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ABSTRACT

One has considered the Hypergroupoid Hr= < H;or> associated with a multivalued function
I' from H to a set D, defined as follows:

VxeH, x orx= 4y| [y)NI(x)=Dr,

v (y,z) e H?, yorz =yoryuJuzorz,
and one has calculated the fuzzy grade O(Hr) for several functions I defined on sets H, such
that |H| € {3,4,5,6,8,9, 16.

INTRODUCTION

The analysis of the connections between Hyperstructures and Fuzzy Sets dates since
1993 when Corsini defined and studied the join spaces H, obtained from the fuzzy set
< H, p >, and a little later Zahedi and Ameri considered fuzzy hypergroups. These subjects
were studied in the following years by several scientists in Romania, Iran, Greece, Italy,
Canada.

In 1993 Corsini associated a hypergroupoid with every fuzzy subset, and he proved
that this hypergroupoid is a join space [8].

In 2003 Corsini [14] associated a fuzzy set pg with every hypergroupoid < H, o > and
considered the sequence of the fuzzy subsets py and of the join spaces H,, constructed from a
hypergroup. This sequence has been studied in depth for several classes of hypergroups by
Corsini [14], Corsini—Cristea [16], [17], [18], Corsini—Leoreanu-Fotea [22], Corsini—
Leoreanu—Iranmanesh [23], Cristea [25], [26], Stefanescu—Cristea [70], Leoreanu-Fotea V. —
Leoreanu L. [ 53] .

In this paper one has considered the hypergroupoid < H, or > associated with a
multivalued function I" from a set H to a set D, defined as follows

VxeH, xorx = {y‘F(y)ﬂF(x)?&@},
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V (y,z) € H*, yorz =yory Uzorz
and one has calculated the fuzzy grade 0(Hr) , for several functions I" defined on sets H such
that |[H| e {3,4,5,6,8,9, 16}.
We can remark that we have d(H) = s+1, for all the examinated cases with the exception of
(15%), (259, (35%), (1)), if n = 2°q , where m.c.d. (q,2) = 1.

We remember here some definitions, notations and results which will be the basis of what
follows.

With every fuzzy subset (H; pa) ofaset H, it is possible to associate a hypergroupoid
<H; o,>, where the hyperoperation < o,> is defined by: V (x,y) € H?,

(D xopy =1z | min3 pa(®), pa@t < pa) < max{ pax), pa@y)t f

One proved [8] that <H; o> is a join space.
With every hypergroupoid < H; o>, it is possible to associate a fuzzy subset, as follows:

Set V (x,y) e H*,VueH, Uy (W)=0 ugxoy

ifuexoy,px,y(u)Zl/‘xoy ,
set VueH, A) = Zuyer’ oy (W), Qu=1{ (xy) luexoyt, qu= | Q)

2

(D) pu(uw) = A(u)/q(u), see [14].
So it is clear that, given a hypergroupoid < H; o>, a sequence of fuzzy subsets and of join
spaces is determined Py =i, W2 ,.... kst ..., <H; 0> = oH, H, ... hH..., such that

Vi1, y; =M o and ;H is the join space associated, after (I), with z;.

We call “fuzzy grade of H”, if it exists, the number OJ(H) (or f.g.(H)) = min 1s | wH~ o H P
and “strong fuzzy grade of H” , if it exists, the number s.f.g.(H) = min {s | mH = e H b , see
[17].
In this paper one has determined

6 hypergroupoids of 3 elements such that o(H) = 0,

4 hypergroupoids of 3 elements such that 6(H) =1,

5 hypergroupoids of 4 elements such that d(H) = 0,

8 hypergroupoids of 4 elements such that d(H) = 1,
12 hypergroupoids of 4 elements such that o(H) =2,

5 hypergroupoids of 4 elements such that o(H) = 3,

2 hypergroupoids of 5 elements such that d(H) =1,

2 hypergroupoids of 6 elements such that o(H)= 1,

8 hypergroupoids of 6 elements such that o(H) = 2,

3 hypergroupoids of 6 elements such that o(H) = 3,

1 hypergroupoid of 8 elements such that 6(H)= 4,

1 hypergroupoid of 9 elements such that o(H)= 2,

1 hypergroupoid of 16 elements such that o(H)= 5.
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$ 1. Let T be a multivalued function from a set H= {u;, us...., u,} toasetD, i.e.

I''H— P*(D). Then we have the following
THEOREM 1 If there exists d € D, such that Vi, I'(u;) > d, then d(Hr) = 0.

Indeed, we have V1, x; or xi = {u; | I'(uj) N I'(u)) # 9} = H, therefore V(1, j), u; oru; = H.
Whence H =T, from which Vs, H = H, so d(Hr) = 0.

THEOREM 2 Let I be a multivalued function from a set H to a set D, that is
[':H— P (D), and let <or > be the hyperoperation defined in H :

Vx € H, Xorx={z|F(Z)ﬂF(x);ﬁ@},

Y(y, z), yorz=yory 4 zor z

Then the hypergroupoid < H; or > is a commutative quasi-join space, that is
V(a, b, c, d) e HY,

)] a/bNc/d#0 = aordNborc#0A.

Let’s supposea/bNc/d > v, thatis a € bor v, ¢ € d or v. Then, since
bov=borbu vorv, dorv=dord v vorv,and

V(x,y) € H?, YyEXOrX=>X€Eyory,

at least one of the following cases is verified

(I) aeborb, cedord, ({II)aeborb, cevorv

(Ill)a e vorv, cedord, ((IV)aevorv, cevorv

(I) implies b € aor a, whence b € a or d, and we have alsob e borbcbor ¢
(I) Wefind beaordNborc asin(l).

(ITT) We obtain c e dordcaord,andalso cecorccborc.

(IV) implies veaoracaord andalsovecorccborec.

Therefore the implication (j) is always satisfied whence < H; or > is a quasi-join space.
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$ 2. Set H = {u;, u, us}. Then there are functions I' : H — P"(D) such that the fuzzy grade of

the associated sequence is respectively 0, 1.

(16>  Set I'(u))={d;}, ['(uz) = (u3) = {dy, d3}. We have clearly

oH W | W u3 So  pi(u)=0.467, pni(up) = pi(uz) =0.417.
U U H H

It follows {H = H.
u Uz us | Uz us

By consequence  0(1°) = 0.
u3 Up U3

(26> Set T'(u)= {di, d2}, [(uz) =T'(u3) = {d3}. We have

g]u] w | u One obtains  p(u;) = 0.467,

u | W H H ].11(112) = ].11(113) =0417.

u Uz U3 | U U3 So (H=(H, then 8(25’)=0.
u3 Up U3

(303) Set F(Lh) = {d1, dz}, F(U2) = {dz, d3}, F(U3) = {d3, dl}

oH | Bt |t We have {H=gH=T,
uy |[H|H|H \
0(307)=0.
u H|H Go)
us3 H

(40>) Set T'(u)) = {di, d2}, T(uz) = {d2 }, T'(uz)= {d3}. We have

OH u Uy u3 .

I We obtain pu(1)=0.417 =pn(2),
il Bl u(3) = 0.467,
u; uu | H So d(4¢°) =0.

Uz u3

(50°) Set T'(u))= I'(wy)={d;}, T'(us)={ds}. We have



()H Ui 185} usz
ulmuwluyu | H
185 u; Up H
us3 us3
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As in (4¢%), we obtain

a(50°) = 0.

(1.°) Let|H|=3= |D]|. Set T(u)) = {d;}, ()= {ds}, T(u3) = {ds}.

So we have
()H Ui 185} u3
Uy (U [ UrUz | U U3
up Uz Up U3
u3 u3

We have clearly
Hi(ur) = pa(u2) = pa(uz) = 0.6.

Therefore we obtain {H =T, whence 8(1,)= 1.

(213) Set F(U.1) = {d], dz, d3}, F(uz) = {dz}, F(u3) = {d3} We have

oH up | w2 us3
uy |H| H H
u wuw | H
u3 up us
By consequence,

1H u Uy u3
U u H H

U2 Uu3 | U2 U3

u3 Uz us

We obtain :  py(u;) =0.37,
M1(u2) = M](U.3) =0.354.

So we have : p,(u;) =0.467,
Mz(llz) = Mz(u3) =0417.

From this, we obtain »H = {H, whence 8(2,°)= 1.

(313) Set F(ul) = {d1, d, d3}, F(U2) = { dl, dz}, F(Ll3) = {d3} We have

5



()H Ui 185} u3
u |H| H H
185 u; U H
us3 up us
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See (2,°).
So we obtain again

a3 =1.

(413) Set H= {ul, Uy, 113}, F(U1) = {dl}, F(U2) = {dz, d3}, F(U3) = {d3, d1}

So we have
oH| W W | u By consequence
w jwus| H ' H wi(uy) =0.354 = py(uy),
U2 wus | H wi(us) = 0370,
u3 H
Therefore we obtain
(H| Y | " |91 Hence pa(ur) = pa(uz) = 04167, pa(us)
u [uwu fuyuy | H
=0.467. It follows ,H = 1H. Therefore
185) U up H
3\ —
o o o4,)=1.

$ 3. Set H = {uy, uy, u3, us}. Then there are functions I' : H — P*(D) such that the fuzzy grade

of the associated sequence is respectively 0, 1, 2, 3.

(104) Set F(ul) = {dl, dz}, F(le) = F(LI3) = F(U4) = {d3, d4} Then we have

We obtain p;(u;) = 0.357,

Hi(u2) = pi(uz) = p(ug) = 0.300.

By consequence |H = gH

OH u 185) us Ug
Ui U H H H

185 Uzus | Upusz | Upx U3
U4 U4 U4

u3 Uy U3 | Up U3
Ug Ug

Ug Uz U3
Ug

and therefore (1" )=0.
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(204 ) Set F(U1) = {d1, dz, d3}, F(UZ) = F(U3) = F(U4) = {d4} . Then

o ] w s s We have as in (1)
u|w| H|H | H oH=1H so 820" =0.
Y) Uz U3 | U2 usz | Up U3
Uy Uy Uy
u3 Uz us | Uz us
Uy Uy
Uy Uz U3
Uy

(30h) Set T(u)= {di,ds}, T(w)={ds, ds}, T(uz) =T(uy) = {ds}. Also in this case

OH up u us3 Uy

u |y | H H H By consequence
= t2ts | H2 s | H2 U3 oH=1H from which
Uy Ug Ug
u3 Uus | Ux U3 6(3()4) =0.
U4 Uy
Uy Up U3
Uy

(40") SetT(u) = {di, do, ds, da}, T(uz) = {do, d3, da}, T'(uz)=T(us) = {ds}. We have

oH | Wi| U2 us | Clearly, {H=gH=T.
w  H HHH So A(4") = 0.

u; H| H|H

u3 H|H

Uy H

(114) Set F(ul) = {dl, dz}, F(LQ) = {dz, d3}, F(U3) = {d3}, F(U4) = {d4} We have

oH| W u u3 W Whence
Ui |z | Uil ) U1Tz | U1 W) wi(w) = pi(us) = 0.333

u3 us U4

=0.344 =0.405.

w2 uu |uu | H Hi(uz) , i(ug)

1 s from which we obtain {H :
us uus | upus

U4

U4 W
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Hence

pa(ur) = pa(uz) = 0.36,
Ha(uz) = 0.394,

H2(ug) = 0.429.

By consequence pH=1H, then J(1 =1

['(u;) = {di, d2}, T'(u2)={ds, ds}, ['(us) = {ds}, T'(us4) = {ds}. So we have

1H Ui 185} usz Uy
u |wmus|uwyus|{uyus| H
U
u wu |uyus| H
U
usz 185} Uy Uy
Uy Uy
(214) Set
OH u 185 us Ug
u | U H u; Uz | Uy Uy
us3 Uy
185 Uzus | Uxu3 | Ux U3
Uy U4 U4
us uzus | Uz us3
U4
Uy Up Uy
We obtain 1H:
1H u | u us3 U4
u |[u |y w H H
Uy 185 Uz U3z | Uy U3
Uy Ug
u3 Uz U4 | U3 Uy
Uy u3 Uy
(31  Set
OH u 185) u3 Ug
U (U Jurux | urus | uyus
5 5] U usz | UpUy
us U3 U3 Uy
Uy U4

Whence
ul(ul) =0.405
pi(up) = 0.344, p(us) = w(ug) = 0.3.

So we have : p(u;) = 0.429,
].12(112) = 0394, Mz(u3) = ].12(114) =0.361

whence one finds that

>H = (H. It follows 8(2;*)=1.

Cu) = {di}, [(w) = {d2}, ['(u3) = {ds}, ['(ug) = {ds}. So

Then Vi, pi(u)=0.571.
By consequence {H=T and

therefore  9(3,") = 1.
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(414) Set F(lh) = {d1, dz, d3}, F(UZ) = {d]}, F(U3) = {dz}, F(U4) = {d3} We have

()H U 185} u3 Uy
u | H H H H So pi(u;) =0.328,
el Al P ) = ) = pua(u) = 0.299.
3 Uy
u3 upusz | upus
Uy
Uy U1 Ug
Hence
1H u W u3 U4 So Mz(ll]) =0.357
U u H H H _ _ _
115 Uz Uz | Uz U3 | Uz U3 uz(uz) Hz(u3) Mz(ll4) 0.3
Usg | U4 | W4 from which ,H = {H. Therefore a(4,*)=1.
u3 Uz Uz | Uz U3
Uy Ug
Uy uz U3
U4

(514) Set F(Lh) = {d1, dz}, F(le) = {dz, d3}, F(LI3) = F(U4) = {d4}

H| W %) u3 Uy
0 We have

B e R A (1) = () = pa(us) = pua(u) = 0.333.
U u; u H H

u3 U3 U4 | U3 Ug So {H=T, whence aG5iH=1.

U4 U3 Ug

(61") Set I'(w)= {di, do}, T(w2) = {do}, T'(us) = {ds, da}, T'(us) = {da}.

oH| W u2 u3 U4 We have clearly
wojuuwuy H | H Vi, pi(u) = pi(w).
u uu | H H

u3 UszlUg | U3zlUy

Uy u3 Ug

Therefore {H = T and by consequence (6, )= 1.

(71" Set T(u)= {di, ds, d3}, T(w)= {ds, d3}, T(u3) = {ds}, T(ug) = {ds}.



Ratio Mathematica, 20, 2010

()H Ui 185} usz Uy

u |wyu|luu| H H See (514) and (614)-
H H

2 L5 We have (H=T,

us UszlUy | UzUy

Uq U3 Uy whence 8(7,Y = 1.

(604) Set F(lh) = {d1, dz}, F(U2) = {dg, d4}, F(U3) = F(U4) = {d4} We have

()H U 185} u3 Uy
u | U H H H

Y) Uz U3 | U2 U3 | U2 U3
Uy Uy Uy

us Uz U3 | Uz U3 So 8(60" )= 0.

Uy Uy

Uy Uz U3
Uq

(504) Set F(ul) = {dl, dz}, F(LQ) = F(U3) = F(Ll4) = {d4} We have

OH Ui 185 us3 Uy
w|w| H H H So u(1)=0.357,
up U3 | Uz U3 | U2 U3
u | u | wy w2 = u3) =pn+4)=03.

u3 Uy U3 | Up Uz

Uy Uy
™ Uy U3 It follows (50" )=0.

Uy

(124 ) Set F(Lh) = {d1, dz}, F(Ilz) = F(U3) = {dz, d3}, F(U4) = {d3, d4}

oH| W | U2 U3} U4
u (wu |H{H| H One obtains p;(u;) = 0.256 = p;(us),
us3 _ _
u HIHI H i (uz) = pi(us) = 0.260,
5 H| H whence we obtain {H:
Ur us

10
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1H uy Uy U2 u3
u lmu juyyu| H H
U4 U Ug H H
up Uu3 | Up U3
u3 Up U3

Therefore oH =T (the total hypergroup). Then a1, )=2.

(224) Set F(Lh) = {dl, dz}, F(LQ) = {dz, d3}, F(U3) = {d3, d4}, F(U4) = {d4} Then

OH up U2 u3 U4
u (ywuw | luyu| H H whence
us3 _ _
up) =0.292 = py(ua),
o wwl H | H Hi(ur) 1i(ug)
u3 pi(uz) = wi(uz) =0.3.
u3 U U3z | Up U3
Uy Uy
Uy U3 Uy So, we have
1H U U4 185) u3
U Ui Ug | U Ug H H
W wu| H |H Then pi(ur) = pi(us) = pi(u2) = pi(us) ,
2 Hath 32 whence >H =T, and by consequence
3
u3 u (2, )=2.
us

(324) Set F(U.1) = {d], dz, d3}, F(uz) = {dz, d3, d4}, F(u3) = { dz, d4}, F(u4) = {d3}

OH U | Uy u3 Uy
u |H|H H H
up H H H
U3 wuw | H
u3
Ug up uz
U4

We have p(u;) = pi(uz) = 0.260, pi(us) = py(ug) = 0.256, whence we obtain

11
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1H 185 18 5] us3 Uy

U (upuz | uyuy H H

U u; up H H

5 Uslls | Uyt Then oH = T, from which  6(3,%)=2.
Uyq U3 Uy

(4,") SetT'(u)) = {di, ds, d3}, T'(uz)={d, ds},T(uz)={ds}, T'(us)={ds}. We have:

OH 185 up u3 Uy
W lwwm| H lww| H Then pi(u))=0.3=p(w),
u3 u3 pi(us) = wi(ug) = 0.292.
u uu | H juyw
Ug Ug
u3 uus | H It follows
Ug Uz Ug
1H u Uy u3 Uy
u (yuw | wu | H H
Uy uuw| H H
u3 U3z U4 | U3 Uy Therefore ,H =T, whence (4, )=2.
Uy u3 Ug

(5,") SetT'(u;) = {di, d, d3}, T'(uz) =T(u3)= {ds, s}, T(usg) = {ds}. We have

()H Ui Uz | U3 Uy
w yw | H|H| H So pi(u) = pi(us) = 0.23,

U3 = = 0.260.
o AT |’ wi(uz) = pi(uz)
usz H H
Uy Uz U3

By consequence, we obtain

1H uj Uy uz u3

u (upug fuuy| H H

U4 U Ug H H

Uy U u3 | Up Uy 4

U3 W us Therefore we have oH =T, whence 0(5;" )= 2.

12
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(624) Set F(ul) = {dl}, F(Ilz) = {d1, dz}, F(Ll3) = {dz, d3, d4}, F(LI4) = {d4} We have

OH Uy U2 us3 Uy
U | Uiuz | upux H H
U3
Uz uj up H H
U3
us3 Uz U3 | Upx U3
U4 U4
Uy Us Uy
1H Uy Uy 185) us
u juyw uyus| H H
Uy wu| H | H
185 Uzus | Up U3
u3 Uz Uj3

Then »H = T. Therefore 8(6," )= 2.
2

Hence M](ul) =0.292 = }l](ll4),
i(u2) = pu(uz) = 0.3.

We obtain

whence Vi, pi(u) = pi(ur).

(724) Set F(ul) = {d1, dz, d3}, F(Ilz) = {dz, d4}, F(Il3) = {d3, d4}, F(U4) = {d4}

OH Uy Uz | U3 Uy
up | Ui U H|H H
U3

up H|H H

u3 H H

Uy Uz uj3
1H Uy Uy 185) u3
u |[upug|uuy| H H
Uy uu| H H
up Upus | Upus
u3 Up U3

We have pi(up) = pi(ug) = 0.256,
pi(uz) = wi(us) = 0.260.

So, we obtain 1H:

Then V 1, po(u;) =0.389,s0 oH =T, and A7, )=2.

13
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(8" Set T(w)= {d;, &b}, T(w)={ds}, T(ws)={ds}, T(us)= {ds}. We have

OH U 185 us Ug '

w | w g | oy u | U | g ug We obtain p(u;) = 0.389 = pi(uy),
u3 Uyg },ll(U3) =0.476 = }l](ll4).

up up Uz | upuz | U uz
u3 Uy

u3 Uz | usuly By consequence,

Uy Uy

1H U 185 u3 Ug

U (U uz | uyup H H

u ww| H H

usz U3z ug | Uz Uy

Uy U3 Uy Therefore sH=T and (8" )=2.

(95) Set I'(u;) = [(w) = {dy, db}, T(us) = {ds}, T(ws)= {ds}. We have

()H U 185} u3 Uy
U jwmuw luyu |uu | uyyu See (824).
us Ug
Y) Uil | upuz | upuz
u3 s Therefore 6(924 )=2.
u3 U3 u3 Uy
Uy U4

(10,*) SetT'(u) = {d;, do}, T(uz)= {ds}, T'(u3) = T'(ug) = {ds}. We obtain

oH M| % | B | B whence pi(ur) = pi(w) = 0.476,
U | u | U up ug
Uusug | Uz lUg M(U3) = M(U4) =(0.389.
Y) Y) DY) Y)
Usuyg | Uzly
u3 Uz Uy | Uz Ug
L U3 t4 So, we obtain

14
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1H u 185 us Ug

u |uuy | uiup H H

5 u;up H H

usz Uz uUg | Uz Uy . 4

™ U3 Uy Hence oH =T, from which 6(10," )= 2.

(11,*) SetT(u) = {di}, T(uz)= {dy, ds}, [(u3) = {ds, dg}, T(ug) = {d4, d;}. We have

oH| M | % | % | W Hence pi(ur) = pu(us) = 0.291,
u |uyw| H H |uu
uy Hi(uz) = pi(us) = 0.3.
185 Uz U3 | Uz U3 H
U4
u3 Uz us H
Uy
U4 U us
Uy

One obtains 1H as follows:

1H U U2 u3 Uy

U |upup | Uugup H H

U wu | H H From 1H, one finds p(u;) = pa(vy), V(i, j).
us Uz Uy | Uz Uy

Uy U3 Uy

Therefore s H="T, so 6(11,* )=2.

(12,%) Let T(u) = {d, d2}, T(u) = {do, ds}, T(us) = {ds}, T(ws)= {d;}. We have

oH| W U2 u3 Uq Then p(u;)=0.3, pi(u)=0.3,
wjwu | Ho O H wi(us) = 0.2917, wi(us) = 0.2917.
Uy Uy
18] Uiy uz | U Uy H
u3 u3
u3 Uz U3 H
U4 Ui Uq

By consequence,

15
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1H U 185 u3 Uy

u (uw | wu| H H B

u wu, | H H Therefore we have oH = T (the total
= e hypergroup) whence d(12,* )= 2.

U4 JIERIP]

(15  SetI'(u)) = {di, d2},

[(u2) = {da, ds3}, ['(u3) = {da}, T'(us)= {ds}.

We have
H u Uy u3 Uy
0 wi(u) = 0.272 = py(us),
u |yyuw | H|juyuw| H
u; u3 ti(uz) = 0.286, pi(us) = 0.271,
up H| H H
u3 uu| H
U3
U4 Wl | whence
1H 185) U u3 Ug
So we have py(uz) = 0.405 = py(ug),
Uy | U2 | Ux2U7 | U Uy H
U3 U3 Mz(ul) = ],Lz(l,l3) =0.34.
u; upus | upuz [ upu3
Uy
U3 Uj U3 | Uj U3 We obtain
U4
Uy U4
2H U u3 185) Uy
We have clearly
U; (Uju3z | uyus H H
p3(ur) = pa(uz) = p3(uz) = p3(us).
u3 uj us H H
u Uz Ug | U2 Uy
Therefore 3H is the total hypergroup of order 4
Ug Uz Ug

and o(15* )= 3.

16
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(234) Set F(lh) = {d1, dz}, F(UQ) = {dz, d3}, F(Il3) = F(U4) = {d3, d4}
We obtain the following

oH| W U2 W U4 We have p(u;) =0.27083,
3; Uy Uy E g g i (u2) = 0.286, py(us) = pui(us) = 0.272.
u3 Uz U3 | Uz U3
Uy Ug
Uy uz u3
Uy

Therefore the second hypergroupoid is

(H| W] W U4 Ui Hence pa(uz) = pa(u;) = 0.405,
U Uy | WU WUy | H 2(u3) = po(ug) = 0.369.
Uy Uy
usz UzlUg | UsUg | U3 Uy
uj
Uy Uz ug | U3 Ug
uj
uj up

By consequence we have again

2H 185 Ui us Uy

U | U Uy H H H

U Uy U H H

U3 usuy | H From oH we obtain 3H = T. Then 325" )=3.
Uy U3 Uy

(35") IfD(u) = {d;, ds, d3}, T(uz) = {ds, ds}, T(uz) =T(uy) = {dy}.

oH ug u | u3 U4
u [yyu | H H H
up H| H H
s 1 uflu3 One finds the same sequence as in (23*).
4
Uy Uz u3 Therefore 635" )=3
Uy

17
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Set F(lh) = {d1, dz, d3}, F(UQ) = {dz, d3}, F(U3) = {d3, d4}, F(U4) = {d4} We have

(45"
OH U 185 usz Ug
u |uiuluuw | H H
us3 u3
185 u; Up H H
u3
usz H H
Uy U3 Uy
1H us3 U Y) U4
usz | U3 us3 us3 H
upup | U up
up Up Uz | upuz | U uz
Uy
u up Uz | U Uz
Uy
Uyq U4

Hence sH=T and (45" )=3.

So Ml(lh) =0.272= },l1(l,12),
wi(us) = 0.286, p(us) = 0.271.

Hence

Then py(us) = po(ug) = 0.405,

pa(ur) = pao(uz) = 0.369,

from which we obtain

2H Ui 18 5] us3 Uy
1981 Uiy uz | U Uy H H
U wu| H H
U3 Uz U4 | U3 Ug
Uy us3 ug

$4. Set H= {uy, up, us, ug us}. Then there are functions I' : H — P*(D) such that the fuzzy

grade of the associated sequence is respectively 1, 2.

(1% Let |[HI=5= D[, )= {di, &b}, T(w) = {ds, d5}, T(u3) = {ds, ds}, T(us) = {dal,
I'(us) = {ds}. We have

oH up uz us U4 Us
Up | upuz | upuz | upu | upuz | Ui

us3 u3z Uy | U3z Ug Us
185} U (U2 [ U U2 | U U
u3 Uz U4 | Uz Ug | U3 Us
u3 UzUsz | UpUu3z | Uz U3
Uy Uy U4 Us

Uy Uz g u3
U4 Us

Us Us

18

So M1(u1) =0.29167= M1(u4),

pi(uz) = pi(uz) = 0.2936, pi(us) = 0.370.

We obtain
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(H|Us| W u3 i W From this we have p,(us) = 0.348,
Us | Us Us Us H H _ _
U Us | up us H2(u2) = pa(uz) = 0.3067,
u Uz U3 | Uz U3 | Uz U3 | Uy U3 ta(up) = po(ug) =0.3.
up Ug U; Ug
us Uz Uz | Uz Uz | uzu3
Urlg | Wilg | So pp(us) > pa(uz) = p(uz) > p(ur) = p(us).
Ui U Uy u; Uy
W ujuy | It follows that oH = jH. Therefore o(1 D)=1.

2°) Set|H|=5=|DI|, T()={d, do, ds}, T(w)={ds, ds, ds}, T(uz) = {ds, ds, ds},
F(U4) = {d4}, F(U5) = {ds} So we have

oH up U2 u3 Ug Us
ur fuuus e | Hjuw | uw Whence we obtain p;(u;) = 0.228,
u3z ug Uz Ug [ U3 Us
up wu |H{uyu| H ni(up) =0.234, w(usz) =0.2447,
U3 Uy U3 Uy _
o ol o T i (us) = pa(ur)
Uy u; | upus pi(us) =0.231.
U3z Ug | Ug Us
Us u3 Us
(H{Us| W | Us U W We have p,(u3) = 0.3852,
Uz | U3z | Uz ulgluz H H Hz(uz) _ 0.3644,
5
185 18 5] UzUs | UpUs | Ux U5 },lz(us) =(0.341 2,
Uy U4 | U Ug
us us us us ]Jz(ul) = ]Jz(u4) =(0.3208.
Up Ug | U Ug
U Up Ug | U] Ug
Uy U Uy

So oH = {H and by consequence 9(2,°) = 1.

$5. Set H= {uy, up, us, ug, us ue}. Then there are functions T : H — P*(D) such that the fuzzy

grade of the associated sequence is respectively 1, 2, 3.

19
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(1% Set |[HI=6=|DI, T(u) = {dy, ds}, T(w) = {do, ds3}, T(u3) = {ds, dsl,
F(U.4) = {d4, ds}, F(u5) = F(uﬁ) = { ds, d6} We have

OH u Uy us3 Uy Us Ug
U (iU | uiuz | Ui up H U Uz u; Uz
u3 U3 Uy U4 UsUg | U4 U5 Ug
185 uiuz | Ui up H H H
usz U3 Ug
u3 Us Uj3 Uz Uj3 Up uj3 Up uj3
Ug UgUsUg | UgUs5 Ug | UgUsUg
Uy U3 Uy U3 Uy U3 U4
Us Ug Us Ug Us Ug
Us Ug Us Ug Us
Ue Ue
Ue U4 Us
Ue

So pi(u;) =0.231667, pi(uz) = 0.2284, pi(us) = 0.22654, pi(us) = 0.22656,
pi(us) = pi(us) = 0.219.

Hence we obtain

1H U 18] U4 u3 us Ue
Ur |tttz gtz ot H H Therefore pa(u;) = 0.348,
Ug u3 Uy
u U (WU | Waus | wus | upuy | Ma(up) =0.3315,
u U3 UsUg | Uz us U
3 3UsUg | U3 U5 Ug Lo(ug) = 0317,
Uy U4 Uq U3 Ug U3 Ugq U3
Us Ug Us Ug p2(uz) = 0.303,
u3 us3 u3 u3
usug | usug | Ho(us) = pa(ue) = 0.29.
Us U5 Ug U5 Ug
Ue Us Ug

By consequence >H = {H, hence 0(1 9=1.

(21°) Set T(u) = {di}, T(u) = {ds, ds, da}, T'(u3) = {ds, da, ds}, T(us) = {da}, [(us) = {ds},
I"(ug) = {ds, d¢}. We have

20
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()H Uy 185 u3 Uy Us Ug
u | u | uu H U up uj u3 U u3
u3 ug us Uy Us Ug Us Ug
Uy Up U3 Up U3 Uz U3 Up U3 Uz Uj3
Uy U4 Us Ug Ug Ug Us Ug U4 Us Ug
usz Uz U3 Uz U3 Uz us3 Uz U3
UgUs5Ug | U4UsUg | UgUs5 Ug | UgUs5Ug
Uy Uz U3 Uz U3 Uz U3
U4 UgUs Ug | U4Us5 Ug
us us us us us
Ue Ue
Ug usz us
U

Setting {uy, u4, us, ug} =P, we have

1H Uy u3 U | U4 [ Us | Ug
up | Up | Uupus H| H|H|H
u3 u3 H|{H H|H
u P|(P|P|P
Uy P/ P|P
Us P P
Ue P

We obtain
pi(ur) =0.303
wi(u) = 0.22469
pi(us) = 0.24

Hi(ug) = p(up) =
i (us) = p(ug).

One finds H=1H. So 8(2,%=1.

(1% Set |H|=6=|DI|, T'(u)={d;, d}, T(w)={ds, ds}, [(us)={ds,ds},

['(ug) = {d4, ds}, T'(us) = {ds}, I'(ue) = {ds}. So we have

OH u 185 us Uy Us Ue
Up [ uruz | upuz | Upup up Uz up Uz up U2
u3 U3 Ug | U3 Ug Us U4 Us Ue
Uz Uz | U2 u; U2 u; U2 up U2
u3 UsUg | U3UqUs | U3 U4Us | U3 Ug
u3 Uz U3 Uz U3 Uz U3 Uz U3
Uy Ug Us Ug Us U4 Ug
Uy us3 Ug us3 Ug u3 Uy
Us Us Us Ug
Us Ug Us U4 Us
Us
Ue Ue

21

wi(ur) = 0.268,
ui(uz) = 0.267,
wi(us) = 0.260,

i(ug) = pi(u2),
wi(us) = p(w),
M](u6) =0.348.



Therefore we obtain
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1H Ue U Us 18 5] Ug us
Us | Ug | U Us | U Us | Up UsUg | Ul UsUg H
Us Ug U Uy U Uy
U U uUs | Uy Us up Us up Us up Us
Up Uy Up Uy Uy Ug U3
Us Up Us u; Us u; Us u; Us
Uz U4 Uus | UxUy U3
185) Uz Uy Uz Uy Uz Uy
us
Uy Uz Uy Uz Uy
us
us us

Setting I' = {uy, us, Uz, us},

Q = {ug, u3} we have

>H

up | Us

U

Us

5]

o ||

Uy

||| E

Ue

(@]juojjas]jasijan

u3

(@) @jjasfjenfjasijan

So we have

So Mz(uﬁ) = Mz(u3) =0.315

ta(ur) = po(us) = pa(ur) =
Mz(ll4) =0.279.

wi(un) = pi(us) = pi(uz) = pi(us) = 0.208
ul(u6) = Ml(u3) = 0.233

It follows 3H =,H, by consequence 1,0 =2.

2% Set|Dl=6=|HI|, T(u)={d;, d}, T(w) = {ds, ds}, T(us3) = {ds, ds?},
F(U4) = {d4, d5}, F(U5) = {ds, d6}, F(u6) = {d6} We have

()H Ui 185 u3 Uy Us Ue
U (iU | uruz | U u u; U U U U U
u3 Uz Ug | U3 Ug Us | Ug Us Ug Us5 Ug
u uuw | uyup u; up H u; up U3
u3 usz Ug | U3z Ug Us U5 Ug
u3 Uz U3 Uz U3 Uz U3 Uz U3
U4 Ug Us UgUs Ug | UgUs5Ug
Uy U3 Uy U3 Uy U3 Uy
Us Us Ug Us Ug
Us Us Us Us Us
Ue Ue
Ue Us Ug

22

So we obtain
pi(uy) = 0.2467 = py(ue),
ui(u) = 0.243 = py(us),

},ll(Ll3) = }l](ll4) =0.2407
Whence
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1H u Ue up Us U3 U4
U | Wug | Ujue | Ujug | U ug H H
Uz Us | U2 Us
Ug Uil | U1 Ug | U Ug H H
Uz Us | U2 Us
185} U Us [ UpUs | Uz Us | U2 Us
Uz U4 | U3 Ug
Us Uz Us | Upx Us | Uz Us
Uz U4 | U3 Ug
usz u3z ug | U3z Ug
U4 U3 ug

Therefore we set P = {uy, ug, u3, us}. We obtain

2H Up | Ug | U3 | Ug 185 Us
uy |P|P|P|P H H
Ug P/P|P| H H
u3 P|P H H
Uy P H H
u Uz Us | Uz Us
Us Uz Us

Hence

Ha(ur) = pa(ug) = po(u3) =
ua(ug) = 0.2667,

H2(uz) = wa(us) = 0.2619.

We have clearly 3H =,H, whence 9(2,°) =2.

(32%) Set ['(w)={di, do, ds}, T(u) = { ds, da}, T'(u3) = { dy, ds}, ['(ua) = {ds},
['(us) = {ds, de}, I'(ue) = {de}.

oH| W u us3 Uy Us Ue So we have
u |ujuz |uu H
WU [ upu | upup up uz up iz ui(uy) =0.233,
u3 U3 UsgUs | Uz UsgU;s Us Ug
U u; U u; up uup H up U2 Ml(u2) =0.230,
u3 U3z UsgUs | U3 Ug Us U3 Us Ug
},ll(l,h) = 0.228,
usz Uz U3 Uz U3 Uz U3 Uz U3
U4 Us UsUs | U4Us Ug | UgUsUg ni(ug) =0.218,
Uy U3 Uy U3 Uy us Uy
Us Us Ug Us Ug HI(US) = Ml(U3) = 0228,
Us usz Uy uz Uy HI(UG) =0.231.
U5 Ug U5 Ug
Ue Us Ug
We obtain

23
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1H Uy Ue 185 us3 Us Uy
U | U | Uiug | Ujug | UjUgU2 | U Ug U2 H
u U3 us U3 us
Ug Us | UsU2 | UgU2 Ug U2 Ug U2
U3 Us UsUs | U3UsUy
Uz DY) U2 U2 Uz U3 Us
u3 Us u3 us Ug
u3 us3 us u3 us uz us
U4
Us U3 us uz us
U4
Uy Ug
We have

Ha(uy) = 0.345 > pa(ug) = 0.326 > py(us) = 0.324> pa(z) = 0.306 > py(us) = pa(us) = 0.296.

Therefore we have

2H U Ug Ug 185] u3 Us
U U | UiUg | Uy Ug | Ug Ug H H
U4 g Up
Ug Ug UgUg | UgUg U Ug U Ug
U |UU3Us | UpU3Us
Uy Uy Ug Uy 185) 185
us Us us Us
up Uz u u
us Us us Us
us us Us us Us
Us us Us

We obtain now
usz(up) = 0.348 > us(ue) = 0.33158> pz(ug) = 0.317 > ps(uz) = 0.303 > ps(uz) = ps(us) = 0.29.

Therefore 3H =,H and it follows that 3(3,%) = 2.

(42°) Set T(up) = {di, da}, T(u) = { d, d3}, T(us) = { ds, da}, T(us) = {da}, T(us) = {d3},
['(ug) = {d4}. We have

24
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()H Uy 185 u3 Uy Us Ue
U | Uiuz | Urur U3 H UruUg (UpU2U3 | U Uz U3
Ug Ug Us Ug Us Ug Ug
u wwu | H U up u; up Uz H
U4 Us Uz ug Us | UqUs
usz Uz U3 H Uz U3 Uz us3
Us Ug Us Ug Us Ug
U4 up U2 Uruzu3 | Uy vz U3
U4 U4 Us U4 Ug
Us Uz U3 Uz us3
Us Us Ue
Us U3 U
Hence we obtain
1H Us U4 Uy us3 Ug 18]
Us | us| us Us |Uusus | usuy H
UgU; | UgU; | UU3 | Ul U3 Ug
Ug Ugup | U4 g u3 Ug Uy Ug U
u; Uy us3 Ug us3 Ug Un
U Ug U u3 U4 U Ug U
u; Uy u3 Ug u3 Ug Uz
u3 u3 u3 Ue u3
Us U2
U Us U U2
U U

Therefore pa(uz) > pa(ue) > pa(us) > pa(us) > pa(ur) = po(us).

Therefore we have

2H u Ue Us us3 U Uy
U2 | U2 | U2 Ug 185 Uz Ug H H
Ug Us | Us U3
Ug Us | UgUs | UgUs | UgUsU3 | Ue UsU3
u3 U Ug u; Uy
Us Us Us us Us us Us us3
U Ug u; Uy
us3 us us us3
U1 Ug u; Ug
U u; Ug up Uy
U4 up Uq

25

We find :
wi(u) =0.210 = pi(ug)
pi(up) = 0.221
pi(us) =0.216
wi(us) =0.208
wi(ug) = 0.219.
We have :

Ho(us) = 0.324

H2(up) = 0.345

Ha(ug) = 0.326

p2(uz) = 0.3058

t2(up) = pa(ug) = 0.296.

We can see that 3H =7H and

it follows that 5(4,%) = 2.
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(526) Set F(Lh) = {dl}, F(uz) = {dz, d3}, F(Il3) = {d3, d4}, F(U4) = {d4, d5}, F(Ils) = {d5, d6}
[(ug) = {ds}. We have

oH W | W u3 U4 Us Us We obtain p;(u;) = 0.348,
u | u up upuz | upus U ug U us _ _
pi(u2) = 0.268=p;(ue),
Uzus | Uz Ug | UgU;s Us Ug Ue
u Upu3z | UaUu3 | UpU3 | U2U3 Uz u3 pi(us) = 0.2667=p1(us),
Ug | UqUs [ U4Us5Us | UsUe (1s) = 0.260
us u | uuz | uu Uz U3 Hilts T
UzUsg | UgUs | UgUs5 Ug | Ug U5 Ug
Uy U3 Uy U3 Uy us Uy
Us Us Ug Us Ug
Us U4 U4
Us Ug Us Ug
Ug Us Ug
So, we have
H u; U | Ug u3 Us Uy
up | up oW Up | Upu2le | U Uz Us H Now we obtain
Uz Ug | Ua Ug U3z us U3z us
w WUg | Uzug | Uz U U Us up Us Ha(ur) = 0.324
uu uzu u u
3Us 3Us5 5 Uq U3 ta(ug)= 0.315,
Ue Uz Ug Uz Ug Uz Ug Uz Ug
UsUs | U3Us | UsU4Us H2(us) = pa(uz) =po(up) =
u3 U3 us U3z us Us U4 U3
]-12(116) =0.279.
Us U3 Us Us U4 U3
Uy U4

Setting P = { uy, ue ,us us }, we find o H

»H u; Us (U2 | Ug|U3|Us

U | Ui Ug | U Ug

Uy U Uy We have clearly 3H = oH whence a5 =2.
up
Ue
u3

Us

gcljen] Ipgar
o | |T

a~lla-lia-Alan

a~Aia-lis=Ris-Njan! o

26



Ratio Mathematica, 20, 2010

(62%) Set T(w) = {di, dp, ds}, T'(u2) = {da, ds, ds}, T'(u3) = {ds, ds},
I'(us) = {ds, d6}, I'(us) = {ds}, I'(us) = {ds}. So, denoting {ui, Ui+1,..., Uj.1, Uj} by ui, we have

oH | W U | us | Uus | us Ug We have py(u;) =0.233,
3 3 3
u |wuxlu ju H|u uu
1 1uU2 1 1 1 1 U2 M1(112) _ 02302’
U4 Ug
3 3 3 q

uy wur H6 U WU i(us) = pi(ug) =0.228,
u3 Uy | U up u

6 6 6 us) =0.218, pi(ug) = 0.2308.
W N s i (us) 11 (us)
Us U35 u36
U, g U,

8 46 Hence
1H u Ue u Uz Uy Us
Ui U tite | Uite | Uile Ui le H We have po(u;) =0.345454,
U Up U3z U4 | Up U3 Ug

Ug Us | UgUy | Ug2 Ug Uz Ug U2 H2(ug) = 0.326316,

us u. u uz usu

304 | Usls 105 Uals to(us) = 0.305797,

U up U Y) Uz Us

U3 Uy U3 Uy U3 Uy p2(uz) = ta(ug) = 0.29615,
u3 U3 U4 U3 ug U3 Uy

Us MQ(U5) =0.32424.
Uy U3 Uy U3 Uy
Us
Us Us
From this, we have >H as follows
2H u Ug Us up u3 Uy
U |Up | UiUg | Ul Ug | U Ug H H
Us Us Uy

Ue Ue Ue U5 | Ug Us Ug Us Ug Us

U Uz U3 Uy | Up U3 Ug
Us Us Us Uy Us Up Us Uy

U3 Uy u3 Uy One can see that 3H = oH,
Uy up Uy 185 6
U3 Uy Us Uy therefore 0(6,°) = 2.

u3 U3 Uy U3 Uy
Uy us3 Ug

27
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(726) Set F(Lh) = {d1, dz, d3}, F(U2) = {d4}, F(U3) = { d3, d4, ds}, F(U4) = {d4, d5, d6},
['(us) = {ds}, I'(us) = {ds}.

We have p(u;) =0.22,

wi(u) = 0.20864,

M](U}) = 022762,

i (us) = pa(us)

ri(us) = pi(uz) = 0.20864,
},ll(Ll()) = },ll(ul): 0.22.

Hence,

OH u Uy u3 Uy Us Ue
U |Uiu3 | Uiuz | upuzx us H up us Ui us
U3 Uy Ugq Us U4 U5 Uq Ug
185 Uz U3 U U Uz U3 Uz U3 Uz U3
Uy U3 U4 Us | U4 U5 Ug Ugq U5 Uq Ug

u3 uup H uj up H

U3 Ug Us U3 Ug Us
Uy Uz U3 Uz U3 Uz U3
UgUs5Ug | UgUs5Ug | UgUs5Ug

Us u3 Uy u3 Uy
Us Us Ug
Ue U4 Ug

].il(U3) = |.i1(u4) =0.22762 > ul(ul) = ul(u6) =0.22> ul(uz) = ul(us) =0.20864. We obtain

1H u3 g u Ug up Us
U3 [usUg|Usug [Uzug fusug | H H
Ui Ug | U Ug
Uy uzug (Usug fuzug | H H
UjUe | Ui Us
up UjlUe | UrlUg | UpUe | U Us
UxUs | Uy Us
Ug UilUg | UrlUg | Uy Ug
Uz Us | Uz Us
Uy Uz Us | Uz Us
Us Uz Us

Set P = {us, ug, up, us}, Q= {uy, ug}. We obtain

>H

Us | U4

c
=)

u3

Uy

U

||

Us

o |||

uj

r@}j=sjjasijasijas

Ue

(@)'@jjas]jar]jasijan

It follows that

We have
H2(u3) = pa(us) = 0.2667,
Mz(ul) =0.2619 = ].12(116),

Ha(u2) = pa(us) = po(us) =
},lz(ll4) =0.2667.

Ha(us) = p3(us) = ps(uz) = pa(us) =0.208,
M3(ll1) = M3(u6) =0.233.

We have clearly 3H =7H, so A7,%) =2.

28



(8,°) Set I'(uy) = {dy, d>}, T(uz) = {ds, ds, ds?,
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['(ug) = {ds, ds}, T'(us) = {ds}, T'(ue) = {ds}.

['(u3) = {ds, d4, ds}

29

oH up uz us Uy us Ue
i i wueus | Ho b wn ) wi | we obtain p(uy) = 0.233,
u3 U4 Us U3 U4 Us Uq Ug
u ujus | ujusaus H umpuz | uup mi(uy) =0.230247,
e S8 B (us) = 0.228125,
u3 U U3 Uz U3 U4 Uz U3 Uz U3 U4
Ug Us Us Ug Uyg Us Us Ug pi(ug) = pi(uz)
Uy U3 U4 us Uy us Uy
Us Ug Us Ug Us Ug pi(us) =0.218518,
Us us us Uy pi(ue) = 0.230833.
Ug Us Us5 Ug
Us Us Ug From this, we have {H.
(H U] U | W s e us From 1H we obtain :
Uy [ U | UUg | Ul U U1 Ug U1 Ug H
Ug Upusz Ug | Up U3 Ug Mz(ul) = 034545, Mz(uﬁ) = 03263,
Ug Us | U2Ug | UW2Ug Uz Ug Uz Ug 1o(us) = 0.324242,
U3 Uy Usug | UszlUqUs
185 18 5] 185) 185 Uz U3 },lz(uz) = 0.305797,
U3 Uy U3 Uy Uq Us _ _
U3 U3 uy Us Uy Us Uy },lz(Ll3) = },lz(U4) 0.296.
Us
Uy us ug u3 u4
Us
us us Therefore we find »H as follows
pH [ U] Y6 us W s e From >H we obtain : p3(u;) = 0.34848,
Up | U | ujug | urue | ugug H H
Us Us U us(ug) = 0.331579, ms(us) = 0.31739
Ug Ug Us Us | Ug Us Ug Us Ug Us l.l3(1l2) — 0302898,
35 Up Uz Uy | Up U3 Uy
Us us Us Uy Us Uy Us Uy ]J3(113) = |.i3(u4) =0.29
U3 Uy U3 Uy
™ U U U We have clearly 3H = >H, by
3 Hs 4 consequence O(8; 6y =2.
u3 u3 Uy us Uy
Uy U3 Uy
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(136) Set F(ul) = {d1, dz, d3}, F(UZ) = {dz, d3, d4}, F(U3) = {dg, d4, d5}, F(U4) = {d4, d5, d6}
I'(us) = {ds}, T'(ue) = {de}.

We obtain p,(u;) = 0.2006173,
wi(uz) = 0.2005208,

mi(us) =0.20714,

pi(ug) = 0.211905,

pi(us) = 0.198765,

pi(us) = 0.206667.

Hence we have

Ha(ug) = 0.354545 = py(us),

Us | 1a(us) = 0.34035 = pa(wp)

Mz(llﬁ) =0.33188 = },lz(ul)

from which we obtain >H.

From >H it follows

13 (ug) = pa(us) = ps(ue) =ps(ur)

K3 (UQ) = M3(U3) =0.26190.

OH u Uy u3 Uy Us Ug
U |[Uiuz | Uiuz | Uguzus H Ui up Ui Uz us
U3 UsUg | UgqUs U3 Ug Us Ug Ug
185 Uiuz | Uiuzus H Ui Uz us U U
U3 Uy Ug Us U4 Us U3 Ug Ug
Uz u; up Uz H uj U Uz H
U4 Us U4 Us
U4 Uz U3 Uz U3 Uz U3 U4
UgqUsUs | UqUsUs Us Us
Us u3 U3 Uy
U4 Us Us Us
Ug U4 Ue
By consequence we have 1H.
1H Uy u3 Ue uj w2 Us
Us | Ug | Usus | Ususz | Ug U3 Ug U3 H
Ug Ug Ug | Ug U Up
u3 u3 U3 Ug | U3 Ug U3 Ug U3 Ug
185 u; U u; Uz
Ug Us Us Wy Us Uj Us Wy
u Up Us
up up u; uz up up
Us
Uy Uy Uz Us
Us Us
2H Uy Us us3 U Ue U
Ug | UgUs5 | UgUs | UgUs | UgUs H H
Uz Uz | Us Up
Us UgUs | UgUs | UgU;s H H
Uz Uz | Us Up
us3 W [uu | usw | usup | =0.26667
Us U | Us Uy
up Uz Uz | Uz Uz | U3z Uz
Ue U1 | Ug Ug
Ug U U1 | Ug U
Ui Ug U
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Set P = {u4, us, us, u1}, Q = {us, uz}. Then we obtain ;H as follows

3H

Us

Uy

Us

Ue

o ||

U

o || T |

u3

O || | = |

U

(@) @]jas]jer]jasiiar

(25°) Set '(u;) = {d;, do, ds},
['(us) = {ds}, I'(ue) = {ds}.

From 3H, it follows that 4H = 3H and

we have finally 8(15°%) = 3.

F(LQ) = {dg, d4}, F(U3) = {d3, d4, ds}, F(U4) = {d4, d5, dﬁ},

()H U 185 us Ug Us Ue
U luywm |y | uyu H u; up u; up
u3 U3z Ug | U3z Ug U5 U3z UgUs | Uz Ug Ug
u uw | uu H u; up up
U3z Ug | U3z Ug U5 usz,uUg Us | U3 Ug Ug
U3 U up H u; up H
u3 Ug Us u3 Ug Us
Uy Uz U3 uz U3 Uz us3
U4Us5Ug | U4Us5Ug | UgUs5Ug
Us U3 Uy us Uy
Us Us Ue
Ug U4 Ug

whence 8(15 ®)= 6(2:°)=3.

(336) Set F(ul) = {d1, dz, d3}, F(UZ) = {dz, d4}, F(u3) = {d3, d4, ds}, F(U4) = {d4, d5, d6}
F(U5) = {ds}, F(u6) = {d6} We have

()H 1851 185 u3 Ug Us Ue
U |uiuz | urup u; Uy H u; U U U
u3 U3 Ug | U3 UgqUs U3 U4 Us | U3 UgUg
u wuw | uyu H wwu | uyu
U3 Ug | U3 UgqUs Uq Us U3 U4 Ug
U3 uj Uz U3 H uj; U Uz H
Ug Us Ug Us
Uy Uz U3 Uz u3 Uz U3
UgUsUg | UgUsUg | UgUs5Ug
Us u3 Uy U3 Uy
Us Us Ug
Ug U4 Ug

31

See (15°).

We have 8(3; %)= 6(15%)=3.
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$6. (1% Set H= {u}, u, us, ug, us, ug, uz, ug} and T(uy) = {dy, d, d3}, T(up) = {ds, ds, ds},
I'(u3) = {d3, ds, ds}, I'(ug) = { ds, ds, ds}, I'(us) = {ds, dg, d7}, I'(ue) = {dy, dg},
['(u7) = {d7}, T'(ug) = {ds}.

So, denoting {ui, Ui+1,..., Uj.1, uj} by ui, we have

We have
OH Uy U [ U3 | U4 Us Ug u7 ug Hl(ul) = 0_1756,
u u13 u14 u15 u15 u17 u13 u58 U13 U57 U13
! w1 (uz) = 0.17470,
Ug Ug
U wle’luw’ | w | H w’ | owt | p(us) =0.1754978,
8 ~0.172
s we lul | u H ! | u® ug pi(ug) =0.1729,
Uy w | w [ w w | wlus | py(us)=0.1803,
Us U37 U38 U37 u38
U U58 Ll58 Us ],11(116) = 01813,
7 3
uy Us Us ui(uy) =0.175641 = wy(uy),
ug Up Usg

mi(ug) = 0.19073.
So pi(us) > pi(ue) > pius) > p(uy) = p(ur) > pi(us) > pi(uz) > p(us).

One obtains | H as follows

1H Ug 185 u3 ui uy Us Ug us
Ug | Ug | UgUn | U4 U2 Ug U2 Ug U2 U4 Uz U3 Ug Uz U3 H
u3 Uuszuju7 | uz3ujuy7 | Uiuy Us | Uy Uy Us Ug
185} 185} Uz U3 Uz U3 Uz U3 Uz us3 Uz us Uy Uz us Uy
upuy upuy Uju7Us | U7UsUe | U7 Us Ug Ug
u3 u3 u3 u3 usz ug uszupuy uszupuy
u;uy u;uy Us uy Us Ue Us Ue Ug
up upuy upuy upuy upuy upuy
Us Us Ue Us Ue Ug
u7 upuy upuy upuy upuy
Us Us Ue Us Ue Ug
Us Us Us Ug Us Ue
ug
Ug Ug Us Ug
us usg

from which  pa(u4) = pa(ug) = 0.2890, po(uy) = pa(ue) = 0.2724,

ta(uy) = wa(uy) = 0.247567, pa(us) = pa(us) = 0.2549. So we obtain o H.
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2H Ug us 185 Ug u3 Us ui uy
Ug |UgUg [ UgUg | UgUg | UgUg | Ug UgUy | Ug UgUn H H
UyUg | UxUg | Ug U3z Us | Ug U3 Us
ug Ugug | UgUg [ UgUg | UgUgUr | Ug UgUn H H
UzUg | UxUg | Ug U3 Us | Ug U3 Us
uz Uz2U6 | U2U6 | U2Ug UUs | U2UgU3 | Uz U U3
U3 Us U3 Us Usupu7 | Us uuy
Ue U2 Ug U2 Ug Uz Ug Uz Ug U3 | Uz Ug U3
U3 Us U3 Us Usuipu7 | Us upuy
us3 U3 Us U3 Us U3 Us U3 us
u; uy up uy
Us U3 us U3 us us us
u; uy up uy
u u; Uy u; uy
Uz ujuy

Hence we have :
H3(usg) = p3(ug) = ps(ur) = ps(ur) = 0.22619, ps(uz) = ps(ue) = p3(us) = ps(us) = 0.2197.

Setting P= {u4, usg, uj, u7}, Q = {us, us, uy, ue}, we find 3H

cLi 8 Ml Tl e el el Bl il From this, we obtain :
u ([ PLPIP P HIHITIH D o ) =0.166.
Ug P|P|P H|H H|H

u; P|PIH|H|H|H

uy P H|H|H| H

U QIQ|Q|Q

U QlQ|Q

u3 Q Q

Us Q

It follows 4H =T, whence 6(14%)= 4.
$7.(12°) LetH={u|1<i<9} and fori<7, set

['(ui) = { di, dix1, disa}, T(ug) = {ds}, T'(uy) = {do}.
We obtain
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oH | w U u3 Uy Us Ug Uy ug Uy
Uy | Wiuz | Ui Uz | U U u; Uz U; Uz U3 U; Uz U3 u; Uz U3 u; Uz U3 U; Uz Uus
usz uUszug | U3z Uy us3 Ug Ug Us UgU7 | Ug Us Ug Us Ug U7 Ug Ue U7 Ug u7 Ug
Us Us Ug U7 Ug Uo
[ Y) Uruz | upuz | upup up uz us up Uz us up uz u3 U U2 U3
Uslg | Uz U4 | U3 U4 U4 Us Ug U4 Us Ug H Ug Ug U7 Ugq U7 Ug
Us Us Ug u7 U7 ug ug
u3 uruz | upuz uruz u3 up U2 u3 up Uz us U U2 us
Usuyg | U3 U4 U4 Us Ug U4 Us Ug H Usg Us Ug | Ug UsU7 U9
Us Us Ug u7 U7 ug U7 Ug
Uy Uz Uus U U3 Ug | U2 U3 Ug | U2 U3 U4 Us Uz U3 Uy U U3z U4
U4 Us Us Us U7 Us Ug U7 Ue U7 Ug Us Ue U7 Us Ue U7 U9
Ue us Ug ug
Us U3 U4 Us U3 UgqUs5 | U3 UgqU5Ue U3 U4 Us U3 U4 Us
Ue U7 Ue U7 Ug U7 ug Ug Ueg U7 Ug Ug U7 Ug
Ug Ug U5 Ug Ug Us Ug Ug Us Ug Ug Us Ug
U7 ug U7 ug Ug U7 ug U7 ug Ug
u7 Us Ug U7y Us Ug U7y Us Ug U7 Ug
ug Ug ug Ug Ug
us U U7 Ug Ug U7 Ug Ug
U9 U7 Uo
From oH we have
pi(ug) = 0.1729 > py(u7) = 0.1648 > py(u;) = 0.1616 > py(uz) = 0.160 > py(ug) = 0.1599
> wi(ug) = 0.1597 > py(uz) = 0.159169 > py(us) = 0.157387 > p;(ug) = 0.159218.
From these data, we obtain ;H as follows
Hlu | uy u U3 Us ug Uy u Us
Ug | Ug Ug Ug Uy Ug U7 Ug Uy Ug U7 Ug Ug U7 U Ug U7 Up U3
u7 U u; us U; U3 Ug u3 Ug ug U3 Ug Ug Uy Ue Ug Uy Uy H
u7 u7 U7 ug u7 ug u7 ug u7 ug U7urusleg | U7Up U3zl Ug | U7 U U3 Ug
u3 U3 Ug U3 Ug Ug Ug Uy Uz Uy Ug Uz Us
U4
up U Up us | Urusle | Up U3 Ug U U3 Ue Ug U U3 Ug U U3 Ue Ug
Ug Uy Ug Uy Uy Uz Us U4
u3 u3 U3 Ug U3 Ug Ug U3 Ug Ug Uy U3 Ug U3 Ug Ug
Ug Uz Ug Uz Us Ug
Ug Ug Ug Ug Ue Ug Uy Ug Ug Up Uy Ug UgUr Us
Uy
ug ug ug U4 ug uz U4 ug U2
Us Ug
U4 Uy Uz U4 Up Us U4
185 185 Us U
Us Us
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H2(ug) = Ha(us) = 0.2740 > pa(ur) = pa(uz) = 0.261085 > po(uy) = pa(us) =
=0.250716 > pa(u3) = pa(ug) = 0.24495 > pu(ue) = 0.243116.

2H| w | us Uy u u ug u; ug Us
Ug | Us Us Us Ug UsUg | UslUg U7 Uz | UsUg U7 U2 | UsUg U7 | UsUgUy
Ug Ug u7 Uz u7 Uz u; Uy u; ug Uz U3 Ug us ug Uz H
U Uy U Ug
Us Us Us Ug Us Ug UsUg U7 Uz | UsUg U7 Uz | UsUg U7l | Us Ug Uy
Ug uz Uz uz7 Uz u; Ug up Uy U U4 U3 Ug Uz U H
Ug Uszug
u7 u7 Uy uy Uy uy Uy u7 Uy U7uUzU;Ug [ U7U2U7 | U7 U2 Ug Ug
u; Uy u; Uy us ug Ug U3 Ug | Ug U3 Ug
185} u7 Uy u7 Uy u7 Uy U7uUzu; Us | U7 Uz U; | U7 Uz Ug Uy
u; Uy up Uy us ug Usg U3 Ug | U4 U3 Ug
up u; Uy U Ug up Uy u; Uy uj U4 Ug
U3 ug U3 ug U3 ug
U4 U Ug up Uy u; Uy U Uy
U3 ug u3 ug U U3 Ug
us3 U3 us u3 ug U3 ug U
ug u3 ug U3 ug Us
Us U
From ,H we obtain p3(ug) = p3(us) =0.211805, ps(u7) = ps(uz) =0.205433,
]J3(111) = U3 (114) = 020504, 3 (U3) = u3(ug) =0.21 155, M3(u6) =0.24407.
Then we have ;H as follows
3H Ue Ug Us u3 ug 18] u7 Uy Uy
Ug | Ug | UgUg | UgUg Ug Ug Ujs Ug Ug Uj Ug Ug Us U Ug Us
Us Us U3 us usz ug U3 ug uuy u3 ug Uz uzy H H
Ug Ug Us | U9 Us Ug UsU3 UgUs U3 | UgUs U3 Ug | Ug Us U3 Ug | Ug Us UsUg | Ug U5 U3 Ug
us us Up Uy U Uy U uzujlg | Uy U7Uj U4
Us Ug U5 | Ug U5 U3 UgUs U3 | UgUs U3 Ug | Ug Us U3 Ug | Ug U5 U3 Ug | Ug Us UszUg
us us Uz Uy Uz Uy Uz U7 U1 Ug Uz U7 Ug Uy
u3 U3 usg U3 usg u3 ug uz uy u3z uguz uy uz ug up u3 ug un
Uz U Uy U7u; Uy
us uz us Uz uguz U7 | Uz ugUz Uy U3 ug up U3 ug up
Uz U Uy U7u; Uy
185} Uz Uy Uz Uy Uz U7 U1 Ug Uz U7 Up Uy
uy Uy uy Uz U7 U Ug Uz U7 U1 Uy
U U; Ug U; Ug
Uy U1 Uy
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It is possible to verify that the function ¢ : ;H — ;H defined as follows
o(uz) =uy,  ¢(us)=us,  @(ur)=us,

e(u) =us,  @(w)=u,  @(us)=us  G(u7) =uy,

o(u2) =u,  ¢(ue) = us,

is a hypergroup isomorphism.

It follows that the fuzzy grade of (1,°) is 2.

$8. (1% Set H={ul1<i<16}, D={d|1<i<l16}, T(w)={d, ds, ds},
I'(wy) = {da, d3, ds}, and

Vi: i<13, T(w)= {di di+1, dixa},

[(u14) = {dis, dis}, T'(uis) = {dis}, T'(uie) = {die}.

Since V 1, we have ujo ui= {y; | ['(w) N I'(w) # D}, it follows that we have
ujou;={uy,uyuz}, upouy={uy Uz us s},

u3 o uz3= { uy, Uz U3 U4 Us},

Vi: 4<i<13, uioui= { Ui, Ui, Ui U1, Uisa},

U140 Uja= { Uj3, U4, Ugs Uie),

Uis0 uys= { U3, Uig, Uis),

Ui60 Uie= { U4, U6}-

For gH we have the following table :
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oH Up | U2 | us | Ug | Us | Ug u7 ug U9 Ui ur ui2 ui3 Uiq uis Uie
3 ;S 3 6 7 g 3.9 3 10 11 3 12 3 13 3 4 3 15 3 16 3 15 3
u (up (up |up (U |ur (U (U Us | U Ug ur uy u; ug u; Uo up Ujo up un up uj3 u; uj3 U; U4 Ue
i 3 6 7 g 9 410 I I 12 4 13 4 14 z 13 416 1 15 z
u u (ur (U [ | W U u; Ue u uy u; ug ur Uy up Ujo u; un up U3 up ui3 u; U4 Uge
3 6 7 3 9 10 T 5 12 513 5 14 5 15 5 16 5 15 3
u3 u [(u (uw W U U up uy up ug u; Ug Uy Ujo up U Uy U3 Uy ui3 U Ui4 Uje
6 7 g 9 10 I 612 6_ 13 6 14 6_ 15 6_ 16 6_ 15 6
Uy W | | W u u u Uz ug Uz Ug Uz Ujo Uz uj Uz U3 Uz uj3 Uz U4 Uje
7 g 9 10 1 2 713 7 14 7 15 7 16 7 15 7
Us Uz | U3 u3 u3 u3 u3 us Uy U3 ujo usz uji u3 uj3 U3z uj3 U3 ui4 Uje
3 9 10 I 2 13 8 14 g 15 8 16 g 15 3
Ug Uy U4 U4 Uy Uy Uy U4 Ujo Ug Ug U4 U3 Ug Uj3 Ug U4 Uje
9 10 I 2 13 4 9 15 9 16 9 15 9
uy Us Us Us Us Us Us Us uj Us U3 Us U3 Us U4 Uje
10 1 2 I3 4 13 10 16 10 15 10
ug Ue Ug Ug Ug Ug Ug U U13 U U13 Us U4 Ule
11 2 13 iz 13 IT_ 16 15 11
Ug uy uy uy uy uz U7 Uj3 uy U7 U4 Uge
2 13 4 15 16 15 2
Uio ug ug ug ug ug ug Ug U4 Uje
I3 4 13 16 I3 4
ur Ug Ug Ug Ug Ug Ug Uje
4 3 16 13 14
up2 Ujo Uio Uio Uio Uio UWie
13 16 15 16
ui3 ur ur U1 ur
16 16 16
U4 ui3 ui3 ui3
13 16
Ujs ui3 ui3
Uie U4 Uie
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From gH we obtain p;(uis) = 0.15673, pi(uis) =0.13992, wi(uis) = 0.141293, py(u;) = 0.13867,
pi(uz) =0.134942, py(uis) = 0.134215, pi(us) =0.132574, pi(us) = 0.129700, py(us) = 0.128076,
pi(ue) = 0.127554, wi(uy) =0.126581, pi(uiz) =0.1283654, pi(ur) =0.126441,

pi(uio) = 0.126878, wi(ug) =0.12671, wi(ug) =0.126608.

For |H, set vi=uj6, V2=u14, V3=Uuy5, Va=Uuj, Vs=Uz, Vg=1U3, V7=1U3, Vg =U4, Vo =Uj2,

Vio = Us, Vi1 =Us, Vi2 = U0, Vi3 =Us, Vi4 = U9 Vi5s=U7, Vie = Uql.

V(i j), such that i<jset vi= {v; Vi+1,...Vj}. So we have vjo; vj = vi. For yH we have

V1 02 V] =V] 02 Vig =Vi6 02 Vie = {V1, Vie}, V202 V2 =V2 02 Vi5s =Vi5 02 Vis = {Va, Vis}. Generally,

Vi 02 Vi = Vi 02 Vi6-(i-1) = Vie6-G-1) 02 Vie-(i-1) = {vi, Vie-Gi-1) y.For 1<}, vioz Vi = U Vs 02 Vs,

i<s<j
Set P; = {vi, Vie, Vs, Vo}, P2 = {vo, vis, v7, Vio}, P3={v3, Via, Ve, Vi1}, Pa= {va, Vi3, Vs, vi2}.

Then for 3H, Vk: 1<k<14, wehave V(vj, V) € Py x Py, viozv;=P.

If s<t, V(vj,vj) € PsxP, wehave vjo3vj= U P, For 4H, setting

s<u<t

Q=P U P4, Q2=P; U P3;, we have V(v;, vj)) € Qi x Qj, viosvj =Q; U Q;.

By consequence, if 1#j, viosv;j=H and vjo4v; =Q; Since |Q1 |= | Q: | ,we have Vv; € Qq,

V vie Qa, Ma(vi) = pa(vy). It follows that sH =T (total hypergroup) and by consequence a(15'%) = 5.
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Abstract

We introduce and study term functions over fuzzy hyperalgebras. We start from
this idea that the set of nonzero fuzzy subsets of a fuzzy hyperalgebra can be
organized naturally as a universal algebra, and constructing the term functions
over this algebra. We present the form of generated subfuzzy hyperalgebra of a
given fuzzy hyperalgebra as a generalization of universal algebras and multialgebras.

Finally, we characterize the form of the fundamental relation of a fuzzy hyperalgebra.
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1 Introduction

Hyperstructure theory was born in 1934 when Marty defined hypergroups, began to
analysis their properties and applied them to groups, relational algebraic functions (see
[15]). Now they are widely studied from theoretical point of view and for their applications
to many subjects of pure and applied properties ([7]). As it is well known, in 1965 Zadeh
([28]) introduced the notion of a set p on a nonempty set X as a function from X to the
unite real interval I = [0, 1] as a fuzzy set. In 1971, Rosenfeld ([25]) introduced fuzzy sets
in the context of group theory and formulated the concept of a fuzzy subgroup of a group.
Since then, many researchers are engaged in extending the concepts of abstract algebra
to the framework of the fuzzy setting ( for instance see [23]).

The study of fuzzy hyperstructure is an interesting research topic of fuzzy sets and
applied to the theory of algebraic hyperstructure. As it is known a hyperoperation assigns
to every pair of elements of H a nonempty subset of H, while a fuzzy hyperoperation
assigns to every pair of elements of H a nonzero fuzzy set on H. Recently, Sen, Ameri
and Chowdhury introduced and analyzed fuzzy semihypergroups in [21]. This idea was
followed by other researchers and extended to other branches of algebraic hyperstructures,
for instance Leoreanu and Davvaz introduced and studied fuzzy hyperring notion in [13],
Chowdhury in [5] studied fuzzy transposition hypergroups and Leoreanu studied fuzzy
hypermodules in [15].

In this paper we follow the idea in [20] and introduced fuzzy hyperalgebras, as the
largest class of fuzzy algebraic system. We introduce and study term functions over
algebra of all nonzero fuzzy subsets of a fuzzy hyperalgebra, as an important tool to
introduce fundamental relation on fuzzy hyperalgebra. Finally, we construct fundamental
relation of fuzzy algebras and investigate its basic properties.

This paper is organized in four sections. In section 2 we gather the definitions and
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basic properties of hyperalgebras and fuzzy sets that we need to develop our paper. In
section 3 we introduce term functions over the algebra of nonzero fuzzy subsets of a fuzzy
hyperalgebra and we obtained some basic results on fuzzy hyperalgebras, in section 4 we

will present the form of the fundamental relation of a fuzzy hyperalgebra.

2 Preliminaries

In this section we present some definitions and simple properties of hyperalgebras from
2] and [3], which will be used in the next sections. In the sequel H is a fixed nonvoid set,
P*(H) is the family of all nonvoid subsets of H, and for a positive integer n we denote
for H™ the set of n-tuples over H (for more see [6] and [7]).
For a positive integer n a n-ary hyperoperation 3 on H is a function 8 : H" — P*(H).
We say that n is the arity of 5. A subset S of H is closed under the n-ary hyperoperation
B if (z1,...,x,) € S™ implies that G(z1,...,2,) € S. A nullary hyperoperation on H is
just an element of P*(H); i.e. a nonvoid subset of H.
A hyperalgebraic system or a hyperalgebra (H, (3; : i € I)) is the set H with together a
collection (f3; | i € I) of hyperoperations on H.
A subset S of a hyperalgebra H=(H, (5; : ¢ € I)) is a subhyperalgebra of H if S is
closed under each hyperoperation f;, for all ¢ € I, that is G;(ay,...,an,) € S, whenever
(a1, ...,a,,) € S™. The type of H is the map from [ into the set N* of nonnegative integers
assigning to each ¢ € I the arity of ;. In this paper we will assume that for every i € I |
the arity of (; is n;.
For n > 0 we extend an n-ary hyperoperation 3 on H to an n-ary operation 3 on P*(H)

by setting for all Ay, ..., A, € P*(H)

B(A1, ... Ay) = J{B(a1, ... an)la; € Ai(i =1, ...,n)}
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It is easy to see that (P*(H), (8, :i € I)) is an algebra of the same type of H.
Definition 2.1. Let H=(H,(3; : i € I)) and H=(H,(3; : i € I)) be two similar
hyperalgebras. A map h from H into H is called a
(1) A homomorphism if for every i € I and all (ay, ..., a,,) € H™ we have that
BB (1, an)) € Balh(an), oo Bl
(17) a good homomorphism if for every i € I and all (ay,...,a,,) € H™ we have that
W(B((ar, - 0n)) = Bilhlar), - h(aw,)),

for more details about homomorphism of hyperalgebras see [12]. Let p be an equiva-

lence relation on H. We can extend p on P*(H) in the following ways:

(i) Let {A, B} C P*(H). We write ApB iff

Ya € A,3b € B, such that apb  and Vb € B,da € A, such that apb.

(ii) we write ApB iff Va € A,Vb € B we have apb.
Definition 2.2. If H=(H,(f; : i € I)) be a hyperalgebra and p be an equivalence
relation on H. Then p is called regular (resp. strongly regular) if for every ¢ € I, and for
all ay, ...,ap,, b1, ..., b,, € H the following implication holds:

a1pby, ..., ap, pbp, = Bi(ay, ..., an, ) pBi(b1, ..., by,)
(resp. aipby, ..., an,pby, = Bi(ar, ..., an,)pBi(b1, ..., by,))-
Definition 2.3. Recall that for a nonempty set H, a fuzzy subset p of H is a function
e H—[0,1].

If w; is a collection of fuzzy subsets of H, then we define the fuzzy subset ﬂ,uz- by:

(ﬂ pi)(x) = /\{Mz(x)}7 Vo H.

i€l i€l
Definition 2.4. Let p be an equivalence relation on a hyperalgebra (H, (3; : i € I)) and

el

w1 and v be two fuzzy subsets on H. We say that upv if the following two conditions hold:
(i) pla)>0=3be H: vb)>0, and apb

(i1) v(z) >0 = 3Jye H:uly) >0, and zpy.
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3 Fuzzy Hyperalgebra and Term Functions

Definition 3.1. A fuzzy n-ary hyperoperation f™ on S'is amap " : Sx..xS — F*(9),
which associated a nonzero fuzzy subset f"(as,...,a,) with any n-tuple (ai,...,a,) of
elements of S. The couple (S, f™) is called a fuzzy n-ary hypergroupoid. A fuzzy nullary
hyperoperation on S is just an element of F*(S); i.e. a nonzero fuzzy subset of S.
Definition 3.2. Let H be a nonempty set and for every ¢ € I, ; be a fuzzy n;-ary
hyperoperation on H. Then H=(H,(3; : i € I)) is called fuzzy hyperalgebra, where
(n; : 4 € I) is the type of this fuzzy hyperalgebra.

Definition 3.3. If yy, ..., 4, be n; nonzero fuzzy subsets of a fuzzy hyperalgebra H=(H, (5; :

i€l)), we define for all t € H
Bipn, ooy pn)() = \/ (p1 (1) /\ /\Mn(iﬁ'n) /\@;(xb ooy T ) (1))
Finally, if Ay, ..., A,,, are nonempty subsets of H, for all t € H

Br(Ay, . A ) () = Vo Belar, . an,)(1)).

If A is a nonempty subset of H, then we denote the characteristic function of A by x4.
Note that, if f: H; — H, is a map and a € Hy, then f(xa) = Xf(a)-

Example 3.4.

(1) A fuzzy hypergroupoid is a fuzzy hyperalgebra of type (2), that is a set H together
with a fuzzy hyperoperation o. A fuzzy hypergroupoid (H, o), which is associative, that

iszo(yoz)=(xoy)oz, forall x,y,z € H is called fuzzy hypersemigroup[22]. In this
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case for any p € F*(H), we define (a o p)(r) = \/((a ot)(r) A u(t)) and (pnoa)(r) =

\/ (u(t) A (toa)(r)) for all r € H.

teH
(17) A fuzzy hypergroup is a fuzzy hypersemigroup such that for all z € H we have

xoH = H ox = xg (fuzzy reproduction axiom)(for more details see [22]).
(1ii) A fuzzy hyperring R=(R, ®, ®) ([13]) is a fuzzy hyperalgebra of type (2,2), which in
that the following axioms hold:

1) a®d(b®dc)=(a®b)@c forallabceR;

\]

) t®R=R®x=xg for all x € R;

w

) a®b=b®a for all a,b € R;

4) a®©boc)=(a®b ®c foralla,bce R,

5 a@(bdc)=(a0b)®(adc)and (adb) ©c=(a®c)® (boc) forall a,b,ce R.
Example 3.5. Let H=(H, (f; : i € I)) be a hyperalgebra and p be a nonzero fuzzy
subset of H. Define the following fuzzy n-ary hyperoperations on H, for every i € I and

for all (ayq,...,a,,) € H™;

wla) N\ - A\ p(an,) t € fBla,...,an,)

0 otherwise

ﬁ:(a’h '“’am)(t) =

and letting

51‘O<a17'-'7ani) :X{al ,,,,, an; }-
Evidently H°=(H, (87 :i € I)), H°=(H, (55 : i € I)) are fuzzy hyperalgebras.
Theorem 3.6. Let H=(H, (§; : i € I)) be a fuzzy hyperalgebra, then for every ¢ € I and

every ap, ..., a,, € H we have [3;(Xq,, "'7Xani) = Bi(ay, ..., an,).
Definition 3.7. Let H=(H, (5; : i € I)) be a fuzzy hyperalgebra . A nonempty subset S

of H is called a subfuzzy hyperalgebra if for Vi € I,Vay, ..., a,, € S, the following condition
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hold:
Bi(ay, ..., an;)(xz) > 0 then z € S.

We denote by S(U) the set of the subfuzzy hyperalgebras of H.
Definition 3.8. Consider the fuzzy hyperalgebra H=(H, (f; : i € I)) and ¢ # X C H
be nonempty. Clearly, (X) =({B: B € S(H)| X C B} with the fuzzy hyperoperations
of H form a subfuzzy hyperalgebra of H called the subfuzzy hyperalgebra of H generated
by the subset X . Evidently if X is a subfuzzy hyperalgebra for H then (X) = X.
Theorem 3.9. Let H=(H, (; : i € I)) be a fuzzy hyperalgebra and ¢ # X C H. We
consider Xg = X and for any k£ € N,

Xip1 =XpU{a€e H|Jiel,n € Ny, ...,x,, € Xy; Bi(x1, ..., x,,)(a) > 0}.

Then (X) = | J X;.
keN
Proof. Let M = U Xk, and Vi € I, consider ty,...,t,, € M and [;(t1,....t,,)(x) > 0.
keN
From X, C X; C ... C X, C ... it follows the existence of m € N such that ¢4, ...,¢,, € X,,,
which implies, according to the definition of X,,,; that + € X,,;;. Thus x € M and

M = U X} is a subfuzzy hyperalgebra. From X = X, C M, by definition of the
keN

generated subfuzzy hyperalgebra, it results (X) C (M) = M. To prove the inverse inclu-
sion we will show by induction on k£ € N that X, C (X) for any £ € N, and we have
Xo = X C (X). We suppose that X C (X). From (X) € S(H) and the definition
Xk4+1 we can deduce that X1 C (X). Hence M C (X). The two inclusion lead us to

M = (X).00
Let H=(H, (; : © € I)) be a fuzzy hyperalgebra then, the set of the nonzero fuzzy

subsets of H denoted by F*(H), can be organized as a universal algebra with the opera-

tions;
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for every i € I, puy, ..., in, € F*(H) and t € H. We denote this algebra by F*(H).

In [13] Gratzer presents the algebra of the term functions of a universal algebra. If we
consider an algebra B=(B, (§; : i € I)) we call n—ary term functions on B (n € N) those
and only those functions from B™ into B, which can be obtained by applying (i) and (ii)
from bellow for finitely many times:

() the functions e}’ : B — B, €21, ...,on) = x;, i = 1,...,n are n—ary term functions
on B;

(12) if p1, ..., pn, are n—ary term functions on B, then (;(py, ..., pn,) : B" — B,

Bi(P1y ooy Py ) (X1 ooy @) = Bi(p1(T1,y ooy Ty ooy Dy (T, o0y ) 18 also a n—ary term function
on B.

We can observe that (ii) organize the set of n—ary term functions over B (P™(B)) as a
universal algebra, denoted by B™(B).

If H is a fuzzy hyperalgebra then for any n € N, we can construct the algebra of n—ary
term functions on F*(H), denoted by B™ (F*(H)) = (P™(F*(H)), (3 : i € I)).
Theorem 3.10. A necessary and sufficient condition for F*(B) to be a subalgebra of
F*(U) is that B is to be a subfuzzy hyperalgebra for U.

Proof. Obvious.l

The next result immediately follows from Theorem 3.10.

Corollary 3.11. (i) Let H=(H,(5; : ¢ € I)) be a fuzzy hyperalgebra and B a sub-
fuzzy hyperalgebra of H, and p € P™(F*(H)),(n € N). If uy,...,pu, € F*(B) , then
P15 s pin) € F*(B).

(i1) Let H= (H,(0; : i € I)) be a fuzzy hyperalgebra and B a subfuzzy hyperalgebra of
H, and p € P™(F*(H)),(n € N). If 21, ...,2, € B, then p(Xay, - Xa,) € F*(B).0
Theorem 3.12. Let H=(H, (5; : i € I)) be a fuzzy hyperalgebra and ¢ # X C H.

Then a € (X) if and only if In € N, Ip € P™(F*(H)), and Iy, ..., 7, € X, such that
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p(X:EU Xy Xxn)(a> > 0.
Proof. We denote

M={ae H|3IneN,3peP"FM), 31, ...00 € X : p(Xay,.--Xa,)(a) > 0}.

For any z € X we have ej(x,)(z) = xo(x) = 1, thus z € X and hence X C M. Also
from Corollary 3.11 (ii), it follows that p(xu,, ..., Xz,,) € F*((X)), therefore M C (X).
We will prove now that M is subfuzzy hyperalgebra of H. For any ¢ € I, if ¢4, ...,c,, € M
and B;(cq, ..., ¢n,)(x) > 0, we must show that z € M. For ¢y,...,c,, € M, it means
that there exist m, € N,pp € Pmk(f*(H)),x’f,...,xfnk € X,k € {1,...,n;}, such that
Pr(Xat ""Xx’ﬁnk)(ck> > 0, Vk € {1,...,n;}. According to the Corollary 8.2 from [12], for
any n—ary term function p over F*(H) and for m > n there exists an m—ary term
function ¢ over F*(H), such that p(uy, ..., tin) = q(t41, -y fm), for all py, ..., i, € F*(H);
this allows us to consider instead of pi, ..., p,, the term functions ¢y, ..., gy, all with the
same arity m = my + ... + m,, and the elements yi, ...,y € X (which are the elements
1 1

Ty ooy Ty ooy T oy ), such that gu( Xy, - Xy ) (ce) > 0,Vk € {1, ..., n;}. But we have

Biladr(Xyns -+ X ) -+ @ (X -+ X)) () =
\/ (@1 (X5 -0 X )(@1) A woo Ay (X -5 X ) (@) A Bi@ns oo ) (),
and for (ay,...,an,) = (c1,...,¢n;) We have (5;(q1, s @n;) Xyrs -r Xy )) () > 0 . On the
other hands we have (g1, ..., gn,) € P (F*(H)),(m € N) , 91, ..., ym € X which implies
that © € M. Therefore, M = (X)) and this complete the proof.[]
Remark 3.13. If H has a fuzzy nullary hyperoperation then
< ¢>={a€ H|3Ipe€ P (F*(H)), such that pu(a) > 0}.

Recall that if H=(H, (5; : i € I)) and B=(B, (; : i € I)) are fuzzy hyperalgebras with

the same type, then a map h: H — B is called a good homomorphism if for any i € I we
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have ;

h(Gi(ai,...,an,)) = Bi(h(ar), ..., h(an,)),Vay, ..., a,, € H.

An equivalence relation on H ¢ is said to be an ideal if for any ¢ € I we have:

Bi(x1, ..., xn;)(a) >0 and zpeyp(k € {1,..,n;}) = Fbe H: Bi(y1, ..., Yn;)(b) >0 and apb.

For example the fuzzy regular relations on a fuzzy hypersemigroup are ideal equiva-
lence. (for more details see [13, 21])
Definition 3.14. Let H=(H, (0; : i € I)) be a fuzzy hyperalgebra and ¢ an equivalence
relation on H. Then H/¢p can be described as a fuzzy hyperalgebra H/p with the fuzzy

hyperoperations:

Bilp(x1)s s p(@n))(P(@n 1)) =\ Bilyrs oY) Yi)-

TrPYk

Theorem 3.15. Let h: H — B be a good homomorphism of fuzzy hyperalgebras H and
B. Then the relation ¢ = {(x,y) € H|h(xz) = h(y)} is an ideal relation on H. Conversely,
if ¢ is an ideal relation on H, then p = p, : H — H/p is homomorphism (which is not
strong).

Proof. Straightforward.lJ

Remark 3.16. Let H and B be fuzzy hyperalgebras of the same type and h be a
homomorphism from H into B. We will construct the algebras F*(H) and F*(B). The
homomorphism h induces a mapping b’ : F*(H) — F*(B) by h'(n) = h(p), for any
we F*(H).

Let us consider H a set and F*(H) the set of its nonzero fuzzy subsets. Let ¢ be an

equivalence on H and let us consider the relation 3 on F*(H) as follows:
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pov < Yae H:pu(a) >0 = Jbe H:v(b) >0 and apband

Voe H: v(b)>0 = dacH:pula)>0 and apb.

It is immediate that @ is an equivalence relation on F*(H). The next result immediately
follows.

Theorem 3.17. An equivalence relation ¢ on a fuzzy hyperalgebra H is ideal if and only
if ¥ is a congruence relation on F*(H).

Proof. Let us suppose that ¢ is an ideal equivalence on H and let us consider ¢ € [
and g, vy € F*(H) nonzero and pypuy, k € {1,...,n;} . Then for any a € H such that
Bi(tt1y oy fin;) (@) > 0, we have

Bilprs )@ =\ (@) A A g (2,) A Bi(@, 1) (a).

Thus there exists (z1,...,x,,) € H™, such that p(zx) > 0 for £ € {1,...,n;} and
Bi(z1, ..., xp,)(a) > 0. From the definition @ and hence there exists (y1, ..., yn,) € H™, such
that v (yr) > 0 for k € {1,...,n;} and x,pyy, and sice ¢ is an ideal and G;(z1, ..., z,,)(a) >
0, there exists b € H, such that 5;(yi,...,yn,)(b) > 0 and apb. Analogously, it can be
proved that for all b € H, such that 5;(yi, ..., yn,)(b) > 0, there exists a € H, such that
Bi(x1, ..., xn,;)(a) > 0 and apdb. Hence, it is proved that ¥ is a congruence on F*(H).
Conversely, let us take i € I and a,xp,yp € H, k € {1,...,n;} such that z,py, and
Bi(x1, ..., xn,;)(a) > 0. Obviously, x., @xy,, Vk € {1, ...,n;}, and because ¥ is a congruence
on F*(IH) We can write 3i(Xay, s Xan, JPBi(Xyrs > Xum, )> hence Bi(x1, ..., 20, )OBi(Y1, -5 Yn, ),
which leads us to the existence b € H, such that 5;(yi, ..., yn,)(b) > 0 and apb. This com-
plete the proof.[]

Corollary 3.18. (i) If H=(H,(8; : i € I)) is a fuzzy hyperalgebra, ¢ is an ideal equiv-

alence relation on H and p € P™(F*(H)) If for any nonzero, pu, v, such that @y

53



Ratio Mathematica, 20, 2010

ke {1,..,n}, then p(uy, ..., tn)Pp(V1, ooy Vn).

(1) Let H=(H, (8; : i € I)) be a fuzzy hyperalgebra, ¢ an ideal equivalence relation on H.

If xppyp, k € {1,...,n},p € P(”)(}"*(H)) . Tk, Y € H. Then have p(Xay, s Xan )PP(Xy1s s Xyn )-

Let h be a homomorphism from H into B and take ¢ = {(z,y) € H? | h(z) = h(y)}.
Then we have p = {(u,v) € (F*(H))?> | /(1) = W(v)}. Obviously, ¢ is an ideal of H if
and only if P is congruence on F*(H).

Theorem 3.19. The map h is a homomorphism ofthe universal algebras F*(H) and
F*(B) if and only if A is a good homomorphism between H and B.

Proof. Straightforward.[]

The next result immediately follows from Theorem 3.12.

Corollary 3.20. (i) Let H=(H, (§; : i € I)) and B=(B, (8; : i € I)) be fuzzy hyperalge-
bras of the same type, h : H — B a homomorphism and p € P"™(F*(H)). Then for all
fi1, oy fin € F*(H) we have B (p(pa; .., pin)) = p(h'(p1), -, W (1))

(i7) Let H=(H, (5; : i € I)) and B=(B, (; : i € I)) be fuzzy hyperalgebras of the same

type, h : H — B a homomorphism and p € P™(F*(H)). Then for all ai,...,a, € H, we

have 7'(p(Xa,, -+ Xan)) = P(M'(Xar ), -+, B (Xa, ) -H

4 Fundamental Relation of Fuzzy Hyperalgebra

As it is known that if R is an strongly regular equivalence relation on a given hyper-
group (resp. hypergroupoid, semihypergroup) H, then we can define a binary operation
® on the quotient set H/R, the set of all equivalence classes of H with respect to R, such

that (H/R,®) consists a group (resp. groupoid, semigroup). In fact the relation 3* is the
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smallest equivalences relation such that the quotient H/3* is a group (resp. groupoid,
semigroup) and it is called fundamental relation of H. The equivalence relation 3* was
studied on hypergroups by many authors( for more details see [6]). As the fundamental
relation plays an important role in the theory of algebraic hyperstructure it extended to
other classes of algebraic hyperstructure, such as hyperrings, hypermodules, hypervec-
torspaces( for more details see [25], [26] and [27]). In [20] Pelea introduced and studied
the fundamental relation of a multialgebra based on term functions. In the sequel we
extend fundamental relation on fuzzy hyperalgebras and investigate its basic properties.
Let B=(B, (f; : i € I)) be an universal algebra. If we add to the set of the operations of
B the nullary operations corresponding to the elements of B, the n—ary term functions of
this new algebra are called the n—ary polynomial functions of B. The n—ary polynomial
functions P™"(B) of B form a universal algebra with the operations (5; : i € I), denoted
by P™)(B), P (B)=(P"(B), (5; : i € I)).

Let H=(H,(B; : i € I)) be a fuzzy hyperalgebra. For any n € N, we can construct
the algebra P (F*(H)) of n—ary polynomial functions on F*(H), ( P™(F*(H)) =
(P"(F*(H)), (8; : i € I))) . Consider the subalgebra 775_?) (F*(H)) of P™ (F*(H)) obtained
by adding to the operations (5; : i € I) of F*(H) only the nullary operations associated
to the characteristic functions of the elements of H. Thus the elements of Pg) (F*(H))
(n € N) are those and only those functions from (F*(H))" into F™*(H) which can obtained
by applying (i), (i7), (zii) from bellow for finitely many times:

(¢) the functions C7 : (F*(H))" — F*(H), defined by setting C7 (i1, .., fin) = Xa, for all
Wiy -y fin € F*(H) are elements of Pg)(f*(H)), for every a € H;

(17) the functions el : (F*(H))" — F*(H), €1, ..., ttn) = i, for all pq, ..., u, € F*(H),
i=1,...,n are elements of Pg)(F*(H));

(3i) if py, ..., pn, are elements of 77%1)(.7:*(]1-]1)), and ¢ € I then G;(p1,...,pn,) : (F*(H))" —
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F*(H), defined by setting for all p1, ..., i, € F*(H), (Bi(p1y s Dny) ) (11 oovy i) =

Bi (D1 (415 oy 1) s ooy Doy (f11, s ) 15 also an element of P4 (F*(H)).

In the continue, we will use only polynomial functions from Pg_?) (F*(H)). Thus we will
drop the subscript with no danger of confusion.

Definition 4.1. Let a be the relation defined on H for x,y € H set zay follows:

zay <= p(Xays - Xa,)(®) > 0and p(Xays s Xa, ) (y) > 0, for some p e P"(F*(H)),aq,...,a, € H.

It is clear that « is symmetric. Because for any a € H, el(x,)(a) > 0, the relation a is
also reflexive. We take a* to be the transitive closure of . Then «o* is an equivalence
relation on H.
Lemma 4.2. If f € PY(F*(H)) and a,b € H satisfy aa*b then f(xa)ﬁf(xb).
Proof. By the definition of o* : a = y1aysax...ay,, = b for some m € N and s, ..., y_1 €
H. Let f(xy,)(w;) > 0,7 =1,...,m. Consider 1 < j < m. Clearly y;joy,+1 means that
P (Xars s Xan)(3) > 0 and py(Xays - Xar) (451) > 0, for some n, € N,p; € P (F*(H)),
ai,...,an, € H. Define the nj—ary hyperoperation ¢; on F*(H) by setting

0 (Xars -+ Xan,) = \/{f(Xt) : Pj(Xas s Xa, )(8) > 0} for all @, ..., z,; € H. Clearly

q; € P (F*(H)) and for @ € H; q;(Xays -+ Xa, ) () = \V fOe) ().

Pj(Xal 77777 Xlln)(z)>0
From p;(Xays - Xan)(¥5) > 0 and pj(Xay, s Xan ) (Yj+1) > 0 we get

0 < fOx,)(45) < g5 (Xars -+ Xan)(w;)  and
0< f(ij+1)(uj+1) < d; (Xam '--7Xan)(uj+1)
proving w;aujq. Thus wja*u,. Since f(xq)(w1) = f(xy)(u1) > 0 and f(xp)(um) =

JF(Xym ) (wm) > 0 were arbitrary, we obtain f(x.)a* f(xs).0

Remark 4.3. For a given fuzzy hyperalgebra H and equivalence relation p on H, the set

H/p can be considered as a hyperalgebra with the hyperoperations
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61(:0((11)7 "'7p<ani)) = {p(2> | Bi(blv 7bnz)<z> > O7bk € p(ak)7Vk € {17 7n2}} (1)

for all i € I.
Lemma 4.4. Let p be an equivalence relation on H such that H/p be an universal algebra

. Then for any n € N, p € P"(F*(H)) and ay, ..., a, € H the following gold:

P(Xays 5 Xap ) (@) >0 and p(Xays s Xa,)([y) >0 = xpy.

Proof. We will prove this statement by induction over the steps of construction of an
n—ary polynomial function( for n € N arbitrary).

If p=Cy, from CF (Xays -+ Xan ) (@) > 0 and C7 (Xay, -+ Xan)(y) > 0 we deduce that
r =1y = a, thus xpy.

If p=cel withi € {1,...,n}, from €'(Xay; -, Xa,,)(®) > 0 and €' (Xays s Xan ) (y) > 0 we
deduce that © = y = a;, , and hence xpy.

We suppose that the statement holds for the n—ary polynomial functions py, ..., p,, and

we will prove it for the n—ary polynomial function Sg(p1, ..., pn, ). If

0 < Br(Pry s Py ) (Xans -+ Xan) () = B(P1r(Xars -+ Xan )5 -+ Py (Xar s -+ Xan ) (T) =

\/ (P1(Xays s Xan) (1) A oo A Dny (Xags -5 Xan ) (@) A Br(@1, .oy T, ) ()
and if we set y instead of x, above statement is true. Thus there exist
Ty ooy Tpps Y1y ooy Yny, € H, such that p;(Xay, - Xan) (2i) > 0 and p;(Xays -5 Xan ) (%) > 0,
fori e {1,....,n} and Gi(x1, ..., xpn, ) (x) > 0 and Bi(y1, ..., Yn, ) (y) > 0. Obviously, x;py; for
all i € {1,...,nx} and according to (1) and by the hypothesis we obtain that p(z) = p(y),
i.e., zpy, as desired.[]
The next result immediately follows from previous two lemmas.
Theorem 4.5. The relation o* is the smallest equivalence relation on fuzzy hyperalgebra

H such that H/p is an universal algebra.
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We call H/p, fundamental universal algebra of fuzzy hyperalgebra H such that H/p.
Proof. At the first, we show that H/p is a universal algebra. For this we take any
x,y € H, such that a*(z), a*(y) € Bp(a*(a1),...,a*(ay,)) for k € I and ay, ...,a,, € H.
This means that there exist x1, ..., T, , Y1, ..., Yn, € H, such that G(z1, ..., z,,)(z) > 0 and
Br(Y1y -y Un,, ) (y) > 0 and z;0*a;ay; for all @ € {1, ...,y }.

Applying Lemma 4.2 to the unary polynomial functions

Bi(z, O e O ), GO 20O s O )y Bi(CR e Gl L2),

K Xynk—l,

we obtain the following relations:

6i(X:B17 ceey ank )§5(Xy17 Xzoy s ink)

ﬁi (Xyn sz? R3] Xl’nk )aﬁz(Xyl 9 X227 X:):g-"a Xxnk)

ﬂ’i(Xym Xyza ceey Xxnkfl)mﬁi(Xyn Xy27 ceey Xy',Lk)?

which leads us to za*y (from definition o), i.e. a*(x) = a*(y). Clearly, 5; in (1) is an
operation on H/a*, for any ¢ € I, and H/a* is a universal algebra. Now we prove that
a* is smallest. If p is an arbitrary equivalence relation on H such that H/p is a universal
algebra, we can show that a* C p. If zay then there exist n € N, p € P*"(F*(H)) and
ai,...,a, € H for which p(Xa,, s Xa,) (@) > 0 and p(Xa,, -, Xa,)(y) > 0, and hence by
Lemma 4.4 we have xpy, hence o« C p, which implies a* C p.[J
Remark 4.6. For a given fuzzy hyperalgebra H and equivalence relation o on H. Let
us define the operations of the universal algebra H/a* as follows :

Bi(a*(a), ..., (ay,;)) = {a*(b) | Bi(ai, ..., an,)(b) > 0}.
Moreover, we can write

BGi(a*(ay), ...,a*(an,)) = a*(b)  Bi(ai,...,an,)(b) > 0.
Example 4.7. Let H=(H, o) be a fuzzy hypersemigroup, i.e. a fuzzy hyperalgebra with

one binary fuzzy hyperoperation o, which is associative, that is x o (yo z) = (x o y) o z,
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for all z,y,z € H ( for more details see [21]). Let F*(H)=(F*(H),o) be the universal
algebra with one binary operation defined as follows:

(pov)(r) =\ w@)Avy)A(zoy)(r) ¥V pmrveF (H)reH
r,yeH
By distributivity of the lattice ([0, 1], V, A) and associativity of o in H, we will prove that

the operation o in F*(H) is associative. So for every u,v,n € F*(H) and r € H we have

(ovyon)(r)=\/ [(nov)(@) Anly) Az oy)(r)] =

z,yeH

\V 1OV wlp) Avig) Apog)(x) Any) Az oy)(r)] =

z,yeH p,qeH

\ (1) Avig) An(y) A\ (pog)(@) A (zoy)(r)] =

\/ (p) A () An(y) A\ (pox)(r) Agoy)(z)] =

V 1) Apox)(r) A\ vla) Any) Algoy)()] =

\/ (o) A (o 2)(r) A (v 0 m)(a)] = (0 (v o m)(1).

Consider now the universal algebra of polynomial functions of (F*(H),o). The images

of the elements of this algebra are the sums of nonzero fuzzy subsets of H. Thus we can

define @ on H by:
acb <= 3z, ...z, € Hn € N): (Xgy ©... 0 Xa,,)(@) > 0 and (x4, © ... © Xz, )(b) > 0.

Consider the quotient set H/a* with the hyperoperation

a*(a)oa*(b) = {a*(c) | (' 0b')(c) >0, da*a, ba*b}.

Really o is an operation, because o* is the fundamental relation on H. Also

a*(x)oa*(y)oa’(z)) = a*(x)oa®(k) = a*(l), where (yoz)(k) >0 and (zok)(l)> 0.

Therefore, 0 < (w0 (yo2)(l) = ((woy)o2)() = \/[(@oy)p) A (poz)1)]. Thus

peEH
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there exists p € H, such that o*(l) = a*(p) o a*(2) = (a*(x) o a*(y)) o a*(z), that the
operation o in H/a* is associative. Moreover, if H=(H, o) be a fuzzy hypergroup, that is
xoH = Hox = xp, for every x € H, since for every o*(a),a*(b) € H/a*, there exist
a*(t),a*(s) € H/a*, such that, a*(a) o a*(t) = a*(b) and o*(s) o a*(a) = a*(b), it is
concluded that H/a*=(H/a*, o) is a group.

Example 4.8. Let R=(R,®,®) be a fuzzy hyperring. This means that (R,®) is a
commutative fuzzy hypergroup, (R, ®) is a fuzzy hypersemigroup and for all z,y,z € R
satisfies: 2O (y®z) = (zQY)®(zGz) and (xPyY) Oz = (x©2) B (y® z) ( for more details
see [13]). Let F*(R)=(F*(R),®,®) be the universal algebra with two binary operations

defined as follows:

(pov)(r) =\ @) Aviy) Az y)r)],

z,yeH

(mov)r) =\ @) Avly) Aoy,

z,yeH

for all u,v € F*(R), r € R. Obviously, the operation @ in F*(R) is commutative, and &
and ® in F*(R) are associative. By distributivity of the lattice [0, 1] and distributivity ®
with respect to @ in R, we will prove that the operation ® in F*(R) is distributive with
respect to the operation &, too.

For every p,v, eta € F*(R) and r € R we have:

(o wen)(r) =\ @) A ey Az oy)r)] =

V @) A () vl(s) Zy;éi) ANs@t)(y) Az oy)r)] =
xi;R[ V (u(;ite/\RV(S) AnE) A (s @) (y) Az O y)(r)] =
w:y\G/R S[Le(i) Av(s) An) A\ (@ @y)(r) Als @ ) (y)] =
rﬁsv\:/:[u(w) Av(s) An(t) A (ye\ZR(ﬂf ©s)p) Az O8)(@) A (p@g)(r)] =
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V 1V (@) Ant) (@ 0 )(g) Au(z) Av(s) Az @ s)(p) A(p©g)(r))] =

z,s,teER p,qeER

VIOV u@) Ay Aot @) A\ wlz) Av(s) Az s)p)Ap o)) =

V [ 0m@ A 1o n)E) A @ ar)] = (10 0) & (1o n)r).

And analogously, (u®v) ©@n = (L ©n) ® (v ©®n). Now we can construct the universal
algebra (with two binary operations) of the polynomial functions of 7*(R) for any n € N.
The images of the elements of this algebra are the sums of products of nonzero fuzzy
subsets of R. Thus we can define o on R by;
aah <= ;5 € Ry e {1,...k;},je{l,.. I}, kj,l e N:
(@1 (D11 Xar,))(@) > 0 and (B (O 1Xa,))(B) > 0.

Consider the quotient set R/a* withe two following hyperoperations :

a*(a) ® a*(b) = {a*(c) | (d ®V)(c) > 0,d a*a,b'a*b}, and

a*(a) © a*(b) = {a*(c) | (d ©®V)(c) > 0,d'a*a, b/ a*b}
Actually @ and ® are operations, because o is the fundamental relation on R. By con-
sidering the previous example, obviously (R/a*, @) is a commutative group. We verify
the distributivity of ® with respect to @ for the universal algebra R/a*=(R/a*, &, ®).
We have
a*(a) © (a*(b) ® a*(c)) = a*(a) ©® a*(d) = a*(e), where (b& ¢)(d) > 0 and (e ® d)(e) > 0

0<(@o@®c)(e)=\(a@p)(e)A(b®c)(p). Thus

0<((a®b)@(aGc)) (Z) = \/ (a®b)(x) A(a®c)(y) A(x®y)(e). Therefore, there exist
£, € R such that a*(¢) = a*(2) + a*(y) = (o () +a*(5)) @ (a*(a) ®a*(¢)). and hence it
was proved that a*(a) ® (o*(b) ® a*(c)) = (o*(a) + a*(b)) ® (a*(a) ® a*(c)). Analogously,
we can prove that (o (b) @ a*(c)) ® a*(a)) = (a*(b) ® a*(a)) ® (a*(¢) ® *(a)). Thus it

concluded that R/a*=(R/a*, &, ®) is a ring, as desired.[

Conclusion
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We introduced and studied term functions over fuzzy hyperalgebras, as the largest
class of fuzzy algebraic systems. We use the idea that the set of nonzero fuzzy subsets of
a fuzzy hyperalgebra can be organized naturally as a universal algebra, and constructed
the term functions over this algebra. We gave the form of generated subfuzzy hyperalgebra
of a given fuzzy hyperalgebra as a generalization of universal algebras and multialgebras.
Finally, we characterized the form of the fundamental relation of a fuzzy hyperalgebra, to
construct the fundamental universal algebra corresponding to a given fuzzy hyperalgebra,
and this result guarantee that that fundamental relation on any fuzzy algebraic hyper-

structures, such as fuzzy hypergroups, fuzzy hyperrings, fuzzy hypermodules,... exists.
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1 Introduction

Burst errors are the type of errors that occur quite frequently in several
communication channels. Codes developed to detect and correct such
errors have been studied extensively by many authors. Abramson [1959]
developed codes which dealt with the correction of single and double
adjacent errors, which was extended by Fire [1959] as a more general

concept called ‘burst errors’. A burst of length b is defined as follows:

Definition 1. A burst of length b is a vector whose only non-zero
components are among some b consecutive components, the first and the

last of which is non-zero.

The nature of burst errors differs from channel to channel depending
upon the kind of channel. Chien and Tang [1965] proposed a modification
in the definition of a burst and they defined a burst of length b, which
shall be called as CT-burst of length b, as follows:

Definition 2. A CT-burst of length b is a vector whose only non-zero
components are confined to some b consecutive positions, the first of which

1S non-zero.

Channels due to Alexander, Gryb and Nast [1960] fall in this

category. This definition was further modified by Dass [1980] as follows:

Definition 3. A burst of length b(fixed) is an n-tuple whose only non-zero
components are confined to b consecutive positions, the first of which is
non-zero and the number of its starting positions is among the first n—b+1

components.
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This definition is useful for channels not producing errors near the
end of a code word. In very busy communication channels errors repeat
themselves. So is a situation when errors occur in the form of bursts. Dass,
Garg and Zannetti [2008] studied this kind of repeated burst errors. They
termed such errors as m-repeated burst errors of length b(fixed) which has

been defined as follows:

Definition 4. An m-repeated bursts of length b(fixed) is an n-tuple whose
only non-zero components are confined to m distinct sets of b consecutive
digits, the first component of each set is non-zero and the number of its

starting positions is among the first n — mb + 1 components.

In particular a 2-repeated bursts of length b(fixed) has been defined
by Dass and Garg [2009(a)] as follows:

Definition 5. A 2-repeated bursts of length b(fixed) is an n-tuple whose
only non-zero components are confined to 2 distinct sets of b consecutive
digits, the first component of each set is non-zero and the number of its

starting positions is among the first n — 2b + 1 components.

During the process of transmission some disturbances cause occur-
rence of burst errors in such a way that over a given length, some digits are
received correctly while others get corrupted i.e. not all the digits inside

a burst are in error. Such bursts are termed as low-density bursts [Wyner

(1963)].

A low-density burst of length b(fixed) with weight w or less has been

defined as follows:
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Definition 6. A low-density burst of length b(fixed) with weight w or
less is an n-tuple whose only non-zero components are confined to some b
consecutive positions, the first of which is non-zero with at most w (w < b)
non-zero components within such b consecutive digits and the number of

starting positions of the burst is among the first n — b+ 1 components.

Dass and Garg [2009(b)] studied codes which are capable to detect
and/or correct m-repeated low-density bursts of length b(fixed) with

weight w or less. They defined such codes as follows:

Definition 7. An m-repeated low-density burst of length b(fixed) with
weight w or less is an n-tuple whose only non-zero components are confined
to m distinct sets of b consecutive positions, the first component of each
set is non-zero where each set can have at most w non-zero components
(w < b), and the number of its starting positions in an n-tuple is among

the first n —mb + 1 positions.

In particular, a 2-repeated low-density burst of length b(fixed) with

weight w or less has been defined as follows:

Definition 8. A 2-repeated low-density burst of length b(fixed) with
weight w or less is an n-tuple whose only non-zero components are confined
to two distinct sets of b consecutive positions, the first component of each
set is non-zero where each set can have at most w non-zero components
(w < b), and the number of its starting positions in an n-tuple is among

the first n — 2b + 1 positions.
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As an illustration, (21010000102000) is a 2-repeated low-density
burst of length up to 6(fixed) with weight 3 or less over GF(3) whereas
(001000011110) is a 2-repeated low-density burst of length at most 5(fixed)
with weight 4 or less over GF(2).

In this paper we have presented a study of codes dealing with the
location of such kind of errors occurring within a sub-block. The concept
of error-locating codes, lying midway between error detection and error
correction, was introduced by Wolf and Elspas [1963]. In this technique
the block of received digits is to be regarded as subdivided into mutually
exclusive sub-blocks and while decoding it is possible to detect the error
and in addition the receiver is able to identify which particular sub-block
contains error. Such codes are referred to as Error-Locating codes (EL-
codes). Wolf and Elspas [1963] studied binary codes which are capable
of detecting and locating a single sub-block containing random errors. A
study of codes locating burst errors of length b(fixed) has been made by
Dass and Kishanchand [1986]. Dass and Arora [2010] obtained bounds for
codes capable of locating repeated burst errors of length b(fixed) occurring

within a sub-block.

In this paper we have obtained bounds on the number of check digits
required to locate 2-repeated low-density bursts of length b(fixed), and
m-repeated low-density bursts of length b(fixed). An illustration of such
a code has also been given. Development of such codes will economize in
the number of parity-check digits required in comparison to the usual low-
density burst error locating codes while considering such repeated bursts

as single bursts.
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The paper has been organized as follows. In section 2 the necessary
condition for the detection and location of 2-repeated low-density burst of
length b(fixed) with weight w or less has been derived. This is followed
by a sufficient condition for the existence of such a code. An illustration
of 2-repeated low-density burst of length b(fixed) with weight w or less
over GF(2) has also been given. In section 3 a necessary condition for the
detection and location of m-repeated low-density burst of length b(fixed)
with weight w or less has been given followed by a sufficient condition for

the existence of such a code.

In what follows we shall consider a linear code to be a subspace of n-
tuples over GF(q). The block of n digits, consisting of r check digits and
k = n — r information digits, is considered to be divided into s mutually

exclusive sub-blocks. Each sub-block contains ¢t = n/s digits.

2 2-Repeated Low-density Burst Error
Locating Codes

In this section, we consider (n, k) linear codes over GF(q) that are capable
of detecting and locating all 2-repeated low-density burst of length b(fixed)

with weight w or less within a single sub-block.

It may be noted that an EL-code capable of detecting and locating
a single sub-block containing an error which is in the form of a 2-repeated
low-density bursts of length b(fixed) with weight w or less must satisfy the

following conditions:

(a) The syndrome resulting from the occurrence of a 2-repeated low-

density burst of length b(fixed) with weight w or less within any one
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sub-block must be distinct from the all zero syndrome.

(b) The syndrome resulting from the occurrence of any 2-repeated low-
density burst of length b(fixed) with weight w or less within a single
sub-block must be distinct from the syndrome resulting likewise from
any 2-repeated low-density burst of length b(fixed) with weight w or

less within any other sub-block.

In this section we shall derive two results. The first result derives a
lower bound on the number of check digits required for the existence of a
linear code over GF(q) capable of detecting and locating a single sub-block
containing errors that are 2-repeated low-density burst of length b(fixed)
with weight w or less. In the second result, an upper bound on the number

of check digits which ensures the existence of such a code has been derived.

As the code is divided into several blocks of length ¢ each and we wish
to detect a 2-repeated low-density burst of length b(fixed) with weight w
or less, we may come across with a situation when the difference between 2b
and t (b+w and t) becomes narrow. We note that if t —b+1 < b+w and
if we consider any two 2-repeated low-density bursts x; and x, of length
b(fixed) with weight w or less such that their non-zero components are
confined to first ¢ — b+ 1 positions with w components confining to some
fixed w positions out of first b consecutive positions then their difference
xr1 - X9 is again a 2-repeated low-density burst of length b(fixed) with
weight w or less. However if we do not restrict ourselves to first t — b+ 1
positions then we may not get a 2-repeated burst of length b(fixed) with
weight w or less. This may be better understood with the help of the

following examples:
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Example 1. Let t =9, b=4, w=3 and ¢g=2. Sothat t —b+1=6 <
b+w(=T7).
Let z; = (101101001) and x5 = (100101011).

Then z; and xy are 2-repeated low-density burst of length 4(fixed) with
weight 3 or less whereas x; — xo = (001000010) is not a 2-repeated burst
of length 4(fixed).

Example 2. Let t =11, b =5, w =3 and ¢ = 2.
Let z; = (10101010010) and x2 = (10101010001)

Then z; and x9 are 2-repeated low-density burst of length 5(fixed) with
weight 3 or less whereas x; — x5 = (00000000011) which is not even a
2-repeated burst of length 4(fixed) what to talk of its weight.

So, accordingly we discuss the following cases:

Case 1: When t —b+1 > 2b.

Let X be the collection of all those vectors in which all the non-
zero components are confined to some fixed w positions out of two sets of
b consecutive positions each i.e. [-th to (I 4 b)-th position and j-th to
(j + b)-th position where j > [+ b.

We observe that the syndromes of all the elements of X should be
different; else for any x1,zs belonging to X having the same syndrome
would imply that the syndrome of x; — x5 which is also an element of X
and hence a 2-repeated low density burst of length b(fixed) with weight w
or less within the same sub-block becomes zero; in violation of condition
(a). Also, since the error locates a single sub-block containing errors that

are 2-repeated low-density bursts of length b(fixed) of weight w or less,
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the syndromes produced by similar vectors in different sub-blocks must be
distinct by condition (b).

Thus the syndromes of vectors which are 2-repeated low-density burst
of length b(fixed) with weight w or less in fixed positions, whether in the
same sub-block or in different sub-blocks, must be distinct. (It may be
noted that the choice of different fixed components in different sub-blocks

will also yield the same result).

As there are (¢** — 1) distinct non-zero syndromes corresponding to
the vectors in any one sub-block and there are s sub-blocks in all, so we
must have atleast (1+s(¢** —1)) distinct syndromes counting the all zero

syndrome.

As maximum number of distinct syndromes available using r check

bits is ¢", so there are ¢ distinct syndromes in all, therefore we must have

¢ > {1+s(¢™ 1)} (1)
where t — b+ 1 > 2b.

Case 2: When b+w <t—>b+1<2b.

Let X be the collection of all those vectors in which all the non-
zero components are confined to some w fixed positions out of first b
components i.e first and b-th position and another set of w fixed positions

out of (b+ 1)-th to (¢ — b+ 1)-th positions.

As discussed in case 1 the syndromes of all the elements of X is

different.

In this case also, there are (¢** — 1) distinct non-zero syndromes

corresponding to the vectors in any one sub-block and there are s sub-
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blocks in all, so we must have atleast (1+ s(¢** — 1)) distinct syndromes

counting the all zero syndrome.

So, in this case also, we must have

¢ > {1+s(¢* - 1)} (2)
where b+w <t—b+1 < 2b.

Case 3: When t —b+1<b+w.

In this case consider X to be collection of all those vectors in which
all the non-zero components are confined to some w fixed positions out of
first b positions and ¢ — 2b+ 1 components from (b+ 1)-th to (t —b+1)-
th positions. In this case there are (¢T(¢~2*1) — 1) distinct non-zero
syndromes corresponding to the vectors in any one sub-block. As and
there are s sub-blocks in all, so we must have atleast (1+s(g®+=2+1) 1))

distinct syndromes counting the all zero syndrome.

Therefore in this case, we must have
qr > {1 + S(qw+(t72b+1) o 1)} (3)

where t —b+1 < b+ w.

From (1), (2), and (3) we have

log {1+ s(¢® —1)} where t —b+ 1> 2b
r> and b+w<t—b+1<2b
log {1+ s(¢”t=#t) — 1)}  where ¢t —b+1<b+w.

Thus we have proved:

Theorem 1. The number of parity check digits r in an (n,k) linear code

subdivided into s sub-blocks of length t each, that locates a single corrupted
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sub-block containing errors that are 2-repeated low density burst of length

b (fired) with weight w or less is at least

log {1+ s(¢** — 1)} where t—b+12>2b
and b+w <t—->b+1<2b.
log, {1+ s(q“ =2+ — 1)} where t—b+1<b+w
Remark 1. For w = b, the weight consideration over the burst becomes

redundant and the result coincides with Theorem 1[Dass and Arora [2010]],

when the bursts considered are 2-repeated bursts of length b(fixed).

In the following result we derive another bound on the number of
check digits required for the existence of such a code. The proof is based
on the technique used to establish Varshomov-Gilbert Sacks bound by
constructing a parity check matrix for such a code [refer Sacks[1958], also
Theorem 4.7 Peterson and Weldon[1972]]. This technique not only ensures
the existence of such a code but also gives a method for the construction

of such a code.

Theorem 2. An (n,k) linear EL-code over GF(q) capable of detecting
a 2-repeated low density burst of length b (fived) with weight w or less
(w < b) within a single sub-block and of locating that sub-block can always

be constructed provided that
¢ > [+ (g = DI+ (g = D =20+ DL+ (¢ — D]

- {1 t-1DY (t o ) (a— DL+ (a - 1)1“’-171”-”}@} (4)

; i
=1
where [1 + )™ denotes the incomplete binomial expansion of (1 4+ x)™

up to the term " in ascending power of x, viz.

[1+z)m) =1+ <m)x+ (m)x2+...+ (m>x’“.
1 2 T
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Proof. The existence of such a code will be shown by constructing an
appropriate (n — k x n) parity check matrix H by a synthesis procedure.
For that we first construct a matrix H; from which the requisite parity
check matrix H shall be obtained by reversing the order of the columns of

each sub-block.

After adding (s—1)t columns appropriately corresponding to the first
(s — 1) sub-blocks, suppose that we have added the first j — 1 columns
hi,ho, ... hj_1 of the s-th sub-block also, out of which the first b — 1
columns hq, ha, ..., hy—; may be chosen arbitrarily (non-zero). We now lay

down the condition to add the j-th column h; to H; as follows:

According to condition (a), for the detection of 2-repeated low-
density burst of length b(fixed) with weight w or less in the s-th sub-block
h; should not be a linear combination of any w—1 or fewer columns among
the immediately preceding b — 1 columns h;_py1,hj—pi2, ... hj—1 together
with any w or fewer columns from amongst some b consecutive columns

from the first 7 — b columns of the s-th sub-block.
i.e.
hy # (o hy +aghg+ - Fag, by, ) +(Bn b+ Bl =+ -+ 6, a,) (5)

where hj,, hj,, ..., h;, , are any w—1 columns among hj_p41, hj_pio, ... hj—q
and h;’s are any w columns from a set of b consecutive columns among the
first j —b columns of the s-th sub-block such that either all the coefficients
B,’s are zero or if the p-th coefficient 3, is the last non-zero coefficients

then b < p < j—0b;

aj’s, 4,’s € GF(q).
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The number of ways in which the coefficients «a;’s can be selected is
[1+4 (¢ — )] 5»=D . To enumerate the coefficients f3;’s is equivalent to
enumerate the number of bursts of length b(fixed) with weight w or less

in a vector of length j —b.

This number including the vector of all zeros [refer Theorem 1, Dass

[1983]] is
L+ (G =20+ 1)(g = DL+ (g - D)7V
So, the number of linear combinations on the right hand side of (5) is
L+ (=D I+ (G - 20+ D(g— DL+ (g = DI (6)

According to condition (b), for the location of 2-repeated low-density
bursts of length b(fixed) with weight w or less, h; should not be a
linear combination of any w — 1 or fewer columns among the immediately
preceding the b—1 columns and any w columns from a set of b consecutive
columns from the remaining j — b columns of the s-th sub-block along
with any w or less columns each from any of the two sets of b consecutive
columns out of any one of the previously chosen s — 1 sub-blocks, the
coefficient of the last column of either both or one of the sets being non-

Zero.

The number of 2-repeated low-density bursts of length b(fixed) with
weight w or less in a sub-block of length ¢ [refer Dass and Garg [2009(b)]]
is

2L (t— zb +1
S (70T - v - ey ")
i=1

Since there are (s—1) previous sub-blocks, therefore number of such linear
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combinations becomes
2 . :
t—1b +2 i —1,w— %
-0 (T e v - pee ey
i=1
So, for the location of 2-repeated low-density burst of length b(fixed) with
weight w or less the number of linear combinations to which h; can not

be equal to is the product of expr.(6) and expr.(8)
i.e. expr.(6) x expr.(8) (9)

Thus the total number of linear combinations to which h; can not be equal
to is the sum of exp.(6) and exp.(9) At worst all these combinations might

yield distinct sum.

Therefore h; can be added to the s-th sub-block provided that

¢ > (L4 (= DI (= D = 2+ D[+ - D)

- {1 +(s—=1)) (t - ib i Z) (=11 + (¢~ 1)](“’“’”}"}

i=1
To obtain the length of the block as t we replace j by t in the above

expression.

The required parity-check matrix H can be obtained from H; by

reversing the order of the columns in each sub-block.

Remark 2. For w = b, the weight consideration over the burst becomes

redundant and the inequality in Theorem 2 reduces to

s I+ (g -1t —-20+ 1))

x {1 e (T - 1>iqi<“>}

i=1
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which coincides with the condition for the location of 2-repeated burst of

length b(fixed) [refer Theorem 2, Dass and Arora [2010]].

We conclude this section with the following example:

Example 3. For an (27,15) linear code over GF(2) consider the following

12 x 27 matrix H which has been constructed by the synthesis procedure

given in the proof of theorem 2 by taking s =3, t =9, b=3, w = 2.

(000000001
000000010
000000100
000001000
000010000
000100000
001000000
010000000
100000000
000000000
000000000
000000000

111111000
110111000
111000000
100000000
111100000
110100000
011000000
000000000
011100000
010100001
011010010
000010100

101000111 ]
100010110
100011110
100010000
101001100
100000100
100000100
101101100
111110000
001111110
011110110
001100111

The null space of this matrix can be used as a code to locate a sub-
block of length ¢ = 9 containing 2-repeated burst of length 3(fixed). From

the error pattern syndrome Table 1 we observe that:

The syndromes of 2-repeated burst of length 3(fixed) within any sub-
block are all non-zero showing thereby that the code detects all 2-repeated
low-density bursts of length 3(fixed) with weight 2 or less occurring within
a sub-block.
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It has been verified through MS-Excel program that the syndromes
of the 2-repeated bursts of length 3(fixed) with weight 2 or less in any
sub-block is different from the syndrome of a 2-repeated burst of length

3(fixed) with weight 2 or less within any other sub-block.

Table 1
Low density 2-repeated bursts of length 3(fixed) Syndromes
Sub-block - 1
1 100100000 000000000 000000000 0000 0100 1000
2 100101000 000000000 000000000 0001 0100 1000
3 100110000 000000000 000000000 0000 1100 1000
4 101100000 000000000 000000000 0000 0110 1000
5 101101000 000000000 000000000 0001 0110 1000
6 101110000 000000000 000000000 0000 1110 1000
7 110100000 000000000 000000000 0000 0101 1000
8 110101000 000000000 000000000 0001 0101 1000
9 110110000 000000000 000000000 0000 1101 1000
10 100010000 000000000 000000000 0000 1000 1000
11 100010100 000000000 000000000 0010 1000 1000
12 100011000 000000000 000000000 0001 1000 1000
13 101010000 000000000 000000000 0000 1010 1000
14 101010100 000000000 000000000 0010 1010 1000
15 101011000 000000000 000000000 0001 1010 1000
16 110010000 000000000 000000000 0000 1001 1000
17 110010100 000000000 000000000 0010 1001 1000
18 110011000 000000000 000000000 0001 1001 1000
19 100001000 000000000 000000000 0001 0000 1000
20 100001010 000000000 000000000 0101 0000 1000
21 100001100 000000000 000000000 0011 0000 1000
22 101001000 000000000 000000000 0001 0010 1000
23 101001010 000000000 000000000 0101 0010 1000
24 101001100 000000000 000000000 0011 0010 1000
25 110001000 000000000 000000000 0001 0001 1000
26 110001010 000000000 000000000 0101 0001 1000
27 110001100 000000000 000000000 0011 0001 1000
28 100000100 000000000 000000000 0010 0000 1000
29 100000101 000000000 000000000 1010 0000 1000
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30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
a0
o1
52
93
o4
%)
56
o7
98
59
60
61
62
63
64
65
66

100000110
101000100
101000101
101000110
110000100
110000101
110000110
010010000
010010100
010011000
010110000
010110100
010111000
011010000
011010100
011011000
010001000
010001010
010001100
010101000
010101010
010101100
011001000
011001010
011001100
010000100
010000101
010000110
010100100
010100101
010100110
011000100
011000101
011000110
001001000
001001010
001001100
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Sub-block - 1
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
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Syndromes

0110 0000 1000
0010 0010 1000
1010 0010 1000
0110 0010 1000

0010
1010
0110
0000
0010
0001
0000
0010
0001
0000
0010
0001
0001
0101
0011
0001
0101
0011
0001
0101
0011
0010
1010
0110
0010
1010
0110
0010
1010
0110

0001
0001
0001
1001
1001
1001
1101
1101
1101
1011
1011
1011
0001
0001
0001
0101
0101
0101
0011
0011
0011
0001
0001
0001
0101
0101
0101
0011
0011
0011

1000
1000
1000
0000
0000
0000
0000
0000
0000
0000
0000
0000
0000
0000
0000
0000
0000
0000
0000
0000
0000
0000
0000
0000
0000
0000
0000
0000
0000
0000

0001 0010 0000
0101 0010 0000
0011 0010 0000
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67
68
69
70
71
72
73
74
(0]
76
7
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102

001011000
001011010
001011100
001101000
001101010
001101100
001000100
001000101
001000110
001010100
001010101
001010110
001100100
001100101
001100110
000100100
000100101
000100110
000101100
000101101
000101110
000110100
000110101
000110110
100000000
101000000
110000000
010000000
010100000
011000000
001000000
001010000
001100000
000100000
000101000
000110000
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Sub-block - 1
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
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0001 1010 0000
0101 1010 0000
0011 1010 0000
0001 0110 0000
0101 0110 0000
0011 0110 0000
0010 0010 0000
1010 0010 0000
0110 0010 0000
0010 1010 0000
1010 1010 0000
0110 1010 0000
0010 0110 0000
1010 0110 0000
0110 0110 0000
0010 0100 0000
1010 0100 0000
0110 0100 0000
0011 0100 0000
1011 0100 0000
0111 0100 0000
0010 1100 0000
1010 1100 0000
0110 1100 0000
0000 0000 1000
0000 0010 1000
0000 0001 1000
0000 0001 0000
0000 0101 0000
0000 0011 0000
0000 0010 0000
0000 1010 0000
0000 0110 0000
0000 0100 0000
0001 0100 0000
0000 1100 0000



Low density 2-repeated bursts of length 3(fixed)

103
104
105
106
107
108
109
110
111

Low density 2-repeated bursts of length 3(fixed)

112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136

000010000
000010100
000011000
000001000
000001010
000001100
000000100
000000101
000000110

000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
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Sub-block - 1
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000
000000000 000000000

Sub-block - 2
100100000 000000000
100101000 000000000
100110000 000000000
101100000 000000000
101101000 000000000
101110000 000000000
110100000 000000000
110101000 000000000
110110000 000000000
100010000 000000000
100010100 000000000
100011000 000000000
101010000 000000000
101010100 000000000
101011000 000000000
110010000 000000000
110010100 000000000
110011000 000000000
100001000 000000000
100001010 000000000
100001100 000000000
101001000 000000000
101001010 000000000
101001100 000000000
110001000 000000000
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Syndromes

0000 1000 0000
0010 1000 0000

0001
0001
0101
0011

1000 0000
0000 0000
0000 0000
0000 0000

0010 0000 0000
1010 0000 0000
0110 0000 0000

Syndromes

0011
1111
1111
1001
0101
0101
1101
0001
0001
0011
0011
1111
1001
1001
0101
1101
1101
0001
0011
0011
0011
1001
1001
1001
1101

0000 1100
0000 1100
0000 1111
1010 0110
1010 0110
1010 0101
1110 0010
1110 0010
1110 0001
1100 0011
1100 0010
1100 0011
0110 1001
0110 1000
0110 1001
0010 1101
0010 1100
0010 1101
1100 0000
1100 0010
1100 0001
0110 1010
0110 1000
0110 1011
0010 1110



Low density 2-repeated bursts of length 3(fixed)

137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173

000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
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Sub-block - 2
110001010 000000000
110001100 000000000
100000100 000000000
100000101 000000000
100000110 000000000
101000100 000000000
101000101 000000000
101000110 000000000
110000100 000000000
110000101 000000000
110000110 000000000
010010000 000000000
010010100 000000000
010011000 000000000
010110000 000000000
010110100 000000000
010111000 000000000
011010000 000000000
011010100 000000000
011011000 000000000
010001000 000000000
010001010 000000000
010001100 000000000
010101000 000000000
010101010 000000000
010101100 000000000
011001000 000000000
011001010 000000000
011001100 000000000
010000100 000000000
010000101 000000000
010000110 000000000
010100100 000000000
010100101 000000000
010100110 000000000
011000100 000000000
011000101 000000000
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Syndromes

1101 0010 1100
1101 0010 1111
1111 1100 0001
1111 1100 0101
1111 1100 0011
0101 0110 1011
0101 0110 1111
0101 0110 1001
0001 0010 1111
0001 0010 1011
0001 0010 1101
0010 1110 1101
0010 1110 1100
1110 1110 1101
1110 0010 0001
1110 0010 0000
0010 0010 0001
1000 0100 0111
1000 0100 0110
0100 0100 0111
0010 1110 1110
0010 1110 1100
0010 1110 1111
1110 0010 0010
1110 0010 0000
1110 0010 0011
1000 0100 0100
1000 0100 0110
1000 0100 0101
1110 1110 1111
1110 1110 1011
1110 1110 1101
0010 0010 0011
0010 0010 0111
0010 0010 0001
0100 0100 0101
0100 0100 0001



Low density 2-repeated bursts of length 3(fixed)

174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
200
201
202
203
204
205
206
207
208
209
210
211

000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
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Sub-block - 2
011000110 000000000
001001000 000000000
001001010 000000000
001001100 000000000
001011000 000000000
001011010 000000000
001011100 000000000
001101000 000000000
001101010 000000000
001101100 000000000
001000100 000000000
001000101 000000000
001000110 000000000
001010100 000000000
001010101 000000000
001010110 000000000
001100100 000000000
001100101 000000000
001100110 000000000
000100100 000000000
000100101 000000000
000100110 000000000
000101100 000000000
000101101 000000000
000101110 000000000
000110100 000000000
000110101 000000000
000110110 000000000
100000000 000000000
101000000 000000000
110000000 000000000
010000000 000000000
010100000 000000000
011000000 000000000
001000000 000000000
001010000 000000000
001100000 000000000
000100000 000000000
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Syndromes

0100 0100 0111

0110
0110
0110
1010
1010
1010
1010
1010
1010
1010
1010
1010
0110
0110
0110
0110
0110
0110
1100
1100
1100
0000
0000
0000
0000
0000
0000
1111
0101
0001

1010
1010
1010
1010
1010
1010

1010
1000
1011
1001
1011
1000

0110 0110
0110 0100
0110 0111

1010
1010
1010
1010
1010
1010

1011
1111
1001
1000
1100
1010

0110 0111
0110 0011
0110 0101

1100
1100
1100
1100
1100
1100
1100
1100
1100

1101
1001
1111
1101
1001
1111
1110
1010
1100

1100 0000

0110
0010

1010
1110

1110 1110 1110
0010 0010 0010
0100 0100 0100
1010 1010 1010
0110 1010 1001
0110 0110 0110
1100 1100 1100



Low density 2-repeated bursts of length 3(fixed)

212
213
214
215
216
217
218
219
220
221
222

Low density 2-repeated bursts of length 3(fixed)

223
224
225
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241
242
243
244

000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000

000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
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Sub-block - 2
000101000 000000000
000110000 000000000
000010000 000000000
000010100 000000000
000011000 000000000
000001000 000000000
000001010 000000000
000001100 000000000
000000100 000000000
000000101 000000000
000000110 000000000

Sub-block - 3
000000000 100100000
000000000 100101000
000000000 100110000
000000000 101100000
000000000 101101000
000000000 101110000
000000000 110100000
000000000 110101000
000000000 110110000
000000000 100010000
000000000 100010100
000000000 100011000
000000000 101010000
000000000 101010100
000000000 101011000
000000000 110010000
000000000 110010100
000000000 110011000
000000000 100001000
000000000 100001010
000000000 100001100
000000000 101001000
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Syndromes

0000 1100 1100
0000 1100 1111
1100 0000 0011
1100 0000 0010
0000 0000 0011
1100 0000 0000
1100 0000 0010
1100 0000 0001
0000 0000 0001
0000 0000 0101
0000 0000 0011

Syndromes

1111 1110 0111
1101 0111 0011
1000 1110 1001
0111 0111 1000
0101 1110 1100
0000 0111 0110
1111 1110 1101
1101 0111 1001
1000 1110 0011
1000 1111 0110
0110 0000 0001
1010 0110 0010
0000 0110 1001
1110 1001 1110
0010 1111 1101
1000 1111 1100
0110 0000 1011
1010 0110 1000
1101 0110 1100
0011 0110 1011
0011 1001 1011
0101 1111 0011



Low density 2-repeated bursts of length 3(fixed)

245
246
247
248
249
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
270
271
272
273
274
275
276
277
278
279
280
281

000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
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Sub-block - 3
000000000 101001010
000000000 101001100
000000000 110001000
000000000 110001010
000000000 110001100
000000000 100000100
000000000 100000101
000000000 100000110
000000000 101000100
000000000 101000101
000000000 101000110
000000000 110000100
000000000 110000101
000000000 110000110
000000000 010010000
000000000 010010100
000000000 010011000
000000000 010110000
000000000 010110100
000000000 010111000
000000000 011010000
000000000 011010100
000000000 011011000
000000000 010001000
000000000 010001010
000000000 010001100
000000000 010101000
000000000 010101010
000000000 010101100
000000000 011001000
000000000 011001010
000000000 011001100
000000000 010000100
000000000 010000101
000000000 010000110
000000000 010100100
000000000 010100101
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Syndromes

1011
1011
1101
0011
0011
0001
1001
1111
1001
0001
0111
0001
1001
1111
0111
1001
0101
0111
1001
0101
1111
0001
1101
0010
1100
1100
0010
1100
1100
1010
0100
0100
1110
0110
0000
1110
0110

1111
0000
0110
0110
1001
0000
0000
0000
1001
1001
1001
0000
0000
0000
0000
1111
1001
0001
1110
1000
1001
0110
0000
1001
1001
0110
1000
1000
0111
0000
0000
1111
1111
1111
1111
1110
1110

0100
0100
0110
0001
0001
1111
1110
1000
0000
0001
0111
0101
0100
0010
0100
0011
0000
1011
1100
1111
1011
1100
1111
1110
1001
1001
0001
0110
0110
0001
0110
0110
1101
1100
1010
0010
0011



Low density 2-repeated bursts of length 3(fixed)

282
283
284
285
286
287
288
289
290
291
292
293
294
295
296
297
298
299
300
301
302
303
304
305
306
307
308
309
310
311
312
313
314
315
316
317
318

000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
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Sub-block - 3
000000000 010100110
000000000 011000100
000000000 011000101
000000000 011000110
000000000 001001000
000000000 001001010
000000000 001001100
000000000 001011000
000000000 001011010
000000000 001011100
000000000 001101000
000000000 001101010
000000000 001101100
000000000 001000100
000000000 001000101
000000000 001000110
000000000 001010100
000000000 001010101
000000000 001010110
000000000 001100100
000000000 001100101
000000000 001100110
000000000 000100100
000000000 000100101
000000000 000100110
000000000 000101100
000000000 000101101
000000000 000101110
000000000 000110100
000000000 000110101
000000000 000110110
000000000 100000000
000000000 101000000
000000000 110000000
000000000 010000000
000000000 010100000
000000000 011000000
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Syndromes

0000 1110 0101
0110 0110 0010
1110 0110 0011
1000 0110 0101

1010
0100
0100
1101
0011
0011
1010
0100
0100
0110
1110
1000
0001
1001
1111
0110
1110
1000
1110
0110
0000
1100
0100
0010
1001
0001
0111
1111
0111
1111
0000
0000

0000
0000
1111
0000
0000
1111
0001
0001
1110
0110
0110
0110
0110
0110
0110
0111
0111
0111
1110
1110
1110
0111
0111
0111
1110
1110
1110
1111
0110
1111
0000
0001

1011
1100
1100
0101
0010
0010
0100
0011
0011
1000
1001
1111
0110
0111
0001
0111
0110
0000
1000
1001
1111
1100
1101
1011
0110
0111
0001
1000
0111
0010
1010
0101

1000 1001 0101
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Low density 2-repeated bursts of length 3(fixed) Syndromes

Sub-block - 3
319 000000000 000000000 001000000 1000 1001 1111
320 000000000 000000000 001010000 1111 1001 0001
321 000000000 000000000 001100000 1000 1000 0000
322 000000000 000000000 000100000 0000 0001 1111
323 000000000 000000000 000101000 0010 1000 1011
324 000000000 000000000 000110000 0111 0001 0001
325 000000000 000000000 000010000 0111 0000 1110
326 000000000 000000000 000010100 1001 1111 1001
327 000000000 000000000 000011000 0101 1001 1010
328 000000000 000000000 000001000 0010 1001 0100
329 000000000 000000000 000001010 1100 1001 0011
330 000000000 000000000 000001100 1100 0110 0011
331 000000000 000000000 000000100 1110 1111 0111
332 000000000 000000000 000000101 0110 1111 0110
333 000000000 000000000 000000110 0000 1111 0000

Remark 3. The space visible between vectors in the first column in Table 1
has been given to distinguish between different sub-blocks whereas the

space given in the syndrome vector is for convenience.

Observation. Syndromes of some of the 2-repeated bursts of length
3(fixed) occurring within the second sub-block are same. For coding
efficiency it is desired that the syndromes of the error patterns within

any sub-block is identical whenever possible.

3 Location of m-Repeated Low-density burst
of length b(fixed)

In this section a necessary and sufficient condition for the location of an
m-repeated low-density burst of length b(fixed) with weight w or less has

been given.
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It may be noted that an EL-code capable of detecting and locating a
single sub-block containing an error which is in the form of an m-repeated
low-density burst of length b(fixed) with weight w or less (w < b) must

satisfy the following conditions:

(¢) The syndrome resulting from the occurrence of an m-repeated low-
density burst of length b(fixed) with weight w or less within any one

sub-block must be distinct from the all zero syndrome.

(d) The syndrome resulting from the occurrence of any m-repeated low-
density burst of length b(fixed) with weight w or less within a single
sub-block must be distinct from the syndrome resulting likewise from
any m-repeated low-density burst of length b(fixed) with weight w or

less within any other sub-block.

In this section we shall derive two results. The first result gives a
lower bound on the number of check digits required for the existence of a
linear code over GF(q) capable of detecting and locating a single sub-block
containing errors that are m-repeated low-density bursts of length b(fixed)
with weight w or less. In the second result, we derive an upper bound on

the number of check digits which ensures the existence of such a code.

Theorem 3. The number of parity check digits r in an (n,k) linear code
subdivided into s sub-blocks of length t each, that locates a single corrupted
sub-block containing errors that are 2-repeated low density bursts of length
b (fired) with weight w or less is at least

log {1+ s(¢™ —1)} where t —b+12>mb

and (m—1)b+w<t—b+1<mb (10)
log, {1+ s(gm=Dwrlt=mbth) — 1)} where t —b+1 < (m—1)b+w.
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The proof of this result is on the similar lines as that of proof of

Theorem 1 so we omit the proof.

Remark 4. For m = 2 the result coincides with that of Theorem 1 when
2-repeated low-density bursts of length b(fixed) with weight w or less are

considered.

Remark 5. For m = 1, the result obtained in (10) reduces to

log {1+ s(¢” —1)} where t —b+12>b
and w<t—b+1<b.
log {1+ s(¢" "™ —1)} where t—b+1<w

which is a case of detecting and locating a sub-block containing errors
which are usual low-density bursts of length b(fixed) with weight w or

less.

Remark 6. For w = b, the result obtained in (10) reduces to

- log, {1+ s(¢™ —1)} where t —b+ 1> mb
r
~ |log, {1+ s(¢" Y — 1)}  where t—b+1 < mb
which coincides with the result due to Dass and Arora [Theorem 3,
2010].

In the following result we derive another bound on the number of
check digits required for the existence of such a code. As earlier the proof
is based on the technique used to establish Varshomov-Gilbert Sacks bound
by constructing a parity check matrix for such a code (refer Sacks, Theorem

4.7 Peterson and Weldon(1972)).

Theorem 4. An (n,k) linear EL-code over GF(q) capable of detecting

an m-repeated low density burst of length b (fived) with weight w or less

93



Ratio Mathematica, 20, 2010

(w < b) within a single sub-block and of locating that sub-block can always

be constructed provided that

" > 1+ (g 1>J<b*“"*1>
-1

{ (t — (3 —|— 1)b+ 2) (q— 1)1+ (g — 1)](1)—1,11}—1)}

1=

- {1 +(s— 1)Z<t —h Z) (¢ —1)'{[1+ (q—l)](”‘l’“’_”}i} (11)

; i
i=1
where [1 + )™ denotes the incomplete binomial expansion of (1 4 x)™

up to the term x” in ascending power of x, viz.

L+a]™ =14 (™ )e+ (M)a2+ .+ (")
1 2 r

As in theorem 3 we omit the proof because proof of this result is on

the similar lines as that of proof of Theorem 2.

Remark 7. For m = 2 the result coincides with that of Theorem 2 when
2-repeated low-density bursts of length b(fixed) with weight w or less are

considered.
Remark 8. For m = 1, the result obtained in (11) reduces to
¢" >4 (g - D]+ (s = (- b+ D)(g — DL+ (¢ — 1YY

which is a necessary condition for detecting and locating a sub-block
containing errors which are usual low-density bursts of length b(fixed) with

weight w or less.
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Remark 9. For w = b, the result obtained in (11) reduces to

s {z_: (j — (i #; 1)b+ Z) (g— 1)iqz’(b—1)}

=0

.{1+(3_1)Z (j—(i—:l)b—l—i)(q_l)iqi(b—l)}

i=1

which coincides with the result due to Dass and Arora [Theorem 4, 2010].
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I Introduction

Error detecting codes and Error correcting codes have been the traditional areas
of study in the field of coding techniques on error control in digital data trans-
mission. Wolf and Elspas [12] introduced a coding technique, error-locating codes
(EL Codes), lying midway between error detection and error correction. In an
error locating code, each block of received digits is regarded as being subdivided
into mutually exclusive sub-blocks, and codes have been devised that permit the
detection of errors occurring within a single sub-block, the sub-block containing
errors being identified. In ordinary decision feedback systems using error detec-
tion the receiver tests each block of received digits for the presence of errors.
If errors are detected, the receiver requests the retransmission of the corrupted
block of digits alone and this process is repeated for each incoming block. One
drawback of the conventional system is that long block lengths (which are de-
sirable for increased coding efficiency) can result in a low data rate when the
reception of large amount of data is called for. However, the use of EL codes
can soften this conflict between short and long block lengths by providing an
additional design parameter. The overall constraint block length can be long to
provide efficient coding while the length of the sub-blocks can be relatively short

in order to keep the data rate up.

Codes developed at the early stages were meant mainly to detect and cor-
rect random errors. However, it was observed later that in many channels the
likelihood of the occurrence of errors is more in adjacent positions rather than
their occurrence in a random manner. In this spirit, Abramson[l] developed
codes correcting single and double adjacent errors. The concept of clustered er-
rors, commonly called burst errors, was generalized further in the work due to
Fire [7]. A burst, also known as an open loop burst, of length b may be defined

as follows:

Definition 1. A burst of length b is a vector whose all non-zero components are

among some b consecutive components, the first and the last of which is non-zero.

It was observed that in very busy communication channels, errors repeat
themselves. Similar is a situation when errors occur in the form of a burst.

The development of codes for such kind of repeated burst errors is useful for
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improving upon the efficiency of some communication channels. Not only do
repeated bursts emerge as a natural generalization of bursts, but considering a
recent study by Srinivas, Jain, Saurav and Sikdar [11], where the changes in the
neuronal network properties during epileptiform activity in vitro in planar two-
dimensional neuronal networks cultured on a multielectrode array using the in
vitro model of stroke-induced epilepsy have been explored, we observe that the

study of these codes is significant.

The study of codes that detect repeated open-loop bursts was initiated by
Berardi, Dass and Verma [2] and for correction of such errors by Dass and Verma

[6] . An m-repeated burst (open-loop) of length b is defined as follows:

Definition 2. An m-repeated burst of length b is a vector of length n whose only
non-zero components are confined to m distinct sets of b consecutive components,

the first and the last component of each set being non-zero.

For example, (001032000020310000313200) is a 3-repeated burst of length
4 over GF(4).

In particular, a 2-repeated burst (open-loop) of length b is defined as:

Definition 3. A 2-repeated burst of length b is a vector of length n whose only
non-zero components are confined to two distinct sets of b consecutive compo-

nents, the first and the last component of each set being non-zero.

Wolf and Elspas [12] obtained results in the form of bounds over the number
of parity-check digits required for binary codes capable of detecting and locating
a single sub-block containing random errors. A study of such error locating codes
in which errors occur in the form of bursts was made by Dass [3]. Further, these
results were extended to the codes correcting burst errors occurring within a sub-
block (refer Dass and Tyagi [5]). In our earlier paper [4] the authors obtained
bounds over the number of parity-check digits required for codes detecting 2-
repeated and m-repeated bursts of length b or less occurring within a single sub-
block, the sub-block containing errors being identified. In this paper we extend
our study to the correction of repeated bursts occurring within a sub-block. The
development of codes correcting repeated burst errors within a sub-block improves

the efficiency of the communication channel as it reduces the number of parity
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check digits required. The results that follow have been described in terms of
the following parameters: the block of n digits, consisting of r check digits, and
k = n — r information digits, is subdivided into s mutually exclusive sub-blocks,

each sub-block containing ¢ = n/s digits.

II Bounds for codes correcting 2-repeated bursts

In this section, we obtain bounds on the number of parity check digits of a code
capable of correcting 2-repeated bursts of length b or less occurring within a single
sub-block.

We note that an (n, k) linear EL code over GF'(q) capable of detecting and
locating a single sub-block containing 2-repeated burst of length b or less must
satisfy the following two conditions:

(i) The syndrome resulting from the occurrence of any 2-repeated burst of length
b or less within any one sub-block must be non-zero.

(i) The syndrome resulting from the occurrence of any 2-repeated burst of length
b or less within a single sub-block must be distinct from the syndrome resulting

likewise from any 2-repeated burst of length b or less within any other sub-block.

Further, an (n,k) linear code over GF'(q) capable of correcting an error
requires the syndromes of any two vectors to be distinct irrespective of whether
they belong to the same sub-block or different sub-blocks. So, in order to correct
2-repeated bursts of length b or less lying within a sub-block the following con-
ditions need to be satisfied:

(iii) The syndrome resulting from the occurrence of any 2-repeated burst of length
b or less within a single sub-block must be distinct from the syndrome resulting
from any other 2-repeated burst of length b or less within the same sub-block.

(iv) The syndrome resulting from the occurrence of any 2-repeated burst of length
b or less within a single sub-block must be distinct from the syndrome resulting

likewise from any 2-repeated burst of length b or less within any other sub-block.

Remark 1. We observe that condition (ii) is the same as condition (iv). Also, for
computational purposes condition (i) is taken care of by condition (iii). From this

we infer that correction of errors requires more strict conditions than location of
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errors. So we need to consider conditions (iii) and (iv) or equivalently conditions

(i) and (iii) for correction of the said type of errors.

We first obtain a lower bound over the number of parity check digits re-

quired for such a code.

Theorem 1. The number of check digits r required for an (n, k) linear code over
GF(q), subdivided into s sub-blocks of length t each, that corrects 2-repeated bursts

of length b or less lying within a single corrupted sub-block is atleast

q%2{q+<q—1>2(t‘22b”)+<q—1>(t‘2f“)}—1]}. ()

Proof. Let V be an (n, k) linear code over GF(q) that corrects 2-repeated burst

of length b or less within a single corrupted sub-block. The maximum number

logq{1+s

of distinct syndromes available using r check digits is ¢". The proof proceeds by
first counting the number of syndromes that are required to be distinct by the

two conditions and then setting this number less than or equal to ¢".

Since the code is capable of correcting all errors which are 2-repeated bursts
of length b or less within any single sub-block, any syndrome produced by a 2-
repeated burst of length b or less in a given sub-block must be distinct from any
such syndrome likewise resulting from another 2-repeated burst of length b or less
in the same sub-block(refer to condition (iii)). Moreover, syndromes produced by
2-repeated bursts of length b or less in different sub-blocks must also be distinct

by condition (iv).

Thus, the syndromes of vectors which are 2-repeated bursts, whether in the
same sub-block or in different sub-blocks, must be distinct.

Since there are

qu_z{Q+(q_1)2<t_22z>+2) +(q_1)<t—215+1)}_1

2-repeated bursts of length b or less within one sub-block of length ¢, excluding

the vector of all zeros( refer Dass and Verma (2008)) and there are s sub-blocks
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in all, we must have at least

quZ{q+(q—1)2(t_22b+2> +(q_1)(t—21b+1>} _1]

distinct syndromes, including the all zeros syndrome.

1+s

Therefore, we must have

q2b—2{q+(q—1)2<t_226+2) +(q_1)<t—21b+1)}_1]
q2b—2{q+(q_1)2<t—22b+2>+((J—1)<t—21b+1>}_1]}.

qg >1+s

1.e.

r Zlogq{l + s

Remark 2. By taking s = 1 the bound obtained in (1) reduces to

logq<q2b_2 q+<q_1>2<t—2b+2) +(q_1)<t—26+1) )

2 1
which coincides with the result for correction of 2-repeated bursts obtained by
Dass and Verma(2008).

In the following result, we derive another bound on the number of check
digits required for the existence of such a code. The proof is based on the tech-
nique used to establish Varshamov-Gilbert-Sacks bound by constructing a parity
check matrix for such a code ( refer Sacks (1958) also Theorem 4.7, Peterson and
Weldon (1972)). This technique not only ensures the existence of such a code

but also gives a method for the construction of the code.

Theorem 2. An (n,k) linear code over GF(q) capable of correcting 2-repeated
burst of length b or less occurring within a single sub-block of length t (4b < t)
can always be constructed using r check digits, where r is the smallest integer
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satisfying the inequality

i B B t_4b+3 t—Ab+2 t—db+1
q>q2(“){q2(“){(q—1)3< 3 >+(q—1)2< ) )+q(q—1)( ) >+q2}

+{(s—1)[(t—2b+1)(q—1)+1}x
e (e (Y e

Proof. We shall prove the result by constructing an appropriate (n — k) X n
parity check matrix H for the desired code. Suppose that the columns of the
first s — 1 sub-blocks of H and the first j — 1 columns Ay, h,--- , hj_; of the s
sub-block have been appropriately added. We now lay down conditions to add

the j column h; to the s™ sub-block as follows:

Since the code is to correct 2-repeated bursts of length b or less within a
single sub-block, therefore, by condition (iii), the syndrome of any 2-repeated
burst in any sub-block must be different from the syndrome resulting from any
other such burst within the same sub-block. Therefore the j* column h; can be
added provided that h; is not a linear combination of the immediately preceding
b —1 or fewer columns h;_py1,---,hj_1 of the s sub-block together with any
three distinct sets of b or fewer consecutive columns each from amongst the first

Jj — b columns hy, hy, -+, hj_p. In other words,

h; # (aihj_yi1 + aohjppo+ -+ p_1hj_1)+
3

Z(ﬁhhh + ﬂbhb +oot ﬁlbhlb)7 (3)

I=1
where o, 3, € GF(q) and [, < j —b.

The number of ways in which the coefficients «; can be selected is clearly
¢"~'. To enumerate the coefficients f3; is equivalent to enumerate the number of
3-repeated bursts of length b or less in a vector of length j — b which is (refer
Dass and Verma(2008))

q3(b‘1){(q—1)3(‘7_‘§b+3) +(q—1)2(j_ib+2> +q(q—1)(‘j_4f+1) +q2}-
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Therefore, the total number of possible choices for «; and ; on the R.H.S of (3)

1S
q‘“”‘”{(q— 1)3<j _43b+3) +(g - 1)2(j _42b+2) +alg — 1)(j_411b+1> +q2}~ (4)

Further, by condition (iv), h; can be added to the s sub-block provided h; is
not a linear combination of the immediately preceding b — 1 or fewer columns
together with one set of b or fewer columns from amongst the first 7 — b columns
together with linear combination of any two sets of b or less consecutive columns

within any other sub-block. i.e.

h; # (a1hj_yi1 + aohj_ppo + -+ p_1hj_1)+
(Brhi + Bohiy1 + -+ + Bphigp—1)+
(Y1, + v2hiye1 + - F Yohiy1o—1)+
(01hiy + O2hiyn + -+ + Ophiyip-1) (5)

where oy, B, 7p,0p € GF(q),i +b—1 < j — b and not all 7, and 0, are zero.
(The last two terms in the above sum correspond to any two sets of b or less

consecutive columns within any one of the other sub-block.)

The number of ways in which the coefficients o, can be selected is clearly
¢*~1. To enumerate the coefficients 3, is equivalent to enumerate the number of
bursts of length b or less in a vector of length j—b which is ¢~ *[(j—2b+1)(¢g—1)+1]
(refer Fire [7]). Therefore, the total number of possible choices for o, and [, on
the R.H.S of (5) is

VG - 20+ 1) (g - 1) +1]. (6)

Also, the number of linear combinations corresponding to the last two terms on
the R.H.S. of (5) is the same as the number of 2-repeated bursts of length b or
less within a sub-block of length ¢, excluding the vector of all zeros; which is (
refer Dass and Verma (2008))

qzb‘z{q+(q—1)2(t_22b+2) +(q—1)<t_21b+1)}—1-

Since there are s — 1 previously chosen sub-blocks, the number of such linear
combinations becomes
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c-vle{or @2 (T v (YT 0

Thus, the number of linear combinations to which h; can not be equal to is the

product computed in expr. (6) and expr. (7). i.e.
expr.(6) x expr.(7). (8)

Thus, the total number of linear combinations that h; can not be equal to is the
sum of linear combinations in (4) and (8).

At worst, all these combinations might yield a distinct sum. Therefore, h; can
be added to the s sub- block of H provided that

; B B i —4b+3 P —4b+2 i —4b+1
7> 20 1){q2<b 1){((1_1)3(] ! >+(q_1)2<J ) )+q(q_1)(J 1 )+q2}

+{(31)[(j2b+1)(q1)+1}x

[qQ(b—l){q+(q—1)2(t_22b+2> +(q—1)<t_21b+1>}_1}}}.

For completing the st sub-block of length ¢, replacing j by ¢ gives the result as
stated in (2). O

Remark 3. By taking s = 1 in (2) the bound reduces to

qT>q4(b_1){(q—1)3<t_43b+3> +(q_1)2<t—42b+2> +q(q_1)<t—41b+1>+q2}

which coincides with the condition for existence of a code correcting 2-repeated
bursts of length b or less( refer Dass and Verma(2008)).

We conclude this section with an example.

Example 1 Consider a (26, 10) binary code with a 16 x 26 parity-check matrix
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(1000000000000
0100000000000
0010000000000
0001000000000
0000100000000
0000010000000
0000001000000
0000000100000
0000000010000
0000000001000
0000000000100
0000000000010
0000000000001
0000000000000
0000000000000

(0000000000000

000000000000 0]
0000000000000
0000000000010
0000000001001
0000010010100
0000100100000
0001001000100
0000010010101
0000100100010
0001001011001
0000010010000
0000101001101
0001001101111
1000001100100
0100011001011
0010001001000]

This matrix has been constructed by the synthesis procedure outlined in the proof
of Theorem 2 by taking b = 3, s = 2, t = 13 over GF'(2) ( MS Excel Program was
used for the construction of the matrix). It can be seen from the Table 1 that
the syndromes of all distinct 2-repeated bursts of length 3 or less whether in the
same sub-block or in different sub-blocks are different, showing thereby that the
code that is the null space of this matrix corrects all 2-repeated bursts of length

3 or less occurring within a sub-block.
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Table 1

Error Patterns - Syndrome vectors

Sub-block 1

.No. Error Vector Syndrome S. no. Error vector Syndrome

1 1111110000000 0000000000000 | 1111110000000000 44 0111101000000 0000000000000 | 0111101000000000
2 1110111000000 0000000000000 | 1110111000000000 45 0111010100000 0000000000000 | 0111010100000000
3 1110011100000 0000000000000 | 1110011100000000 46 0111001010000 0000000000000 | 0111001010000000
4 1110001110000 0000000000000 | 1110001110000000 47 0111000101000 0000000000000 | 0111000101000000
5 1110000111000 0000000000000 | 1110000111000000 48 0111000010100 0000000000000 | 0111000010100000
6 1110000011100 0000000000000 | 1110000011100000 49 0111000001010 0000000000000 | 0111000001010000
7 1110000001110 0000000000000 | 1110000001110000 50 0111000000101 0000000000000 | 0111000000101000
8 1110000000111 0000000000000 | 1110000000111000 51 0111110000000 0000000000000 | 0111110000000000
9 1111010000000 0000000000000 | 1111010000000000 52 0111011000000 0000000000000 | 0111011000000000
10 1110101000000 0000000000000 | 1110101000000000 53 0111001100000 0000000000000 | 0111001100000000
11 1110010100000 0000000000000 | 1110010100000000 54 0111000110000 0000000000000 | 0111000110000000
12 1110001010000 0000000000000 | 1110001010000000 55 0111000011000 0000000000000 | 0111000011000000
13 1110000101000 0000000000000 | 1110000101000000 56 0111000001100 0000000000000 | 0111000001100000
14 1110000010100 0000000000000 | 1110000010100000 57 0111000000110 0000000000000 | 0111000000110000
15 1110000001010 0000000000000 | 1110000001010000 58 0111000000011 0000000000000 | 0111000000011000
16 1110000000101 0000000000000 | 1110000000101000 59 0111100000000 0000000000000 | 0111100000000000
17 1111100000000 0000000000000 | 1111100000000000 60 0111010000000 0000000000000 | 0111010000000000
18 1110110000000 0000000000000 | 1110110000000000 61 0111001000000 0000000000000 | 0111001000000000
19 1110011000000 0000000000000 | 1110011000000000 62 0111000100000 0000000000000 | 0111000100000000
20 1110001100000 0000000000000 | 1110001100000000 63 0111000010000 0000000000000 | 0111000010000000
21 1110000110000 0000000000000 | 1110000110000000 64 0111000001000 0000000000000 | 0111000001000000
22 1110000011000 0000000000000 | 1110000011000000 65 0111000000100 0000000000000 | 0111000000100000
23 1110000001100 0000000000000 | 1110000001100000 66 0111000000010 0000000000000 | 0111000000010000
24 1110000000110 0000000000000 | 1110000000110000 67 0111000000001 0000000000000 | 0111000000001000
25 1110000000011 0000000000000 | 1110000000011000 68 0111000000000 0000000000000 | 0111000000000000
26 1111000000000 0000000000000 | 1111000000000000 69 0011111100000 0000000000000 | 0011111100000000
27 1110100000000 0000000000000 | 1110100000000000 70 0011101110000 0000000000000 | 0011101110000000
28 1110010000000 0000000000000 | 1110010000000000 71 0011100111000 0000000000000 | 0011100111000000
29 1110001000000 0000000000000 | 1110001000000000 72 0011100011100 0000000000000 | 0011100011100000
30 1110000100000 0000000000000 | 1110000100000000 73 0011100001110 0000000000000 | 0011100001110000
31 1110000010000 0000000000000 | 1110000010000000 74 0011100000111 0000000000000 | 0011100000111000
32 1110000001000 0000000000000 | 1110000001000000 75 0011110100000 0000000000000 | 0011110100000000
33 1110000000100 0000000000000 | 1110000000100000 76 0011101010000 0000000000000 | 0011101010000000
34 1110000000010 0000000000000 | 1110000000010000 7 0011100101000 0000000000000 | 0011100101000000
35 1110000000001 0000000000000 | 1110000000001000 78 0011100010100 0000000000000 | 0011100010100000
36 1110000000000 0000000000000 | 1110000000000000 79 0011100001010 0000000000000 | 0011100001010000
37 0111111000000 0000000000000 | 0111111000000000 80 0011100000101 0000000000000 | 0011100000101000
38 0111011100000 0000000000000 | 0111011100000000 81 0011111000000 0000000000000 | 0011111000000000
39 0111001110000 0000000000000 | 0111001110000000 82 0011101100000 0000000000000 | 0011101100000000
40 0111000111000 0000000000000 | 0111000111000000 83 0011100110000 0000000000000 | 0011100110000000
41 0111000011100 0000000000000 | 0111000011100000 84 0011100011000 0000000000000 | 0011100011000000
42 0111000001110 0000000000000 | 0111000001110000 85 0011100001100 0000000000000 | 0011100001100000
43 0111000000111 0000000000000 | 0111000000111000 86 0011100000110 0000000000000 | 0011100000110000
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Sub-block 1
S.No. Error Vector Syndrome S. no. Error vector Syndrome
87 0011100000011 0000000000000 | 0011100000011000 134 0000111100000 0000000000000 | 0000111100000000
88 0011110000000 0000000000000 | 0011110000000000 135 0000111010000 0000000000000 | 0000111010000000
89 0011101000000 0000000000000 | 0011101000000000 136 0000111001000 0000000000000 | 0000111001000000
90 0011100100000 0000000000000 | 0011100100000000 137 0000111000100 0000000000000 | 0000111000100000
91 0011100010000 0000000000000 | 0011100010000000 138 0000111000010 0000000000000 | 0000111000010000
92 0011100001000 0000000000000 | 0011100001000000 139 0000111000001 0000000000000 | 0000111000001000
93 0011100000100 0000000000000 | 0011100000100000 140 0000111000000 0000000000000 | 0000111000000000
94 0011100000010 0000000000000 | 0011100000010000 141 0000011111100 0000000000000 | 0000011111100000
95 0011100000001 0000000000000 | 0011100000001000 142 0000011101110 0000000000000 | 0000011101110000
96 0011100000000 0000000000000 | 0011100000000000 143 0000011100111 0000000000000 | 0000011100111000
97 0001111110000 0000000000000 | 0001111110000000 144 0000011110100 0000000000000 | 0000011110100000
98 0001110111000 0000000000000 | 0001110111000000 145 0000011101010 0000000000000 | 0000011101010000
99 0001110011100 0000000000000 | 0001110011100000 146 0000011100101 0000000000000 | 0000011100101000
100 0001110001110 0000000000000 | 0001110001110000 147 0000011111000 0000000000000 | 0000011111000000
101 0001110000111 0000000000000 | 0001110000111000 148 0000011101100 0000000000000 | 0000011101100000
102 0001111010000 0000000000000 | 0001111010000000 149 0000011100110 0000000000000 | 0000011100110000
103 0001110101000 0000000000000 | 0001110101000000 150 0000011100011 0000000000000 | 0000011100011000
104 0001110010100 0000000000000 | 0001110010100000 151 0000011110000 0000000000000 | 0000011110000000
105 0001110001010 0000000000000 | 0001110001010000 152 0000011101000 0000000000000 | 0000011101000000
106 0001110000101 0000000000000 | 0001110000101000 153 0000011100100 0000000000000 | 0000011100100000
107 0001111100000 0000000000000 | 0001111100000000 154 0000011100010 0000000000000 | 0000011100010000
108 0001110110000 0000000000000 | 0001110110000000 155 0000011100001 0000000000000 | 0000011100001000
109 0001110011000 0000000000000 | 0001110011000000 156 0000011100000 0000000000000 | 0000011100000000
110 0001110001100 0000000000000 | 0001110001100000 157 0000001111110 0000000000000 | 0000001111110000
111 0001110000110 0000000000000 | 0001110000110000 158 0000001110111 0000000000000 | 0000001110111000
112 0001110000011 0000000000000 | 0001110000011000 159 0000001111010 0000000000000 | 0000001111010000
113 0001111000000 0000000000000 | 0001111000000000 160 0000001110101 0000000000000 | 0000001110101000
114 0001110100000 0000000000000 | 0001110100000000 161 0000001111100 0000000000000 | 0000001111100000
115 0001110010000 0000000000000 | 0001110010000000 162 0000001110110 0000000000000 | 0000001110110000
116 0001110001000 0000000000000 | 0001110001000000 163 0000001110011 0000000000000 | 0000001110011000
117 0001110000100 0000000000000 | 0001110000100000 164 0000001111000 0000000000000 | 0000001111000000
118 0001110000010 0000000000000 | 0001110000010000 165 0000001110100 0000000000000 | 0000001110100000
119 0001110000001 0000000000000 | 0001110000001000 166 0000001110010 0000000000000 | 0000001110010000
120 0001110000000 0000000000000 | 0001110000000000 167 0000001110001 0000000000000 | 0000001110001000
121 0000111111000 0000000000000 | 0000111111000000 168 0000001110000 0000000000000 | 0000001110000000
122 0000111011100 0000000000000 | 0000111011100000 169 0000000111111 0000000000000 | 0000000111111000
123 0000111001110 0000000000000 | 0000111001110000 170 0000000111101 0000000000000 | 0000000111101000
124 0000111000111 0000000000000 | 0000111000111000 171 0000000111110 0000000000000 | 0000000111110000
125 0000111101000 0000000000000 | 0000111101000000 172 0000000111011 0000000000000 | 0000000111011000
126 0000111010100 0000000000000 | 0000111010100000 173 0000000111100 0000000000000 | 0000000111100000
127 0000111001010 0000000000000 | 0000111001010000 174 0000000111010 0000000000000 | 0000000111010000
128 0000111000101 0000000000000 | 0000111000101000 175 0000000111001 0000000000000 | 0000000111001000
129 0000111110000 0000000000000 | 0000111110000000 176 0000000111000 0000000000000 | 0000000111000000
130 0000111011000 0000000000000 | 0000111011000000 177 0000000011111 0000000000000 | 0000000011111000
131 0000111001100 0000000000000 | 0000111001100000 178 0000000011101 0000000000000 | 0000000011101000
132 0000111000110 0000000000000 | 0000111000110000 179 0000000011110 0000000000000 | 0000000011110000
133 0000111000011 0000000000000 | 0000111000011000 180 0000000011100 0000000000000 | 0000000011100000

108




Ratio Mathematica 20, 2010

Sub-block 1
S.No. Error Vector Syndrome S. no. Error vector Syndrome
181 0000000001111 0000000000000 | 0000000001111000 228 0101010100000 0000000000000 | 0101010100000000
182 0000000001110 0000000000000 | 0000000001110000 229 0101001010000 0000000000000 | 0101001010000000
183 0000000000111 0000000000000 | 0000000000111000 230 0101000101000 0000000000000 | 0101000101000000
184 1011110000000 0000000000000 | 1011110000000000 231 0101000010100 0000000000000 | 0101000010100000
185 1010111000000 0000000000000 | 1010111000000000 232 0101000001010 0000000000000 | 0101000001010000
186 1010011100000 0000000000000 | 1010011100000000 233 0101000000101 0000000000000 | 0101000000101000
187 1010001110000 0000000000000 | 1010001110000000 234 0101110000000 0000000000000 | 0101110000000000
188 1010000111000 0000000000000 | 1010000111000000 235 0101011000000 0000000000000 | 0101011000000000
189 1010000011100 0000000000000 | 1010000011100000 236 0101001100000 0000000000000 | 0101001100000000
190 1010000001110 0000000000000 | 1010000001110000 237 0101000110000 0000000000000 | 0101000110000000
191 1010000000111 0000000000000 | 1010000000111000 238 0101000011000 0000000000000 | 0101000011000000
192 1011010000000 0000000000000 | 1011010000000000 239 0101000001100 0000000000000 | 0101000001100000
193 1010101000000 0000000000000 | 1010101000000000 240 0101000000110 0000000000000 | 0101000000110000
194 1010010100000 0000000000000 | 1010010100000000 241 0101000000011 0000000000000 | 0101000000011000
195 1010001010000 0000000000000 | 1010001010000000 242 0101100000000 0000000000000 | 0101100000000000
196 1010000101000 0000000000000 | 1010000101000000 243 0101010000000 0000000000000 | 0101010000000000
197 1010000010100 0000000000000 | 1010000010100000 244 0101001000000 0000000000000 | 0101001000000000
198 1010000001010 0000000000000 | 1010000001010000 245 0101000100000 0000000000000 | 0101000100000000
199 1010000000101 0000000000000 | 1010000000101000 246 0101000010000 0000000000000 | 0101000010000000
200 1011100000000 0000000000000 | 1011100000000000 247 0101000001000 0000000000000 | 0101000001000000
201 1010110000000 0000000000000 | 1010110000000000 248 0101000000100 0000000000000 | 0101000000100000
202 1010011000000 0000000000000 | 1010011000000000 249 0101000000010 0000000000000 | 0101000000010000
203 1010001100000 0000000000000 | 1010001100000000 250 0101000000001 0000000000000 | 0101000000001000
204 1010000110000 0000000000000 | 1010000110000000 251 0101000000000 0000000000000 | 0101000000000000
205 1010000011000 0000000000000 | 1010000011000000 252 0010111100000 0000000000000 | 0010111100000000
206 1010000001100 0000000000000 | 1010000001100000 253 0010101110000 0000000000000 | 0010101110000000
207 1010000000110 0000000000000 | 1010000000110000 254 0010100111000 0000000000000 | 0010100111000000
208 1010000000011 0000000000000 | 1010000000011000 255 0010100011100 0000000000000 | 0010100011100000
209 1011000000000 0000000000000 | 1011000000000000 256 0010100001110 0000000000000 | 0010100001110000
210 1010100000000 0000000000000 | 1010100000000000 257 0010100000111 0000000000000 | 0010100000111000
211 1010010000000 0000000000000 | 1010010000000000 258 0010110100000 0000000000000 | 0010110100000000
212 1010001000000 0000000000000 | 1010001000000000 259 0010101010000 0000000000000 | 0010101010000000
213 1010000100000 0000000000000 | 1010000100000000 260 0010100101000 0000000000000 | 0010100101000000
214 1010000010000 0000000000000 | 1010000010000000 261 0010100010100 0000000000000 | 0010100010100000
215 1010000001000 0000000000000 | 1010000001000000 262 0010100001010 0000000000000 | 0010100001010000
216 1010000000100 0000000000000 | 1010000000100000 263 0010100000101 0000000000000 | 0010100000101000
217 1010000000010 0000000000000 | 1010000000010000 264 0010111000000 0000000000000 | 0010111000000000
218 1010000000001 0000000000000 | 1010000000001000 265 0010101100000 0000000000000 | 0010101100000000
219 1010000000000 0000000000000 | 1010000000000000 266 0010100110000 0000000000000 | 0010100110000000
220 0101111000000 0000000000000 | 0101111000000000 267 0010100011000 0000000000000 | 0010100011000000
221 0101011100000 0000000000000 | 0101011100000000 268 0010100001100 0000000000000 | 0010100001100000
222 0101001110000 0000000000000 | 0101001110000000 269 0010100000110 0000000000000 | 0010100000110000
223 0101000111000 0000000000000 | 0101000111000000 270 0010100000011 0000000000000 | 0010100000011000
224 0101000011100 0000000000000 | 0101000011100000 271 0010110000000 0000000000000 | 0010110000000000
225 0101000001110 0000000000000 | 0101000001110000 272 0010101000000 0000000000000 | 0010101000000000
226 0101000000111 0000000000000 | 0101000000111000 273 0010100100000 0000000000000 | 0010100100000000
227 0101101000000 0000000000000 | 0101101000000000 274 0010100010000 0000000000000 | 0010100010000000
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Sub-block 1

S.No. Error Vector Syndrome S. no. Error vector Syndrome

275 0010100001000 0000000000000 | 0010100001000000 322 0000101000001 0000000000000 | 0000101000001000
276 0010100000100 0000000000000 | 0010100000100000 323 0000101000000 0000000000000 | 0000101000000000
277 0010100000010 0000000000000 | 0010100000010000 324 0000010111100 0000000000000 | 0000010111100000
278 0010100000001 0000000000000 | 0010100000001000 325 0000010101110 0000000000000 | 0000010101110000
279 0010100000000 0000000000000 | 0010100000000000 326 0000010100111 0000000000000 | 0000010100111000
280 0001011110000 0000000000000 | 0001011110000000 327 0000010110100 0000000000000 | 0000010110100000
281 0001010111000 0000000000000 | 0001010111000000 328 0000010101010 0000000000000 | 0000010101010000
282 0001010011100 0000000000000 | 0001010011100000 329 0000010100101 0000000000000 | 0000010100101000
283 0001010001110 0000000000000 | 0001010001110000 330 0000010111000 0000000000000 | 0000010111000000
284 0001010000111 0000000000000 | 0001010000111000 331 0000010101100 0000000000000 | 0000010101100000
285 0001011010000 0000000000000 | 0001011010000000 332 0000010100110 0000000000000 | 0000010100110000
286 0001010101000 0000000000000 | 0001010101000000 333 0000010100011 0000000000000 | 0000010100011000
287 0001010010100 0000000000000 | 0001010010100000 334 0000010110000 0000000000000 | 0000010110000000
288 0001010001010 0000000000000 | 0001010001010000 335 0000010101000 0000000000000 | 0000010101000000
289 0001010000101 0000000000000 | 0001010000101000 336 0000010100100 0000000000000 | 0000010100100000
290 0001011100000 0000000000000 | 0001011100000000 337 0000010100010 0000000000000 | 0000010100010000
291 0001010110000 0000000000000 | 0001010110000000 338 0000010100001 0000000000000 | 0000010100001000
292 0001010011000 0000000000000 | 0001010011000000 339 0000010100000 0000000000000 | 0000010100000000
293 0001010001100 0000000000000 | 0001010001100000 340 0000001011110 0000000000000 | 0000001011110000
294 0001010000110 0000000000000 | 0001010000110000 341 0000001010111 0000000000000 | 0000001010111000
295 0001010000011 0000000000000 | 0001010000011000 342 0000001011010 0000000000000 | 0000001011010000
296 0001011000000 0000000000000 | 0001011000000000 343 0000001010101 0000000000000 | 0000001010101000
297 0001010100000 0000000000000 | 0001010100000000 344 0000001011100 0000000000000 | 0000001011100000
298 0001010010000 0000000000000 | 0001010010000000 345 0000001010110 0000000000000 | 0000001010110000
299 0001010001000 0000000000000 | 0001010001000000 346 0000001010011 0000000000000 | 0000001010011000
300 0001010000100 0000000000000 | 0001010000100000 347 0000001011000 0000000000000 | 0000001011000000
301 0001010000010 0000000000000 | 0001010000010000 348 0000001010100 0000000000000 | 0000001010100000
302 0001010000001 0000000000000 | 0001010000001000 349 0000001010010 0000000000000 | 0000001010010000
303 0001010000000 0000000000000 | 0001010000000000 350 0000001010001 0000000000000 | 0000001010001000
304 0000101111000 0000000000000 | 0000101111000000 351 0000001010000 0000000000000 | 0000001010000000
305 0000101011100 0000000000000 | 0000101011100000 352 0000000101111 0000000000000 | 0000000101111000
306 0000101001110 0000000000000 | 0000101001110000 353 0000000101101 0000000000000 | 0000000101101000
307 0000101000111 0000000000000 | 0000101000111000 354 0000000101110 0000000000000 | 0000000101110000
308 0000101101000 0000000000000 | 0000101101000000 355 0000000101011 0000000000000 | 0000000101011000
309 0000101010100 0000000000000 | 0000101010100000 356 0000000101100 0000000000000 | 0000000101100000
310 0000101001010 0000000000000 | 0000101001010000 357 0000000101010 0000000000000 | 0000000101010000
311 0000101000101 0000000000000 | 0000101000101000 358 0000000101001 0000000000000 | 0000000101001000
312 0000101110000 0000000000000 | 0000101110000000 359 0000000101000 0000000000000 | 0000000101000000
313 0000101011000 0000000000000 | 0000101011000000 360 0000000010111 0000000000000 | 0000000010111000
314 0000101001100 0000000000000 | 0000101001100000 361 0000000010101 0000000000000 | 0000000010101000
315 0000101000110 0000000000000 | 0000101000110000 362 0000000010110 0000000000000 | 0000000010110000
316 0000101000011 0000000000000 | 0000101000011000 363 0000000010100 0000000000000 | 0000000010100000
317 0000101100000 0000000000000 | 0000101100000000 364 0000000001011 0000000000000 | 0000000001011000
318 0000101010000 0000000000000 | 0000101010000000 365 0000000001010 0000000000000 | 0000000001010000
319 0000101001000 0000000000000 | 0000101001000000 366 0000000000101 0000000000000 | 0000000000101000
320 0000101000100 0000000000000 | 0000101000100000 367 1101110000000 0000000000000 | 1101110000000000
321 0000101000010 0000000000000 | 0000101000010000 368 1100111000000 0000000000000 | 1100111000000000
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369 1100011100000 0000000000000 | 1100011100000000 416 0110000000101 0000000000000 | 0110000000101000
370 1100001110000 0000000000000 | 1100001110000000 417 0110110000000 0000000000000 | 0110110000000000
371 1100000111000 0000000000000 | 1100000111000000 418 0110011000000 0000000000000 | 0110011000000000
372 1100000011100 0000000000000 | 1100000011100000 419 0110001100000 0000000000000 | 0110001100000000
373 1100000001110 0000000000000 | 1100000001110000 420 0110000110000 0000000000000 | 0110000110000000
374 1100000000111 0000000000000 | 1100000000111000 421 0110000011000 0000000000000 | 0110000011000000
375 1101010000000 0000000000000 | 1101010000000000 422 0110000001100 0000000000000 | 0110000001100000
376 1100101000000 0000000000000 | 1100101000000000 423 0110000000110 0000000000000 | 0110000000110000
377 1100010100000 0000000000000 | 1100010100000000 424 0110000000011 0000000000000 | 0110000000011000
378 1100001010000 0000000000000 | 1100001010000000 425 0110100000000 0000000000000 | 0110100000000000
379 1100000101000 0000000000000 | 1100000101000000 426 0110010000000 0000000000000 | 0110010000000000
380 1100000010100 0000000000000 | 1100000010100000 427 0110001000000 0000000000000 | 0110001000000000
381 1100000001010 0000000000000 | 1100000001010000 428 0110000100000 0000000000000 | 0110000100000000
382 1100000000101 0000000000000 | 1100000000101000 429 0110000010000 0000000000000 | 0110000010000000
383 1101100000000 0000000000000 | 1101100000000000 430 0110000001000 0000000000000 | 0110000001000000
384 1100110000000 0000000000000 | 1100110000000000 431 0110000000100 0000000000000 | 0110000000100000
385 1100011000000 0000000000000 | 1100011000000000 432 0110000000010 0000000000000 | 0110000000010000
386 1100001100000 0000000000000 | 1100001100000000 433 0110000000001 0000000000000 | 0110000000001000
387 1100000110000 0000000000000 | 1100000110000000 434 0110000000000 0000000000000 | 0110000000000000
388 1100000011000 0000000000000 | 1100000011000000 435 0011011100000 0000000000000 | 0011011100000000
389 1100000001100 0000000000000 | 1100000001100000 436 0011001110000 0000000000000 | 0011001110000000
390 1100000000110 0000000000000 | 1100000000110000 437 0011000111000 0000000000000 | 0011000111000000
391 1100000000011 0000000000000 | 1100000000011000 438 0011000011100 0000000000000 | 0011000011100000
392 1101000000000 0000000000000 | 1101000000000000 439 0011000001110 0000000000000 | 0011000001110000
393 1100100000000 0000000000000 | 1100100000000000 440 0011000000111 0000000000000 | 0011000000111000
394 1100010000000 0000000000000 | 1100010000000000 441 0011010100000 0000000000000 | 0011010100000000
395 1100001000000 0000000000000 | 1100001000000000 442 0011001010000 0000000000000 | 0011001010000000
396 1100000100000 0000000000000 | 1100000100000000 443 0011000101000 0000000000000 | 0011000101000000
397 1100000010000 0000000000000 | 1100000010000000 444 0011000010100 0000000000000 | 0011000010100000
398 1100000001000 0000000000000 | 1100000001000000 445 0011000001010 0000000000000 | 0011000001010000
399 1100000000100 0000000000000 | 1100000000100000 446 0011000000101 0000000000000 | 0011000000101000
400 1100000000010 0000000000000 | 1100000000010000 447 0011011000000 0000000000000 | 0011011000000000
401 1100000000001 0000000000000 | 1100000000001000 448 0011001100000 0000000000000 | 0011001100000000
402 1100000000000 0000000000000 | 1100000000000000 449 0011000110000 0000000000000 | 0011000110000000
403 0110111000000 0000000000000 | 0110111000000000 450 0011000011000 0000000000000 | 0011000011000000
404 0110011100000 0000000000000 | 0110011100000000 451 0011000001100 0000000000000 | 0011000001100000
405 0110001110000 0000000000000 | 0110001110000000 452 0011000000110 0000000000000 | 0011000000110000
406 0110000111000 0000000000000 | 0110000111000000 453 0011000000011 0000000000000 | 0011000000011000
407 0110000011100 0000000000000 | 0110000011100000 454 0011010000000 0000000000000 | 0011010000000000
408 0110000001110 0000000000000 | 0110000001110000 455 0011001000000 0000000000000 | 0011001000000000
409 0110000000111 0000000000000 | 0110000000111000 456 0011000100000 0000000000000 | 0011000100000000
410 0110101000000 0000000000000 | 0110101000000000 457 0011000010000 0000000000000 | 0011000010000000
411 0110010100000 0000000000000 | 0110010100000000 458 0011000001000 0000000000000 | 0011000001000000
412 0110001010000 0000000000000 | 0110001010000000 459 0011000000100 0000000000000 | 0011000000100000
413 0110000101000 0000000000000 | 0110000101000000 460 0011000000010 0000000000000 | 0011000000010000
414 0110000010100 0000000000000 | 0110000010100000 461 0011000000001 0000000000000 | 0011000000001000
415 0110000001010 0000000000000 | 0110000001010000 462 0011000000000 0000000000000 | 0011000000000000
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463 0001101110000 0000000000000 | 0001101110000000 510 0000011010100 0000000000000 | 0000011010100000
464 0001100111000 0000000000000 | 0001100111000000 511 0000011001010 0000000000000 | 0000011001010000
465 0001100011100 0000000000000 | 0001100011100000 512 0000011000101 0000000000000 | 0000011000101000
466 0001100001110 0000000000000 | 0001100001110000 513 0000011011000 0000000000000 | 0000011011000000
467 0001100000111 0000000000000 | 0001100000111000 514 0000011001100 0000000000000 | 0000011001100000
468 0001101010000 0000000000000 | 0001101010000000 515 0000011000110 0000000000000 | 0000011000110000
469 0001100101000 0000000000000 | 0001100101000000 516 0000011000011 0000000000000 | 0000011000011000
470 0001100010100 0000000000000 | 0001100010100000 517 0000011010000 0000000000000 | 0000011010000000
471 0001100001010 0000000000000 | 0001100001010000 518 0000011001000 0000000000000 | 0000011001000000
472 0001100000101 0000000000000 | 0001100000101000 519 0000011000100 0000000000000 | 0000011000100000
473 0001101100000 0000000000000 | 0001101100000000 520 0000011000010 0000000000000 | 0000011000010000
474 0001100110000 0000000000000 | 0001100110000000 521 0000011000001 0000000000000 | 0000011000001000
475 0001100011000 0000000000000 | 0001100011000000 522 0000011000000 0000000000000 | 0000011000000000
476 0001100001100 0000000000000 | 0001100001100000 523 0000001101110 0000000000000 | 0000001101110000
477 0001100000110 0000000000000 | 0001100000110000 524 0000001100111 0000000000000 | 0000001100111000
478 0001100000011 0000000000000 | 0001100000011000 525 0000001101010 0000000000000 | 0000001101010000
479 0001101000000 0000000000000 | 0001101000000000 526 0000001100101 0000000000000 | 0000001100101000
480 0001100100000 0000000000000 | 0001100100000000 527 0000001101100 0000000000000 | 0000001101100000
481 0001100010000 0000000000000 | 0001100010000000 528 0000001100110 0000000000000 | 0000001100110000
482 0001100001000 0000000000000 | 0001100001000000 529 0000001100011 0000000000000 | 0000001100011000
483 0001100000100 0000000000000 | 0001100000100000 530 0000001101000 0000000000000 | 0000001101000000
484 0001100000010 0000000000000 | 0001100000010000 531 0000001100100 0000000000000 | 0000001100100000
485 0001100000001 0000000000000 | 0001100000001000 532 0000001100010 0000000000000 | 0000001100010000
486 0001100000000 0000000000000 | 0001100000000000 533 0000001100001 0000000000000 | 0000001100001000
487 0000110111000 0000000000000 | 0000110111000000 534 0000001100000 0000000000000 | 0000001100000000
488 0000110011100 0000000000000 | 0000110011100000 535 0000000110111 0000000000000 | 0000000110111000
489 0000110001110 0000000000000 | 0000110001110000 536 0000000110101 0000000000000 | 0000000110101000
490 0000110000111 0000000000000 | 0000110000111000 537 0000000110110 0000000000000 | 0000000110110000
491 0000110101000 0000000000000 | 0000110101000000 538 0000000110011 0000000000000 | 0000000110011000
492 0000110010100 0000000000000 | 0000110010100000 539 0000000110100 0000000000000 | 0000000110100000
493 0000110001010 0000000000000 | 0000110001010000 540 0000000110010 0000000000000 | 0000000110010000
494 0000110000101 0000000000000 | 0000110000101000 541 0000000110001 0000000000000 | 0000000110001000
495 0000110110000 0000000000000 | 0000110110000000 542 0000000110000 0000000000000 | 0000000110000000
496 0000110011000 0000000000000 | 0000110011000000 543 0000000011011 0000000000000 | 0000000011011000
497 0000110001100 0000000000000 | 0000110001100000 544 0000000011001 0000000000000 | 0000000011001000
498 0000110000110 0000000000000 | 0000110000110000 545 0000000011010 0000000000000 | 0000000011010000
499 0000110000011 0000000000000 | 0000110000011000 546 0000000011000 0000000000000 | 0000000011000000
500 0000110100000 0000000000000 | 0000110100000000 547 0000000001101 0000000000000 | 0000000001101000
501 0000110010000 0000000000000 | 0000110010000000 548 0000000001100 0000000000000 | 0000000001100000
502 0000110001000 0000000000000 | 0000110001000000 549 0000000000110 0000000000000 | 0000000000110000
503 0000110000100 0000000000000 | 0000110000100000 550 0000000000011 0000000000000 | 0000000000011000
504 0000110000010 0000000000000 | 0000110000010000 551 1001110000000 0000000000000 | 1001110000000000
505 0000110000001 0000000000000 | 0000110000001000 552 1000111000000 0000000000000 | 1000111000000000
506 0000110000000 0000000000000 | 0000110000000000 553 1000011100000 0000000000000 | 1000011100000000
507 0000011011100 0000000000000 | 0000011011100000 554 1000001110000 0000000000000 | 1000001110000000
508 0000011001110 0000000000000 | 0000011001110000 555 1000000111000 0000000000000 | 1000000111000000
509 0000011000111 0000000000000 | 0000011000111000 556 1000000011100 0000000000000 | 1000000011100000

112




Ratio Mathematica 20, 2010

Sub-block 1
S.No. Error Vector Syndrome S. no. Error vector Syndrome
557 1000000001110 0000000000000 | 1000000001110000 604 0100000110000 0000000000000 | 0100000110000000
558 1000000000111 0000000000000 | 1000000000111000 605 0100000011000 0000000000000 | 0100000011000000
559 1001010000000 0000000000000 | 1001010000000000 606 0100000001100 0000000000000 | 0100000001100000
560 1000101000000 0000000000000 | 1000101000000000 607 0100000000110 0000000000000 | 0100000000110000
561 1000010100000 0000000000000 | 1000010100000000 608 0100000000011 0000000000000 | 0100000000011000
562 1000001010000 0000000000000 | 1000001010000000 609 0100100000000 0000000000000 | 0100100000000000
563 1000000101000 0000000000000 | 1000000101000000 610 0100010000000 0000000000000 | 0100010000000000
564 1000000010100 0000000000000 | 1000000010100000 611 0100001000000 0000000000000 | 0100001000000000
565 1000000001010 0000000000000 | 1000000001010000 612 0100000100000 0000000000000 | 0100000100000000
566 1000000000101 0000000000000 | 1000000000101000 613 0100000010000 0000000000000 | 0100000010000000
567 1001100000000 0000000000000 | 1001100000000000 614 0100000001000 0000000000000 | 0100000001000000
568 1000110000000 0000000000000 | 1000110000000000 615 0100000000100 0000000000000 | 0100000000100000
569 1000011000000 0000000000000 | 1000011000000000 616 0100000000010 0000000000000 | 0100000000010000
570 1000001100000 0000000000000 | 1000001100000000 617 0100000000001 0000000000000 | 0100000000001000
571 1000000110000 0000000000000 | 1000000110000000 618 0100000000000 0000000000000 | 0100000000000000
572 1000000011000 0000000000000 | 1000000011000000 619 0010011100000 0000000000000 | 0010011100000000
573 1000000001100 0000000000000 | 1000000001100000 620 0010001110000 0000000000000 | 0010001110000000
574 1000000000110 0000000000000 | 1000000000110000 621 0010000111000 0000000000000 | 0010000111000000
575 1000000000011 0000000000000 | 1000000000011000 622 0010000011100 0000000000000 | 0010000011100000
576 1001000000000 0000000000000 | 1001000000000000 623 0010000001110 0000000000000 | 0010000001110000
577 1000100000000 0000000000000 | 1000100000000000 624 0010000000111 0000000000000 | 0010000000111000
578 1000010000000 0000000000000 | 1000010000000000 625 0010010100000 0000000000000 | 0010010100000000
579 1000001000000 0000000000000 | 1000001000000000 626 0010001010000 0000000000000 | 0010001010000000
580 1000000100000 0000000000000 | 1000000100000000 627 0010000101000 0000000000000 | 0010000101000000
581 1000000010000 0000000000000 | 1000000010000000 628 0010000010100 0000000000000 | 0010000010100000
582 1000000001000 0000000000000 | 1000000001000000 629 0010000001010 0000000000000 | 0010000001010000
583 1000000000100 0000000000000 | 1000000000100000 630 0010000000101 0000000000000 | 0010000000101000
584 1000000000010 0000000000000 | 1000000000010000 631 0010011000000 0000000000000 | 0010011000000000
585 1000000000001 0000000000000 | 1000000000001000 632 0010001100000 0000000000000 | 0010001100000000
586 1000000000000 0000000000000 | 1000000000000000 633 0010000110000 0000000000000 | 0010000110000000
587 0100111000000 0000000000000 | 0100111000000000 634 0010000011000 0000000000000 | 0010000011000000
588 0100011100000 0000000000000 | 0100011100000000 635 0010000001100 0000000000000 | 0010000001100000
589 0100001110000 0000000000000 | 0100001110000000 636 0010000000110 0000000000000 | 0010000000110000
590 0100000111000 0000000000000 | 0100000111000000 637 0010000000011 0000000000000 | 0010000000011000
591 0100000011100 0000000000000 | 0100000011100000 638 0010010000000 0000000000000 | 0010010000000000
592 0100000001110 0000000000000 | 0100000001110000 639 0010001000000 0000000000000 | 0010001000000000
593 0100000000111 0000000000000 | 0100000000111000 640 0010000100000 0000000000000 | 0010000100000000
594 0100101000000 0000000000000 | 0100101000000000 641 0010000010000 0000000000000 | 0010000010000000
595 0100010100000 0000000000000 | 0100010100000000 642 0010000001000 0000000000000 | 0010000001000000
596 0100001010000 0000000000000 | 0100001010000000 643 0010000000100 0000000000000 | 0010000000100000
597 0100000101000 0000000000000 | 0100000101000000 644 0010000000010 0000000000000 | 0010000000010000
598 0100000010100 0000000000000 | 0100000010100000 645 0010000000001 0000000000000 | 0010000000001000
599 0100000001010 0000000000000 | 0100000001010000 646 0010000000000 0000000000000 | 0010000000000000
600 0100000000101 0000000000000 | 0100000000101000 647 0001001110000 0000000000000 | 0001001110000000
601 0100110000000 0000000000000 | 0100110000000000 648 0001000111000 0000000000000 | 0001000111000000
602 0100011000000 0000000000000 | 0100011000000000 649 0001000011100 0000000000000 | 0001000011100000
603 0100001100000 0000000000000 | 0100001100000000 650 0001000001110 0000000000000 | 0001000001110000
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651 0001000000111 0000000000000 | 0001000000111000 694 0000010010100 0000000000000 | 0000010010100000
652 0001001010000 0000000000000 | 0001001010000000 695 0000010001010 0000000000000 | 0000010001010000
653 0001000101000 0000000000000 | 0001000101000000 696 0000010000101 0000000000000 | 0000010000101000
654 0001000010100 0000000000000 | 0001000010100000 697 0000010011000 0000000000000 | 0000010011000000
655 0001000001010 0000000000000 | 0001000001010000 698 0000010001100 0000000000000 | 0000010001100000
656 0001000000101 0000000000000 | 0001000000101000 699 0000010000110 0000000000000 | 0000010000110000
657 0001001100000 0000000000000 | 0001001100000000 700 0000010000011 0000000000000 | 0000010000011000
658 0001000110000 0000000000000 | 0001000110000000 701 0000010010000 0000000000000 | 0000010010000000
659 0001000011000 0000000000000 | 0001000011000000 702 0000010001000 0000000000000 | 0000010001000000
660 0001000001100 0000000000000 | 0001000001100000 703 0000010000100 0000000000000 | 0000010000100000
661 0001000000110 0000000000000 | 0001000000110000 704 0000010000010 0000000000000 | 0000010000010000
662 0001000000011 0000000000000 | 0001000000011000 705 0000010000001 0000000000000 | 0000010000001000
663 0001001000000 0000000000000 | 0001001000000000 706 0000010000000 0000000000000 | 0000010000000000
664 0001000100000 0000000000000 | 0001000100000000 707 0000001001110 0000000000000 | 0000001001110000
665 0001000010000 0000000000000 | 0001000010000000 708 0000001000111 0000000000000 | 0000001000111000
666 0001000001000 0000000000000 | 0001000001000000 709 0000001001010 0000000000000 | 0000001001010000
667 0001000000100 0000000000000 | 0001000000100000 710 0000001000101 0000000000000 | 0000001000101000
668 0001000000010 0000000000000 | 0001000000010000 711 0000001001100 0000000000000 | 0000001001100000
669 0001000000001 0000000000000 | 0001000000001000 712 0000001000110 0000000000000 | 0000001000110000
670 0001000000000 0000000000000 | 0001000000000000 713 0000001000011 0000000000000 | 0000001000011000
671 0000100111000 0000000000000 | 0000100111000000 714 0000001001000 0000000000000 | 0000001001000000
672 0000100011100 0000000000000 | 0000100011100000 715 0000001000100 0000000000000 | 0000001000100000
673 0000100001110 0000000000000 | 0000100001110000 716 0000001000010 0000000000000 | 0000001000010000
674 0000100000111 0000000000000 | 0000100000111000 717 0000001000001 0000000000000 | 0000001000001000
675 0000100101000 0000000000000 | 0000100101000000 718 0000001000000 0000000000000 | 0000001000000000
676 0000100010100 0000000000000 | 0000100010100000 719 0000000100111 0000000000000 | 0000000100111000
677 0000100001010 0000000000000 | 0000100001010000 720 0000000100101 0000000000000 | 0000000100101000
678 0000100000101 0000000000000 | 0000100000101000 721 0000000100110 0000000000000 | 0000000100110000
679 0000100110000 0000000000000 | 0000100110000000 722 0000000100011 0000000000000 | 0000000100011000
680 0000100011000 0000000000000 | 0000100011000000 723 0000000100100 0000000000000 | 0000000100100000
681 0000100001100 0000000000000 | 0000100001100000 724 0000000100010 0000000000000 | 0000000100010000
682 0000100000110 0000000000000 | 0000100000110000 725 0000000100001 0000000000000 | 0000000100001000
683 0000100000011 0000000000000 | 0000100000011000 726 0000000100000 0000000000000 | 0000000100000000
684 0000100100000 0000000000000 | 0000100100000000 727 0000000010011 0000000000000 | 0000000010011000
685 0000100010000 0000000000000 | 0000100010000000 728 0000000010001 0000000000000 | 0000000010001000
686 0000100001000 0000000000000 | 0000100001000000 729 0000000010010 0000000000000 | 0000000010010000
687 0000100000100 0000000000000 | 0000100000100000 730 0000000010000 0000000000000 | 0000000010000000
688 0000100000010 0000000000000 | 0000100000010000 731 0000000001001 0000000000000 | 0000000001001000
689 0000100000001 0000000000000 | 0000100000001000 732 0000000001000 0000000000000 | 0000000001000000
690 0000100000000 0000000000000 | 0000100000000000 733 0000000000100 0000000000000 | 0000000000100000
691 0000010011100 0000000000000 | 0000010011100000 734 0000000000010 0000000000000 | 0000000000010000
692 0000010001110 0000000000000 | 0000010001110000 735 0000000000001 0000000000000 | 0000000000001000
693 0000010000111 0000000000000 | 0000010000111000
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736 0000000000000 1111110000000 | 0000111111111101 779 0000000000000 0111101000000 | 0000010010000100
737 0000000000000 1110111000000 | 0000111111101010 780 0000000000000 0111010100000 | 0000111111100101
738 0000000000000 1110011100000 | 0000111111110110 781 0000000000000 0111001010000 | 0000100101110100
739 0000000000000 1110001110000 | 0000111110110100 782 0000000000000 0111000101000 | 0001011010011100
740 0000000000000 1110000111000 | 0001110110110000 783 0000000000000 0111000010100 | 0000000000110111
741 0000000000000 1110000011100 | 0001001000100000 784 0000000000000 0111000001010 | 0011001010011010
742 0000000000000 1110000001110 | 0011101111001010 785 0000000000000 0111000000101 | 0001100000001101
743 0000000000000 1110000000111 | 0011101011001011 786 0000000000000 0111110000000 | 0000111111111001
744 0000000000000 1111010000000 | 0000101101101101 787 0000000000000 0111011000000 | 0000100100110110
745 0000000000000 1110101000000 | 0000011011001000 788 0000000000000 0111001100000 | 0000010010011000
746 0000000000000 1110010100000 | 0000110110101001 789 0000000000000 0111000110000 | 0000111110100111
747 0000000000000 1110001010000 | 0000101100111000 790 0000000000000 0111000011000 | 0001101101110000
748 0000000000000 1110000101000 | 0001010011010000 791 0000000000000 0111000001100 | 0001100100001100
749 0000000000000 1110000010100 | 0000001001111011 792 0000000000000 0111000000110 | 0010100111011101
750 0000000000000 1110000001010 | 0011000011010110 793 0000000000000 0111000000011 | 0011001110011011
751 0000000000000 1110000000101 | 0001101001000001 794 0000000000000 0111100000000 | 0000011011011011
752 0000000000000 1111100000000 | 0000011011011111 795 0000000000000 0111010000000 | 0000101101101001
753 0000000000000 1110110000000 | 0000110110110101 796 0000000000000 0111001000000 | 0000000000010100
754 0000000000000 1110011000000 | 0000101101111010 797 0000000000000 0111000100000 | 0000011011000111
755 0000000000000 1110001100000 | 0000011011010100 798 0000000000000 0111000010000 | 0000101100101011
756 0000000000000 1110000110000 | 0000110111101011 799 0000000000000 0111000001000 | 0001001000010000
757 0000000000000 1110000011000 | 0001100100111100 800 0000000000000 0111000000100 | 0000100101010111
758 0000000000000 1110000001100 | 0001101101000000 801 0000000000000 0111000000010 | 0010001011000001
759 0000000000000 1110000000110 | 0010101110010001 802 0000000000000 0111000000001 | 0001001100010001
760 0000000000000 1110000000011 | 0011000111010111 803 0000000000000 0111000000000 | 0000001001001011
761 0000000000000 1111000000000 | 0000001001001111 804 0000000000000 0011111100000 | 0000100100101000
762 0000000000000 1110100000000 | 0000010010010111 805 0000000000000 0011101110000 | 0000100101101010
763 0000000000000 1110010000000 | 0000100100100101 806 0000000000000 0011100111000 | 0001101101101110
764 0000000000000 1110001000000 | 0000001001011000 807 0000000000000 0011100011100 | 0001010011111110
765 0000000000000 1110000100000 | 0000010010001011 808 0000000000000 0011100001110 | 0011110100010100
766 0000000000000 1110000010000 | 0000100101100111 809 0000000000000 0011100000111 | 0011110000010101
767 0000000000000 1110000001000 | 0001000001011100 810 0000000000000 0011110100000 | 0000101101110111
768 0000000000000 1110000000100 | 0000101100011011 811 0000000000000 0011101010000 | 0000110111100110
769 0000000000000 1110000000010 | 0010000010001101 812 0000000000000 0011100101000 | 0001001000001110
770 0000000000000 1110000000001 | 0001000101011101 813 0000000000000 0011100010100 | 0000010010100101
771 0000000000000 1110000000000 | 0000000000000111 814 0000000000000 0011100001010 | 0011011000001000
772 0000000000000 0111111000000 | 0000110110100110 815 0000000000000 0011100000101 | 0001110010011111
773 0000000000000 0111011100000 | 0000110110111010 816 0000000000000 0011111000000 | 0000110110100100
774 0000000000000 0111001110000 | 0000110111111000 817 0000000000000 0011101100000 | 0000000000001010
775 0000000000000 0111000111000 | 0001111111111100 818 0000000000000 0011100110000 | 0000101100110101
776 0000000000000 0111000011100 | 0001000001101100 819 0000000000000 0011100011000 | 0001111111100010
T 0000000000000 0111000001110 | 0011100110000110 820 0000000000000 0011100001100 | 0001110110011110
778 0000000000000 0111000000111 | 0011100010000111 821 0000000000000 0011100000110 | 0010110101001111
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822 0000000000000 0011100000011 | 0011011100001001 869 0000000000000 0000111100000 | 0000101101100001
823 0000000000000 0011110000000 | 0000111111111011 870 0000000000000 0000111010000 | 0000011010001101
824 0000000000000 0011101000000 | 0000010010000110 871 0000000000000 0000111001000 | 0001111110110110
825 0000000000000 0011100100000 | 0000001001010101 872 0000000000000 0000111000100 | 0000010011110001
826 0000000000000 0011100010000 | 0000111110111001 873 0000000000000 0000111000010 | 0010111101100111
827 0000000000000 0011100001000 | 0001011010000010 874 0000000000000 0000111000001 | 0001111010110111
828 0000000000000 0011100000100 | 0000110111000101 875 0000000000000 0000111000000 | 0000111111101101
829 0000000000000 0011100000010 | 0010011001010011 876 0000000000000 0000011111100 | 0001110111010110
830 0000000000000 0011100000001 | 0001011110000011 877 0000000000000 0000011101110 | 0011010000111100
831 0000000000000 0011100000000 | 0000011011011001 878 0000000000000 0000011100111 | 0011010100111101
832 0000000000000 0001111110000 | 0000000001001001 879 0000000000000 0000011110100 | 0000110110001101
833 0000000000000 0001110111000 | 0001001001001101 880 0000000000000 0000011101010 | 0011111100100000
834 0000000000000 0001110011100 | 0001110111011101 881 0000000000000 0000011100101 | 0001010110110111
835 0000000000000 0001110001110 | 0011010000110111 882 0000000000000 0000011111000 | 0001011011001010
836 0000000000000 0001110000111 | 0011010100110110 883 0000000000000 0000011101100 | 0001010010110110
837 0000000000000 0001111010000 | 0000010011000101 884 0000000000000 0000011100110 | 0010010001100111
838 0000000000000 0001110101000 | 0001101100101101 885 0000000000000 0000011100011 | 0011111000100001
839 0000000000000 0001110010100 | 0000110110000110 886 0000000000000 0000011110000 | 0000011010010001
840 0000000000000 0001110001010 | 0011111100101011 887 0000000000000 0000011101000 | 0001111110101010
841 0000000000000 0001110000101 | 0001010110111100 888 0000000000000 0000011100100 | 0000010011101101
842 0000000000000 0001111100000 | 0000100100101001 889 0000000000000 0000011100010 | 0010111101111011
843 0000000000000 0001110110000 | 0000001000010110 890 0000000000000 0000011100001 | 0001111010101011
844 0000000000000 0001110011000 | 0001011011000001 891 0000000000000 0000011100000 | 0000111111110001
845 0000000000000 0001110001100 | 0001010010111101 892 0000000000000 0000001111110 | 0011010001111110
846 0000000000000 0001110000110 | 0010010001101100 893 0000000000000 0000001110111 | 0011010101111111
847 0000000000000 0001110000011 | 0011111000101010 894 0000000000000 0000001111010 | 0011111101100010
848 0000000000000 0001111000000 | 0000110110100101 895 0000000000000 0000001110101 | 0001010111110101
849 0000000000000 0001110100000 | 0000101101110110 896 0000000000000 0000001111100 | 0001010011110100
850 0000000000000 0001110010000 | 0000011010011010 897 0000000000000 0000001110110 | 0010010000100101
851 0000000000000 0001110001000 | 0001111110100001 898 0000000000000 0000001110011 | 0011111001100011
852 0000000000000 0001110000100 | 0000010011100110 899 0000000000000 0000001111000 | 0001111111101000
853 0000000000000 0001110000010 | 0010111101110000 900 0000000000000 0000001110100 | 0000010010101111
854 0000000000000 0001110000001 | 0001111010100000 901 0000000000000 0000001110010 | 0010111100111001
855 0000000000000 0001110000000 | 0000111111111010 902 0000000000000 0000001110001 | 0001111011101001
856 0000000000000 0000111111000 | 0001001001011010 903 0000000000000 0000001110000 | 0000111110110011
857 0000000000000 0000111011100 | 0001110111001010 904 0000000000000 0000000111111 | 0010011101111011
858 0000000000000 0000111001110 | 0011010000100000 905 0000000000000 0000000111101 | 0000011111110001
859 0000000000000 0000111000111 | 0011010100100001 906 0000000000000 0000000111110 | 0011011000100001
860 0000000000000 0000111101000 | 0001101100111010 907 0000000000000 0000000111011 | 0010110001100111
861 0000000000000 0000111010100 | 0000110110010001 908 0000000000000 0000000111100 | 0001011010101011
862 0000000000000 0000111001010 | 0011111100111100 909 0000000000000 0000000111010 | 0011110100111101
863 0000000000000 0000111000101 | 0001010110101011 910 0000000000000 0000000111001 | 0000110011101101
864 0000000000000 0000111110000 | 0000001000000001 911 0000000000000 0000000111000 | 0001110110110111
865 0000000000000 0000111011000 | 0001011011010110 912 0000000000000 0000000011111 | 0010001111110111
866 0000000000000 0000111001100 | 0001010010101010 913 0000000000000 0000000011101 | 0000001101111101
867 0000000000000 0000111000110 | 0010010001111011 914 0000000000000 0000000011110 | 0011001010101101
868 0000000000000 0000111000011 | 0011111000111101 915 0000000000000 0000000011100 | 0001001000100111
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916 0000000000000 0000000001111 | 0010101010010111 963 0000000000000 0101010100000 | 0000111111100100
917 0000000000000 0000000001110 | 0011101111001101 964 0000000000000 0101001010000 | 0000100101110101
918 0000000000000 0000000000111 | 0011101011001100 965 0000000000000 0101000101000 | 0001011010011101
919 0000000000000 1011110000000 | 0000111111111111 966 0000000000000 0101000010100 | 0000000000110110
920 0000000000000 1010111000000 | 0000111111101000 967 0000000000000 0101000001010 | 0011001010011011
921 0000000000000 1010011100000 | 0000111111110100 968 0000000000000 0101000000101 | 0001100000001100
922 0000000000000 1010001110000 | 0000111110110110 969 0000000000000 0101110000000 | 0000111111111000
923 0000000000000 1010000111000 | 0001110110110010 970 0000000000000 0101011000000 | 0000100100110111
924 0000000000000 1010000011100 | 0001001000100010 971 0000000000000 0101001100000 | 0000010010011001
925 0000000000000 1010000001110 | 0011101111001000 972 0000000000000 0101000110000 | 0000111110100110
926 0000000000000 1010000000111 | 0011101011001001 973 0000000000000 0101000011000 | 0001101101110001
927 0000000000000 1011010000000 | 0000101101101111 974 0000000000000 0101000001100 | 0001100100001101
928 0000000000000 1010101000000 | 0000011011001010 975 0000000000000 0101000000110 | 0010100111011100
929 0000000000000 1010010100000 | 0000110110101011 976 0000000000000 0101000000011 | 0011001110011010
930 0000000000000 1010001010000 | 0000101100111010 977 0000000000000 0101100000000 | 0000011011011010
931 0000000000000 1010000101000 | 0001010011010010 978 0000000000000 0101010000000 | 0000101101101000
932 0000000000000 1010000010100 | 0000001001111001 979 0000000000000 0101001000000 | 0000000000010101
933 0000000000000 1010000001010 | 0011000011010100 980 0000000000000 0101000100000 | 0000011011000110
934 0000000000000 1010000000101 | 0001101001000011 981 0000000000000 0101000010000 | 0000101100101010
935 0000000000000 1011100000000 | 0000011011011101 982 0000000000000 0101000001000 | 0001001000010001
936 0000000000000 1010110000000 | 0000110110110111 983 0000000000000 0101000000100 | 0000100101010110
937 0000000000000 1010011000000 | 0000101101111000 984 0000000000000 0101000000010 | 0010001011000000
938 0000000000000 1010001100000 | 0000011011010110 985 0000000000000 0101000000001 | 0001001100010000
939 0000000000000 1010000110000 | 0000110111101001 986 0000000000000 0101000000000 | 0000001001001010
940 0000000000000 1010000011000 | 0001100100111110 987 0000000000000 0010111100000 | 0000101101100000
941 0000000000000 1010000001100 | 0001101101000010 988 0000000000000 0010101110000 | 0000101100100010
942 0000000000000 1010000000110 | 0010101110010011 989 0000000000000 0010100111000 | 0001100100100110
943 0000000000000 1010000000011 | 0011000111010101 990 0000000000000 0010100011100 | 0001011010110110
944 0000000000000 1011000000000 | 0000001001001101 991 0000000000000 0010100001110 | 0011111101011100
945 0000000000000 1010100000000 | 0000010010010101 992 0000000000000 0010100000111 | 0011111001011101
946 0000000000000 1010010000000 | 0000100100100111 993 0000000000000 0010110100000 | 0000100100111111
947 0000000000000 1010001000000 | 0000001001011010 994 0000000000000 0010101010000 | 0000111110101110
948 0000000000000 1010000100000 | 0000010010001001 995 0000000000000 0010100101000 | 0001000001000110
949 0000000000000 1010000010000 | 0000100101100101 996 0000000000000 0010100010100 | 0000011011101101
950 0000000000000 1010000001000 | 0001000001011110 997 0000000000000 0010100001010 | 0011010001000000
951 0000000000000 1010000000100 | 0000101100011001 998 0000000000000 0010100000101 | 0001111011010111
952 0000000000000 1010000000010 | 0010000010001111 999 0000000000000 0010111000000 | 0000111111101100
953 0000000000000 1010000000001 | 0001000101011111 1000 | 0000000000000 0010101100000 | 0000001001000010
954 0000000000000 1010000000000 | 0000000000000101 1001 0000000000000 0010100110000 | 0000100101111101
955 0000000000000 0101111000000 | 0000110110100111 1002 | 0000000000000 0010100011000 | 0001110110101010
956 0000000000000 0101011100000 | 0000110110111011 1003 | 0000000000000 0010100001100 | 0001111111010110
957 0000000000000 0101001110000 | 0000110111111001 1004 | 0000000000000 0010100000110 | 0010111100000111
958 0000000000000 0101000111000 | 0001111111111101 1005 | 0000000000000 0010100000011 | 0011010101000001
959 0000000000000 0101000011100 | 0001000001101101 1006 0000000000000 0010110000000 | 0000110110110011
960 0000000000000 0101000001110 | 0011100110000111 1007 | 0000000000000 0010101000000 | 0000011011001110
961 0000000000000 0101000000111 | 0011100010000110 1008 | 0000000000000 0010100100000 | 0000000000011101
962 0000000000000 0101101000000 | 0000010010000101 1009 | 0000000000000 0010100010000 | 0000110111110001
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1010 | 0000000000000 0010100001000 | 0001010011001010 1057 | 0000000000000 0000101000001 | 0001011110010101
1011 | 0000000000000 0010100000100 | 0000111110001101 1058 | 0000000000000 0000101000000 | 0000011011001111
1012 | 0000000000000 0010100000010 | 0010010000011011 1059 | 0000000000000 0000010111100 | 0001111110001001
1013 0000000000000 0010100000001 | 0001010111001011 1060 0000000000000 0000010101110 | 0011011001100011
1014 | 0000000000000 0010100000000 | 0000010010010001 1061 | 0000000000000 0000010100111 | 0011011101100010
1015 | 0000000000000 0001011110000 | 0000010011011001 1062 | 0000000000000 0000010110100 | 0000111111010010
1016 | 0000000000000 0001010111000 | 0001011011011101 1063 | 0000000000000 0000010101010 | 0011110101111111
1017 | 0000000000000 0001010011100 | 0001100101001101 1064 | 0000000000000 0000010100101 | 0001011111101000
1018 0000000000000 0001010001110 | 0011000010100111 1065 0000000000000 0000010111000 | 0001010010010101
1019 | 0000000000000 0001010000111 | 0011000110100110 1066 | 0000000000000 0000010101100 | 0001011011101001
1020 | 0000000000000 0001011010000 | 0000000001010101 1067 | 0000000000000 0000010100110 | 0010011000111000
1021 | 0000000000000 0001010101000 | 0001111110111101 1068 | 0000000000000 0000010100011 | 0011110001111110
1022 | 0000000000000 0001010010100 | 0000100100010110 1069 | 0000000000000 0000010110000 | 0000010011001110
1023 0000000000000 0001010001010 | 0011101110111011 1070 0000000000000 0000010101000 | 0001110111110101
1024 | 0000000000000 0001010000101 | 0001000100101100 1071 | 0000000000000 0000010100100 | 0000011010110010
1025 | 0000000000000 0001011100000 | 0000110110111001 1072 | 0000000000000 0000010100010 | 0010110100100100
1026 | 0000000000000 0001010110000 | 0000011010000110 1073 | 0000000000000 0000010100001 | 0001110011110100
1027 | 0000000000000 0001010011000 | 0001001001010001 1074 | 0000000000000 0000010100000 | 0000110110101110
1028 0000000000000 0001010001100 | 0001000000101101 1075 0000000000000 0000001011110 | 0011000011110010
1029 | 0000000000000 0001010000110 | 0010000011111100 1076 | 0000000000000 0000001010111 | 0011000111110011
1030 | 0000000000000 0001010000011 | 0011101010111010 1077 | 0000000000000 0000001011010 | 0011101111101110
1031 | 0000000000000 0001011000000 | 0000100100110101 1078 | 0000000000000 0000001010101 | 0001000101111001
1032 | 0000000000000 0001010100000 | 0000111111100110 1079 | 0000000000000 0000001011100 | 0001000001111000
1033 0000000000000 0001010010000 | 0000001000001010 1080 0000000000000 0000001010110 | 0010000010101001
1034 | 0000000000000 0001010001000 | 0001101100110001 1081 | 0000000000000 0000001010011 | 0011101011101111
1035 | 0000000000000 0001010000100 | 0000000001110110 1082 | 0000000000000 0000001011000 | 0001101101100100
1036 | 0000000000000 0001010000010 | 0010101111100000 1083 | 0000000000000 0000001010100 | 0000000000100011
1037 | 0000000000000 0001010000001 | 0001101000110000 1084 | 0000000000000 0000001010010 | 0010101110110101
1038 0000000000000 0001010000000 | 0000101101101010 1085 0000000000000 0000001010001 | 0001101001100101
1039 | 0000000000000 0000101111000 | 0001101101111000 1086 | 0000000000000 0000001010000 | 0000101100111111
1040 | 0000000000000 0000101011100 | 0001010011101000 1087 | 0000000000000 0000000101111 | 0010111000011011
1041 | 0000000000000 0000101001110 | 0011110100000010 1088 | 0000000000000 0000000101101 | 0000111010010001
1042 | 0000000000000 0000101000111 | 0011110000000011 1089 | 0000000000000 0000000101110 | 0011111101000001
1043 0000000000000 0000101101000 | 0001001000011000 1090 0000000000000 0000000101011 | 0010010100000111
1044 | 0000000000000 0000101010100 | 0000010010110011 1091 | 0000000000000 0000000101100 | 0001111111001011
1045 | 0000000000000 0000101001010 | 0011011000011110 1092 | 0000000000000 0000000101010 | 0011010001011101
1046 | 0000000000000 0000101000101 | 0001110010001001 1093 | 0000000000000 0000000101001 | 0000010110001101
1047 | 0000000000000 0000101110000 | 0000101100100011 1094 | 0000000000000 0000000101000 | 0001010011010111
1048 0000000000000 0000101011000 | 0001111111110100 1095 0000000000000 0000000010111 | 0011001110101100
1049 | 0000000000000 0000101001100 | 0001110110001000 1096 | 0000000000000 0000000010101 | 0001001100100110
1050 | 0000000000000 0000101000110 | 0010110101011001 1097 | 0000000000000 0000000010110 | 0010001011110110
1051 | 0000000000000 0000101000011 | 0011011100011111 1098 | 0000000000000 0000000010100 | 0000001001111100
1052 | 0000000000000 0000101100000 | 0000001001000011 1099 | 0000000000000 0000000001011 | 0010000110001011
1053 0000000000000 0000101010000 | 0000111110101111 1100 0000000000000 0000000001010 | 0011000011010001
1054 | 0000000000000 0000101001000 | 0001011010010100 1101 | 0000000000000 0000000000101 | 0001101001000110
1055 | 0000000000000 0000101000100 | 0000110111010011 1102 | 0000000000000 1101110000000 | 0000111111111100
1056 | 0000000000000 0000101000010 | 0010011001000101 1103 | 0000000000000 1100111000000 | 0000111111101011
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1104 | 0000000000000 1100011100000 | 0000111111110111 1151 | 0000000000000 0110000000101 | 0001101001000101
1105 | 0000000000000 1100001110000 | 0000111110110101 1152 | 0000000000000 0110110000000 | 0000110110110001
1106 | 0000000000000 1100000111000 | 0001110110110001 1153 | 0000000000000 0110011000000 | 0000101101111110
1107 0000000000000 1100000011100 | 0001001000100001 1154 0000000000000 0110001100000 | 0000011011010000
1108 | 0000000000000 1100000001110 | 0011101111001011 1155 | 0000000000000 0110000110000 | 0000110111101111
1109 | 0000000000000 1100000000111 | 0011101011001010 1156 | 0000000000000 0110000011000 | 0001100100111000
1110 | 0000000000000 1101010000000 | 0000101101101100 1157 | 0000000000000 0110000001100 | 0001101101000100
1111 | 0000000000000 1100101000000 | 0000011011001001 1158 | 0000000000000 0110000000110 | 0010101110010101
1112 0000000000000 1100010100000 | 0000110110101000 1159 0000000000000 0110000000011 | 0011000111010011
1113 | 0000000000000 1100001010000 | 0000101100111001 1160 | 0000000000000 0110100000000 | 0000010010010011
1114 | 0000000000000 1100000101000 | 0001010011010001 1161 | 0000000000000 0110010000000 | 0000100100100001
1115 | 0000000000000 1100000010100 | 0000001001111010 1162 | 0000000000000 0110001000000 | 0000001001011100
1116 | 0000000000000 1100000001010 | 0011000011010111 1163 | 0000000000000 0110000100000 | 0000010010001111
1117 0000000000000 1100000000101 | 0001101001000000 1164 0000000000000 0110000010000 | 0000100101100011
1118 | 0000000000000 1101100000000 | 0000011011011110 1165 | 0000000000000 0110000001000 | 0001000001011000
1119 | 0000000000000 1100110000000 | 0000110110110100 1166 | 0000000000000 0110000000100 | 0000101100011111
1120 | 0000000000000 1100011000000 | 0000101101111011 1167 | 0000000000000 0110000000010 | 0010000010001001
1121 | 0000000000000 1100001100000 | 0000011011010101 1168 | 0000000000000 0110000000001 | 0001000101011001
1122 0000000000000 1100000110000 | 0000110111101010 1169 0000000000000 0110000000000 | 0000000000000011
1123 | 0000000000000 1100000011000 | 0001100100111101 1170 | 0000000000000 0011011100000 | 0000110110111000
1124 | 0000000000000 1100000001100 | 0001101101000001 1171 | 0000000000000 0011001110000 | 0000110111111010
1125 | 0000000000000 1100000000110 | 0010101110010000 1172 | 0000000000000 0011000111000 | 0001111111111110
1126 | 0000000000000 1100000000011 | 0011000111010110 1173 | 0000000000000 0011000011100 | 0001000001101110
1127 0000000000000 1101000000000 | 0000001001001110 1174 0000000000000 0011000001110 | 0011100110000100
1128 | 0000000000000 1100100000000 | 0000010010010110 1175 | 0000000000000 0011000000111 | 0011100010000101
1129 | 0000000000000 1100010000000 | 0000100100100100 1176 | 0000000000000 0011010100000 | 0000111111100111
1130 | 0000000000000 1100001000000 | 0000001001011001 1177 | 0000000000000 0011001010000 | 0000100101110110
1131 | 0000000000000 1100000100000 | 0000010010001010 1178 | 0000000000000 0011000101000 | 0001011010011110
1132 0000000000000 1100000010000 | 0000100101100110 1179 0000000000000 0011000010100 | 0000000000110101
1133 | 0000000000000 1100000001000 | 0001000001011101 1180 | 0000000000000 0011000001010 | 0011001010011000
1134 | 0000000000000 1100000000100 | 0000101100011010 1181 | 0000000000000 0011000000101 | 0001100000001111
1135 | 0000000000000 1100000000010 | 0010000010001100 1182 | 0000000000000 0011011000000 | 0000100100110100
1136 | 0000000000000 1100000000001 | 0001000101011100 1183 | 0000000000000 0011001100000 | 0000010010011010
1137 0000000000000 1100000000000 | 0000000000000110 1184 0000000000000 0011000110000 | 0000111110100101
1138 | 0000000000000 0110111000000 | 0000111111101110 1185 | 0000000000000 0011000011000 | 0001101101110010
1139 | 0000000000000 0110011100000 | 0000111111110010 1186 | 0000000000000 0011000001100 | 0001100100001110
1140 | 0000000000000 0110001110000 | 0000111110110000 1187 | 0000000000000 0011000000110 | 0010100111011111
1141 | 0000000000000 0110000111000 | 0001110110110100 1188 | 0000000000000 0011000000011 | 0011001110011001
1142 0000000000000 0110000011100 | 0001001000100100 1189 0000000000000 0011010000000 | 0000101101101011
1143 | 0000000000000 0110000001110 | 0011101111001110 1190 | 0000000000000 0011001000000 | 0000000000010110
1144 | 0000000000000 0110000000111 | 0011101011001111 1191 | 0000000000000 0011000100000 | 0000011011000101
1145 | 0000000000000 0110101000000 | 0000011011001100 1192 | 0000000000000 0011000010000 | 0000101100101001
1146 | 0000000000000 0110010100000 | 0000110110101101 1193 | 0000000000000 0011000001000 | 0001001000010010
1147 0000000000000 0110001010000 | 0000101100111100 1194 0000000000000 0011000000100 | 0000100101010101
1148 | 0000000000000 0110000101000 | 0001010011010100 1195 | 0000000000000 0011000000010 | 0010001011000011
1149 | 0000000000000 0110000010100 | 0000001001111111 1196 | 0000000000000 0011000000001 | 0001001100010011
1150 | 0000000000000 0110000001010 | 0011000011010010 1197 | 0000000000000 0011000000000 | 0000001001001001
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1198 | 0000000000000 0001101110000 | 0000100101101011 1245 | 0000000000000 0000011010100 | 0000100100000001
1199 | 0000000000000 0001100111000 | 0001101101101111 1246 | 0000000000000 0000011001010 | 0011101110101100
1200 | 0000000000000 0001100011100 | 0001010011111111 1247 | 0000000000000 0000011000101 | 0001000100111011
1201 0000000000000 0001100001110 | 0011110100010101 1248 0000000000000 0000011011000 | 0001001001000110
1202 | 0000000000000 0001100000111 | 0011110000010100 1249 | 0000000000000 0000011001100 | 0001000000111010
1203 | 0000000000000 0001101010000 | 0000110111100111 1250 | 0000000000000 0000011000110 | 0010000011101011
1204 | 0000000000000 0001100101000 | 0001001000001111 1251 0000000000000 0000011000011 | 0011101010101101
1205 | 0000000000000 0001100010100 | 0000010010100100 1252 | 0000000000000 0000011010000 | 0000001000011101
1206 0000000000000 0001100001010 | 0011011000001001 1253 0000000000000 0000011001000 | 0001101100100110
1207 | 0000000000000 0001100000101 | 0001110010011110 1254 | 0000000000000 0000011000100 | 0000000001100001
1208 | 0000000000000 0001101100000 | 0000000000001011 1255 | 0000000000000 0000011000010 | 0010101111110111
1209 | 0000000000000 0001100110000 | 0000101100110100 1256 | 0000000000000 0000011000001 | 0001101000100111
1210 | 0000000000000 0001100011000 | 0001111111100011 1257 | 0000000000000 0000011000000 | 0000101101111101
1211 0000000000000 0001100001100 | 0001110110011111 1258 0000000000000 0000001101110 | 0011110100011110
1212 | 0000000000000 0001100000110 | 0010110101001110 1259 | 0000000000000 0000001100111 | 0011110000011111
1213 | 0000000000000 0001100000011 | 0011011100001000 1260 | 0000000000000 0000001101010 | 0011011000000010
1214 | 0000000000000 0001101000000 | 0000010010000111 1261 0000000000000 0000001100101 | 0001110010010101
1215 | 0000000000000 0001100100000 | 0000001001010100 1262 | 0000000000000 0000001101100 | 0001110110010100
1216 0000000000000 0001100010000 | 0000111110111000 1263 0000000000000 0000001100110 | 0010110101000101
1217 | 0000000000000 0001100001000 | 0001011010000011 1264 | 0000000000000 0000001100011 | 0011011100000011
1218 | 0000000000000 0001100000100 | 0000110111000100 1265 | 0000000000000 0000001101000 | 0001011010001000
1219 | 0000000000000 0001100000010 | 0010011001010010 1266 | 0000000000000 0000001100100 | 0000110111001111
1220 | 0000000000000 0001100000001 | 0001011110000010 1267 | 0000000000000 0000001100010 | 0010011001011001
1221 0000000000000 0001100000000 | 0000011011011000 1268 0000000000000 0000001100001 | 0001011110001001
1222 | 0000000000000 0000110111000 | 0001000000000101 1269 | 0000000000000 0000001100000 | 0000011011010011
1223 | 0000000000000 0000110011100 | 0001111110010101 1270 | 0000000000000 0000000110111 | 0011011100100000
1224 | 0000000000000 0000110001110 | 0011011001111111 1271 0000000000000 0000000110101 | 0001011110101010
1225 | 0000000000000 0000110000111 | 0011011101111110 1272 | 0000000000000 0000000110110 | 0010011001111010
1226 0000000000000 0000110101000 | 0001100101100101 1273 0000000000000 0000000110011 | 0011110000111100
1227 | 0000000000000 0000110010100 | 0000111111001110 1274 | 0000000000000 0000000110100 | 0000011011110000
1228 | 0000000000000 0000110001010 | 0011110101100011 1275 | 0000000000000 0000000110010 | 0010110101100110
1229 | 0000000000000 0000110000101 | 0001011111110100 1276 | 0000000000000 0000000110001 | 0001110010110110
1230 | 0000000000000 0000110110000 | 0000000001011110 1277 | 0000000000000 0000000110000 | 0000110111101100
1231 0000000000000 0000110011000 | 0001010010001001 1278 0000000000000 0000000011011 | 0010100011101011
1232 | 0000000000000 0000110001100 | 0001011011110101 1279 | 0000000000000 0000000011001 | 0000100001100001
1233 | 0000000000000 0000110000110 | 0010011000100100 1280 | 0000000000000 0000000011010 | 0011100110110001
1234 | 0000000000000 0000110000011 | 0011110001100010 1281 0000000000000 0000000011000 | 0001100100111011
1235 | 0000000000000 0000110100000 | 0000100100111110 1282 | 0000000000000 0000000001101 | 0000101000011101
1236 0000000000000 0000110010000 | 0000010011010010 1283 0000000000000 0000000001100 | 0001101101000111
1237 | 0000000000000 0000110001000 | 0001110111101001 1284 | 0000000000000 0000000000110 | 0010101110010110
1238 | 0000000000000 0000110000100 | 0000011010101110 1285 | 0000000000000 0000000000011 | 0011000111010000
1239 | 0000000000000 0000110000010 | 0010110100111000 1286 | 0000000000000 1001110000000 | 0000111111111110
1240 | 0000000000000 0000110000001 | 0001110011101000 1287 | 0000000000000 1000111000000 | 0000111111101001
1241 0000000000000 0000110000000 | 0000110110110010 1288 0000000000000 1000011100000 | 0000111111110101
1242 | 0000000000000 0000011011100 | 0001100101011010 1289 | 0000000000000 1000001110000 | 0000111110110111
1243 | 0000000000000 0000011001110 | 0011000010110000 1290 | 0000000000000 1000000111000 | 0001110110110011
1244 | 0000000000000 0000011000111 | 0011000110110001 1291 0000000000000 1000000011100 | 0001001000100011
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1292 | 0000000000000 1000000001110 | 0011101111001001 1339 | 0000000000000 0100000110000 | 0000110111101110
1293 | 0000000000000 1000000000111 | 0011101011001000 1340 | 0000000000000 0100000011000 | 0001100100111001
1294 | 0000000000000 1001010000000 | 0000101101101110 1341 | 0000000000000 0100000001100 | 0001101101000101
1295 0000000000000 1000101000000 | 0000011011001011 1342 0000000000000 0100000000110 | 0010101110010100
1296 | 0000000000000 1000010100000 | 0000110110101010 1343 | 0000000000000 0100000000011 | 0011000111010010
1297 | 0000000000000 1000001010000 | 0000101100111011 1344 | 0000000000000 0100100000000 | 0000010010010010
1298 | 0000000000000 1000000101000 | 0001010011010011 1345 | 0000000000000 0100010000000 | 0000100100100000
1299 | 0000000000000 1000000010100 | 0000001001111000 1346 | 0000000000000 0100001000000 | 0000001001011101
1300 0000000000000 1000000001010 | 0011000011010101 1347 0000000000000 0100000100000 | 0000010010001110
1301 | 0000000000000 1000000000101 | 0001101001000010 1348 | 0000000000000 0100000010000 | 0000100101100010
1302 | 0000000000000 1001100000000 | 0000011011011100 1349 | 0000000000000 0100000001000 | 0001000001011001
1303 | 0000000000000 1000110000000 | 0000110110110110 1350 | 0000000000000 0100000000100 | 0000101100011110
1304 | 0000000000000 1000011000000 | 0000101101111001 1351 | 0000000000000 0100000000010 | 0010000010001000
1305 0000000000000 1000001100000 | 0000011011010111 1352 0000000000000 0100000000001 | 0001000101011000
1306 | 0000000000000 1000000110000 | 0000110111101000 1353 | 0000000000000 0100000000000 | 0000000000000010
1307 | 0000000000000 1000000011000 | 0001100100111111 1354 | 0000000000000 0010011100000 | 0000111111110000
1308 | 0000000000000 1000000001100 | 0001101101000011 1355 | 0000000000000 0010001110000 | 0000111110110010
1309 | 0000000000000 1000000000110 | 0010101110010010 1356 | 0000000000000 0010000111000 | 0001110110110110
1310 0000000000000 1000000000011 | 0011000111010100 1357 0000000000000 0010000011100 | 0001001000100110
1311 | 0000000000000 1001000000000 | 0000001001001100 1358 | 0000000000000 0010000001110 | 0011101111001100
1312 | 0000000000000 1000100000000 | 0000010010010100 1359 | 0000000000000 0010000000111 | 0011101011001101
1313 | 0000000000000 1000010000000 | 0000100100100110 1360 | 0000000000000 0010010100000 | 0000110110101111
1314 | 0000000000000 1000001000000 | 0000001001011011 1361 | 0000000000000 0010001010000 | 0000101100111110
1315 0000000000000 1000000100000 | 0000010010001000 1362 0000000000000 0010000101000 | 0001010011010110
1316 | 0000000000000 1000000010000 | 0000100101100100 1363 | 0000000000000 0010000010100 | 0000001001111101
1317 | 0000000000000 1000000001000 | 0001000001011111 1364 | 0000000000000 0010000001010 | 0011000011010000
1318 | 0000000000000 1000000000100 | 0000101100011000 1365 | 0000000000000 0010000000101 | 0001101001000111
1319 | 0000000000000 1000000000010 | 0010000010001110 1366 | 0000000000000 0010011000000 | 0000101101111100
1320 0000000000000 1000000000001 | 0001000101011110 1367 0000000000000 0010001100000 | 0000011011010010
1321 | 0000000000000 1000000000000 | 0000000000000100 1368 | 0000000000000 0010000110000 | 0000110111101101
1322 | 0000000000000 0100111000000 | 0000111111101111 1369 | 0000000000000 0010000011000 | 0001100100111010
1323 | 0000000000000 0100011100000 | 0000111111110011 1370 | 0000000000000 0010000001100 | 0001101101000110
1324 | 0000000000000 0100001110000 | 0000111110110001 1371 | 0000000000000 0010000000110 | 0010101110010111
1325 0000000000000 0100000111000 | 0001110110110101 1372 0000000000000 0010000000011 | 0011000111010001
1326 | 0000000000000 0100000011100 | 0001001000100101 1373 | 0000000000000 0010010000000 | 0000100100100011
1327 | 0000000000000 0100000001110 | 0011101111001111 1374 | 0000000000000 0010001000000 | 0000001001011110
1328 | 0000000000000 0100000000111 | 0011101011001110 1375 | 0000000000000 0010000100000 | 0000010010001101
1329 | 0000000000000 0100101000000 | 0000011011001101 1376 | 0000000000000 0010000010000 | 0000100101100001
1330 0000000000000 0100010100000 | 0000110110101100 1377 0000000000000 0010000001000 | 0001000001011010
1331 | 0000000000000 0100001010000 | 0000101100111101 1378 | 0000000000000 0010000000100 | 0000101100011101
1332 | 0000000000000 0100000101000 | 0001010011010101 1379 | 0000000000000 0010000000010 | 0010000010001011
1333 | 0000000000000 0100000010100 | 0000001001111110 1380 | 0000000000000 0010000000001 | 0001000101011011
1334 | 0000000000000 0100000001010 | 0011000011010011 1381 | 0000000000000 0010000000000 | 0000000000000001
1335 0000000000000 0100000000101 | 0001101001000100 1382 0000000000000 0001001110000 | 0000110111111011
1336 | 0000000000000 0100110000000 | 0000110110110000 1383 | 0000000000000 0001000111000 | 0001111111111111
1337 | 0000000000000 0100011000000 | 0000101101111111 1384 | 0000000000000 0001000011100 | 0001000001101111
1338 | 0000000000000 0100001100000 | 0000011011010001 1385 | 0000000000000 0001000001110 | 0011100110000101
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1386 | 0000000000000 0001000000111 | 0011100010000100 1429 | 0000000000000 0000010010100 | 0000101101011110
1387 | 0000000000000 0001001010000 | 0000100101110111 1430 | 0000000000000 0000010001010 | 0011100111110011
1388 | 0000000000000 0001000101000 | 0001011010011111 1431 | 0000000000000 0000010000101 | 0001001101100100
1389 0000000000000 0001000010100 | 0000000000110100 1432 0000000000000 0000010011000 | 0001000000011001
1390 | 0000000000000 0001000001010 | 0011001010011001 1433 | 0000000000000 0000010001100 | 0001001001100101
1391 | 0000000000000 0001000000101 | 0001100000001110 1434 | 0000000000000 0000010000110 | 0010001010110100
1392 | 0000000000000 0001001100000 | 0000010010011011 1435 | 0000000000000 0000010000011 | 0011100011110010
1393 | 0000000000000 0001000110000 | 0000111110100100 1436 | 0000000000000 0000010010000 | 0000000001000010
1394 0000000000000 0001000011000 | 0001101101110011 1437 0000000000000 0000010001000 | 0001100101111001
1395 | 0000000000000 0001000001100 | 0001100100001111 1438 | 0000000000000 0000010000100 | 0000001000111110
1396 | 0000000000000 0001000000110 | 0010100111011110 1439 | 0000000000000 0000010000010 | 0010100110101000
1397 | 0000000000000 0001000000011 | 0011001110011000 1440 | 0000000000000 0000010000001 | 0001100001111000
1398 | 0000000000000 0001001000000 | 0000000000010111 1441 | 0000000000000 0000010000000 | 0000100100100010
1399 0000000000000 0001000100000 | 0000011011000100 1442 0000000000000 0000001001110 | 0011100110010010
1400 | 0000000000000 0001000010000 | 0000101100101000 1443 | 0000000000000 0000001000111 | 0011100010010011
1401 | 0000000000000 0001000001000 | 0001001000010011 1444 | 0000000000000 0000001001010 | 0011001010001110
1402 | 0000000000000 0001000000100 | 0000100101010100 1445 | 0000000000000 0000001000101 | 0001100000011001
1403 | 0000000000000 0001000000010 | 0010001011000010 1446 | 0000000000000 0000001001100 | 0001100100011000
1404 0000000000000 0001000000001 | 0001001100010010 1447 0000000000000 0000001000110 | 0010100111001001
1405 | 0000000000000 0001000000000 | 0000001001001000 1448 | 0000000000000 0000001000011 | 0011001110001111
1406 | 0000000000000 0000100111000 | 0001100100100111 1449 | 0000000000000 0000001001000 | 0001001000000100
1407 | 0000000000000 0000100011100 | 0001011010110111 1450 | 0000000000000 0000001000100 | 0000100101000011
1408 | 0000000000000 0000100001110 | 0011111101011101 1451 | 0000000000000 0000001000010 | 0010001011010101
1409 0000000000000 0000100000111 | 0011111001011100 1452 0000000000000 0000001000001 | 0001001100000101
1410 | 0000000000000 0000100101000 | 0001000001000111 1453 | 0000000000000 0000001000000 | 0000001001011111
1411 | 0000000000000 0000100010100 | 0000011011101100 1454 | 0000000000000 0000000100111 | 0011111001000000
1412 | 0000000000000 0000100001010 | 0011010001000001 1455 | 0000000000000 0000000100101 | 0001111011001010
1413 | 0000000000000 0000100000101 | 0001111011010110 1456 | 0000000000000 0000000100110 | 0010111100011010
1414 0000000000000 0000100110000 | 0000100101111100 1457 0000000000000 0000000100011 | 0011010101011100
1415 | 0000000000000 0000100011000 | 0001110110101011 1458 | 0000000000000 0000000100100 | 0000111110010000
1416 | 0000000000000 0000100001100 | 0001111111010111 1459 | 0000000000000 0000000100010 | 0010010000000110
1417 | 0000000000000 0000100000110 | 0010111100000110 1460 | 0000000000000 0000000100001 | 0001010111010110
1418 | 0000000000000 0000100000011 | 0011010101000000 1461 | 0000000000000 0000000100000 | 0000010010001100
1419 0000000000000 0000100100000 | 0000000000011100 1462 0000000000000 0000000010011 | 0011100010110000
1420 | 0000000000000 0000100010000 | 0000110111110000 1463 | 0000000000000 0000000010001 | 0001100000111010
1421 | 0000000000000 0000100001000 | 0001010011001011 1464 | 0000000000000 0000000010010 | 0010100111101010
1422 | 0000000000000 0000100000100 | 0000111110001100 1465 | 0000000000000 0000000010000 | 0000100101100000
1423 | 0000000000000 0000100000010 | 0010010000011010 1466 | 0000000000000 0000000001001 | 0000000100000001
1424 0000000000000 0000100000001 | 0001010111001010 1467 0000000000000 0000000001000 | 0001000001011011
1425 | 0000000000000 0000100000000 | 0000010010010000 1468 | 0000000000000 0000000000100 | 0000101100011100
1426 | 0000000000000 0000010011100 | 0001101100000101 1469 | 0000000000000 0000000000010 | 0010000010001010
1427 | 0000000000000 0000010001110 | 0011001011101111 1470 | 0000000000000 0000000000001 | 0001000101011010
1428 | 0000000000000 0000010000111 | 0011001111101110
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III Bounds for codes correcting m-repeated bursts

In this section, we extend the results of previous section to the case of m-repeated

bursts of length b or less occurring within a single sub-block.

Similar to the case of correction of 2-repeated burst occurring within a
sub-block, an (n, k) linear code over GF'(q) capable of correcting any sub-block
containing m-repeated burst of length b or less must satisfy the following two
conditions:

(v) The syndrome resulting from the occurrence of any m-repeated burst of length
b or less within a single sub-block must be distinct from the syndrome resulting
from any other m-repeated burst within the same sub-block.

(vi) The syndrome resulting from the occurrence of any m-repeated burst of
length b or less within a single sub-block must be distinct from the syndrome
resulting likewise from any m-repeated burst of length b or less within any other
sub-block.

We now present a lower bound on the number of parity check digits required

for such a code.

Theorem 3. The number of check digits r required for an (n, k) linear code over
GF(q), subdivided into s sub-blocks of length t each, that corrects m-repeated

bursts of length b or less lying within a single corrupted sub-block is atleast

t —mb

g (t — n;b + l) (q— 1)lq’”‘1‘l) - 1] } (9)

Proof. The proof of this result is on the similar lines as that of proof of Theorem

1 so we omit the proof.

Remark 4. By taking s = 1 the bound obtained in (9) reduces to

(b t—mb+m i S t—mb+I N
lagq{q © ”(( - ) (q—1) +Z( )(q—l)lq ! l)}
=0
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which coincides with the result for correction of m-repeated burst obtained by
Dass and Verma(2008).

Remark 5. For m = 2, the bound obtained in (9) coincides with the bound
obtained in (1) for the case of 2-repeated bursts.

In particular, for m = 1, the bound in (9) reduces to

1+s(qb1((t—b+1)(Q—1)+1) —1)

which reduces to the result for correction of burst of length b or less within a
sub-block.

In the following result, we present another bound on the number of check

digits required for the existence of the code considered in Theorem 3.

Theorem 4. An (n,k) linear code over GF(q) capable of correcting m-repeated
burst of length b or less occurring within a single sub-block of length t (2mb < t)
can always be constructed using r check digits where r is the smallest integer
satisfying the inequality

o b m(b— m_1(t—2mb+ (2m —1
q" >q (b 1){q (b 1)<(q_1)2 1( ( )>+

2m —1

2m—2
> (g1l <t B 271) * 1)>+

=0

-0 [@-omr (T YY)

m—1

m—2
(q _ 1)lqm—2—l (t - n;’b + l):| ™

- mb+1 -
LO( ! )@—nw l)—ﬁ)}. (10)

Proof. As in Theorem 3, we omit the proof of this result since it can be derived

on lines similar to that of Theorem 2.
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Remark 6. By taking s = 1 in (10) the bound reduces to

el o (t=2mb+ (2m—1)) &7 o (t—2mb+1
q >q2 (b 1)(((1—1)2'1( Qm_(l ))+Z(q—1)lq2’2l( l ))

=0

which coincides with the sufficient condition for existence of a code correcting

m-repeated bursts( refer Dass and Verma(2008)).

Remark 7. For m = 2, the result obtained in Theorem 4 coincides with the
result in Theorem 2, for the case of 2-repeated burst of length b or less.
For m = 1, the bound in (10) reduces to

¢! (qbl [(q -t —-2b+1)+ 11 +

(s—l){qb_l((t—b—l— 1)(q—1)+1> —1D

which is the condition for existence of a code correcting bursts of length b or less

within a sub-block.
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Abstract

Let R be a I'-ring. We introduce the notion of gamma modules over R and study
important properties of such modules. In this regards we study submodules and

homomorphism of gamma modules and give related basic results of gamma modules.

Keywords: I'-ring, Rpr-module, Submodule, Homomorphism.

1 Introduction

The notion of a I'-ring was introduced by N. Nobusawa in [6]. Recently, W.E. Barnes
2], J. Luh [5], W.E. Coppage studied the structure of I'-rings and obtained various gen-
eralization analogous of corresponding parts in ring theory. In this paper we extend the
concepts of module from the category of rings to the category of Rr-modules over I'-rings.
Indeed we show that the notion of a gamma module is a generalization of a I'-ring as well

as a module over a ring, in fact we show that many, but not all, of the results in the
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theory of modules are also valid for Rp-modules. In Section 2, some definitions and re-
sults of I' — ring which will be used in the sequel are given. In Section 3, the notion of a
[-module M over a I' — ring R is given and by many example it is shown that the class
of I'-modules is very wide, in fact it is shown that the notion of a I'-module is a general-
ization of an ordinary module and a I' — ring. In Section 3, we study the submodules of
a given [-module. In particular, we that L(M), the set of all submodules of a I'-module
M constitute a complete lattice. In Section 3, homomorphisms of I'-modules are studied
and the well known homomorphisms (isomorphisms) theorems of modules extended for

I'-modules. Also, the behavior of I'-submodules under homomorphisms are investigated.

2 Preliminaries

Recall that for additive abelian groups R and I' we say that R is a I" — ring if there

exists a mapping

cRxI'xR— R

(r,y,7") — oy’

such that for every a,b,c € R and «, 8 € T', the following hold:
(i) (a+b)ac = aac+ bac;
ala+ B)c = aac + afc;
aa(b+ ¢) = aab + aac;
(17) (aad)fe = aa(bfc).
A subset A of a I'-ring R is said to be a right ideal of R if A is an additive subgroup of
R and AT'R C A, where AT'R = {aac| a € A,a € T',r € R}.
A left ideal of R is defined in a similar way. If A is both right and left ideal, we say that

A is an ideal of R.
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If R and S are I'-rings. A pair (6, ) of maps from R into S such that
i) 0(x +y) = 0(z) + 0(y);
i1) ¢ is an isomorphism on I
iti) 0(zvy) = ()0 (7)0(y).

is called a homomorphism from R into S.

3 Rr -Modules

In this section we introduce and study the notion of modules over a fixed I'-ring.
Definition 3.1. Let R be a I'-ring. A (left) Rr-module is an additive abelian group

M together with a mapping .: R x [' x M — M ( the image of (r,~, m) being denoted

by rym), such that for all m,m;,my € M and ~,v1,7 € I', r,r1,72 € R the following

hold:

(M)  ry(my + mg) = rymy + ryme;

(M) (rq + 79)ym = ryym + roym;

(M) r(m+y2)m=rym+ryem;

(My)  rim(rayem) = (rimire)yem.

A right Rp — module is defined in analogous manner.

Definition 3.2. A (left) Rp-module M is unitary if there exist elements, say 1 in R and

Y € I', such that, 1yym = m for every m € M. We denote 1y, by 1,,, so 1,,m = m for

all m e M.

Remark 3.3. If M is a left Rp-module then it is easy to verify that 0ym = r0m = ry0 =

Opr. If R and S are I'-rings then an (R, S)p-bimodule M is both a left Rp-module and right

Sr-module and simultaneously such that (ram)g8s = ra(mpfs) VYm € M,¥r € R,¥s € S

and o, 3 €T
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In the following by many examples we illustrate the notion of gamma modules and

show that the class of gamma module is very wide.

Example 3.4. If R is a I'-ring, then every abelian group M can be made into an Rp-
module with trivial module structure by defining

rym=0 Vre RVyel,Vme M.
Example 3.5. Every ['-ring R, is an Rp-module with ry(r, s € R,y € I') being the I'-ring

structure in R, i.e. the mapping

o RxI'x R— R.

(r,7y,8) — r.7y.8

Example 3.6. Let M be a module over a ring A. Define .: Ax Rx M — M, by
(a,s,m) = (as)m, being the R-module structure of M. Then M is an As-module.
Example 3.7. Let M be an arbitrary abelian group and S be an arbitrary subring of 7Z,

the ring of integers. Then M is a Zg-module under the mapping

L xSxM—M

(n,n',x) — nn'z

Example 3.8. If R is a I'-ring and [ is a left ideal of R .Then I is an Rp-module under
the mapping .: R x I' x I — [ such that (r,v,a) — rya .

Example 3.9. Let R be an arbitrary commutative ['-ring with identity. A polynomial in
one indeterminate with coefficients in R is to be an expression P(X) = a, X"+ +as X?+
a1 X + ap in which X is a symbol, not a variable and the set R[z| of all polynomials is

then an abelian group. Now R[z] becomes to an Rr-module, under the mapping

.:RXFXR[$]—>R[1‘]
(r,y, f(2)) — r.f(x) = 200, (ryas)a
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Example 3.10. If R is a I-ring and M is an Rp-module. Set M[z] = {}" a2z’ | a; €

M}. For f(z) =377 bja? and g(x) = > 71" a;a’, define the mapping

: R[z] x T' x M[x] — M]|z]

(g($)775 f(l')) = g(x)”yf(x) = anln(ak’ybk)xk

It is easy to verify that M[z] is an R[z|p-module.
Example 3.11. Let I be an ideal of a I'-ring R. Then R/I is an Rp-module, where the
mapping . : R x I' x R/I — R/I is defined by (r,v,7" + I) — (ryr') + 1.
Example 3.12. Let M be an Rr-module, m € M. Letting T'(m) = {t € R | tym =
0 Vy € I'}. Then T'(m) is an Rp-module.
Proposition 3.12. Let R be a I'-ring and (M, +,.) be an Rp-module. Set Sub(M) =
{X| X € M}, Then sub(M) is an Rp-module.
proof. Define @ : (A,B) — A® B by A® B = (A\B) U (B\A) for A, B € sub(M).
Then (Sub(M),®) is an additive group with identity element () and the inverse of each

element A is itself. Consider the mapping:

o:RxI' x Sub(M) — sub(M)

(r,v,X)—royoX =ryX,

where ryX = {ryz | = € X}. Then we have
(i) royo(Xi®Xy)=7r-v-(X1®Xy)
=77 (Xi\X2) U (Xo\X41)) =77 - ({a ] a € (Xi\Xo) U (X2\X1)}
={r-y-al|ae (X;\Xz)U(X2\X1)}.
And
royoX;®royoXo=r-v-Xi®r-v- X

= (r-y- Xi\r-y - X)) U (r-y - Xo\r -y - XG)
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={r-v-z|lre(Xi)\Xo)U{r-v-z|xe(Xo\X1)}

={r-v-z|ze(Xi\X2) U(X2\X1)}.

() (ri+r)oyoX =(ri+ry) -7 X

={(ri+mr) -y ao|lzeXt={r-y-ax+ry-y-x|zeX}

=r1-v-X+4+rg-y- X=royoX+ryoyolX.

(i) ro(m+r)oX =r-(m+mn) X
={r-(m+y)z|lzeXt={r-yn-x+r-yw-z|zeX}
=r-m-X+r-yp-X=royyoX+roypolX.

(iv) riov0(ra0v0X)

=711 7 (1o 0X)

={rim.(rpoypoz)|lre X}

={rim.(re.y.2) |z € X} ={(rim.r)yr |z e X} = (ri.m.re).72.X.

Corollary 3.13. If in Proposition 3.12, we define & by A® B = {a +bla € A,b € B}.
Then (Sub(M),®, o) is an Rp-module.

Proposition 3.14. Let (R,0) and (5,e) be I'-rings. Let (M,.) be a left Rpr-module

rom
and right Sp-module. Then A = { | r € R,s € S;m € M} is a I'ring and

Ar-module under the mappings

x: AxI'xA— A

T m T My royory r.oymi4 m.y.s;
( 7’77 ) —
0 s 0 s 0 5@y es;

Proof. Straightforward.
Example 3.15. Let (R,0) be a I'-ring . Then RO Z = {(r,s) | r € R,s € Z} is an left
Rr-module, where @& addition operation is defined (r,n) & (r',n’') = (r +r7’',n+zn’) and

the product - : RxI' X (R®Z) — R® Z is defined v’ - v - (r,n) — (r' oyor,n).
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Example 3.16. Let R be the set of all digraphs (A digraph is a pair (V, F) consisting
of a finite set V' of vertices and a subset E of V' x V of edges) and define addition on R
by setting (Vi, Ey) + (Va, E2) = (V1 U Vi, Ey U Ey). Obviously R is a commutative group
since (0, ) is the identity element and the inverse of every element is itself. For ' C R

consider the mapping

L RxI'xXR— R
(Vi, E1) - (Va, Ey) - (V3, E3) = (Vi UVa U Vs, By U Ey U Es U{V) x Vy x Vi1,

under condition
(0,0) = (0,0) - (Vi, 1) - (Va, Eo)(Vi, 1) - (0,0) - (Va, E»)

= (Vi, E1) - (0,0) - (Va, Ey)

= Vi, 1) - (Va, E») - (0,0).
It is easy to verify that R is an Rp-module .
Example 3.17. Suppose that M is an abelian group. Set R = M,,,, and I' = M,,,,, so
by definition of multiplication matrix subset R\, = (i) | 2; =0V j=1,..m} is a
right Rp-module. Also, C{5) = {zij) | xir =0Vi=1,...,n} is a left Rp-module.
Example 3.18. Let (M,e) be an Rp-module over I'-ring (R,.) and S = {(a,0)|a € R}.
Then R x M = {(a,m)la € R,m € M} is an Sp-module, where addition operation is
defined by (a,m) & (b,m1) = (a +r b, m 4+ my). Obviously, (R x M,®) is an additive

group. Now consider the mapping

o: SXI'x(RxM)— Rx M

((a,0),7, (b,m)) — (a,0) oy o (b,m) = (a.y.b,aeyem).

Then it is easy to verify that R x M is an Sp-module.
Example 3.19 Let R be a I'-ring and (M, .) be an Rp-module. Consider the mapping

a: M — R. Then M is an Mp-module, under the mapping

133



Ratio Mathematica 20, 2010

o:MxI'x M — M

(m,y,n) — mo~yon = (a(m)).y.n.

Example 3.20. Let (R,-) and (S, 0) be I'- rings. Then

(7) The product R x S is a I'- ring, under the mapping

((r1,81),7, (r2, 82)) = (11 -7 - 72,8107 © 83).

r 0
(17) For A ={ | » € R,s € S} there exists a mapping R x S — A, such that
0 s
r
(r,s) — and A is a I'- ring. Moreover, A is an (R x S)p- module under the
0 s
mapping
ry 0 LY T 0
(RxS)xTxA— Al | —|
0 s9 0 1070 Sy

Example 3.21. Let (R, ) be a I-ring. Then Rx R is an Rpr-module and (R X R)p- module.
Consider addition operation (a,b)+(c,d) = (a+grc,b+rd). Then (Rx R, +) is an additive
group. Now define the mapping RxI'x (Rx R) — Rx R by (r,~, (a,b)) — (r-y-a,r-y-b)
and (Rx R)xI'x (RxR) — RxRby ((a,b),7, (¢,d)) — (a-y-c+b-y-d,a-y-d+b-v-c).
Then R x R is an (R x R)pr- module.

4 Submodules of Gamma Modules

In this section we study submodules of gamma modules and investigate their properties.

In the sequel R denotes a I'-ring and all gamma modules are Rr-modules

Definition 4.1. Let (M,+) be an Rp-module. A nonempty subset N of (M, +) is

said to be a (left) Rp-submodule of M if N is a subgroup of M and RI'N C N, where
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RU'N = {ryn|y € I',r € R,n € N}, that is for all n,n’ € N and for all vy € I',r €
R; n—n' € N and ryn € N. In this case we write N < M.

Remark 4.2. (i) Clearly {0} and M are two trivial Rp-submodules of Rp-module M,
which is called trivial Rpr-submodules.

(17) Consider R as Rp-module. Clearly, every ideal of I'-ring R is submodule, of R as
Rpr-module.

Theorem 4.3. Let M be an Rp-module. If N is a subgroup of M, then the factor
group M/N is an Rp-module under the mapping . : R x I' x M/N — M/N is defined
(r,v,m+ N)+—— (r.y.m)+ N.

Proof. Straight forward.

Theorem 4.4. Let N be an Rp-submodules of M. Then every Rp-submodule of M /N
is of the form K /N, where K is an Rp-submodule of M containing N.

Proof. Forall z,y € K,z + N,y+ N € K/N; (x+N)—(y+N)=(zx—y)+N € K/N,

we have x —y € K, and Vr € RVy € I',Vax € K, we have
ry(x+N)=ryr+ N € K/N = ryx € K.

Then K is a Rp-submodule M . Conversely,it is easy to verify that N C K < M then
K/N is Rp-submodule of M/N. This complete the proof. [
Proposition 4.5. Let M be an Rp-module and I be an ideal of R. Let X be a nonempty
subset of M. Then

ITX ={>"" a7z | a; € Iry; € T2, € X, n € N} is an Rp-submodule of M.

Proof. (i) For elements x = > " a;oqx; and y = Z;":lxa;ﬁjyj of ITX, we have

m+n
r—y= Zk:l bivezr € ITX.

Now we consider the following cases:

Case (1): If 1 < k <mn, then by = ay, Y& = g, 2 = Ty
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Case(2): If n+1 <k <m+n, then by = —a}_,,, V& = Bk—n, 2k = Yk—n- Also
(it) Yr € R,¥y € I'Va = Y ayiz; € ITX, we have ryz = > ry(aivx;) =
> (ryai)yiz;. Thus ITX is an Rp-submodule of M. O
Corollary 4.6. If M is an Rpr-module and S is a submodule of M. Then RI'S is an

Rr-submodule of M.

Let N < M. Define N: M ={r € Rlrym Vyel Vme M}.
It is easy to see that N : M is an ideal of I" ring R.
Theorem 4.7. Let M be an Rp-module and I be an ideal of R. If I C (0 : M), then M
is an (R/I)r-module.
proof. Since R/I is I'-ring, de finethemappinge : (R/I) x I' x M — M by
(r+1,7,m) — rym.. The mapping e is well-defined since I C (0 : M). Now it is
straight forward to see that M is an (R/I)p-module. [
Proposition 4.8. Let R be a I-ring, I be an ideal of R, and (M,.) be a Rp-module.
Then M/(IT'M) is an (R/I)r- module.

Proof. First note that M/(IT'M) is an additive subgroup of M. Consider the mapping

ve(m+ITM)=r~ym+ ITM
)Nowitisstraight forwardtoseethatMisan(R /I)p-module. O
Proposition 4.9. Let M be an Rp-module and N < M , m € M. Then
(N:m)={a€ R |aym e N Vvy eI} isaleft ideal of R.
Proof. Obvious.
Proposition 4.10. If N and K are Rp-submodules of a Rr-module M and if A, B are
nonempty subsets of M then:
(i) A C B implies that (N : B) C (N : A);
(1) (NNK:A)=(N:A)N(K:A);

(i) (N:A)N(N:B)C (N : A+ B), moreover the equality hold if 0,y € AN B.
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proof. (i) Easy.
(i7) By definition, if r € R, thenr € (NN K : A)<=Vac Are (NNK :a) <= Vy €
yryae NN K<=re(N:ANK:A).
(ii9) If r € (N : A)N (N : B). Then Vy € I',Va € A,Vb € B, ry(a+b) € N and
re(N:A+ B).

Conversely, 0y e A+ B=AUBCA+B= (N: A+ B) C (N:AUB) by(i).
Again by using A, B C AU B we have (N: AUB)C (N: A)N(N:B). O
Definition 4.11. Let M be an Rr-module and () # X C M. Then the generated
Rp-submodule of M, denoted by < X > is the smallest Rp-submodule of M containing
X, ie. < X >=N{N|N < M}, X is called the generator of < X >; and < X > is
finitely generated if | X| < co. If X = {xy,...x,,} we write < zy, ..., z,, > instead
< A{x1,...,x,} >. In particular, if X = {z} then < z > is called the cyclic submodule of
M, generated by =x.

Lemma 4.12. Suppose that M is an Rr-module. Then
(1) Let {M;};esr be a family of Rp-submodules M. Then NM; is the largest
Rr-submodule of M, such that contained in M;, for all 7 € I.

(17) If X is a subset of M and |X| < oco. Then
<X >={>" nx; + Z§:1 rivjxilk,m e Non, € Z,v; € I',rj € Ry x5 € X}
Proof. (i) It is easy to verify that N;e;M; C M; is a Rp-submodule of M. Now suppose
that N < M and V€ I,N C M,;, then N C NM,.

(1) Suppose that the right hand in (b) is equal to D. First, we show that D is an
Rr-submodule containing X. X C D and difference of two elements of D is belong to

D and Vr € RVy € I',Va € D we have

m k m k
rya =yl mam + Y25y T%) = Yoty na(ryas) + 305 (ryrg)e € D.

Also, every submodule of M containing X, clearly contains D. Thus D is the smallest
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Rp-submodules of M, containing X. Therefore < X >= D. [J

For NN K < M,set N+ K ={n+klne€ N,K € K}. Then it is easy to see that M + N
is an Rpr-submodules of M, containing both N and K. Then the next result
immediately follows.

Lemma 4.13. Suppose that M is an Rp-module and N, K < M. Then N + K is the

smallest submodule of M containing N and K.

Set L(M) = {N|N < M}. Define the binary operations V and A on L(M) by
NVK=N+K andNAK =NnNK. In fact (L(M), V,A) is a lattice. Then the next
result immediately follows from lemmas 4.12. 4.13.

Theorem 4.13. L(M) is a complete lattice.

5 Homomorphisms Gamma Modules

In this section we study the homomorphisms of gamma modules. In particular we

investigate the behavior of submodules od gamma modules under homomorphisms.

Definition 5.1. Let M and N be arbitrary Rp-modules. A mapping f: M — N is a
homomorphism of Rp-modules ( or an Rp-homomorphisms) if for all x,y € M and
Vr € R,Vy € I we have
(1) flz+y) = f@)+ f(y);

(i2) f(ryz) = rvf(z).

A homomorphism f is monomorphism if f is one-to-one and f is epimorphism if f is
onto. f is called isomorphism if f is both monomorphism and epimorphism. We denote

the set of all Rp-homomorphisms from M into N by Hompg.(M, N) or shortly by
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Hompg. (M, N). In particular if M = N we denote Hom(M, M) by End(M).
Remark 5.2. If f : M — N is an Rp-homomorphism, then
Kerf={xe M|f(x) =0}, Imf ={y € N|3x € M;y = f(z)} are Rp-submodules of
M.

Example 5.3. For all Rp-modules A, B, the zero map 0 : A — B is an
Rpr-homomorphism.

Example 5.4. Let R be a ['-ring. Fix ry € I' and consider the mapping
¢ : R[x] — Rlz] by f — f~ox. Then ¢ is an Rp-module homomorphism, because
Vre R, VyeTl and Vf, g€ R[z]:

o(f +9) = (f + 900z = frz + gz = ¢(f) + ¢(g) and
¢(rv.f) = ryfrr =ryé(f).

Example 5.5. If N < M, then the natural map 7 : M — M /N with w(z) =z + N is
an Rr-module epimorphism with kerm = N.

Proposition 5.6. If M is unitary Rp-module and
End(M)={f: M — M|f is Rr — homomorphism}. Then M is an
End(M)pr-module.

Proof. It is well known that End(M) is an abelian group with usual addition of

functions. Define the mapping

o EndM)xT'x M — M

(f;v,m) — f(ly.m) = 1vf(m),

where 1 is the identity map. Now it is routine to verify that M is an End(M )r-module.[
Lemma 5.7. Let f: M — N be an Rp-homomorphism. If M; < M and N; <. Then
(1) Kerf <M ,Imf < N;
(7)) f(My) < Imf;
(i17) Kerf='(N;) < M.
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Example 5.8. Consider L(M) the lattice of Rp-submodules of M. We know that
(L(M),+) is a monoid with the sum of submodules. Then L(M) is Rp-semimodule
under the mapping
. RxT'xT — T, such that (r,y, N) — r.y.N = ryN = {ryn|n € N}.
Example 5.9. Let § : R — S be a homomorphism of I'-rings and M be an Sp-module.
Then M is an Rpr-module under the mapping e : R x I' x M — M by
(r,y,m) — r ey em = 0(r). Moreover if M is an Sp-module then M is a Rpr-module
for RC S.

Example 5.10. Let (M,.) be an Rp-module and A C M. Letting
MA={f|f: A— M is amap}. Then M# is an Rr-module under the mapping
o: RxT x M4 — M* defined by (1,7, f) — rovo f =ryf(a),
since M* is an additive group with usual addition of maps.

Example 5.11. Let(M,.) and (N, e) be Rp-modules. Then Hom (M, N) is a

Rr-module, under the mapping

o:RxI'x Hom(M,N) — Hom(M,N)
(r,7,a) —royoa,
where (r ey e a)(m) = rya)(m).
Example 5.12. Let M be a left Rp-module and right Sp-module. If N be an

Rr-module, then

(i) Hom(M, N) is a left Sp-module. Indeed

o:SxI'x Hom(M,N) — Hom(M,N)
(s,v7,a) — soyoa: M — N

m — a(mys)

(17) Hom(N, M) is right Sp-module under the mapping
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o: Hom(N, M) x T x § — Hom(N, M)
(a,7,8) — aoyos: N — M

n— a(n).y.s

Example 5.13. Let M be a left Rp-module and right Sp-module and o € End(M) then

« induces a right S[t]r-module structure on M with the mapping

o: M xT'xS[t] — M

(m, 7, 320 sit') —— moyo (g sit') = 3 (mysi)a’

Proposition 5.14. Let M be a Rr-module and .S C M. Then
STM ={> " sivia; | s; € S,a; € M,~; € '} is an Rp-submodule of M.

Proof. Consider the mapping

o: RxT x (STM) — ST'M

(7"7 Y, E?:l Si%az‘) — Z:-L:l Si%(r’yai)-

Now it is easy to check that ST'M is a Rp-submodule of M.
Example 5.16. Let (R,.) be a I'-ring. Let Z,, the cyclic group of order 2.
For a nonempty subset A, set Hom(R,B4) = {f : R — B4}. Clearly (Hom(R,B%),+)
is an abelian group. Consider the mapping

o:RxT x Hom(R,B*) — Hom(R,B*) that is defined

(r,y, f) —rovof,
where (rovyo f)(s) : A — B is defied by (ro~vyo f(s))(a) = f(syr)(a).
Now it is easy to check that Hom(R,B4) is an [-ring.
Example 5.17. Let R and S be I'-rings and ¢ : R — S be a I'-rings homomorphism.

Then every Sp-module M can be made into an Rp-module by defining

141



Ratio Mathematica 20, 2010

ryz (r € R,y € I';x € M) to be ¢(r)yz. We says that the Rp-module structure M is
given by pullback along .
Example 5.18. Let ¢ : R — S be a homomorphism of I'-rings then (S,.) is an

Rr-module. Indeed

o:RxI'xS§S — S

(r,7,8) —>royos=(r)y.s

Example 5.19. Let (M, +) be an Rp-module. Define the operation o on M by
a®b=b.a. Then (M,®) is an Rr-module.

Proposition 5.20. Let R be a ['-ring. If f: M — N is an Rp-homomorphism and
C < kerf, then there exists an unique Rp-homomorphism f : M/C — N, such that for
every x € M; Kerf = Kerf/C and Imf = Imf and f(x + C) = f(z), also f is an
Rr-isomorphism if and only if f is an Rp-epimorphism and C' = Kerf. In particular
M/Kerf = Imf.

Proof. Let b € x + C then b = z + ¢ for some ¢ € C, also f(b) = f(x +¢). We know f is
Rr-homomorphism therefore f(b) = f(x +¢) = f(z) + f(c) = f(z) + 0= f(z) (since
C < kerf) then f: M/C — N is well defined function. AlsoV 2 + C,y +C € M/C
and Vr € R,y € I' we have
(@) f(z+C)+(y+C)) = f((z+y) +C) = f(z+y) = f(z)+ fy) = fl+C)+ fy+O),
(i1) F(ry(x + ©)) = f(ryz + C) = f(ryz) = r9f(z) = r9f(w + C).
then f is a homomorphism of Rp-modules, also it is clear Imf = Imf and
V(z+C) €kerf; 2+ C €kerf e f(xr+C) =0« f(r) =0« z € kerf then
kerf = kerf/C.

Then definition f depends only f, then f is unique. f is epimorphism if and only if f is
epimorphism. f is monomorphism if and only if ker f be trivial Rp-submodule of M/C.

In actually if and only if Kerf = C then M/Kerf = Imf.O]
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Corollary 5.21. If R is a [-ring and M, is an Rp-submodule of M and N; is
Rr-submodule of N, f: M — N is a Rp-homomorphism such that f(M;) C N; then f
make a Rp-homomorphism f : M/M, — N/N; with operation m + M; — f(m) + Njy.
f is Rp-isomorphism if and only if Imf + Ny = N, f~%(N;) € M. In particular, if f is

epimorphism such that f(M;) = Ny, kerf C M; then f is a Rp-isomorphism.

proof. We consider the mapping M —/ N —™ N/N;. In this case;

M, C f7Y(Ny) = kernf (Ymy € My, f(my) € Ny = wf(my) =0 = m; € kerrf). Now
we use Proposition 5.20 for map 7 f : M — N/N; with function m — f(m) + N; and
submodule M; of M.

Therefore, map f : M/M; — N/N; that is defined m + M —— f(m) + N; is a
Rr-homomorphism. It is isomorphism if and only if 7 f is epimorphism, M; = kernf.
But condition will satisfy if and only if Imf + Ny = N, f~Y(N;) C M;. If fis
epimorphism then N = Imf = Imf + Ny and if f(M;) = N; and kerf C M; then
f~Y(Ny) C M so f is isomorphism.[]

Proposition 5.22. Let B, C' be Rp-submodules of M.

(1) There exists a Rp-isomorphism B/(BNC) = (B + C)/C.

(i7) If C C B, then B/C' is an Rr-submodule of M/C" and there is an Rp-isomorphism
(M/C)/(B/C)= M/B .

Proof. (i) Combination B —7 B + C' —™ (B + C)/C is an Rp-homomorphism with
kernel= B N C, because kermj = {b € B|nj(b) = Oprcyc} = {b € B|r(b) =C} ={b e
Blb+C=C}={be B|be C} = BNC therefore, in order to Proposition 5.20.,
B/(BNC) = Im(mj)(x), every element of (B + C)/C' is to form (b + ¢) + C, thus
(b+c¢)+C =b+ C = 7j(b) then 7j is epimorphism and Immj = (B + C)/C in
attention (%), B/(BNC) = (B+C)/C.

(77) We consider the identity map i : M — M, we have i(C') C B, then in order to
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apply Proposition 5.21. we have Rp-epimorphism 7 : M/C — M/B with
i(m + C) = m + B by using (i). But we know B = i(m + C) if and only if m € B thus
ker i={m+ C € M/C|lm € B} = B/C then keri = B/C < M/C and we have
M/B=1Imi= (M/C)/(B/C).0
Let M be a Rp-module and {N;|i € Q} be a family of Rp-submodule of M. Then
NicolV; is a Rp-submodule of M which, indeed, is the largest Rp-submodule M
contained in each of the NV;. In particular, if A is a subset of a left Rp-moduleM then
intersection of all submodules of M containing A is a Rp-submodule of M, called the
submodule generated by A. If A generates all of the Rp-module, then A is a set
ofgenerators for M. A left Rpr-module having a finite set of generators is finitely
generated. An element m of the Rp-submodule generated by a subset A of a Rp-module
M is a linear combination of the elements of A.

If M is a left Rp-module then the set Zieﬂ N; of all finite sums of elements of V; is an
Rr-submodule of M generated by U;cqN;. Rpr-submodule generated by X = U;cqlN; is
D = {37 rmia; + 22:1 n;bila;,b; € X,r; € Rynj € Z,~; € T'} if M is a unitary
Rr-module then D = RU'X = {};_, rvia;|r; € R,y €T, a; € X}
Example 5.23. Let M, N be Rpr-modules and f,g: M — N be Rp-module
homomorphisms. Then K = {m € M | f(m) = g(m)} is Rp-submodule of M.
Example 5.24. Let M be a Rp-module and let N, N’ be Rp- submodules of M. Set
A={meM|m+ne N for somen € N} is an Rp-module of M containing N'.
Proposition 5.25. Let (M, -) be an Rp- module and M generated by A. Then there
exists an Rp-homomorphism R4 — M, such that f +—— > acAacsupp(py (@) -7 - a.
Remark 5.26. Let R be a I'- ring and let {(M;, 0;)|i € 2} be a family of left Rp-
modules. Then x;cqM;, the Cartesian product of M;’s also has the structure of a left

Rr-module under componentwise addition and mapping
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-t Rx T x (xM;) — xM;

(r,7,{ms}) — -7 - {m;} = {roiyoimi}q.

We denote this left Rp-module by [[..q M;. Similarly,
Yoico My = {{m;} € [[ M;lm; = 0 for all but finitely many indices i} is a

Rr-submodule of []._, M;. For each h in Q we have canonical Rp- homomorphisms

i€Q
7 [[ My — My and A\, : My, — > M; is defined respectively by 7, :< m; >—— my,

and A(my) =< w; >, where

0 2#h

my t=nh
The Rr-module [] M; is called the ( external)direct product of the Rr- modules M; and
the Rp- module Y M; is called the (external) direct sum of M;. It is easy to verify that
if M is a left Rp-module and if {M;|i € 2} is a family of left Rp-modules such that, for
each i € €, we are given an Rp-homomorphism «; : M — M, then there exists a unique
Rpr- homomorphism o : M — HiEQ M; such that «; = am; for each ¢ € 2. Similarly, if

we are given an Rp-homomorphism 3; : M; — M for each 7 € () then there exists an

unique Rp- homomorphism (3 : > ., M; — M such that ; = \;3 for each i € Q) .

1€Q

Remark 5.27. Let M be a left Rp-module. Then M is a right R’-module under the

mapping

s : MxI'x RP — M

(m,y,r) — mxy*r =rym.

Definition 5.28. A nonempty subset N of a left Rp-module M is subtractive if and
only if m +m’ € N and m € N imply that m’ € N for all m,m’ € M. Similarly, N is

strong subtractive if and only if m +m' € N implies that m,m’ € N for all m,m' € M.
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Remark 5.29. (i) Clearly, every submodule of a left Rp-module is subtractive. Indeed,
if N is a Rp-submodule of a Rpr-module M and m € M,n € N are elements satisfying
m—+n € N then m = (m+n)+ (—n) € N.

(23) If N, N’ C N are Rp-submodules of an Rp-module M, such that N’ is a subtractive
Rr-submodule of N and N is a subtractive Rp-submodule of M then N’ is a subtractive
Rr-module of M.

Note. If {M;|i € Q} is a family of (resp. strong) subtractive Rp-submodule of a left
Rr-module M then N;cqM; is again (resp. strong) subtractive. Thus every Rp
-submodule of a left Rp-module M is contained in a smallest (resp. strong) subtractive
Rr-submodule of M, called its (resp. strong) subtractive closure in M.
Proposition 5.30 Let R be a I'-ring and let M be a left Rp -module. If N, N and
N < M are submodules of M satisfying the conditions that NNV is subtractive and
N'C N, then NN (N'+N") =N+ (NNN").

Proof. Let z € NN (N’ + N”). Then we can write = y + z, where y € N’ and
2 € N". by N' C N, we have y € N and so, z € N, since N is subtractive. Thus
x € N' + (N N N"), proving that NN (N’ + N”) C N’ + (N N N"). The reverse
containment is immediate.[]

Proposition 5.31. If N is a subtractive Rp-submodule of a left Rp-module M and if A
is a nonempty subset of M then (N : A) is a subtractive left ideal of R.

Proof. Since the intersection of an arbitrary family of subtractive left ideals of R is
again subtractive, it suffices to show that (/N : m) is subtractive for each element m. Let
a € Rand b€ (N : M) (for v € I' ) satisfy the condition that a +b € (N : M). Then
aym + bym € N and bym € N so aym € N, since N is subtractive. Thus
a€(N:M)O.

proposition 5.32. If [ is an ideal of a ['-ring R and M is a left Rp-module. Then
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N ={me M | Il'm = {0}} is a subtractive Rp-submodule of M.

Proof. Clearly, N is an Rr-submodule of M. If m,m’ € M satisfy the condition that m
and m + m’ belong to N then for each r € I and for each v € I" we have
0=ry(m+m')=rym+rym'm’ = rym/, and hence m’ € N. Thus N is subtractive. [J
proposition 5.33. Let (R, +,) be a I'-ring and let M be an Rp-module and there
exists bijection function § : M — R. Then M is a ['-ring and Mp-module.
Proof. Define o: M x I' x M — M by (z,7v,y) — xzoyoy =3d"1(d(z) - vi(y)).

It is easy to verify that R is a I'- ring. If M is a set together with a bijection function
0 : X — R then the I'-ring structure on R induces a ['-ring structure (M, ®,®) on X
with the operations defined by z &y = 6~(6(z) + d(y)) and

TOYOy=0"dx) v-d(y).0
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1 Introduction

Following the introduction of fuzzy set by L. A. Zadeh in 1965 ([26]), the fuzzy
set theory developed by Zadeh himself and can be found in mathematics and
many applied areas. The concept of a fuzzy group was introduced by A. Rosen-
feld in [24]. The notion of fuzzy ideals in a ring was introduced and studied
by W. J. Liu [20]. T.K. Dutta and B. K. Biswas studied fuzzy ideals, fuzzy
prime ideals of semirings in [14, 16] and they defined fuzzy ideals of semirings
and fuzzy prime ideals of semirings and characterized fuzzy prime ideals of
non-negative prime integers and determined all it’s prime ideals. Recently, Y.
B. Jun, J. Neggeres and H. S. Kim ([16]) extended the concept of a L-fuzzy
(characteristic) ideal left(resp. right) ideal of a ring to a semiring. S. I. Baik

and H. S. Kim introduced the notion of fuzzy k-ideals in semirings [6].

Also a hypergroup was introduced by F. Marty ([23]), today the literature
on hypergroups and related structures counts 400 odd items [8, 9, 25]. Among
the several contexts which they aries is hyperrings. First M. Krasner studied
hyperrings, which is a triple (R, +,.), where (R, +) is a canonical hypergroup
and (R, .) is a semigroup, such that for all a,b,c¢ € R, a(b+ ¢) = ab+ ac, (b +
c)a = ba + ca ([18]). Zahedi and others introduced and studied the notion of
fuzzy hyperalgebraic structures [3, 4, 5, 11, 12, 19, 27]. In [15] we introduced
the notion of fuzzy weak (strong) k-hyperideal and then we obtained some
related basic results. In this note we investigate the behavior of them under
homomorphisms of semihyperrings. Also we define the quotient of fuzzy weak
(strong) k-hyperideals by a regular relation of semihyperring and obtain some

results.
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2 Preliminaries

In this section we gather all definitions and simple properties we require of

semihyperrings and fuzzy subsets and set the notions.

A map o: H x H— P,(H) is called hyperoperation or join operation.

A hypergroupoid is a set H with together a (binary) hyperoperation o.
A hypergroupoid (H, o), which is associative, that is z o (yo z) = (zoy) o
z,Vx,y, z € H is called a semi-hypergroup . A hypergroup is a semihypergroup
such that Vo € H we have x o H = H = H o x, which is called reproduction
axiom.

Let H be a hypergroup and K a nonempty subset of H. Then K is a
subhypergroup of H if itself is a hypergroup under hyperoperation restricted
to K. Hence it is clear that a subset K of H is a subhypergroup if and only if
aK = Ka = K, under the hyperoperation on H.

A set H together a hyperoperation o is called a polygroup if the following
conditions are satisfied:

(1) (xoy)oz==xo(yoz) Vx,y,z € H,;

(2) de € H as unique element such that eox =x =zo0e Vz € H;

(3) Vx € H there exists an unique element, say ' € H such that

ec€xoxr' Nz’ ox ( wedenote 2/ by 7).

(4) Vz,y,2 € H, z€xoy= s €20y l=yeca oz

A non-empty subset K of a polygroup (H,o) is called a subpolygroup if
(K, o) is itself a polygroup. In this case we write K <p H.

A commutative polygroup is called canonical hypergroup.

Definition 2.1. A hyperalgebra (R, +,.) is called a semihyperring if and only
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if

(1) (R,+) is a semihypergroup and (R, .) is a semigroup;

(i7) a.(a+b) =a.b+a.c and (b+c).a=b.c+ca Ya,bce€ R.

A semihyperring is called with zero, if there exists an element, say 0 € R
such that 0.z =0=z0and 0+z=2=2+0 Vo € R.

Also a semihyperring (R, +,.) is called a hyperring provided (R,+) is a
canonical hypergroup.

A hyperring (R, +,.) is called

(1) commutative if and only if a.b = b.a Va,b € R;

(19)with identity, if there exists an element, say 1 € R such that 1.z =
rl=z VreR.

Let (R,+,.) be a hyperring, a nonempty subset S of R is called a subhy-
perring of R if (S, +,.) is itself a hyperring.

Definition 2.2. A subhyperring I of a hyperring R is a (resp. left) right
hyperideal of R provided that (resp. x.r € I) ra €l Vre R, Vx e l. [is
called a hyperideal if I is both left and right hyperideal.

We use I = [0, 1], the real unit interval as a chain with the usual ordering, in
which A\ stands for infimum (inf ) (or intersection ) and \/ stands for supremum
( sup ) (or union), for the degree of membership.

A fuzzy subset of a given set X is a mapping p : X — [. We denote the
set of all fuzzy subsets of X by F'S(X). For € FS(X), the level subset of 1
is defined by

we=A{zr e X| pulx) >t} Vtel.

For a fuzzy subset p of X we denote by I'm(u) the image of u. Let {u; |
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i € I} be a family of fuzzy subsets, intersection of p;’s is defined by

(ﬂ i) () = /\ i ().

i€l iel
Definition 2.3. Let (G,.) be a group and p € FS(G). Then p is said to be
a fuzzy subgroup of G if Va,y € G we have :

(1) plzy) = p() A ply);
(i) p(e™) > pla).
Definition 2.4. If f: X — Y be a function and p € FS(X) , then we say

i is f—invariant if and only if

fla) = f(b) = p(a) = p(b).

In the sequel by R we mean a semihyperring.
Definition 2.5.[1] A nonempty subset I of R is called
(1) a left (resp. right) hyperideal of R if and only if

(1) (I,+) is a semihypergroup of (R, +);

(2) rz € I (resp. ar € I), for all r € R and for all z € I.
(77) a hyperideal of R if it is both a left and a right hyperideal of R. By
I <5, R, we mean hyperideal of R.
(7ii) a left hyperideal I of R is called weak left k-hyperideal of R if for a € I

and x € R we have
a+xCI or x+aCl] — xz€l.

A left hyperideal I of R is called strong left k-hyperideal of R if for a € 1

and x € R we have

at+xrx~I or x+ar~] = x€l,
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where by A &~ B, we mean AN B # (), for all nonempty subsets A and B
of R.

A right(resp. strong) weak k-hyperideal is defined dually. A two sided
(resp. strong) weak k-hyperileal or simply a (resp. strong) weak k-hyperideal
is both left and right (resp. strong) weak k-hyperideal. We denote I <, xn R
(resp. I < R) for weak (resp. strong) k-hyperideal of R.

Clearly, every (strong) weak k— hyperideal is a hyperideal, but the converse

1s not true.

Example. Consider Z, the set of integer numbers. Define new hyperopera-

tions @ and o on Z as follow
m@&n={m,n} and mon=mn VYm,n € Z.

Clearly (Z,,0) is a semihyperring. Now it is easy to verify that I =<
2 >= {2k | k € Z}, is a hyperideal of Z, but it isn’t strong k—hyperideal, since
3@2={32}~Tand2€Tbut3¢1I.

Definition 2.6 .[7] Let R and S be semihyperrings. A mapping f: R — S
is said to be
(1) homomorphism if and only if
fle+y) € f(z)+ fly) and
f(zy) = f(2).f(y) Vo,y € R.
(13) good homomorphism if and only if
fl@+y)=f(x)+ f(y) and
flzy) = f(z).fly) Y,y € R.

Definition 2.7 .[15] A fuzzy subset p of a semihyperring R is called a fuzzy

153



Ratio Mathematica 20, 2010

left hyperideal of R if and only if

@) N\ nz) > p@) \ply) Yoy eR;

z€x+y
(11) plzy) > ply) Vo,y € R.

A fuzzy right hyperideal is defined dually. A fuzzy left and right hyperideal
is called a fuzzy hyperideal. We denote p <y, R for fuzzy hyperideal of R.

Definition 2.8.[15] A fuzzy hyperideal p of R is called

(1) a weak fuzzy k-hyperideal of R if and only if
p@) = (A w) \ CA s A#w)  Veyer
uer+y VEY+xT

(17) a strong fuzzy k-hyperideal of R if and only if
pla) > (uz) V() Aply)  Vzeax+y Ve eyt

Note that if (R, +) is a commutative semihyperring, then the above condi-

tions reduce to the following conditions:
pa) > ( N\ w@w) \uy) VoyeR
uexr+y
and

(@) = p(z) Aply)  Vzex+y.

We denote by 1 <y fxn R (resp. g <. frn R), for a weak fuzzy k—hyperideal
(resp. strong fuzzy k—hyperideal) of R.

Proposition 2.9.[15] Let R be a semihyperring and p € F'S(R). Then
(1) p is a fuzzy hyperideal of R if and only if every nonempty level subset,
1 is a hyperideal of R.
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(79) p is a weak fuzzy k-hyperideal of R if and only if every nonempty level
subset, 1, is a weak k-hyperideal of R.

(7ii) p is a strong fuzzy k-hyperideal of R if and only if every nonempty
level subset, p; is a strong k-hyperideal of R.

Lemma 2.10. Let R be a semihyperring with zero and p be a fuzzy hyperideal
of R. Then p(z) < u(0) forall z € R.

3 Homomorphisms of Fuzzy k-Hyperideals

In this section we investigate the behavior of fuzzy weak (strong) k-hyperideals

under homomorphisms of semihyperrings.

proposition 3.1. Let f : R — R’ be a homomorphism of semihyperrings. If
v <s.prn R, then f7H(v) < prn R.
proof. We know that f~1(v)(z) = v(f(z)). Let x, y € R and 2z € x + ¥, then
we have f(z) € f(x+y) C f(z) + f(y), and since v <;p, R, it concluded that
v(f(2)) = v(f(@) Av(f(y)

Also

v(f(ey) = v(f(@)f(y) = v(f(x) Vr(fy).

Therefore f~!(v) <; R.
Now let z € z + y and 2/ € y + =z, thus f(2) € f(z) + f(y) and f(2') €
f(y) + f(x), then v <, sx, R implies that

v(f(x)) = (f(2) Vv(FENIAv(f(y)

as required.
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proposition 3.2. Let f : R — R’ be a good homomorphism of semihyper-
rings. If v <y fin R', then 7Yv) <wjrn R.
proof. We know that f~'(v)(z) = v(f(x)). First we prove that f~!(v) is a

fuzzy hyperideal of R. Let z, y € R and z € x + y, we should prove that

v(f(z)) 2 v(f(@) Av(f(y) (1)

(1) is valid because v is a fuzzy hyperideal and f is a good homomorphism,
then for z € x + y we have f(2) € f(x +y) = f(x) + f(y).

Also similar previous proposition

v(f(zy)) = v(f(x)) vV v(f(y)).

Therefore f~1(v) <;5 R.
Now we prove that f~(v) <, sin R, that is

7@ 2 {CA OV N FFOEORANFT 0 @

Note that since f is a good homomorphism, then ¢t € x + y if and only if
f(t) € f(z) + f(y), and also v <y frn R', we have

v(f@)={C N von\VC N O \vFw).
FOEF(@)+F(y) FAEF)+f(x)

The last relation implies (2), and this complete the proof.

proposition 3.3. Let f : R — R’ be a good epimorphism of semihyperrings.
If f <w.fin R (resp. p <sfrn R) and p be f—invariant, then f(u) <y frn R

(resp. f(p) <s.prn R).
proof. First we show that f(u) <;, R

156



Ratio Mathematica 20, 2010

Let a, b € R and ¢ € a + b, we should prove that

f(u(e)) = f(u

We have

Since p is f—invariant, then

(@) A f(u(b)).

320 € f7H(e), f(u(c)) = n(z),

dzy € f_1<a)7 f(:u(a)) = N('ro)v
o € f71(b), f(u(b)) = ulyo),

therefore

f(z0) =¢, f(xo) =a, f(yo)=b =

—

!

—

f(z0) € f(xo) + f(yo)

20 € 0 + Yo ( fis a good homomorphism )
(o) = p(wo) A p(yo) (1 <pn R)

f(u(e)) = flu(a)) A f(u(b)).

For proving the second condition of a fuzzy hyperideal, we should prove

that

F(r'a) 2 f(u) @) v f()e) ¥ e eR
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Since f is onto, then ' = f(r) and 2’ = f(x) for some r and z in R, Thus

fer'a) =\ ulra)
reef~1(r'2")
= u(roze) FIro € fH), 20 € fH(2)  (uis f-invariant)
> pu(wo) V pu(ro) (1 <rnR)

= fW)(@)V () (s f-invariant).
Therefore
f()(r'a") = f() (') v f()(2).

Now we prove that f(u) <.k R'. Let a, b € R, we show that

F)(@) = [CA SN CA FEDIA e 1)

t€a+b t' eb+a

Since f is onto and p is f—invariant, then

/ /

f()(a) = p(xo), f()(t) = p(z0), f(p)(t) = p(zp), f()(b) = p(yo),

where

2o € fHa), yo € FHD), 20 € fTH), 2 € fUH).

Hence (1) reduced to the form
wlzo) = [C N\ #E) VN 1) Nnlwo) — (2)

On the other hand from above discussion and since f is a good homomor-
phism ¢ € a + b if and only if f(z9) € f(zo) + f(yo) if and only if zg € o + yo.
Similarly, t' € b+ a if and only if 2} € yo + 2.
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Therefore by (2), it is enough that we prove that
plao) 210 N\ u) VO AN )] A\ o),
z20€x0+Yo zéEyo—l—zo

but clearly the last statement is true, since p <, fr.p 2. This complete the

proof.

In this part we define the quotient of fuzzy weak (strong) k-hyperideals by
a regular relation of semihyperring

Let R be a semihyperring and 6 be an equivalence relation on R. Naturally
we can extend 6 to 6 to the subsets of R as follow:

Let A, B be nonempty subsets of R. Define
AOB < Yac A IbeB: abb, YoeB 3 ac A: bla.

An equivalence relation € on R is said to be reqular if for all a, b, x € R
we have

(i) ahb => (a + 2)0(b+ x) and (z + a)0(x + b),

(17) ab = (ax)0(bx) and (za)f(bx).

By R : 6 we mean the set of all equivalence classes with respect to @, that
is

R: 0 = {ry|r € R}.

Remark 3.4. We know that if R is a semihyperring and 6 is a regular equiv-
alence relation on R , then R : 6 by hyperoperations @& and © is defined as
follow

e B yg = {wg|z € v+ y},

Ty © yo = (xy)o.
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is a semihyperring. For p € FS(R), define (u : 0)(xy) = \/ p(y). Also
yEzg

we know that the mapping ¢ : R — R : 0 defined by ¢(a) = ay is a good
epimorphism. Now if 1 <, . R and pu be p—invariant then by proposition

3.3 it concludes that ¢(p) = p: 60 <y fxn R:60 .

Proposition 3.5. If u <, s, R and R has zero, then p, = {z € R | u(z) =
1(0)} is a weak k—hyperideal of R.

Proof. First we prove that u, <, R. For z, y € u, and z € x + y, then
wu(z) > p(z) A p(y) = p(0), hence by Lemma 2.10 u(z) = u(0), therefore
2 € [y

Let r € R and = € u,, then we have

plre) = p(r)Vop(z)
= pu(r) VvV u(0) (z€p)
= (0) ( by Lemma 2.10 )
(

= u(rz) =p(0) ( by Lemma 2.10 )

Now suppose r +x C u, or x +r C p, and x € p,, we show that r € p,.
From p <y fr.n R then we have :

n() 210N\ 1) NN 1\ ).

zEr+x z'ex+r

Since p(x) = p(0) and /\ pu(z) = p(0) and /\ w(z") = w(0), then
zZEr+z Zlex+r

w(r) > u(0), and then by Lemma 2.10, u(r) = 1(0). Therefore p, <yppn R-

Proposition 3.6. If y <, x5 R, then p* = {x € R | u(z) > 0} is a strong
k-hyperideal of R.
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Proof. Let z, y € p* and z € x + y, then by hypothesis yields

u(z) = p(x) A ply) >0,

thus z € p*.
If r € R and z € p*, then we have

p(re) = p(r) vV p(z) = p(z) >0,

therefore rx € p*. Similarly zr € p*. Thus pu* <, R.
Nowifr+x~p*orx+r~pu* and x € p*.

By hypothesis we have
w(r) > (u)Vup() Apx) >0  Veer+amu, Vi er+ru,
that is r € p*, and hence p* <g . R.

Proposition 3.7. Let R be a semihyperring with zero and z,y € R:

(0) f o < prn R and p(t) = p(0) = p(t') forall t € x4y and t' € y+u,
then p(z) = p(y).

(i0) If p <sppn R and p(u) = p(0) = p(v) for some uw € x4y and
v € y+x, then pu(z) = pu(y).
Proof. (i) Since p <y fxn R and pu(t) = p(0) = pu(t') forall ¢t € x+y and
' €y+a then N\ p(t)=p0)= A pt), thus

p) = [N wO)NCAN v\ sy
= p(0) A p(y)
= u(y) (by Lemma 2.10)

= () = p(y)-
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Similarly we conclude that p(y) > u(z). Therefore p(x) = u(y).

(77) Suppose u € x +y and v € y + x such that pu(u) = p(0) = p(v), since

p <s.pkn R, then

u(y) > () V (@) Ap(z) = p(0) Ap(x) ( by hypothesis )
= u(x) (by Lemma 2.10)

= u(y) > p(x).

Similarly we obtain p(z) > u(y). Therefore u(x) = pu(y).
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