 and
fg.(H)=1i.fg.(H)=1.

2. There ezist 3 i.p.s. hypergroups of order 4 with f.g.(Hy) =i.f.g.(Hy) =
1, f.g.(Hz) =1,1.f.9.(H2) =2, f.g.(H3) =i.f.9.(H3) = 2.

3. There exist 8 i.p.s. hypergroups of order 5: one has f.g.(H) = 2, all
the others have f.g.(H) = 1; four of them have i.f.g.(H) = 1, three
have i.f.g.(H) = 2 and one is with i.f.g.(H) = 3.

4. There exist 19 i.p.s. hypergroups of order 6: 14 of them have f.g.(H) =
1, 4 have f.g.(H) =2 and one has f.g.(H) = 3;
ten of them have i.f.g.(H) = 1, eight of them have i.f.g.(H) = 2 and
only for one of them we find i.f.g.(H) = 3.

5. There exist 36 i.p.s. hypergroups of order 6: 27 of them with f.g.(H) =
1, 8 with f.g.(H) =2, 1 with f.g.(H) = 3;
10 of them withi.f.g.(H) = 1, 10 withi.f.g.(H) = 2, 9 withi.f.g.(H) =
3, 5 withi.f.g.(H) =4, 2 withi.f.g.(H) = 5.
Moreover, for 18 of them we find that the associated sequences of join
spaces and intuitionistic fuzzy sets are cyclic.

5 Future work

Based on the definition of the intuitionistic fuzzy set associated with a hy-
pergroupoid [24], Ashgari-Larimi and Cristea [4] have defined the Atanassov’s
intuitionistic fuzzy index of a hypergroupoid. It would be interesting to ob-
tain some relations between this index and the intuitionistic fuzzy grade.

We think that, finding necessary and sufficient conditions in order that
the sequences of join spaces (;H = (H, omAXi);ZZ- = (fi;, \i))izo and ("H =

(H, omvx); A; = (T1;, \i) )i>0 associated with a nonempty set H endowed with
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an intuitionistic fuzzy set (like in Section 2) coincide, could be another line
of research on this argument.

We also intend to find in our future work some possible connection be-
tween hypergroups and automata. For example, what can we say about its
(intuitionistic) fuzzy grade? Does there exist an automaton with (intuition-
istic) fuzzy grade of its state hypergroup equal to a given natural number?
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Abstract

Poor urban planning may give rise to noise pollution, since side-by-
side industrial and residential buildings can result in noise pollution
in the residential area. In this paper we represent the noise pollution
with an H,-semigroup. More specific, we introduce the concept of
right reproductive H,-semigroup which seems to be a useful tool to
study the noise pollution problem in urban areas.
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1 Introduction

The H,-structures, introduced in the Fourth AHA Congress [13], where
the known axioms were replaced by weaker ones. More precisely in axioms
like associativity, commutativity and so on, the equality was replaced by the
non-empty intersection. In (H,-) we abbreviate by
WASS, the weak associativity: (vy)z Nx(yz) # @, Yx,y,z € H and by
COW, the weak commutativity: xy Nyx # &, Ve,y € H

Recall some basic definitions [14]:

Definition 1.1 Let H be a non-empty set and - : Hx H — P(H)—{2} be a
hyperoperation defined on H. Also, we have abbreviated the "hyperoperation”
by “hope”[16]. The (H,-) is called H,-semigroup if it is WASS and it is called
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H,-group if it is H,-semigroup and the reproduction axiom

x-H=H- -z = HNVx € H, is valid. The hyperstructure (R, +, ") is called
H,-ring if both hopes (+) and (-) are WASS, the reproduction axiom is valid
for (+) and (-) is weak distributive with respect to (+):

r(y+2)N(zy +22) # 9, (x+y)zN(xz +yz) # 2,Vz,y,2 € R.

An H,-ring (R,+,-) is called dual H,-ring [7] if the hyperstructure (R, -,+)
18 H,-ring, too.

Let (H,-) be a hypergroupoid. An element e € H is called right unit element
if a € a-e,Va € H and is called left unit element if a € e - a,Va € H. The
element e € H is called unit element if a € a-eNe-a,Va € H. An element
e € H is called right scalar unit element if a = a - e,Va € H and is called
left scalar unit element if a = e-a,Va € H. It is called scalar unit element
ifa=a-e=e-a,Ya € H. Let (H,-) be a hypergroupoid endowed with at
least one unit element. An element a’ € H is called an inverse element of the
element a € H, if there exists a unit element e € H such that e € a’-aNa-d’.
The element a € H is called right simplifiable element (resp. left) if Vx,y €
H the following is valid:

r-a=y-a=>x=y(resp. a-x=a-y=1z=y).

Moreover, let us define here: If x € x -y (resp. z € y-x ) Yy € H, then, x is
called left absorbing-like element (vesp. right absorbing-like element). The n't
power of an element h, denoted h®, is defined to be the union of all expres-
sions of n times of h, in which the parentheses are put in all possible ways.
An H,-group (H,-) is called cyclic with finite period with respect to h € H,
if there exists a positive integer s, such that H = h' U h?2 U ... U h*. The
minimum such an s is called period of the generator h. If all generators have
the same period, then H is cyclic with period. If there exists h € H and s
positive integer, the minimum one, such that H = h® then H is called single-
power cyclic and h is a generator with single-power period s. The cyclicity in
the infinite case is defined similarly. Thus, for example, the H,-group (H,-)
is called single-power cyclic with infinite period with generator h if every ele-
ment of H belongs to a power of h and there exists sy > 1, such that Vs > s
we have: Rt UR2U ...UMt Ch® .

An element a € H is called idempotent element if a® = a.

The main tool to study H,-groups, is the fundamental relation 5*. The re-
lation §* is defined in H,-groups, as the smallest equivalence relation on H,
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such that the quotient would be group. It is called the fundamental group
and % is called the fundamental equivalence relation on H. The relation (8
is defined on an H,-group in the same way as in a hypergroup.

The basic Theorem is the following [14]: Let (H,-) be an H,-group and
denote by U the set of all finite products of elements of H. We define the
relation # on H by setting x0y iff {x,y} C u where u € U. Then * is the
transitive closure of f3.

An element s € H is called single if §*(s) = {s}. The set of all single
elements is denoted by Sy and if Sy # @ then one can find easily the fun-
damental classes.

A way to find the fundamental classes is given in [6],[13],[14].

For more definitions, results and applications onH,-structures, see also
books [4],[5],[14].

2 The noise problem

Noise pollution is displeasing human, animal or machine-created sound
that disrupts the activity or balance of human or animal life. The source of
most outdoor noise worldwide is not only transportation systems (including
motor vehicle noise, aircraft noise and rail noise), but, noise caused by people
as well (audio entertainment systems, electric megaphones and loud people)
[9]. The fact that noise pollution is also a cause of annoyance, is that, a
2005 study by Spanish researchers found that in urban areas households are
willing to pay approximately 4 Euros per decibel per year for noise reduction
[2]. Poor urban planning may give rise to noise pollution, since side-by-side
industrial and residential buildings can result in noise pollution in the resi-
dential area.

We set the following problem: The noise pollution that comes from a cer-
tain block of flats in urban areas, obviously annoys not only the block of flats
itself but possibly neighboring blocks of flats or buildings, as well.

If every city is considered as a set {2 with elements the blocks of flats or
the buildings, then, the above situation could be described with an algebraic
hyperstructure and its properties. In this paper, we present the right repro-
ductive H,-semigroup, as a tool to study the noise pollution problem in urban
areas. Omne can find hyperstructures on related problems in several survey
papers like [10], [11],[12] and papers with a wide variety of applications [1],
3], [15].
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Definition 2.1 A hypergroupoid (H,*), such that, the weak associativity
holds and ¥z € H, H*sx=H , is called right reproductive H,-semigroup.
A hypergroupoid H,*), such that, the weak associativity holds and Yz € H,
2*H=H , is called left reproductive H,-semigroup

Now we give the following definition:

Definition 2.2 Let Q # & and [ : Q@ — P(Q) be a map, then we define a
hyperoperation rr,: & x & — P(€Q), on Q as follows: Y,y € 2, we set

wrpy = f(x) U{z}

We call the above hyperoperation (rr) noise hyperoperation. Remark that the
noise hyperoperation, always contains the element x € €. That means that
the element x € Q could be considered as the representative of the elements
of the set xrpy. So, we symbolize:

arpy = flz) U{z} = [z]
If, Vx € Q,x € f(x) then the hyperoperation is simplified as
arpy = f(z) = [2]

Therefore, the noise hyperoperation (rr) depends only on the left element.
That means that if one composes an element xz, on the left, with any other
element y, on the right, then the result is always the same set [x].

Example 2.1 Consider a set Q = {x1, 29, 3,24, Ts5, Ts, T7, T3, To} and a
map f:Q — P(Q) such that:

f(x1) = {xa}, f(22) = {2, 23}, f23) = {22}, fza) = {24}
f(x5) = {ws, x5, 27}, f(w6) = {6, 7}, f(27) = {5},
flzs) = {xs, 2o}, f(z9) = @.
Then, as in the defined above noise hyperoperation:
[21] = flz1) U{zi} = {a1, 22}, [22] = fl22) = {22, 23},
[z3] = flxs) U{zs} = {@2, w3}, [24] = flza) = {2a},
[w5] = f(xs) = {5, 26, 27}, [w6] = f(26) = {we, 27}
[w7] = flar) U{zr} = {as, a7}, [ws] = flas) = {zs, 29},

[2o] = f(z9) U{wo} = {zo}.
Then, the "multiplication” table of (1) is given by:
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Iy X1 Xo X3 X4 X5 Xg X7 X8 Xg

X1 Ty, T2 T, T T1,T2 T, T2 T1,T2 T1,T2 T1,T2 T1,T2 T1,T2
Xo To, T3 T2, T3 T2,T3 T, T3 T, T3 T2,T3 T, T2 T, T3 T, T3
X3 ZTo, T3 ZTo, T3 Lo, T3 T, T3 T, T3 T, T3 T, To T, T3 Lo, T3
X4q Ty Ty Ty Ty Ty Ty Ty Ty Ty

X5 | 5,T6,2T7 | T5,T6, L7 | T5,T6, L7 | T5,T6,L7 | T5,T6,L7 | T5,T6,L7 | T5,T6,L7 | T5,T6,L7 | T5,L6, L7
Xg ZTeg, L7 ZTg, L7 ZTeg, L7 T, X7 Te, L7 T, L7 T, L7 Te, L7 Te, L7
X7 T5, L7 T5, L7 X5, T7 X5, X7 X5, X7 T, T7 T, T7 T, X7 T, X7
Xg Iy, Tg Iy, Tg g, Tg Tg, Tg Tg, Tg Tg, Tg Tg, Ty Tg, Tg Tg, Tg
Xg Tg Tg Tg Tg Tg Tg Tg Tg Tg

Example 2.2 Let X # @ and m : X — [0,1] be a fuzzy subset of X. We
define the hyperoperation (o) on X as follows:
Ve,y € X, o : X x X — P(X), such that

voy={z€X/m(z) = m(x)}
Then, consider the map f(z) = {z € X/m(z) = m(z)}. Sincex € f(x),Vz €
X, as above we have the hyperoperation (rr) on X as follows : Vx,y €
X, rp: X x X — P(X), such that zrpy = f(x).
3 The right reproductive H,-semigroup

Some properties of (rr,)

1. xrQ = [z],Vz € Q

2. [wlryy = [2]ruly] D [a], Yy €

3. 2? =arr = [x],Vz € Q
Proposition 3.1 The hypergroupoid (2, r) is an H,-semigroup.

Proof. We have to prove that the weak associativity holds. Indeed,
vx? Y,z S Q

xrp(yrpz) = U (xrpv) = U (xrpv) = [z]

veYyrpz vely]

(xrpy)rpz = U (wrpz) = U (wrpz) = U [w] D [z]

weTTLY we[x} u}e[z]

Therefore (zrpy)rrz D ar(yrpz), so
(zrpy)rpz Narp(yrpz) # @,V y, z € Q. O
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Proposition 3.2 Vz € Q, Qrpx = Q and xr Q) = [z].

Proof.
Vo e Q,Qrpe = U (wrpx) = U [w] = Q.

weN weN

On the other hand,

Ve e Qar Q) = U (xrpw) = [z].0
weN
By propositions (3.1) and (3.2), we get that:
Proposition 3.3 The hypergoupoid (2, r1) is a right reproductive H,-semigroup.

Remark that the right reproductive H,-semigroup (€2, ) is an H,-group
if, Vx € 2, we have zr 2 = Q.

Proposition 3.4 The strong associativity of (rp) is valid iff we have

U (wrpz) = [z],Vx,z € Q

we|z]

Proof. Let (z,y,2) € Q3, such that (zrpy)rpz = xrp(yrpz), then

(xroy)rez = arp(yrez) = [zlrpz = argly] = [2]rpz = [2] = U (wrpz) = [z].
we|[z]

Now,let (z,y,z) € Q3, such that

U (wrpz) = [x]
we|z]
then,

(wrpy)roz = [zrpz = U (wrpz) = [z]
we|[z]

xrp(yrpz) = xrply] = [z].0

For the hyperoperation (rr), we shall check conditions such that the strong
or the weak commutativity is valid.

Proposition 3.5 . Ify € [z] and z € [y],Vz,y € 2, then the weak com-
mutativity of (rp) is valid. The strong commutativity of (rp) is valid, iff
[z] = [y], Y2,y € Q.
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Proof. Let y € [z] and x € [y],Vz,y € €2, then
y€lz]and z € [y] = z,y € [x] and x,y € [y] = [z]N[y] # & =

= (zrpy) N (yrox) # 9.

The proof for the strong commutativity is straightforward.O

Proposition 3.6 Let (2, +,7L) be an H,-ring. If zrpQ = Q. Vo € Q then
the hyperstructure (Q,+,7p) is a dual H,-ring, i.e. both (2, +,ry) and
(2,7, +) are Hy,-rings.

Proof. From the remark of proposition 3.3, we have that the (£2,r.) is
an H,-group. For the weak distributivity of (+) with respect to (r) we have:
Va,y,z € Q

4+ (yrpz) Dx+y

and

(I—l-y)TL(x—i-z): U (srLt)D U s=z+vy
sex+y,text+z s€xty

So,
[z + (yrp2)| N [(z+y)ro(z+ 2)] # &, Ve, y,z € Q

Similarly, the weak distributivity of (4) with respect to (ry) from the right
side. O

4  Special elements

Since x € xrpy,Va,y € £, the next proposition is obvious:

Proposition 4.1 (a) All the elements of 2 are right unit elements with
respect to (ry,).
(b) All the elements of Q are left absorbing-like elements with respect to (ry,).

Proposition 4.2 The left scalar elements of the H,-semigroup (Q,ry), are
left absorbing elements.

Proof. Let u € € be a left scalar unit element, then urpz = x,Vr € Q. But
since u € urpx, Vo € 2, we get that urpxr = u, Ve € Q.0

Proposition 4.3 The right scalar unit elements of the H,-semigroup (2,7, ),
are 1dempotent elements.
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Proof. Let a € € be a right scalar unit element, then zrpa = x, Vo € Q.
So, arpa = a = a? = .0

Proposition 4.4 [f there exists © € € such that f(z)=x or [x]=x, then x is
left absorbing element and every element of (2, ry) is right scalar unit of x.

Proof. Suppose there exist = € Q such that [x]=x, then Vy € Q :
xrpy = lz] = .

That means that x is left absorbing element and every element of (€2,r) is
right scalar unit of x.O

Since all the elements of the H,-semigroup (2, r1) are right unit elements,
let us denote [7] by I. (x,y) the set of the left inverses of the element x € €,
associated with the right unit y € € | with respect to the hyperoperation
(rp). The set of the right inverses of the element = € € | associated with
the right unit y € Q, with respect to the hyperoperation (ry), is denoted by

Il (z,y).
Proposition 4.5 y € I (x,y)

r

Proof. Let 2/ € Q such that o/ € I! (z,y) = y € «'rpz. But Vo € Q the
relation y € yrpz is valid. That means that y € IiL (x,y).0

Proposition 4.6 I} (z,y) = Q if and only if y € [z].
Proof. Let y € 2 be right unit element and = € 2,then
yelrl oyecaryad’ Vil e Qe €I (2,y),V2'Q & I (z,y) = Q.0

Since x € [z],Vx € Q,the following is obvious.
Corollary 4.1 I} (v,z) = Q

Remark 4.1 Notice that, according to the example 2.1, the elements x4 and
w9 are idempotent elements, since 3 = x4 and x3 = x9. They are, also, left
absorbing elements, since x4r;x = T4 and xgrx = T9,Vx € 2. Also, taking
for example, the element xo of 2, notice that IiL (x,29) = {x1, 22,23}, Vx €
Q. Even more, since Ty € [11] we get that I] (x1,22) = Q and I] (1, 71) =

Q.
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5 Applications

As we mentioned above, the noise pollution in urban areas coming from a
spot, annoys a certain area in which the noisy spot belongs to. That was the
motivation which led to the mathematical expression zrpy = [z], Vz,y € Q.
That means that if a city is considered as a set 2 with elements its buildings
(or spots which could produce noise pollution), then every building (or a spot)
x, which is a source of noise pollution, together with any other building (or
a spot) y of the city, will affect anyhow the noise pollution area [x], where
x € [z] and maybe y. It is clear, that the source of the noise pollution x,
could not be seen as the center of a cyclic disk, but as any spot of a certain
area which is affected by x.

We shall try to explain some of the properties of the noise hyperoperation
(r) developed above, in terms of noise pollution problems in urban areas.
The property x € zrpy,Vy € 2 means that the building x, as a source of
noise pollution, first of all, annoys the residents of the building x.

The property r.[y] = [x] means that the source of noise pollution x together
with any region [y] is not only independent on the spots of the region [y] but
the noise pollution region remains [x], as well.

The property [z|rry = [z|rr[y] D [x] means that the noise pollution region
that results when either the noise pollution region [x] operates with the spot
y or with the region [y], is the same and anyhow this noise pollution region
is bigger than [x].

The property xrpy = xrpz means that [x| remains the noise pollution region
when x as a source of noise pollution affects any other spot of the city 2.
Continuously, the relation xr; € # € means that, the noise pollution region
coming from spot x, can’t affect the whole city €2. The weak associativity
which is expressed by the inclusion on the left parenthesis, i.e. (xrpy)rpz D
xrp(yrrpz) actually means that, the noise pollution region coming from the
noise pollution region [x| together with any spot, is not only bigger than
that one which comes from the noise pollution spot x together with any
other region but includes it, as well.

An absorbing element, as in the relation arpx = a, could be considered as a
spot surrounded by a wall or a forest, which doesnt annoy any other spot of
the city €2.

Since the weak associativity is valid, the concept of transitive closure can
be applied here, in order to obtain the fundamental 5* classes. The actual
meaning of this situation is that the city €2 can be divided, using the noise
hyperoperation, in a partition, where every fundamental class does not annoy
any other blocks of flats from other fundamental classes. The next example
gives an idea:
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Example 5.1 According to the example 2.1, consider now that € is a city
where @ = {x1, xa, T3, T4, T5, Tg, T7, Ty, To . From “multiplication” table of
(rr),we obtain that B*(x1) = {x1, x2, 23},

BH(wa) = {za}, BH(w5) = {5, w6, v7}, B (25) = {ws, 79}

. So,the fundamental semi-group /3 * is:

Q/p* = {{x1, 22, x3}, {wa}, {w5, w6, x7}, {ws, 29} }

and the "multiplication” table is:

O | Xy | Xy | X5 | Xg
Ty | & |y | 4

X1

Xg | Ly | Ty | Ly | 2y
X5 | Ty | Ly | Ty | L5

Xg | Lg | Lg | Lg | Lg

In other words and beyond the mathematical content of the present exam-
ple, the city €2 was divided into four regions, where every region (fundamental
class) does not annoy any other spot belonging to the rest regions. So, one
could consider that among the four regions there exists a green park, full of
trees, which absorbs the possible noise pollution caused by any of the four
regions. Since §*(x4) = {x4}, the element x4, € Q (spot or building of the
city) is a single element and that means that it doesn’t annoy any other spot
of the city €2 , so it can be considered as the remotest spot of the city.
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1 Introduction

This paper is a written version of a lecture given at the 11th International
Conference on Algebraic Hyperstructures and Applications in October 2011.
Together with results new at that time I presented some older results pub-
lished in journals or proceedings of rather local impact thus unknown to the
international hyperstructure community. The new results presented at the
conference were meanwhile published as [20]. Therefore, this article instead
of presenting new unpublished results gives an overview of what has so far
been achieved in the area of EL-hyperstructures. For proofs of respective
theorems as well as for examples explaining their meaning cf either [20] or
works indicated throughout the paper. Where not stated otherwise all defi-
nitions of hyperstructure concepts or properties of hyperstructures are used
in the sense of the standard book [3].
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2 The ”Ends lemma”

The FEL-hyperstructures are hyperstructures constructed from quasi /
partially ordered (semi)groups using the ”FEnds lemma”, which has the form
of the following theorems from [4]. The notation [a)< used below stands
for the set {z € H;a < x}, where the properties of H are specified in the
respective theorems (typically (H, -, <) is a quasi-ordered / partially ordered
set / semigroup / group).

Lemma 2.1 ([}, Theorem 1.3, p. 146) Let (S,-, <) be a partially ordered
semigroup. Binary hyperoperation x : S x S — P'(S) defined by

axb=1a-b)< (1)

is associative. The semi-hypergroup (S, %) is commutative if and only if the
semigroup (S, -) is commutative.

In accordance with other papers regarding this topic, the hyperstructure
(S, %) constructed in this way will further on be called the associated hy-
perstructure to the single-valued structure (S,-) or an "Ends lemma”—based
hyperstructure, or an E L-hyperstructure for short. Instead of S the carrier
set will from Lemma 2.3 onward be denoted by H.

Lemma 2.2 ([}, Theorem 1.4, p. 147) Let (S,-, <) be a partially ordered
semigroup. The following conditions are equivalent:

1Y For any pair (a,b) € S? there exists a pair (c,d) € S? such thatb-c < a
and c -b<a

20 The associated semi-hypergroup (S, *) is a hypergroup.

Remark 2.1 If (S,-,<) is a partially ordered group, then if we take ¢ =
b~'-a and d = a-b7t, then condition 1° is valid. Therefore, if (S,-,<) is a

partially ordered group, then its associated hyperstructure is a hypergroup.

Remark 2.2 The wording of the above lemmas is the exact translation of
theorems from [4]. The respective proofs, however, do not change in any
way, if we regard quasi-ordered structures instead of partially ordered ones
as the anti-symmetry of the relation < is not needed (with the exception of
the <= implication of the part on commutativity, which does not hold in this
case). The often quoted version of the ”Ends lemma” is therefore the version
assuming quasi—ordered structures.

66



EL-hyperstructures: an overview

The ”Ends lemma” was later extended (cf e.g. [23]). Notice that if (H, )
is commutative, then (H,x*) is a join space. Also notice that unlike in the
original ”Ends lemma” the underlying single-valued structure in the following
theorem is a group (not a semigroup).

Lemma 2.3 ([23], Theorem 4) Let (H,-,<) be a quasi-ordered group and
(H,*) be the associated hypergroupoid. Then (H,x) is the transposition hy-
pergroup.

Initially, the typical use of the "Ends lemma” was creating hyperstruc-
tures and proving or deriving their properties at random without any (or
with a very limited) theoretical background. This model is used in e.g.
[6, 8, 13, 21, 23]. In order to overcome this inconvenience, theoretical back-
ground of the "Ends lemma” is being developed.

3 Extending the lemma, identities and in-
verses

After the "Ends lemma” extension, i.e. Lemma 2.3, was proved, there
arose a question of whether one can go any further to stronger hyperstruc-
tures such as canonical hypergroups, strongly canonical hypergroups, etc. A
positive answer to this question would mean that numerous ring-like analo-
gies of EL-hyperstructures could be studied extensively. Unfortunately, the
answer — obtained in [18] — turned out to be negative.

Theorem 3.1 Let (H,-, <) be a non-trivial quasi-ordered group, where the
relation < is not the identity relation, and let (H,*) be its associated trans-
position hypergroup. Then:

1. (H,x*) does not have a scalar identity.

2. Regardless of commutativity, (H,*) cannot be a canonical hypergoup.

Naturally, if we regard the definition of a canonical hypergroup, 2 imme-
diately follows from 1.

Once it was established that looking for scalar identities in FL-hyper-
structures based on groups is of no point, at least the issue of identities
was explored. In [18] the following simple results concerning identities were
obtained.

Theorem 3.2 Let (H, ) be the semi-hypergroup associated to a quasi-ordered
semigroup (H,-, <) with the identity u.
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1. An element e € H is an identity of (H,*) if and only if e < u.
2. If (H,-) is a group, then the identity of (H,-) is an identity of (H,x*).

Again, 2 is naturally an immediate corollary of 1 yet we set it aside due
to uniqueness of the single-valued group identity.

Lemma 3.1 Let (H,*) be the join space associated to a quasi-ordered com-
mutative group (H,-,<). If an element e € H is an identity of (H,x*), then
e<el.

Since the concept of an inverse in a hyperstructure is defined using the
concept of an identity, the issue of inverses was touched upon in the same
paper and the following result was obtained for the set i(a) of inverses of an
arbitrary element a € H in (H, *).

Theorem 3.3 Let (H,x) be the transposition hypergroup associated to a
quasi-ordered group (H,-,<). Then for an arbitrary a € H there holds

i(a) ={d € H;d <a '} = (a <,

1

where a~ ' is the inverse of a in (H,-).

Corollary 3.1 Let (H,x) be the transposition hypergroup associated to a
quasi-ordered group (H,-,<). Then (H,x) is regular.

4 Ring-like hyperstructures

Since it turned out that once we start with groups the ”Ends lemma”
cannot effectively be used to construct canonical hypergroups, the scope for
use of this idea in the area of ring-like hyperstructures narrowed. Recall that
there is a great variety of definitions of ring-like hyperstructures, yet many
of them including the most often used one — that of Krasner hyperring — is
built on canonical hypergroups. However, the idea of limits of the "Ends
lemma” in the area of hyperstructures with two (hyper)operations is still
worth exploring. In [19] (published before the author was able to get [12])
three possible extensions are suggested and explored:

1. Let (H,+) and (H,-) be two single-valued structures. We can define a
hyperoperation using one of the operations + or - by e.g. axb = [a+b)<
— thus we get an FL-hyperstructure (H, ). The hyperstructure will
then be a triplet (H,x,-) where % is a hyperoperation based on the
single-valued operation +.
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2. Let (H,+) and (H,-) be two single-valued structures. We can define
two hyperoperations, each based on one single-valued operation, i.e.
for an arbitrary pair (a,b) € H* we can define a * b = [a + b)< and
aob = [a-b)<. Thus we get a triplet (H,*,0), where % and o are
hyperoperations.

3. However, we can also start with a single single-valued structure (H, -)
and using it define a hyperoperation * by a *xb = [a - b)<. The hy-
perstructure will then be a triplet (H, *, -) where * is a hyperoperation
based on the single-valued operation -.

If we have a triplet (H,+,-), where symbols + and - may stand for
both single-valued and multivalued operation, then for an arbitrary triplet
(a,b,c) € H? we may either ask that a- (b+c¢) =a-b+a-cand (a+b)-c=
a-c+b-c or we may ask that inclusions holds instead of equalities.! Each of the
three ways to create ring-like hyperstructures was explored with respect to
both of these types of distributivity and the following results were obtained
in [19]. Notice the variety of conditions imposed on the respective struc-
tures (group / semigroup, quasi-ordered / partially ordered, single-valued /
multivalued).

Definition 4.1 [cf [28], p. 21, included as plain text| (R, +,.) is a hyperring
in the general sense if (R,+) is a hypergroup?, (-) is associative hyperoper-
ation and the distributive law® x(y + 2z) C xy + 2z, (x +y)z C xz + yz is
satisfied for every x,y,z of R. Additive hyperring is the one of which only
(4) is a hyperoperation, multiplicative hyperring is the one of which only (-)
is a hyperoperation. [...] (R,+,-) will be called semihyperring if (+),(-) are
associative hyperoperations, where (-) is distributive with respect to (+). The
rest of definitions are analogous. If the equality in the distributive law is
valid, then the hyperring is called strong or good.

Theorem 4.1 Let (H,+,-) be a ring such that (H,+) is a group, (H,-) a
semigroup and < quasi-ordering on H such that (H,+, <) is a quasi-ordered
group and (H,-, <) is a quasi-ordered semigroup. Further, for an arbitrary
pair of elements (a,b) € H? define a*xb = [a+b)< and aob=[a-b)<. Then
(H,*,0) is a hyperring in the general sense.

!The former distributivity is sometimes called good distributivity while the latter is
often called weak distributivity.

2Vougiouklis uses the term hypergroup of Marty.

3Vougiouklis uses the sign C in the sense of C.
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Theorem 4.2 Let (H,+) be a semigroup, (H,-) a group and < quasi-ordering
on H such that (H,+,<) is a quasi-ordered semigroup and (H,-,<) is a
quasi-ordered group. Further, for an arbitrary pair of elements (a,b) € H>
define axb = [a+b)< and aob = [a-b)<. Finally, let - distribute over +
from both left and right. Then (H,*,0) is a good semihyperring in the sense
of Definition 4.1.

Theorem 4.3 Let (H,+,-) be a ring such that (H,+) is a group with neutral
element 0, (H\{0},) a group and < quasi-ordering on H such that (H,+, <
) and (H,-,<) are quasi-ordered groups. Further, for an arbitrary pair of
elements (a,b) € H? define axb = [a+b)< and aob = [a-b)<. Then (H,x,0)
15 a good hyperring in the general sense.

Theorem 4.4 Let (H,+) be a group and (H,-, <) a quasi-ordered semigroup
and for an arbitrary pair of elements (a,b) € H? define aob = [a-b)<. Further,
let (H,+,-) be such that the operation - distributes over the operation + from
both left and right. Then (H,4+,0) is a good multiplicative hyperring.

Definition 4.2 [cf [14], Definition 2.1 and Remark] A hyperalgebra (R, +,-)
1s called a semihyperring if and only if

(i) (R,+) is a semihypergroup;
(i) (R,-) is a semigroup;
(iii) Va,b,ce R,a-(b+c¢)=a-b+a-cand (b+c)-a=b-a+c-a
If we replace (iii) by
Va,b,ce Rya-(b+c¢)Ca-b+a-cand (b+c¢)-aCb-a+c-a

we say that R is a weak distributive semihyperring. A semihyperring is called
with zero element, if there exists a unique element 0 € R such that 0 + xz =
r=x4+0and0-2=0=2x-0 forallz € R. [...] A semihyperring is called
a hyperring provided (R,+) is a canonical hypergroup.

Theorem 4.5 Let (H,-, <) be a quasi-ordered semigroup such that - is a
commutative idempotent operation. Further, for an arbitrary pair of elements
(a,b) € H? define aob = [a-b)<. Then (H,o,-) is a weak distributive
semihyperring.

Unfortunately, from Theorem 3.1 there follows that Krasner hyperrings
cannot be constructed using the "Ends lemma” if the underlying single-
valued structure (H,+) is a group. However, there are weaker structures
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such as e.g. hyperringoids, which are defined as semihyperrings in the sense
of Definition 4.2 where (R, +) is a join space?, for the construction of which
the ”"Ends lemma” might still be used.

The assumptions of the following theorem seem rather complicated. The
reason is simple: the requirement ”(H,+) is a group” results in trivialities.
Notice that condition 1 is the condition used in Lemma 2.1 — the one which
secures that (H,*) is a hypergroup.

Theorem 4.6 Let (H,+) be a commutative semigroup, (H,-) a group and
< quasi-ordering on H such that

1. to every pair of elements (a,b) € H? such that a < b there exists a pair
of elements (c,c’) € H* such thatb+c<a, ¢ +b < a,

2. (H,+,<) is a quasi-ordered semigroup and
3. (H,-, <) is a quasi-ordered group.

Moreover, for an arbitrary pair of elements (a,b) € H? define axb = [a+b)<.
Finally, suppose that - distributes over + from both left and right. Then

if (H,%) satisfies the transposition aziom, then (H,x*,-) is a hyperringoid.

Corollary 4.1 If in Theorem 4.6 we suppose that (H,+,<) is a quasi-
ordered semigroup without any further assumptions, then (H,x*,-) is a semi-
hyperring in the sense of Definition 4.2.

Theorem 4.7 Let (H,+,<) be a non-trivial quasi-ordered group with neu-
tral element O such that < is not the identity relation, (H \ {0},-) a group.
Moreover, for an arbitrary pair of elements (a,b) € H? define axb = [a+Db)<.
Finally, suppose that - distributes over + from both left and right. Then
(H,*,-) is a weak distributive hyperringoid.

5 The issue of a subhyperstructure

In order to proceed to the study of properties of EL-hyperstructures,
one must clarify the concept of a subhyperstructure of an EL-hyperstructure

4This definition is used in [3], Chapter 6. On contrary Massouros brothers in [17] call
this hyperstructure a join hyperringoid, while they call hyperringoid a hyperstructure such
that (R,+) is a hypergroup only. Further on in Theorem 4.6 the definition used in [3] is
regarded.
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since there are two possible approaches to it. If we regard a quasi-ordered
semigroup (H, -, <) and define a hyperoperation * on H by

axb=[a-b)<={r e Hya-b<uz} (2)

for an arbitrary pair of elements (a,b) € H?, we may in a subsemigroup (G, -)
of the semigroup (H, -) set either

axgb=la-b)<,={r € G;a-b<uz} (3)
or
axpb=la-b)<, ={re Ha b<ux} (4)

and thus create either (G,*g) or (G,*g). None of these concepts is obvi-
ously the only possible and ”correct” one since the definition of both can be
justified. In a way, the idea of xg conforms to the idea of the ”Ends lemma”
better. Thus in [22], which discussed the issue of subhyperstructures of EL-
hyperstructures, it was this concept that was favoured. The concept of the
upper set was introduced.’

Definition 5.1 Let (H,-, <) be a partially ordered semigroup and let G be a
nonempty subset of H.

1. If for an arbitrary element g € G there holds [g)< C G, we call G an
upper end of H.

2. If there exists an element g € G such that there exists an element
r € H\ G such that g < x (i.e. x € [g)<)°, we say that G is not an
upper end of H because of the element x.

Among other results concerning hyperoperation *g (4) the following was
proved.

Theorem 5.1 Let (H, ) be the semihypergroup associated to a quasi-ordered
semigroup (H,-, <). Suppose that G is an upper end of H. If (G,-) is a
subgroup of (H,-), then (G, x) is a subhypergroup of (H, *).

>The concept itself is naturally not a new invention; the definition was only tailored
for use in the ”"Ends lemma” context.

5We could — probably more properly since = &€ G — write g < x and z € [g)< \ {g} yet
in the definition we keep the < notation of the Ends lemma for consistency reasons.
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Proposition 5.1 Let (H, ) be the semihypergroup associated to a partially
ordered semigroup (H,-, <) and G C H nonempty. If (G,*) is a subhyper-
group of (H, ), then (G, -) is a subsemigroup of (H,-) and G is an upper end
of H such that for any pair (a,b) € G? there exists a pair (¢,d) € G* such
thatb-c<a and - b < a.

Theorem 5.2 Let (H,*) be the semihypergroup associated to a partially or-
dered semigroup (H,-,<). Further, let G C H be non-empty and such that
(G,-) is a subgroupoid of (H,-), and let the relation < be a restriction of <
on G, i.e. <g=<N(G x Q)." Finally — if it exists — denote u the identity
of (H,-) and define a new hyperoperation xg : G x G — P*(G) for arbitrary
elements a,b € G by (3), i.e. by

axgb=[a-b)<,={r € G;a-b<sz}.
Then
1. (G,-) is a semigroup if and only if (G, *¢g) is a semihypergroup.
2. (G,+) is a monoid if and only if (G, *q) is a semihypergroup and u € G.
3. If (G,-) is a group, then (G, *) is a transposition hypergroup.
4. If (G, %) is a hypergroup, then (G,-) is a semigroup such that for any

pair (a,b) € G? there exists a pair (c,) € G* such that b-c < a and
cd-b<a.

6 Properties of EL-hyperstructures
and their subhyperstructures

Results in this section were presented at AHA 2011 and later included
in [20].

Theorem 6.1 Let (H,x) be the hypergroup associated to a quasi-ordered
group (H,-, <) and (G, -) its subgroup such that G is an upper end of H. Then
(G, %), where x is defined for an arbitrary pair (a,b) € H? as a*xb = [a-b)<,,,
15 inwvertible and closed in H.

"The exact quote from [22] at this place reads "for arbitrary elements a,b € G let
a<b=a<gbd.
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Theorem 6.2 Let (H,*) be the hypergroup associated to a quasi-ordered
group (H,-, <) and (G, ) its arbitrary subhypergroup associated to a subgroup
(G,-) of (H,-), where G is an upper end of H (i.e. as defined in Theorem 5.1
using hyperoperation xp ). Denote u the identity of (H,-). Then

1. G is ultraclosed if and only if for any h € H such that h < u it follows
that h € G.

2. If G # H and if (H,-,<) has the smallest element, then (G, *) is not
ultraclosed.

3. If (H,-) or (H,*) is commutative, then G is a complete part of H if
and only if for every h € H such that h < u there is h € G.

Theorem 6.3 Let (H,x) be the associated hypergroup of a quasi-ordered
group (H,-,<) and (G,x*) its arbitrary subsemihypergroup associated to a
subsemigroup (G,-) of (H,-).8 If for arbitrary x € H and g € G there holds
r-g-z7' € G, then (G, x) is normal.

Corollary 6.1 Let (H,*) be the hypergroup associated to a quasi-ordered
group (H, -, <) and (G, -) its normal subgroup such that G is an upper end of
H. Then (G,x*), where  is defined as a xb = [a-b)<,, is reflezive.

Theorem 6.4 Let (H,x) be the hypergroup associated to a quasi-ordered
group (H,-,<). Then (H,x) is reversible.

As far as reqularity of EL-hyperstructures is concerned, cf Theorem 3.3
and its corollary. In the following theorem notice that by a subhypergroup
we mean a subhyperstructure defined by hyperoperation *p (4). This is
important to consider since the definition of inner irreducibility relies on
subhyperstructures as a commutative hypergroup (H, ) is called inner irre-
ducible if for any pair of its subhypergroups G, Go such that Gy «x Gy = H
there holds G1 N Go # 0.

Theorem 6.5 Let (H, ) be the associated hypergroup of a partially ordered
commutative group (H,-, <).

1. If for every x € H such that x,z~ " are incomparable with respect to <
there is either [z)< N [x7 )< # O or (z]< N (a7 < # 0, then (H,x) is
inner irreducible.

8In this context the fact whether we define a subhyperstructure by means of %z (4) or
*g (3) is not important.
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2. If (H,<) is a linear ordered set or if (H,<) has the smallest or the
greatest element, then (H,x*) is inner irreducible.

Naturally, 2 is a corollary of 1 since in linear ordered sets all elements are
comparable.

7 The issue of origins of a hypergroup

The "Ends lemma” describes a way to construct semihypergroups from
quasi-ordered semigroups and hypergroups from semigroups with a special
property. We know that groups are such structures that this property holds
trivially. This means that we know that using the ”Ends lemma” we may
create a hypergroup from a group.

Thus one can ask: if have a hypergroup (itself or as a subhypergroup
of a larger structure) created in the "Ends lemma” fashion, is there a way
to determine whether its underlying single-valued structure is a group or a
semigroup? Answering this question is not academic only as proofs of some
of the above theorems have to answer this question in a rather complicated
way. This issue is also connected to the issue of the converse of the "Ends
lemma”, which was already necessary to complete some proofs of theorems
on subhyperstructures. The proof of the following theorem can be found
in [22].

Theorem 7.1 Let (H,-) be a non-trivial groupoid and < a binary partial
ordering on H such that for an arbitrary pair of elements (a,b) € H?, a < b,
and for arbitrary ¢ € H there holds c-a < c¢-b and a-c < b-c. Further define a
hyperoperation x : H x H — P*(H) for an arbitrary pair of elements (a,b) €
H?> byaxb=[a-b)< ={x € Hya-b < x}. Then if the hyperoperation x is
associative, then the single-valued operation - is associative too. Furthermore,
if there exists an element e € H such that for every a € H there holds
axe =exa = [a)<, then this element e is the identity of the semigroup
(H> )

Notice that if the relation < is not antisymmetric, the above theorem is
not true. This is caused by the fact that only for antisymmetric relations <
there holds that [a)< = [b)< implies that a = b. Indeed, suppose a simple
two element set M = {a,b} where the relation < is defined as a < a,a <
b,b < a,b < b. This reflexive and transitive relation < is obviously not
antisymmetric and there holds [a)< = [b)< yet a # b.

A simple way of distinguishing between semigroups and groups is the
study of idempotent elements, i.e. elements which (if we ignore the identity)
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exist in semigroups only. In [20] a few basic results concerning idempotent
elements are included.

Theorem 7.2 Let (H, %) be the semihypergroup associated to a quasi—ordered
semigroup (H, -, <). For an arbitrary element a € H there holds

axa={a} < a is an idempotent and simultaneously a mazximal element of
(H7 K S)

Corollary 7.1 Let (H,x) be the associated hypergroup of such a quasi-ordered
semigroup (H,-, <) that at least two distinct elements a,b € H are in rela-
tion < (i.e. < is not trivial). If there exists an element a € H such that
a*xa={a}, then (H,-) is not a group.

Corollary 7.2 Let (H,*) be the hypergroup associated to a quasi-ordered
semigroup (H,-, <) and (G, *) a subhypergroup of (H,x).?

1. Denote u the identity of (H,-). If u is the mazimal element of (G, <)
and at least two distinct elements a,b € G are in relation <, then (G, -)
is a subsemigroup of (H,-) yet not a subgroup of (H,-).

2. If for two distinct elements a,b € H there holds axa = {a}, bxb = {b},
then H does not have the greatest element. Also — obviously — (H, ) is
not a group.

8 ”Ends lemma” in a broader context

Naturally, the "Ends lemma” is not a revolutionary stand alone con-
cept. The study of relation of hyperstructures and ordered sets or binary
relations is included in [3] as chapter 3. This part of the ”canonical” book
on hyperstructures was inspired by works of Chvalina (especially [5]) and
Rosenberg (especially [24]). Results concerning the relation of hyperstruc-
tures and ordered sets have also been included in [12], another ”canonical”
book on hyperstructure theory. Among older works concerning relation of
ordered sets and hyperstructures there is e.g. [2], which studies the relation
in general giving a number of possible ways to create hyperstructures from
ordered sets, and [29], in which a concept in a way similar to the "Ends
lemma” may be found. Recent works related to the concept discussed in this
article include e.g. works of Cristea and Stefanescu which deal with n—ary
relations on hypergroups (e.g. [9, 10]) or study of fundamental relations on
hypergroupoids associated with binary relations (such as [11]), or works of
e.g. Spartalis or Massouros (such as [16, 25, 26]).

9The statement is valid for subhypergroups based on both g (4) or *g(3).
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9 Open issues

There are many loose ends that wait to be tied. Most importantly, the
full potential of the property included in Lemma 2.1 must be explored. This
is closely connected to the problem of reversing the "Ends lemma”, which
has been partly answered by Theorem 7.1, and to the problem of telling the
origins of the hypergroup for which the idea of idempotent elements is only
a first and insufficient attempt. Clarifying this issue would also help in the
study of ring-like FL-hyperstructures and in the study of such properties of
EL-hyperstructures that rely on the concept of a subhypergroup.

Naturally, it might be very useful to set the issue of EL-hyperstructures in
a broader perspective of hyperstructures constructed from binary operations
of single-valued (semi)groups.
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Abstract

We investigate the relation of directed graphs and hyperstructures
by virtue of the graph hyperoperation. A new class of graphs arises
in this way representing isomorphism classes of C-hypergroupoids
and we present the 17 such graphs that correspond to the 73 C-
hypergroupoids associated with binary relations on three element sets.
As it is shown they constitute an upper semilattice with respect to
graph inclusion.

Key words: Hyperoperations, Hypergroupoids, Directed Graphs.
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1 Introduction

The correlation between hyperstructures and binary relations has been
intensively investigated in the last 20 years by several researchers ([10], [11],
[12], [14], [18], [6], [7], [8]) while of particular importance are the hyper-
groupoids that derive from binary relations - known as C-hypergroupoids -
which were introduced by Corsini in [9] (see also [19], [20], [22], [21]).

The purpose of the present paper is to further expand the ongoing re-
search on hypergroupoids by employing concepts from Graph Theory. While
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the foundations of graph theory can be traced back to L. Euler and his
“Konigsberg bridge problem” [1] (see also [13, 2]), its growth in recent years
has been explosive covering a large number of disciplines ranging from math-
ematical foundations of computer science [3, 4] to physical chemistry [5] and
natural language processing [17]. In Section 2, basic concepts and results on
directed graphs and hypergroupoids are presented. In Section 3 we define the
graph hyperoperation which is actually Corsini’s hyperoperation applied on
graphs. A particular class of directed graphs arises in this way, representing
isomorphism classes of C-hypergroupoids, namely Corsini’s graphs. As it is
evident from their construction, Corsini’s graphs constitute a useful appara-
tus in order to represent and arrange the hypergroupoid classes they represent
which thus results in a hierarchy inside the class of C-hypergroupoids. We
identify and present the 17 Corsini’s graphs with 3 nodes and we find that
they constitute an upper semilattice with graph inclusion as the partial order.

2 Preliminaries on Hyperstructures and Graph
Theory

A partial hypergroupoid is a pair (H, %), where H is a non-empty set, and
* 13 a hyperoperation i.e.

x:Hx H—P(H), (x,y)—x*xy.
If A,B e P(H)-{0}, then
AxB= |J axb.

a€A,beB

We denote by a x B (respectively, A *b) the hyperproduct A x B in the case
that the set A (respectively, the set B) is the singleton {a} (respectively,
{b}). Moreover, (H,*) is called hypergroupoid if z xy # 0, for all x,y € H
and it is called a degenerative (respectively, total) hypergroupoid in the case
that for all z,y € H, x xy = () (respectively, x xy = H).

Given a binary relation R C H x H the Corsini’s hyperoperation (cf. [9])

xp: Hx H— P(H)
is defined in the following way:

(r,y) —»xxpy={2€ H|(r,2) € Rand (2,y) € R}.
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The hyperstructure (H,x*g) is called Corsini’s partial hypergroupoid asso-
ciated with the binary relation R or simply partial C-hypergroupoid and is
denoted Hp (cf. [19], [20]). In the case that xxgy # 0, for all z,y € H, then
(H,*g) is called C-hypergroupoid. It can be easily seen that a partial C-
hypergroupoid Hp is a C-hypergroupoid if and only if it holds RoR = Hx H,
where o is the usual relation composition. Let R C H x H be a binary relation
on the set H = {x1,x9,...,x,} then the n X n matrix

Mp = [m; jlnxn, with m; ; = 1 if (x;,2;) € R and m; ; = 0, else

is called the boolean matrix of R.
Formally a concrete directed graph G is a pair (Vg, Eg) where:

- Vg is a finite set, the elements of which we call vertices and

- Eg C Vi x Vg is a set of ordered pairs of Vg the elements of which we call
edges.

A vertex is simply drawn as a node and an edge as an arrow connecting two
vertices the head and the tail of the edge. A graph G' = (V@, Ee) is a
subgraph of the graph G = (Vg, E¢) if it holds V/, C Vi and Ej, C Eg. In
the other direction, a supergraph of a graph G is a graph that has G as a
subgraph. We say that the graph H is included in the graph G (H < G) if
G has a subgraph that is equal or isomorphic to H. The relation <, which
is called graph inclusion, is a graph invariant.

Given a graph G = (Vg, Eg) and v € Vi the number of edges that “leave”
the vertex v is called the out degree of v and the number of edges that “enter”
the vertex is called the in degree of v. Moreover we denote by degreeout(G)
the set of all the out degrees of G’s vertices and similarly for degreein(G).
The order of a graph is the number of its vertices, i.e. |Vg|, and the size of a
graph is the number of its edges, i.e. |Fg|. A loop is an edge whose head and
tail is the same vertex. An edge is multiple if there is another edge with the
same head and the same tail. A graph is called simple if it has no multiple
edges. A vertex is called isolated if there is no edge connected to it.

Two graphs G and H are said to be isomorphic if there exists an isomor-
phism f between the vertices of the two graphs that respects the edges, i.e.
it holds (z,y) € E¢ if and only if (f(x), f(y)) € En. Since the specific sets
Vi, Eg chosen to define a concrete directed graph G are actually irrelevant
we don’t distinguish between two isomorphic graphs. Hence the following
definition of an abstract graph. The equivalence class of a concrete directed
graph with respect to isomorphism is called an abstract directed graph or
simply graph. A graph property is called invariant if it is invariant under
graph isomorphisms. Examples of graph invariants are
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order, size and diameter (the longest of the shortest path lengths between
pairs of vertices)

vertex (edge) connectivity, the smallest number of vertices (edges) whose
removal disconnects the graph

vertex (edge) chromatic number, the minimum number of colors needed
to color all vertices (edges) so that adjacent vertices (edges) have a
different color

verter (edge) covering number, the minimal number of vertices (edges)
needed to cover all edges (vertices)

In what follows we consider simple graphs without isolated vertices.

3 The Graph Hyperoperation

Given a concrete directed graph G = (Vg, E¢), we introduce the graph
hyperoperation os defined on the nodes of the graph G:

og - VG X VG - P(VG)a (x,y) = X ogY = {Z € VG | (IL‘,Z), (Z,y) € EG}

It can be easily seen that it holds og = *p,, where g, is the Corsini’s
hyperoperation derived by the binary relation Eg. Hence og structures
the set Vi into a (partial) C-hypergroupoid called the Corsini’s (partial)
hypergroupoid associated with G. 1If the hyperoperation og structures Vg
into a C-hypergroupoid then the same holds for every graph G’ isomor-
phic with G, hence this property is a graph invariant. An (abstract) graph
is called Corsini’s graph if the hyperoperation og structures Vg into a C-
hypergroupoid.

Remark 3.1 A hyperoperation for undirected graphs has been presented in
[15] by virtue of spanning trees.

Proposition 3.1 The Graph hyperoperation associated with G = (Vg, Eg)
structures Vg into a C-hypergroupoid if and only if, there exists a path of
length 2 between every pair of nodes of G.

Proof. The Corsini’s hyperoperation associated with G is a hypergroupoid
if and only if zogy # 0 for all 2,y € Vi if and only if for every pair of nodes
x,y € Vg there exists a node z € Vi such that (z, 2), (z,y) € Eg, if and only
if there exists a path of length 2 between x and y. O

It is easy to prove that there are two Corsini’s graphs with two nodes,
depicted in the following figure.
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Q._Q Q.

We note that the second graph is actually a subgraph of the first.

Remark 3.2 The adjacency matriz Ag of the graph G is identical with the
boolean matriz Mg, of the relation Eg.

From this remark we obtain an alternative proof of Proposition 3.1. In-
deed as it is stated in [9] a hyperoperation derived from the binary relation
R C H x H structures H into a hypergroupoid if and only if the Boolean
matrix Mg of the relation has the property M3 = 1, where 1 is the matrix
that has the unit at every entry. Since in the case of a hyperoperation asso-
ciated with a graph G this matrix is equal with the adjacency matrix Ag of
G it follows that A% = 1. Hence there exists a path of length 2 between any
given pair of vertices.

Proposition 3.2 The number of Corsini’s graphs with order n is always
smaller than the number of different Corsini’s hypergroupoids derived from
all binary relations R C H x H with card|H| = n.

Proof. Indeed, although there exist isomorphic graphs with different ad-
jacency matrices, different binary relations R C H x H always correspond
to different Boolean matrices. Hence there exist different Corsini’s hyper-
groupoids corresponding to two distinct Boolean matrices that represent the
same graph up to isomorphism. O

As an example for the above proposition we recall that there are three
different Corsini’s hypergroupoids deriving from binary relations with 2 ele-
ments (cf. [9]) but only two Corsini’s graphs as we noted before.

Proposition 3.3 If G is a Corsini’s graph then every graph G' with G < G’
is also Corsini’s.

Proof. This is obtained by applying Proposition 3.1 since if there exists
a path of length 2 between two nodes in a graph G then there exists such a
path in every supergraph of G. O

Now let H = {1,2,3}, R C H x H and My the 3 x 3 boolean matrix of
R. We say that Mg has the form (pq, ps, p3) if

{je H|(k,j) € R}|=pyforall ke H
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or equivalently if, for all £ € H, the sum of the elements of the kth line
of Mg is pi. We call the matrix Mg good if the Corsini hyperoperation g
structures (H, *g) into a C-hypergroupoid. As it is shown in [9] there are 30
good matrices with form (py, p2, p3) such that p; +py+p3 = 6. More precisely
there are 12 matrices such that p; = 2, where ¢ € H, and 18 matrices such
that p; =1, p; = 2, p, = 3, where 4, j,k € H.

Proposition 3.4 The 30 good boolean matrices with form (p1,ps, ps), where
p1 + p2 + p3s = 6, correspond to 7 different non-isomorphic Corsini’s graphs.

Proof. First we examine the 12 good matrices with form (2,2,2). The
matrices

110 10 1 101
101, [t 1o0], (10 1],
101 110 011
110 011 011
01 1], [t 10}, (01 1],
110 011 101

which are respectively the matrices (1), (3), (5),(8),(10) and (12) of [9], all
represent Corsini’s graphs isomorphic with the following graph.

(G1)

The matrices

110 101 011
1 o1, [o11], [110],
011 110 101

which are respectively the matrices (2),(6) and (9) of [9], correspond to
graphs isomorphic with the graph below.
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The matrices

101 110
1 10|, o1 1],
011 101

which are respectively the matrices (4) and (7) of [9], both represent Corsini’s
graphs isomorphic with the next graph.

The matrix

0 1
10
11

O ==

is the matrix (11) of [9] and represents the following Corsini’s graph.

(G4)

Now we examine the rest 18 good matrices with the desired form. The
matrices

00 1 110 010
11 0], oo 1], (11 1],
111 111 101
101 111 111
11 1], l1to0oo0], (01 1],
010 01 1 100

which are respectively the matrices (13), (16), (20), (23), (27) and (30) of [9],
represent Corsini’s graphs isomorphic with the following graph.
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The matrices

00 1 011 010
101, o011, (11 1],
111 111 110
11 111 111
1 11)], (100}, (10 1],

010 110 10

which are respectively the matrices (14), (18), (19), (24), (25) and (29) of [9],
represent Corsini’s graphs isomorphic with the following graph.

(Ge)

The matrices

00 1 101 010
01 1), foo1], [111],
111 111 011
110 111 111
11 1], ltoo0], [(110],
10 101 100

which are respectively the matrices (15), (17), (19), (22), (25) and (28) of [9],
represent Corsini’s graphs isomorphic with the next graph.
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O

Remark 3.3 A boolean matriz with form (p1,ps2, ps) corresponds to a graph
G with a degreeout(G) = {p1, p2, p3s}. Hence graphs G1-G4 have degreeout(G) =
{2,2,2} and graphs G5-G; have degreeout(G) = {1,2,3}.

The number of Corsini’s graphs with order n is equal with the number of
boolean n x n matrices forming non-isomorphic hypergroupoids. Although
Massouros and Tsitouras [16] have calculated this number - for n = 3 there
are 17 such matrices - no actual representation of these 17 hypergroupoid
classes has been demonstrated in [16]. Such a representation is of much
greater importance than merely computing their number since it will allow
us to compare and correlate these isomorphism classes. In what follows we
present the remaining Corsini’s graphs and moreover we discover that they
constitute an upper semilattice with respect to graph inclusion. This hier-
archy actually determines a hierarchy inside the set of 73 C-hypergroupoids
(cf. [22]) deriving from binary relations on 3 elements.

Since in the previous proposition we found 7 Corsini’s graphs with 3
vertices it follows that there are 10 more. From these 1 has degreeout(G) =

{1,1,3}

5 have degreeout(G) = {2,2,3}

(Go) (Go) (Gu)

(G1o) (G13)

1 has degreeout(G) = {1, 3, 3}
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(Ga)

2 have degreeout(G) = {2, 3,3}

and 1 (the complete graph with 3 nodes) has degreeout(G) = {3, 3, 3}.

As it is implied by Proposition 3.3, the graphs G1-G;; form a partially
ordered set with respect to graph inclusion. More precisely they form the
following upper semilattice as it can be verified by merely inspecting the
drawings of graphs G1-G7.
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Gir
Gis Gie
GQ GIO Gll G12 G13 G14
G1 G2 Gg G4 G5 G6 G7
Gy
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Abstract

In [5] J. Jantosciak introduced several special types of subhyper-
groups (invertible, closed, normal, reflexive) of a general hypergroup
and studied their relationship. In this article, the full description of
such subhypergroups in hypergroups induced by quasiordered groups
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hypergroups in quasiorder hypergroups.
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1 Introduction

We will sum up basic concepts from hypergroup theory and results which
will be needed in the following text.

o Let H # (). A mapping *: H x H — 27* is called binary hyperoperation
on H. The pair (H,x*) is hypergroupoid.

e A hypergroupoid (H, ) is extensive if {a,b} C a x b for any a,b € H.

e A hypergroupoid (H,*) is called hypergroup if the hyperoperation x* is

associative, i.e

(x*xy)*xz=x%(yx2z) for any z,y,z € H,
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and the reproduction axiom
axH=H=H=xa for any a € H

is satisfied.

e Let (H,*) be a hypergroup and S C H. Assume that a x b C S for any
a,b € S. Thus (5, %) is an associative hypergroupoid (so called semihyper-
group). If, moreover, it satisfies the reproduction axiom, that is, it is a
hypergroup, we say that (S, %) is subhypergroup of (H,*).

e A hypergroup (H, x) is called transposition hypergroup if the transposition
axiom is satisfied, that is, for any quadruple of elements a,b,c,d € H the
implication:

If b\a ~ ¢/d, thenaxd~bx*c

holds, where
b\a={x € H:a€bxx},
c/d={x € H:ce€xxd}
are left and right extensions, respectively.

(For two set A, B, the symbol A ~ B means that A and B are incident,
ie. ANB#1.)

e A commutative transposition hypergroup (H, x) is called join space.

The following concepts play the key role in the formulation of the main
results.

Definition 1.1 A subhypergroup (S, *) of a hypergroup (H,x*) is called

e closed if a/b C S and b\a C S for any a,b € S,

e invertible if a/b =~ S implies b/a =~ S and b\a ~ S implies a\b =~ S for
any a,b € H,

e reflexive if a\S = S/a for any a € H,

e normal if ax .S = Sx*a for anya € H.

J. Jantosciak (see [5]) proved that

e invertible subhypergroup of any hypergroup is closed,
e closed and normal subhypergroup of a transposition hypergroup is reflexive,

e invertible and normal subhypergroup of a transposition hypergroup is closed
and reflexive.
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2 Hypergroups Induced by Quasiordered
Groups

First the relationship among closed, normal, invertible, and reflexive sub-
hypergroups of hypergroups induced by quasiordering will be tackled.

Definition 2.1 An ordered (quasiordered) group is a triple (H, -, <), where
(H,-) is a group and “<” is an ordering (quasiordering) on H having the
substitution property on (H,-), that is for any quadruple a,b,c,d € H such
that a < b, c <d, there isa-c <b-d.

A hyperoperation is naturally induced on each (quasi)ordered group
(H,-,<). For z € H, let us denote [z)< the principal end generated by z,
that is [x)< = {y € H : x < y}. Analogously the principal beginning (z]<
is defined. For z,y € H, let us denote z *y = [x - y)<. Then (H,x*) is a
hypergroupoid associated with (H,-, <). The following result can be proven
(see [3, 6, 7]):

Theorem 2.1 Let (H,-, <) be a quasiordered group and (H,x) the hyper-
groupoid associated with it. Then (H,x) is the transposition hypergroup.

Let (G, -, <) be a quasiordered group, (G, *), where axb = [a-b)<, be the
induced (transposition) hypergroup. Let (S,#) be its subhypergroup, that
is, [ - y)< C S holds for x,y € S, namely z-y € S.

For the right and left extensions we have:

a/b={rxeG:acxxb}={reG:z-b<a}=
={reG:z<a-b'},

a={reG:acbxa}={recG:b-x<a}=
={reG:x<b ' al.

Theorem 2.2 A subhypergroup (S, %) is closed iff (S,-) is a subgroup of the
group (G,-) and (a]<Ula)< C S for anya € S.

Proof. Necessity:

For a € S there is a/a = (e]<, hence e € S (e is the neutral element).

If a € S, then e/a = (a™!]<, hence a™! € S.

If a € S, then a/e = (a]<, hence (a]< C S. Because (S, x) is a subhyper-
group we also get axe = [a)< C S.

Sufficiency: Let a,b € S. Then a-b~' € S, so (a-b"']< =a/b C S.
Analogously for b\a. O
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Theorem 2.3 A subhypergroup (S, *) is closed iff it is invertible.

Proof. Each invertible subhypergroup is closed.

Now, let us assume that (.5, %) is closed. If a/b ~ S, there exists x € S
such that z < a-b~'. Due to the previous theorem a - b~! € S and also
(a-b71)"t =b-a! € S, therefore b/a C S. Especially, b/a ~ S. Analogously
the statement for b\a can be proven. O

Theorem 2.4 A subhypergroup (S, *) is reflexive iff the following property
holds: If for x,y € G the element x -y is covered by an element of S, then
y - x 1S also covered by an element of S.

Proof. The following equalities hold:

a\S=|Ja\b=|Ja" <,

besS besS
Sja=Jb/a=Jb-a )<
beS beS

Hence, z € a\S iff b € S exists such that x < a~! - b, that is, a -z < b.
Analogously = € S/a iff ¢ € S exists such that = - a < ¢. This implies the
statement. O

If (S, %) is a closed subhypergroup, according to the previous result, the
condition “to be comparable with an element of S” is equivalent with the
condition “to be in S”. Therefore, we get:

Corollary 2.1 A closed subhypergroup (S, %) is reflexive iff the following
property holds: If for x,y € G the element x -y € S, then alsoy-x € S.

Theorem 2.5 A subhypergroup (S, *) is normal iff the following property
holds: If x -y, where x,y € G, covers an element of S, then y - x also covers
an element of S.

Proof. The following equalities hold:

a*S:Ua*b:U[a-b)S,

bes bes
S*a:Ub*a:U[b‘a)g.
bes bes

Hence, z € a* S iff b € S exists such that a-b < z, that is, b < a™! - 2.
Analogously x € S x a iff ¢ € S exists such that ¢ < - a~!. This implies the
statement. O
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In case (9, %) is a closed subhypergroup, analogously to reflexive subhy-
pergroups we have:

Corollary 2.2 A closed subhypergroup (S, x) is normal iff the following prop-
erty holds: If for x,y € G the element x -y € S, than also y-x € S.

Joining the previous two results we get:

Corollary 2.3 Let (S,*) be a closed subhypergroup. Then (S,*) is normal
iff it is reflexive.

3 Quasiorder Hypergroups

Now the relationship among closed, normal, invertible, and reflexive sub-
hypergroups of quasiorder hypergroups will be tackled.

If R is a quasiordering on H we denote R(a) = {x € H : a Rz}. Further,
for A C H we set R(A) = |J R(a).

a€A

Theorem 3.1 Let (H, R) be a quasiordered set. For any pair a,b € H we
set

a*pb= R(a)UR®) = R({a,b}).

Then (H,xg) is commutative extensive hypergroup.
For the proof see [3, p. 150, Th. 2.1].

Definition 3.1 A hypergroup (H, %) is said quasiorder if the following con-
ditions are satisfied:

eaca®Ca?
eaxb=a?Ub?

for any a,b € H.
The following theorem characterizes all quasiorder hypergroups.

Theorem 3.2 A hypergroup (H,*) is quasiorder iff a quasiordering R on H
exists such that for any a,b € H there is

axb= R(a) UR(b) = R({a,b}).
For the proof see [1, p. 96].
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Theorem 3.3 Let (G,*) be a quasiorder hypergroup. Then any subhyper-
group of (G, ) is reflexive and normal. Moreover, (G, *) contains no proper
closed or invertible subhypergroup.

Proof. Suppose that (G, *) is a quasiorder hypergroup and R is a qua-

siordering from the previous theorem.

The hyperoperation # is commutative, hence any subhypergroup (.S, %) is

reflexive and normal.

Further,
a/b={reG:acbxax}={xeG:aec R(b)UR(x)}.

Especially a/a = G. If (S, x*) is closed, then necessarily S = G. Therefore,
no proper closed subhypergroup exists.

Analogously, any invertible subhypergroup is closed, therefore, no proper

invertible subhypergroup exists. a
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