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1. Introduction

L’étude des hypertreillis a été commencse par M.
Konstantinidou et J. Mittas dans [13] (wor zmss 6] et
[14]). Des résultats remarquables dans o= domaine ont
aussi été obtenus par R. Procesi-Cizmms = R. Rota
([17]) qui ont donné un théoréme de repeésemtation de
type Stone pour une classe particulEre &hypertreillis,
la classe des hyperalgébres de Boole. comme réponse a
un probleme de S. Comer (voir [2]. Probleme 15
Définition 1.1. Un hypertreillis est mm emsemble non vide

L, muni d'une hyperopération V et dmme operation A

tels que, pour tous z,y, 2 de L, les conditions smvantes sont
satisfaites :

i) = € zVx i) z=zAzx

i1) J,Vyzg::\/:c ') sAy=ygAzx

iii) (zVy)Vz = zV(yVz) ii’) (rAg)Az=xA(yAz)
iv) z € zV(z Ay) iv') z €z A(zVy)

v) T €aVy sietseulements rAy=y.

Si (L, V) satisfait les conditions i -5 ). donc s1 (L. V) est
un semi-hypergroupe commutatif irés £n zvant la propriété
z € zVz, pour tout = € L, on dit que (L.V) est un semi-
hypertreillis.

L’exemple le plus connu d’hypertreiliis est le suivant.
Exemple 1.2.

Soit (L,V,A) un treillis modulaire. On définit sur

L une hyperopération par

zVy = {2 € L |zVz=yVz=2zVy}

b=
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Alors (L, V, A) est un hypertreillis (voir [1], [4], [12] ou [16]).
En particulier, pour le treillis (P(X),U,N) de toutes les par-
ties d’'un ensemble quelconque X on a
AVB={C e P(X) | AABCC C AUB}et AAB = ANB,
pour tous A et B de P(X). L’hypertreillis (P(X),V,A) est
méme une hyperalgébre de Boole (voir [17]).

On ne connait pas beaucoup d’autres exemples d’hyper-

treillis. Ici on obtient de nouveaux exemples : les hypertreil-

lis trés fins.

Les hyperstructures trés fines sont des structures algé-
briques multivalentes mais qui s’ecartent le moins possible
des structures traditionnelles dont les opérations sont univa-
lentes. Ainsi, par exemple, un hypergroupoide est un ensem-
ble non vide H munj d’une opération qui fait correspondre,
a chaque couple d’éléments z et y, un produit zy qui est une
partie non vide quelconque de H au lieu d’étre formé simple-
ment d’un unique élément. Un hypergroupoide trés fin est
alors un hypergroupoide oti tous les produits zy sont des sin-
gletons sauf un seul ab = A que l'on qualifie d’ezceptionnel.
Cette notion a été introduite par T. Vougiouklis dans I’étude
des représentations des hypergroupes par des hypermatrices
et des permutations généralisées. Les hyperstructures treés
fines sont de plus intéressantes car elles ont des applications
directes dans diverses branches de mathématiques comme la
théorie de groupes, combinatoire, probabilités et statistique,
criptographie, informatique théorique ...

L’étude du lien entre un hypergroupoide trés fin et la

famille de ses groupoides sous-jacents lorsque 'hypergrou-
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poide vérifie des conditions supplementaires comme la (faible)
associativité ou la reproductibilité a été faite dans [9] et [11].
Les hypergroupes et les Hy-groupes ont été caractérisés dans
[7]. De méme, les semi-hypergroupes commutatifs trés fins
ont été caractérisés dans [10]. On mentionne aussi que des
résultats sur les hyperstructures trés fines ont été obtenu

dans (8], [13] et [18].

Dans ce travail on caractérise les hypertreillis tres fins.

Remarquons que si (L,V,A) est un treillis modulaire
alors I’hypertreillis (L, V,A) construit dans I'exemple 1.2 est
trés fin si et seulement si Card L = 2 (cela découle du fait
que zVz = {z € L | z < xz}, pour tout £ € L). On déduit
que (P(X),V,A) est un hypertreillis tres fin si et seulement
si Card X = 1.

2. Les semihypertreillis trés fins

Dans la suite, pour tout semi-groupe commutatif
(S5,-) on désigne par K(S) le noyau de S (s'il existe).
Notons que si S est un semi-groupe commutatif idem-
potent alors K(S) existe si et seulement si S a un
élément zéro z et alors K(S) = {z}. De méme, lorsque
I est un idéal du semi-groupe S et u € S on note par
Au la translation intérieure A, : I — I A (z)=u =z,
pour tout z € I. On désigne par E(f) le sous-ensemble de
S défimi par E(f) = {s € S|A; = f},ou f:I — I est une

application.
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On a le résultat suivant, établit dans [9].

Théoréme 2.1.
Soient H un sems-hypergroupe commutatsf trés fin dont

(a,a) est le couple exceptionnel. On considére

S=H\{a},B=(aa)NS etp:S — H Vapplication définie

par ¢(s) = as, pour tout s € S. Sotent T =;91 (a), = S\T
et Y = @ : I — I la restriction de la fonction ¢ a I.

Alors :
i) S est un sous-semi-groupe de H.

ii) st T est non vide alors T est un sous-semi-groupe de S.
1)  s1 I est non vide alors I est un idéal de S.
De plus, lorsque a € aa il existe a € S tel que p = A,
et
L. &T =75 alors B = K(S5).
II. siT=0alors B # B C E(\y), ot a est un élément
idempotent de S.
III. 1 @;T?Cés alors seulement les trois situations
suivantes sont possibles :
i) B=K(T) C E(A\s2), 0% a€ B.
1) B = K(T)U{B}, ot B est un élément idempotent
de I tel que B =T, a € K(T) et K(T) C E()\y).
i) 0 # B C E(Aa)NI et B = B-t, pour tout t € T,ou

a est un élément de I tel que Ayz = g, =

On utilise le théoréme précédent pour obtenir la struc-
ture des semi-hypertreillis trés fins.

Soit (S, V) un semi-groupe commutatif idempotent. Alors

(S, V) est un semi-treillis par rapport & une relation d’ordre
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définie par © <y siet seulement sizVy =y. 0z et y de
S. On considére aussi H = SU {a}, ol a est un élément qui
n’appartient pas a S.

On utilise ces données pour raliser les constructions
suivantes.
Construction 1.

Soit & un élément quelconque dans S et T un sous-
ensemble de S tel que T < a. Si T est non vide alors T
est un sous-semi-groupe de S. De méme, si [ = S\ T est
non vide alors I est un idéal de S. On définit sur H une
hyperopération par :

aVa = {a,a},

aVvT = TVa = a,

aVz = eVe=aVz, pourtout r <[
tVy = xVuy, pour tous z,y dans S.

On désigne par Hy(S,a,a) hyperstructure ainsi obtenue
(elle correspond au cas I du Théoréme 2.1 si a est le plus
grand élément de S; sinon elle résulte du cas IIL. 1).
Construction 2.

Soit @ € S. En analysant les cas II et respectivement
I11. iii) on déduit qu'il faut et il suffit de choisir T un sous-
ensemble de S de sorte que T < a et zVy € T si et seulement
si z,y sont tous les deux dans T. Cela découle du fait que
si T est non vide alors T est un sous- semi-groupe de S et
I = S\ T est un idéal de S (bien évidemment I # @ car

a € I). On considére sur H une hyperopération définie par :
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aVa = {a,a},

aVT =TVa=a,

aVe =aVa=aVz, pourtout z € I,
zVy =z Vy, pourtous z,y dans S.

On désigne par H,(S, a, @, T) cette hyperstructure ( elle
correspond au cas II du Théoréme 2.1 si T' = () ; sinon, elle
correspond au cas III. iii).

En particulier, lorsque awest tel quesiz < a ety < o
alors on a aussi ¢ Vy < a, on peut prendre T < a.

Il reste a analyser le cas IIL. ii).

Construction 3.
Soient a et  deux éléments du semi-groupe S et T un

sous-ensemble dans S tel que T < a. Alors T' est un sous-
semigroupe de S.

Le cas III. ii) est possible si et seulement si § = fV ¢,
pour tout t € T, et fVu=aVu, pour tout u e I =S\ 7T.

Compte tenu de la maniére dont T est défini, la condi-
tion f =V t, pour tout t € T, est équivalente & a < f.

De méme, la condition fV u = a V u, pour tout u € I,
est équivalente a I’égalité

{seS|la<s}={alU{sel | f<s}

En effet, supposons SV u = aVu, pour tout u € I (donc
pour tout u tel que u € a).

Evidemment {s € § | a < s} D {a}u{se S | B <s}.
On démontre maintenant 1'inclusion réciproque.

Soit s € S, < s. Donc s £ a. Alors fVs=aVs=s,
d’ou f < s.



C. Gutan Ratio Mathematica No.12 - 1997

Réciproquement, supposons
{seS | a<s}={a}U{seS | F<s}.

On considére u € I (c’est-a-dire v £ «). Comme a <
B<BVu ona a < fVu Onobtient aVu < gVu
D’autre part o < aVu (sia = aVu alors v < a, qui
est une contradiction) donc 8 < a V u et, par conséquent,
BVu<aVu.

On voit ainsi que pour le cas IILii) il faut choisir o
et § dans S de sorte que a < S et que lintervalle [a, ]
ne contienne aucun autre élément & ’exception de a et 3,
donc [a, f] = {a, #}. On considére sur H une hyperopération

définie par :

avVe = {a,a,p},

vl =TVa=a,

aVz =azVa=pVz, pourtout z €I,
zVy =2z Vy, pour tous z,y dans S.

On note par H(S,a,a,3) hyperstructure obtenue de
cette maniere.

En utilisant les constructions 1, 2 et 3 on obtient le

théoréme-résumé de la “typologie” suivant.

Théoréme 2.2.
Soit H un semi-hypertreillis trés fins. Alors il eziste

un semi-groupe commutatsf idempotent (S,V) et un élément
a @ S tels que H = S U {a} et H est de l'un des types

suvants :
¢ H=(H{S,a,0),V),ota€ S etT estun sous-ensemble

de S tel que T < a
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o H = (Hy(S,a,a,T),V), ot a est un élément de S et
T < « est un sous-ensemble de S de sorte que zVy € T si
et seulement stz €T etye T ;

o H = (H(Sa,a,B),V), ot a, B sont des éléments de
S de sorte que a < f, [a,f] = {a,B} et T est un sous-
ensemble de S tel que T' < a. "

3. Les hypertreillis trés fins

Dans ce paragraphe on détermine la structure des hy-
pertreillis trés fins.

Lemme 3.1.
Soit L un ensemble non vide sur lequel on définit une

hyperopération V telle que (L,V) soit un semi-hypertreillis
trés fin dont (a,a) est le couple exceptionnel. Sur L on con-
sidére aussi une opération N qui fait de L un semi-treillis.
Alors (L,V,A) est un hypertreillis trés fin si et seulement si
les conditions sutvantes sont satisfaites

(1) pour tout z,y de L\ {a} , z Ay = z si et seulement

81 zVy = y;

(2) {z € L\ {a} |aAz =2} = {z € L\ {a} | aVz = a};

(3) {x € L\{a} |aAz =a} = {z € L\ {a} | aVz = z}.
Démonstration :

Supposons que (L, V, A) est un hypertreillis trés fin dont

le couple exceptionnel soit (a,a). On utilise la condition v)
(Définition 1.1) pour démontrer que les conditions (1), (2) et
(3) sont satisfaites.

Si dans la condition v) on prend z et y dans L \ {a}
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alors on a £ Ay = z si et seulement si zVy = y. Donc on
obtient la condition (1).

Pour démontrer (2) on applique v) pour le couple (a, z),
ouz € L\{a}. Alors a € aVz, c’est-a-dire a = aVz, équivaut
& =gxNa.

De la méme maniere, pour z € L\ {a} et y = a, de v)
on déduit (3).

Réciproquement, supposons que les conditions (1), (2)
et (3) sont vérifiées. Pour montrer que (L,V,A) est un hy-
pertreillis trés fin il reste & vérifier les conditions iv) et iv’)
de la Définition 1.1.

Les conditions iv) et iv’) sont évidemment satisfaites si

z = y = a. Il faut encore vérifier les trois autres situations

possibles.

Solent ¢ = a et y € L\ {a}. Il faut démontrer que
a € aV(aAy), respectivement a € aA(aVy). SiaAy = a alors
évidemment a € aV(a Ay). Supposons a Ay = z € L\ {a}.
Alors aAz = z et puisque z € L\ {a}, d’aprés (2), il s’ensuit
que aVz = a. Donc aV(a A y) = a. Si aVy = a, la condition
iv’) est vérifiée. Supposons aVy = z, ot 2 € L\ {a}. Alors
aVz = z et, de (3), on déduit a Az = a. Donc aA(aV y) = a.

Soient z € L\ {a} et y = a. Alors lorsque z A a = a,
d’aprés (3) on a aVz = z, c’est-a-dire zV(z A a) = z. De
meéme, lorsque £ Aa = z € L\ {a} il s’ensuit que z Az = z
et,de (1), on a alors zVa = z. Donc z = zV(zAa). En ce qui
concerne iv’) si #Va = a alors, d’aprés (2),2 A a = z, donc

zA(zVa) = z. Sinon, supposons que zVa = z,0t z € L\ {a}.

12
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Alors xVz = z et puisque la condition (1) est satisfaite, on
azAz=uz,donc z A(zVa) =z.

Il reste & analyser le cas = et y dans L\{e}. Evidemment,
siz Ay = a, alors z A @ = a et, en utilisant (3) on déduit
aVe = z. Donc z = zV(z Ay). SizAy = z € L\ {a}
alors ¢ A z = z et conformément & (1),zVz = z, donc z =
zV(z Ay). Pour démontrer iv’) remarquons que si z et y sont
dans L\ {a} alors, du Théoréme 2.1, zVy = z € L\{a}. Donc
zVz =zet de(1),z Az =z. On déduit z A (zVy) = z. 5

On considere
T={cxeL\{a}|ave=a}et T={z €L\ {a}|aVz =z}
Alors les conditions (2) respectivement (3) sont équiva-

lentes a z
T={ceL\{a}|anz=c}etT={zeL\{a}|aAe=a}

Si (L,V,A) est un hypertreillis trés fin alors (L, V) est
un semi-hypertreillis trés fin. Donc il existe un sous-semi-
groupe S de L tel que L = SU{a}, ot a ¢ S. De plus, sur §
on a une relation d’ordre < telle que sup<(z,y) existe pour
tous x,y de S et si V=V |gxs alors 2 Vy = sup<(z,y).

D’autre part, (L, A) est un semi-treillis, donc on a sur
L une relation d’ordre < de sorte que pour tous z,y de L il
existe inf<(z,y) et Ay = infz(z,y).

Du Lemme 3.1 on déduit maintenant que (L,V,A) est

un hypertreillis tres fin si et seulement si

(%) les relations < et < coincident sur L\ {a} et T' < a < T.

On remarque aussi que si z,y sont deux éléments de

13
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L\ {a} telsque zAy=a alors a<z,a<y , donc z,y

sont dans T et il n’existe past € T tel que t < z,t <y.

On étudie maintenant de quelle maniere il faut définir
une opération sur (H;(S,a,a), V), respectivement sur
(H(S,a,a,T),V) et sur (H(S,a,a,f),V) pour que I'hyper-
structures ainsi obtenues soient des hypertreillis tres fins.

L’ordre < induit sur SU{a} un ordre < par T < a < T.

Il faut alors que inf<(z,y) = zAy existe pour tout
couple (z,y) d’éléments de S U {a}.

Par rapport & T, et & T, il y a a trois cas possibles, ol
rESTeEl
I. Pour (Hy(S,a,0,),V)onaT<aeta<T.
II. De méme, pour (Ho(S,a,a,T),V)onaT < aeta< T
I1I. Si on considere (H(S,a,,8),V) alors T <a et 3 < T.

Dans les deux derniers cas T a un plus petit élément,
donc zAy = zAy € S, pour tous z,y de S.Par conséquent,
on obtient le théoréme suivant, qui donne la structure des

hypertreillis trés fins correspondants & (Hz(S,a,a,T),V),
respectivement & (H(S,a,a,f),V).
Théoreme 3.2.

Sotent (S, V,A) wun treilis et a un élément qu
n'appartient pas ¢ S. Alors (H(S,a,a,T),V,A) respec-
tivement (H(S,a,a,f),V,) est un hypertreillis trés fin si

et seulement si opération A est définie sur H = SU{a}
par :
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aha =aAT =TAa= a, N
alAz =zla=aAz,pourtoutz € S\T,
zAy =z Ay,pour tous x,y dans S.

Démonstration :
Supposons que (Hy(S,a,a,T),V,A) est un hypertreillis

tres fin. Alors T <a < a < il

SiveT,vAha=v=aAv. Soitve S\ (TUT). Ona

alAv<v et aAv<a DeaAv<ailsensuit aAveT
, donc a A v < a. Par conséquent « A v est un minorant de

I'ensemble {a,v}. Si u est un autre minorant de ’ensemble
{a,v} alors u < v et v < a. On déduit que v € T , donc
u < «. Par conséquént © =< aAv.

Le résultat concernant (H(S, a,a, 3),V, A) découle d'un

raisonnement analogue. =

On donne maintenant la construction de ’hypertreillis
tres fin qui correspond & (H(S,a,a),V). D’aprés les con-
ditions (*) il s’ensuit qu’il faut considérer (.9, <) un treillis.
Donc pour tout couple d’éléments de S il faut qu’il existe
sup<(z,y) et inf<(z,y). On pose

sup<(a,y)=xVy et infc(z,y)=zAy.

On considére o € S et T, T des sous-ensembles de
tels que T < a,a < T. La relation d’ordre < considérée
sur S induit sur S U {a} un ordre X défini par < = <

U(T x {a})U({a} x T)U{(a,a)}. De plus, (SU{a}, <) doit

15
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étre un semi-treillis, i.e. pour tout couple (z,y} de SU {a}

il existe inf<(z,y) =zAy. Alors

ala = a,
alt =t, pour tout t €T,
alAt =t, pour tout t € T.

Avec un raisonnement similaire aux deux cas précédents

on déduit aAz = a Az, pour tout z € S\ (T U T).
Supposons qu’il existe z et y dans S tels que rzAy = a.

Alors a < z,a <y, donc z,y € T et. par conséquent, a <
et @ < y. De plus , si u € S est un minorant de I'ensemble
{z,y} alors u < a, donc u < a. On déduit que z Ay = a.

Ainsi zAy = a, pour tous r,y dans S tels que zAy = a,
et /Ay = z Ay, pour tous z,y dans S tels que z Ay # a.

Con';pte tenu de ces remarques on a le résultat suivant.
Théoréme 3.3.

Soit (S,V,A) un treillis et a un élément qui
n’appartient pas & S. Alors (Hy(S.a.a).V.) est un
hypertreillis trés fin si et seulement &1 lopération A
est définite sur H = SU{a} par:

aNa = a=zAy,pour tous r.y dans S tels quez Ay = o
Ay z Ay, pour tous r.y dans S tels que z Ay # a;
aAz = zla =z, pour tout zeTuT;

aldz =zxzla=«aAz, pour toutr € S\ (TUT). .
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1. INTRODUCTION

Let H be a hypergroupoid. n > 2 be an integer and
T1,...,Tn be elements of H. If 4 is a grouping of the indices
1,2,...,n in this order, then the product of the elements

x; respecting v is denoted H z;. Denote by I'(n) all the

=1

(=)
groupings of the indices 1,2.. ... n in this order. Using these
notations consider :

P(H) = {{z} | 2 € H),

B(H)= U Pu(H).

By means of hyperproducts of P{H) we define on H a
chain of relations (8,)n>; as follows : z3.y if and only if
there exists Q) € P,(H) such that .y = Q.

It is evident that 3; = Id( H) and 3. are symmetrical.

: . - x - - - .
Consider the relation 3 = U 3. which is reflexive and

a=1

symmetrical. Its transitive closure 3* =3 U 303U...isan
equivalence relation on H and H/ s 1= 2 groupoid. Hence
using the relation * we can define functors between cate-
gories of hypergroupoids and categories of groupoids which
permit to reduce some problems on hyperstructures to easier
others on univalent structures.

The relation 3~ in hypergroups has been studied by
many authors like M. Koskas ([9]). P. Corsini ( [1], [2]),
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Y . Sureau ([11]), D. Freni ([4], [5], [6]), M. De Salvo ([3]),
R. Migliorato ([10]).

There is an interesting problem concerning the relations

3 and 8* .

PROBLEM 1. When 3* = § ? (Find the classes of hy-
pergroupoids for which the corresponding relation f is tran-

sitive.)

A first important answer to this problem was obtained
in 1991 by D. Freni ([4]). He proved that in hypergroups the
relations § and 3* coincide.

The semihypergroups for which the relation f is transi-
tive are characterised in [7].

In connection with Problem 1 we mention the following
problem proposed by T. Vougiouklis ([12]).

PROBLEM 2. Do the relations § and 3* coincide in
weakly associative quasihypergroups?

In this paper we extend some properties of the com-
plete parts from semihypergroups to hypergroupoids. Using
these properties we treat Problem 1 in the particular case of

quasihypergroups.

2. COMPLETE PARTS AND THE RELATION g
IN HYPERGROUPOIDS

The notion of complete part in hypergroups has been
introduced and studied by M. Koskas in [9]. Then P. Corsini

21
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([1], [2]), Y. Sureau ([11]), D. Freni ([4]). M. De Salvo ([3]),
R . Migliorato ([10]) have established connections between
the complete parts and the heart of a hypergroup.

In the folllowing some properties of the complete parts
in (semi) hypergroups (see [1] and [7]) are extended to hyper-
groupoids. Using complete parts, a characterization of hy-
pergroupoids in which the relation 3 is transitive, analogues
with that for semihypergroups obtained in [7]. is given.

Let H be a hypergroupoid. A subset 4 of H is a com-
plete part if for every Q € P(H) such that QN 4 # 0 we
have () C A.

Remark that §} and H are complete parts of H. Also,
the intersection of any family of complete parts of H is a
complete part in H.

For a subset X of H denote by C(X) the intersection
of all complete parts of H containing X. It is easy to verify
that C(X) is the smallest complete part of H containing X

(called the complete closure of X).

The following properties hold :
(1) X cce(X).
(2) X cCX'thenC(X)CC(X').
(8) C(C(X)) =C(X).
(4) C(X)= ngC(x}, where C(z) = C{{z}).
As for an associative hyperoperation. we can as-

sociate to any subset X of H an ascending chain of

subsets (Cn(X))new defined by the following two relations :

)
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1) GC(X)=X
i) Cppa(X)=U{Q € P(H) | QNCn(X) # 0}.
Using the chain (C,(X))nen we can obtain the complete

closure of X, as it is shown in the next result.

2.1. PROPOSITION. Let X be a subset in a hyper-
groupoid H. Then the following properties hold :

(5) Cu(X)= ngcn(x), where C,(z) = C,({z}).

(6) Cn(cm(X)) = Cn+m(X)'
() C(X)= Y Ca(X).

PROOF:
(5) As Cp(z) C Cn(X) whenever z € X , it follows that

( gX Cn(x}) C Cn(X). We prove the converse inclusion by

induction on n. If n = 0 then the equality (5) holds. Assume
that C,—1(X) C LEJXC,,__I(Q:), for n € IN*, and consider y €
x

Cn(X). This means that there exists @ € P(H) such that
y € @ and @ NCpr_1(X) # 0. Then, by hypothesis, Q N
Cn—1(z) # 0, for some z € X. Therefore Q C C,(z), that is

y € ( Ux Cn(m)), which proves that the converse inclusion
zE

holds.

(6) We proceed once again by induction on n € IN.
For n = 0 the relation (6) is valid because Cy(Crr(X)) =
Cu(X).
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Suppose now that C,,_1(Cn(X)) = Crnen—1(X). where

n € IN*. Then
Ca(Cn(X)) =U{Q € P(H) | QNCns(Cr(X)) # 8} =

U{Q € P(H) | Q N Crpnt(X) £ 8} = Crsm(X).
(7) In order to prove that C(X) C 8 Ca(X) it is sufficient
to establish that A = g]N Cn(X) is a complete part of H.

Let Q € P(H) such that QN A # 0. Then QN C.(X) # 0,
for some n € IN. Consequently @ C Cr+1(X) C A and thus
ELX) & léJNCn(X). On the orther hand. from 1) and i) |

by induction on n , we get that C,(X) C C(X ). for every
n € IN. Hence g]NC“(X) e e(X). .

Note that we also have the properties below -
(8) If Q € P(H) then C(Q) = C(z), for any z £ Q.
(9) Cn(z)y C Cp(zy) D xCpr(y), for any z and yin H.
(10) C(z)y C C(xy) D zC(y), for any r and y m H.

The connexion between the relation 3% and the complete
parts of a hypergroupoid is given by the following result.

2.2. PROPOSITION. Let zr and y be two elements of o
hypergroupoid H. Then z3%y if and only 57Ciz) =Cly).
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PROOF :
In order to prove the required equivalence suppose first

that z8*y and show that C(z) = C(y). It suffices to establish
that for the couples (z,y) of elements of H satisfying zSy.
If 2By then there exists ) € P(H) which contains both z
and y. Therefore, according to (8), C(z) = C(Q) = C(y).
Consequently, if z3*y then C(z) = C(y).

Assume now that C(z) = C(y). Then z € Cn(y), for
some n € IN. We prove by induction on n that z3*y. For
n = 0 this is true because ¢ = y. Assume this is also true for
any integer k < n and prove that the corresponding assertion
for n is true, too. As z € C,(y) there exists Q € P(H) such
that z € Q and QNCpr_1(y) # 0. Let z € QNCp—1(y). From

T € ) we get {x}ESQ, whence z3*z. On the other hand, as
z € Cp—1(y), by inductive hypothesis, z6*y. Hence z3*y. =

If R is a relation on the hypergroupoid H we define on

P*(H) = {X C H| X # 0} two others relations R and R
by :
VYa € A,3b € B such that aRb

ARE {Vb € B,Ja € A such that aRb

ARB iff (Vac AVbe B we have aRb).
The relation E which intervine in the previous proof is
obtained in this manner.

Using the previous results we obtain the following char-
acterization of the transitivity of the realtion # in hyper-

groupoids.

25



M. Gutan Ratio Mathematica No 12 - 1997

2.3. THEOREM. The relation J is trensifive n s Ayper-
groupoid H if and only if
(*¥) C(z) =Cy(z), forany z € H.

PROOF :

Suppose f is transitive. In order to prowe tha: ((z) =
Ci(z), for any z € H, it suffices to establish that C;(r) is a
complete part of H. Let Q € P(H) such that QN :(z)# 0
and let y € @ NCy(z). We have to show that Q C C:(z).

It is obvious that zfy. As y3z. for = € @ . == obtain
that z8z. Consequently there exists Q' im P{H) containing
both z and z, whence z € C;(z).

Conversely, suppose that (=) holds. Consader z.y.: el-
ements of H such that z8y and y3z. Them 3" and thus
C(z) = C(z). It follows that z € C;(z). Hemce. there exists
@ in P(H) which contains both z and =. thas: s z3:. .

Several examples of semihypergroups for which the re-
lation 3 is not transitive are presented in (7. However there
is no known example of quasihypergroup for which the ass-
sociated relation f is not transitive.

Conjecture. If H is a quasihypergroup then 7 is transi-
tive on H.

If we deal with quasihypergroups H such that H/;- is
a quasigroup we can give a necessary and sufhcent condi-
tion for the transitivity of 3, more simple than the previous

condition ().

W



No. 12 - 1997 Ratio Mathematica M. Gutan

2.4. THEOREM. Let H be o quasthypergroup such that
H/ g« i3 a quasigroup. Then the relation f 1s transitive in H
if and only if

(#x)  there ezists x in H for which C(z) = Cy(z).

PROOF :
The result to prove is a direct consequence of the fol-

lowing.

2.5. LEMMA. Let H be a quasthypergroup such that H/ g
18 @ quasigroup. Then the following assertions are valid :
a) C(zy)=C(z)y, for every z and y in H.
b) If there ezist z in H and n € IN such that C(z) =
Cn(z) then C(y) = Cnly), for every y € H.

PROOF :
a) According to (10), C(z)y C C(zy). In order to prove

the converse inclusion let t € C(zy). Ast € H = Hy
we get that ¢t € uy, for some u € H. Therefore f*(t) =
B*(z)B*(y) = B*(v)p*(y) , whence B*(t) = *(u). Thus
t € C(u)y = C(z)y, that is C(zy) C C(z)y.

b) Let y € H. Then there exists u € H such that
y € zu. Hence C(y) = C(zu) = C(z)u = Co(z)u C Cp(au) =
Ca(y)-

It folllows that C(y) = Cn(y), for every y € H. .

2.6. COROLLARY. Let H be a finite quasihypergroup.
Then the relation B 1s transitive in H if and only if H verifies

the condition (xx).
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2.7. REMARK. If H is a infinite quasihypergroup then
H /g~ is not necessarily a quasigroup. This follows from the

example below.

2.8. EXAMPLE. Let G be a groupoid and | 4:).cc

be a family of nonempty disjoint sets. On H = A, we

Ay,z € G and y € G. Then (H,-) is a hypergroupoid for
which 8* = =, and H/p ~G.

If we take G = (IN,*), where 7 =y = r — y. by the
above construction we obtain a quasihypergroup for which

H/g ~ (IN, #) is not a quasigroup.

3. CLASSES OF QUASIHYPERGROUPS
IN WHICH THE RELATION 5 IS TRANSITIVE

In this section, we present some of the most important
classes of quasihypergroups in which we can prowve that the
relation f is transitive. We use Theorems 2.3 and 2.4, es-

tablished in the previous section.

3.1. THE CASE OF HYPERGROUPS
3.1.1. PROPOSITION. Let H be a hypergrosp.

i) If a € H and Q € P,(H), where n € IN". then there
ezists Q' € Pn(H) such that Q C Q'a.
i) If Q@ and Q' are two elements of P(H) such that
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QNQ #0 and a€ Q' then (QU{a})C Q", for
some Q" € P(H).
i) C(z) = Ci(z), for any z € H.

PROOF :
i) Consider z1,...,z, in H such that @ = z;...zn. As

Ha = H there exists z}, € H such that ¢, € z,a. Then,
taking Q' = z1...2,-12), we get Q@ C Q'a.

ii) Let b € @ N Q'. Then, because of the reproductibility,
then exists ¢ € H such that a € be. According to i) we have
Q C Q:a, for some Q) € P(H). Therefore @ C Qia C
Q1bc C Q1Q'c and a € be C Qe C Qyac C @1Q'c. Hence for
Q" = Q:Q'c we obtain that (QU{a}) C Q" and Q" € P(H).
iii) It suffices to show that C;(z) is a complete part of H,
for every z € H. Let Q € P(H) such that Q N C(z) # 0.
According to the definition of C;(z) there exists @' € P(H)
such that z € Q' and QNQ' # 0. From i), we get (QU{z}) C
Q" for some Q" € P(H), where Q@ C Q" C Cy(x). .

Using this above proposition and Theorem 2.3 we have :

3.1.2. PROPOSITION. The relation 3 i3 transitive in any
hypergroup. B

3.1.3. REMARK. Another proof for this previous result
have been given by D. Freni in [4] using the notion of heart

of a hypergroup.

We present now an interesting consequence of Proposi-

tion 3.1.1 for finite hypergroups.
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3.1.4. PROPOSITION. Let H be & finsiz Rapergronp and
Q,Q’' be in P(H) such that QN Q" # §. Them fhere ezists
Q" € P(H) such that QU Q' C Q". .

3.2. THE CASE OF QUASIHYPERGROUPS WITH IDEN-
TITY
Recall that an element e of 2 hypergmompoad H 1s

an identity if 2 € (ex N ze), for every z € H.

We get the following result.

3.2.1. LEMMA. Let H be a quasihypergrony == which there
exists at least one identity e. Then Cle) =Chlel

PROOF : *
It suffices to show that Ci(e) is 2 complete pert of H.

Let Q € P(H) such that @ NCs(e) # . Hence there exists
Q' € P(H) such that ¢ € Q" and QN Q" # I Consider
z € QNQ'. Then e € z'z, for some " £ H. Takng Q" =
(z'Q")Q € P(H) we have e € z'z C (e} C(FQ'1Q = Q"
and Q C eQ C (z'2)Q C (2'Q")Q = Q". Hence Q C Cy(¢). =

Using the previous Lemma and Theorem 2.£ we get :

3.2.2. THEOREM. Let H be a quasihypergrouy such that
H/g 1is a quasigroup. If H conteins af lesst one identily
then the relation 3 is transitive in H. 5

Here are now two remarquable consequences of Theorem

3.2.2.
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3.2.3. PROPOSITION. Let H be a weakly associative
quasihypergroup (i.e., according to [10], ¢ Hy-group). If H
has at least one i1dentity then the relation B is transitive in

H.

PROOF :
It follows from Theorem 3.2.2 and because H/g. 1is

a group whenever H is a Hy-group. "

We mention that another proof of Proposition 3.2.3 has

been given by D.Freni in Corollary 2.4 of [5].

3.3. THE CASE OF QUASIHYPERGROUPS CONTAIN-
ING SINGLE ELEMENTS
An element z of a hypergroupoid H is single if C(z) =

{z} (see [12]). The following result holds.

3.3.1. THEOREM. Let H be a quasihypergroup such that
H/p+ i3 a quasigroup. If there ezists © € H such that C(z) €
P(H) then = g*.

PROOF :
If C(z) = Q@ € P(H) then Ci(z) = @ = C(z) and,
according to Theorem 2.4, § = §*. .

An immediate consequence of Theorem 3.3.1 is :

3.3.2. PROPOSITION. Let H be a quasithypergroup such
that H/ g+ 13 o quasigroup. If H contains a single element
then 0 is transitive. .

A similar result for Hy-groups has been obtained

by T. Vougiouklis (see [12], Theorem 1.3.3).
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3.4. THE CASE OF QUASIHYPERGROUPS HAVING
UNDERLYING GROUPS

Let (H,) be a quasihypergroup which has an underlying
group (H,-), that is z-y C zy, for every z and y in H. Then
(H,) is a weakly associative quasihypergroup. also called a
Hy-group (see T. Vougiouklis, [12] ).

In the following we show how to determine the relation
B* for this kind of quasihypergroups. Notice that according
to Theorem 3.2.2 we have g* = 3.

Consider the set A = U{(z -y) " '{zy) iz.v € H} and
let N be the normal closure of A (i.e. N is the least normal
divisor of the group (H,+) containing the set 4).

Consider the canonical projections ¢ : H — H/N, re-
spectively 7 : H — H/g.

Then g(zy) = {{-N |t € zy} and ¢(z)-aly) = (z-y)- N,
whence g(zy) = ¢(z)-q(y), for every z and y in H. Therefore
the heart wy of H is included in N. On the other hand, as
1=z"1.z C z 7'z, for every r € H, it follows that x(z7}) =
m(z)~!. Using this equality we have that 7" -y £ wy and

l.2.a4 € wy, whenever r and yarein vz anda € H.

also a”
Hence wy is a normal subgroup of H. More than that, as
7((zy) " (zy)) = w(1), it follows that A C =z. Therefore
N C wy. Hence wy = N. It results that H/ 3 coincides
with H/N. We get that 3%y if and only I z3y . that 1s, if
and only if e N = yN.

A direct consequence of these remarks are the following

results.



No. 12 - 1997 Ratio Mathematica M. Gutan

3.4.1. THEOREM. Let (H,) be o quasihypergroup having
an underlying group (H,-). Then the heart wy of (H,) is
the normal closure of the set U{(z -y) '(wy) |z,y € H} and
the relations B and B* coicide in (H,). u

3.4.2. PROPOSITION. Let H be @ Hy-group having only

one proper hyperproduct. Then the relations § and B* coicide
wn H.

PROOF :
According to [8], H is either a hypergroup or a Hy-

group. Hence f§ = f*. .
We mention that in [12] some particular case of Propo-
sition 3.4.1 are studied (see Examples 1.2.3, 1.2.4 and 1.2.5).
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1. PRELIMINARIES

A fuzzy subset [3] of a non-empty set A is a function from 4 to
[0, 1]. Throughout this paper [ is the unit interval [0.1] T R and
I is the set of all fuzzy subsets of A. If p € I, then by supp(u)
we mean the set {z € A|u(z) # 0}. Let p,p € I*. Then u < piff
p(z) < n(z), For all z € A.

Definition 1.1. Let x,n and g, € I# where o is in the index
set A. We define the fuzzy subsets pNn. upUy ﬂ o and | | po

acA

as follows:

(i) (1 N p)(2) = min{p(z), n(=)},

(ii) (1 U n)(2) = max{p(z), n(z)},

(if) ( (] pa)(z) = inf pa(2),
aEA

(iv) ( U fa)2) = sup fo(z), forall z € A.
€A

Definition 1.2. Let a € A, € I. They by 2 fazzy point a; of
A we mean the fuzzy subset of A given as:

ul(m):{g if:ﬂ::(';

otherwise

Definition 1.3 [5] Let A # 0 and 2 = I* {o}. where o is
the function which is identically 0. Then

(i) by an F-hyperoperation * on A we mean a function from
A X A to I2; in other words for any a,b € A,a=*bis a2 non-empty
fuzzy =subset of A.

(ii) if pym € I, then p+ 5 € [2 is defined by:
= U T * Y.

z€supp(),yE€supp(n)

Notation 1.4. Let u € I, B&C € P*(A) and a € A. Then

(i) a* p# and p # a denote Xap * 1 and p+ x . Tespectively,

(i) e+ B,B*a,u*B,B*uand B*Cdeno'e X S XpsXad
X(ajr#* Xpr Xp * b and xj # X respectively.
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Definition 1.5 [5]. Let F be a non-empty set and “+” an
F-hyperoperation on F. Then (F,#) is called an F-polygroup iff

() (zxy)rz=z%(yxz), Vz,9,2€ F,

(ii) there exists an element er € F such that = € supp(z*ern
ep +z), Y a € F (In this case we say er is an [-identity element
of F.),

(iii) for each z € F, there exists a unique element z’ € F such
that ep € supp(z * 2’ Nz’ + ), (¢' is called the F-inverse of = and
is denoted by z7'.),

(iv) z € supp(z * y) = 2 € supp(z+ y~) = y € supp(z~" *
z), Y z,y,2z € F. (This property is called the F-reversibility of
F with respect to #.)

When there is no ambiguity, for simplicity of notation we use
e and ¢! instead of e and z7' respectively.

If 7 is an F-polygroup and 2y = y*z, Vz,y€ F,then F
is said to be Abelian.

Henceforth F will denote an I-polygroup with hyperoperation
“4” and e will denote the F-identity of F.

Definition 1.6 [5]. Let § # H C . Then H is called an
F-subpolygroup iff

(i)if z € H, then z~! € H;

(ii) supp(z*y) C H, Vz,y€ H.

In this case we write: H <,_, F.

Note that condition (ii) of the above Definition is equivalent
tozxy<xy,, Yz,y€ H.

Lemma 1.7 [5]. Let @ # H C F. Then H <_, F if and only
if supp(z+y~)C H, Yaz,ye H.

Definition 1.8 [5]. Let H <._, F. Then

(i) H is said to be weak normalin F(H<¥_ F)iff oxH+z~! <
Xy VTEEF,

(i) H is said to be normal in F(H < ,_, F)iff e+ H+z™' =
Yy THEF,
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Notation: Let H dp_p F. Then F/H ={z+H : z € F}.

Theorem 1.9 [6]. Let H< p_pF. Define the F-hyperoperation
“D” i i
on F/H as follows:

O:F/HxF/H o

(z+ HyysH) +— z+HOy+H

where
(z+ HOy« H)(z+H)=(z+y+ H)(2), VYz+«He¢eF/H.

Then (F/H,0)is an F-polygroup called the quotient F-polygroup.

Definition 1.10. A fuzzy binary relation R on a set X (i.e.
R € I**X) is said to be a fuzzy similarity relation if it satisfies
for all z,y,z€ X:

(S1) reflexivity: R(z,z) = 1;

(S2) symmetry: R(z,y) = R(y,z);

(S3) transitivity: min{R(z,¥), R(y,2)} < R(z.z).

2. MAIN RESULTS

Definition 2.1. Let g € [*. Then g is « fuzzy sub-F-
polygroup of F iff
(i) u(2) > min{u(z), u(y)},¥z € supp(z * y),¥z.y = F.
(i) p(z71) > p(z),Vz € F.

Note that this definition is a generalization of D- finition 4.1 of
[4]. Clearly (ii) implies that u(z=1) = p(z).Vz € F wnd (i) implies
that u(e) > pu(z),Vz € F.

Definition 2.2, Let £ be a binary fuzzy relation between
two F-polygroups F,F' (ie. € € I7*F"). Then £ is called an
FP-relation iff:

(i) (e,€') € supp(f), where e and e’ are the identity elements
of F and F' respectively;
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(ii) £(a,0) < €(a™",b7") Va,b € 7,

(iii) min{¢(a,b),£(c, d)} < £(z,9), Vo € supp(axc),y € supp(b+
d), for all (a,b),(c,d) € F x F'.
Clearly (ii) implies that £(a,b) = £(a™!,b71), Va,b € F.

Theorem. 2.3. If £ is an FP-relation between 7, F' and if
K <p_p F', then the subset A of F which is defined as follows:

H={z € F:(z,y) € supp(£), for some y € K}

is an F-subpolygroup of F. :

Proof. Since (e,€') € supp(€), so e € H. Now let z € H.
Then there is y € K such that £(z,y) > 0. Since &(z,y) <
E(z7l,y7') and y™' € K, we get ™' € H. At present let

21,22 € H and t € supp(z1+z2). Thus (21, y1)&(z2, y2) € supp(£),
for some y;,92 € K. Thus

0 < min{&(z1, 41), €(x2,92)} < &(t, w)
where w € supp(y; *y2) C /(. Hence t € H.

Theorem 2.4. If £ is a reflexive FP-relation on an F-polygroup
F, then € is a fuzzy similarity relation on F.

Proof. First we prove the condition S of Definition 1.10. Let
(a,b) € F x F. Then

£(a, b)

min{¢(a,b),£(671,671)}, by reflexivity of ¢

£(tye), Vi€ supp(axb™'), since e € supp(bbt)
£t e), Vtesupp(axbd™t)

min{é(t™,e), £(a,a)}, by reflexivity of ¢

£(b,a), since b€ supp(t™! *a)-

| AN VAN |

LA

Similarly £(b,a) < €£(a,d). Hence £ is symmetric. Now we
prove the condition S3 of Definition 1.10. For any a,b,d € F we
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have:

min{{(e,b),{(b,d)} < £(b,d)
min{£(b,d),£(b71.571)}
< ‘E(e:w) t Yw € .supp{_d* 6_1)'

Since, min{£(a,b),&(b,d)} < &(a,b). Therefore

min{é(a,b),€(b,d)} < min{é(e,w),&(a,b)}
< {a,d),since d € supp{w +b).

Thus £ is transitive.

Definition 2.5. An FP-relation on an F-polvgroup F which

is also a fuzzy similarity relation is called a fuzzy congruence re-
lation on F.

Definition 2.6. Let £ be a fuzzy congruence relation on F,
then the fuzzy subset { < e > of F is defined by £ < e > (z) =
E(e,z), forall € F.

Theorem 2.7. If ¢ is a {uzsy congruence relation on an F-
polygroup F, then the fuzzy subset £ < e > is a fuzzy sub-F-
polygroup of F.

Proof. Let z,y € 7. Then min{{ < e > (z).£ < e> (y)} =
min{é(e,z),€(e,y)} < &(e, 2), Vz € supp(z = v).

Also we have £ < e > (z) = é(e,z) < ezl ) = £ < e >
(z~1). Therefore £ < e > is a fuzzy sub-F-polygroup of 7.

Definition 2.8. Let u be a fuzzy sub-F-polygroup of . Then
{ is said to be normal iff for all z,y € F

#(z) = p(z'),Vz € supp(z + y), V' € supp(y =+ z)-

‘Note that the above definition generalizes Definition 2.3 of [4].
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Remark 2.9. It is obvious that if  is a normal fuzzy sub-I-
polygroup of F, then p(z) = u(2"), Vz,2' € supp(z+y), Yo,y € F.

Theorem 2.10. Let i be a fuzzy sub-F-polygroup of 7. Then
the following condition are equivalent: -

(i) p is normal.

(i) For all z,y € F,u(2) = p(y), Vz € supp(z xy *z71)

(iii) For all z,y € F,u(2) > p(y), ¥z € supp(z * y* z71)

(iv) For all z,y € F,u(2) = p(y), Yz € supp(z™ *y T+ xy).

Proof. The proof is similar to the proof of Theorem 2.5 of [4].

Corollary 2.11. If £ is a fuzzy congruence relation on F, then

¢ < e >€ I” is a normal fuzzy sub-F-polygroup of F.

Proof. By Theorem 2.7, £ < e > is a fuzzy sub-F-polygroup
of F. Now let 2,y € F and 2 € supp(z * y *z71). Then 2z €
supp(t * z71), for some t € supp(z * y). Hence we have:

£(e,7)
min{¢(z,t), (s 71, 27")},

£(z,1), since € is reflexive
min{{(z,z),{(e,y)}, since t € suup(z * y)
(e, y), since £ is reflexive

£<e>(y)

E<e>(2)

I AV | AVAR ||

Therefore by Theorem 2.10 (iii), £ < e > is normal.

Corollary 2.12. H <%_p F if and only if x,, is a normal
fuzzy sub-F-polygroup of F.
Proof. The proof follows from Definition 2.1, Theorem 2.10

(i),
Corollary 2.13. Let H<dp_pF. Then 2+ H +z~! is a normal

fuzzy sub-F-polygroup of F, for all z € F.
Proof. It is obvious.
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Remark 2.14. Ii is well-known that in the fazzy zroup the-
ory, every fuzzy subgroup of an Abelian group = mormal. But
the following example shows that this is not tr== iz
F-polygroups. At first we have the following theorem-

Theorem 2.15 [6]. Let (4, 0) be a polyzroup [1]. Then (A, )
is an F-polygroup where z + § = x4y, ¥z, 7€ 4.

Example 2.16. If (H = {e,a,b,c},.) is Kl=in's four-
then (H,0) is a polygroup (see [2]) where the hyperoperation "o
is defined as follows:

zoy = {z,y,2.9}, fz#y™'. z.yze
zox~ ' =z oz = H, if #F €.

zoe = eoz = {z} for every z < H.
Now let “+” be the F-hyperoperatoin 5::'::%::' by “o” (i.e.
THY = xmy,Va:,y € H). Then by Theorem 2.15 {(H.=) is an F-

polygroup. Let f,7 € [0, 1] such that § < ~. Daaz:e = fuzzy subset
w of H as follows:

p(a) = u(b) = p(c) = B, pule) =

Then it is easy to see that p is a fuzzy sub-F-polyzroup of (H,+).
But since e € supp(a*a), a« € supp(a+a)and ple) = ula). we get
¢ is not normal.

Theorem 2.17. Let F be an Abelian F-polyzroup and p a
normal fuzzy sub-F-polygroup of F such that ue) = 1. Define
£ € I7*7 as follows:

£(z,y) = u(z), for some arbitrary element - < suppiz +y~')

Then £ is a fuzzy congruence relation and u= ¢ < = >.
Proof. By Remark 2.9, £ is well-defined. Clearly &(e.e) > 0.
Now for all (z,y) € F x F we have:

£z,y) = w(w), we supp(z+y*)
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= plw™), vl € supp(y * z~1)
= supp(x_l *y), by commutativity of %

= E(m_11yu1)'

Now we show that

min{{(a1,b1) , €(az,b2)} < &(z,9),Vz € supp(a; * ay)
, Yy € supp(by * by)-

Let = € supp(a; *a3) , y € supp(by * bz) and ¢ € supp(z + y~1)
be arbitrary. Then we have: ¢ € supp(z + y™1) C supp(a; * b7 *
az * b3'). Thus t € supp(s w), for some s € supp(a; * b;l) and
w € supp(az * b3'). Therefore we get

{(z,y) = p(t), by definition of £
min{u(s), p(w)}, since p is a fuzzy sub-F-polygroup
min{{(a1, b1),{(az, b2)}-

Consequently £ is an FP-relation. Sincef(m,m) = ufe) = 1,
then ¢ is reflexive. Hence by Theorem 2.4 and Definition 2.5, £ is

a fuzzy congruence relation.
Since p(z) = p(z™1),Va € F, we get that p = £ < e >.

v

Corollary 2.18. Let p be a fuzzy subset of an Abelian F-
polygroup, 7. Then p is a normal fuzzy sub-F-polygroup of F
and p(e) = 1if and only if there exists a congruence relation ¢ on
F such that p=¢ < e >.

Proof. The proof follows from Theorem 2.17, and Corollary
2.11.
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ABSTRACT - In this paper a special case of canonical polysymmetrical
hyperrings, the M-Polysymmetrical hyperrings, are studied and investigated
in detail. Certain methods of their construction from rings are presented and a
new class of hyperstructures, the M-Polysymmetrical superrings, is intro-
duced.
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1. INTRODUCTION

Mittas, the first one of the co-authors, in his paper [6] (in the French Acad-
emy of Sciences) has introduced two new classes of hypercompositional
structures along with some of their fundamental properties. These classes are
special cases of canonical polysymmetrical hypergroups and hyperrings
(MITTAS [9], [10]). Yatras, the second co-author of this paper, has studied
the first of the above classes. He has named the hypercompositional structures
that appear in it, M- Polysymmetrical hypergroups and he has
already presented the first results in [11]. Going on with his study, he has also
presented results on the subhypergroups of the M-polysymmetrical hyper-
group (YATRAS [12]) and on the homomorphisms of the M-polysymmetrical
hypergroup (YATRAS [13]). Here we give the initial results that we have
reached during our study of the hypercompositional structures of the second
of the above classes. Likewise the M-Polysymmetrical hypergroups, we have
given them the name M-Polysymmetrical hyperrings.

We give the relevant definitions:

Definition 1.1
A set H is called a M-polysymmetrical hypergroup (M-P-H) if it is endowed
with a hyperoperation x+y that satisfies the following axioms:

1. (xty)ytz = xHy+z) for every x.v.zeH

2. Xty = y+x for every x.,yeH

3. (30eH) (VxeH) [xe0+x]

4. (VxeH) (3x'eH) [x+x' = 0]

(x' is an opposite or symmetrical of x, with regard to the considered 0,

and the set of the opposites S(x)= {x' eH : x+x’ =0} is the symmetrical

set of x).

5. For every x,y,zeH, x'eS(x), y'eS(y). Z€5(z) we have: zexty =

Z'ex'+y".

We remind that in such a hypergroup., when x runs in H the sets

C(x) = 0+x form a partition of H, which is notified by mod(0), or simply (0)
and for which we have x=y (0) & 0+x = 0+y < C(x) = Cy). Also, for
every xeH, x'eS(x) we have S(x) = C(x) and the set of classes,
H/(0) = G(H) is an abelian group (MITTAS [6], YATRAS [1 1.

Definition 1.2

A set A, endowed with a hyperoperation x+y (addition) and an operation xy
(multiplication), is called M-polysymmetrical hyperring (M-P HR) (and with
abuse of definition, hyperring, since it is not such in the sense of the papers
KRASNER [2], MASSOYROS [3], MITTAS §5]. [7]) i it satisfies the axi-
oms:
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I The hyperstructure (A,t) is a M-P.H.
II.  The structure (A,") is a semigroup.
Il The muitiplication is bilaterally distributive over addition i.e.
(x+y)z = xztyz, z(x+y) = zx+zy for every X,y,zeA.
As an example of those structures we give the one that appears in
MITTAS [6], which is also the one that motivated their definition.

Example 1.1
Let (K,+,") be a commutative algebraically closed field with charac-
teristic p. Also let n#1 be a comprime to p number and &, be the multipli-
cative group of the n-th roots of the unity of K. We define the following hy-
peroperation in K:
x+y=1zeK:x" +y" zz“}
The x+y is aclass modulo &, in K and it holds that:
xiy = k&) + &Y
It can easily be proved that K, endowed with the above hyperoperation is a
M-P.H. This M-P.H combined with the multiplication in K gives the hyper-
structure (K, + ,-) which is a M-P.HR and especially a M-polysymmetrical
hyperfield as it will appear in the following.
We proceed now to a general study of the M-P.HR.

2. GENERALITIES

We can easily notice that the neutral element 0 of the additive hypergroup, is
abilaterally absorbing element of the multiplicative semigroup,
that is:

a0'=0a=0 for every aeA

Remarks 2.1

a) Obviously we have A=JJ.

b) Every ring is a M-P.HR. A M-P.HR, which is not a ring, is called
proper.

c¢) If there exists a scalar element seA, then M-P.H (A,+) is an abelian
group (YATRAS [11]) and thus A is a ring,

d) IfW = {xeA:0+x = x}, then W is a multiplicatively permissible sub-

set (DUBREIL-JACOTIN [1]) of A. Since xeW = 0+x = x for every

aeA we have:
a(0+x) = a0+ax = O+ax = ax

thus axe W, i.e. AWCW. In the same way WACW.
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In the following, we will accept that all the terms which have been defined in
the theory of the rings and which are dependent only on the multiplicative
structure e.g. divisors, (units in the sense that every element which has a re-
verse with regard to the multiplicative uriity element). divisors of zero, asso-
ciate elements, unitary rings, commutative rings, integral rings etc. will have
the same meaning for the M-P.HR, as it is for the hyperrings MITTAS [5],
[7]. The only exception is the term «domain» (integral). that will be substi-
tuted with the term «hyperdomain». As a result in the case under considera-
tion it will be named M-polysymmetrical hyperdomain (M-P.HD), that is,
an integral (i.e. a commutative for which the cancellation law for multiplica-
tion holds) and unitary M-P.HR. Another special form of M-P.HR is the
M-polysymmetrical hyperfield (M-P.HF), that is, a M-P.HR whose set
A* = A-{0} is a group with regard to the multiplication. We also denote that,
obviously, all the properties of the rings which are dependent only on the
multiplication and which are being proved without the intervention of the

addition, also hold in the theory of M-P.HR (as well as in the theory of the
hyperrings MASSOUROS - MITTAS [4], MITTAS [7]).

Remark 2.2

In the ring or (canonical) hyperring theory, satisfying the cancellation law, is
equivalent to not having divisors of zero. However, the same does not hold
for the M-P.HR, where obviously satisfying the cancellation law does not
imply that there exist divisors of zero (x#0 and xy = 0 = xy = x0 =y =0,
thus x is a non-divisor of zero element), while for the converse we generally
have that if xeA* a non-divisor of zero (e.g. from the lefi) then xy = Xz =
Xy+xz' = xztxz' = x(y+z) = x(z+z) = 0 = Oey-7 = y+Z = 0 =
y+z+z' = 0+z = Oty = 0+z = z=y mod(0).

And so the proposition:

Propesition 2.1
If A is a M-P.HR and xeA* is a non-divisor of zero (from one side for in-
stance) then

Xy = xz = z=y mod(0)

Examples 2.1

1. The set resulting from the set C of the complex numbers after the subtrac-
tion of the non zero real numbers and the pure imaginary numbers ie.
A = C-(R*UiR¥), endowed with the hyperaddition

{ze A:Rez=Rex+ReyJImzeR*}.  if Rex+Rey#0

x+y={
0 . if Rex+Rey=0
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and with multiplication

xoy = Rex-Rey+i-Imx-Imy
is a M-P_HR. This can be proved with the verification of the axioms. We re-
mark that, if zeC, Rez = a, acR* then the class C(z) mod(0) is

C(z) = X, = {atiy, yeR*}
(i.e. it is a line parallel to the imaginary axis), while for the symmetrical of z it
is S(z) = {-atiy, yeR*}. Obviously for ax,yeA, a#0, acx = acy =
X =y, i.e. the cancellation law is valid and as a result the M-P.HR (A,+,.)
has no divisors of zero. The number e = 1+i is the unitary element. Also,

assuming that the commutative law of the multiplication is valid, then the M-
P.HR (A,+,) is a M-P.HD and moreover a commutative one. Obviously, for

every z = xtiyeA* the w= l +L is the multiplicative inverse of z
Xy

(zZow = 1+i).

2. It is obvious that, if we consider the Im instead of Re and RezeR* instead

of ImzeR* in the above definition of the hyperoperation, then the deriving

hyperstructure is also a commutative M-P.HF.

3. We easily conclude that the previous examples can give more M-P.HRs

which become M-P.HDs if instead of C, we consider its subset E of the Gaus-

sian integers and instead of R, the set Z of integers. In other words, we con-

sider the set B = E-(Z*Ui Z*), enriched with similar hyperoperations and

operation to the ones that we have previously used in A.

4. If we equipe the set G of an abelian group (G,+) with the multiplication

xy=0 for evefy X,y€G@, then it becomes aring, thezer o ring. Likewise,

in the case of the hyperstructures if we equipe a M-P.H (H,+) with the zero

multiplication as above, then it becomes a M-P.HR, the z e r ¢ M-P.HR. Ob-

viously in this M-P.HR every xeH* is a zero divisor [see proposition 2.14].

In the following we will see others M-P.HRs which are neither M-P.HDs, and
thus nor M-P.HFs. Based on the above information regarding the M-P.HF we
have the following propositions which are presented without proof, since their
proof depends only on the multiplication.

Proposition 2.2
Every commutative M-P.HF is a M-P.HD.

Proposition 2.3
Every integral M-P.HR having a finite number of elements is a M-P.HF.
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Corollary 2.1
Every M-P.HD having a finite number of elements is a M-P.HF.

Regarding the M-P.HR we initially give the following lemma and theorem
from MITTAS [6].

Lemma 2.1

Ifx,yeA, then:
i) xC(y) = Cx)y = C(xy) = Clx;y1)
i) C(x)C(y) = C(xy) = Clxwy1)

Jor every x,€C(x), y,€C(y).

Theorem 2.1

The set A/(0)={C(x), xcA} of equivalent classes mod(0). is a ring with re-
spect to the addition C(x)+C(y) (=x+y) and the multiplication C(x)C(y)
(=C(xy)}, which is called ring of reduction or simply ring of M-P.HR (A+),
symbolized R(A).

This theorem, combined with the study that has been presented in MITTAS
[6], YATRAS [11] concerning the relation of the M-P.H to the abelian
groups, shows that, generally, the M-P.HRs are closely related to the rings.

Obviously, from the relation C(x)C(y) = C(x.y1), for every x.yeA, x,eC(x),
y1€C(y) derives that the equivalence mod(0) in A is compatible to the multi-
plication and consequently a norm al equivalence relation in M-P.HR
(A,+,). According to the relevant theory (MITTAS [7]) the quotient set
R(A) = A/(0) is a hyperring, which, as it is mentioned in the above theorem,
is a ring in the case of the M-P.HR.

More specifically, we have the relevant to the above theorem proposition:

Proposition 2.4

If the M-P.HR (A,+,) is M-P.HF, then the set A/(0) of the equivalent
classes mod(0) is a field called field of reduction or simply field of M-P.HF
(A,+,") symbolized F(A).

Taking into consideration the previous theorem the proof becomes easy. Ob-
viously the unity element of F(A) is the class C(1). Every class C(x) has its
reverse C(x”') (1 symbolizes the multiplication unity of A where there is no
danger of confusion).

50



No. 12 - 1997 Ratio Mathematica J. Mittas, C.N. Yatras

Next we present the following propositions showing the relation of the vari-
ous M-P.HRs (A, +,-) to the corresponding resulting rings of reduction A/{0)
without their proofs for reasons of simplicity and keeping this text short,

Proposition 2.5
If A is a commutative M-P.HR, then A/(0) is also a commutative ring.

Conversely, we have the proposition:

Proposition 2.6

If the ring of reduction A/(0) of M-P.HR (A,+,") is commutative then:
xy=yx mod(0) forevery x,ycA

and conversely.

Proposition 2.7
If the cancellation law for multiplication holds in A then it holds in A/(0) as
well.

Proposition 2.8
If A is a unitary M-P.HR, then A/(0) is a unitary ring.

Proposition 2.9

If the M-P.HR A has zero divisors, then the ring A/(0) has also zero divi-
sors and reversely. Thus if one of them has no zero divisors, neither has the
other.

Therefore we have the following proposition based on the above ones:
Proposition 2.10

If A an integral M-P.HR, then A(0) is an integral ring, and thus, if A is a
M-P.HD, then A/(0) is an integral domain.

Based on lemma 2.1 we are led to the following proposition which is signifi-

cant, especially for the construction of the M-P.HRs from the rings. Such
constructions are presented in the following,

Proposition 2.11

If A is a M-P.HR for which the cancellation law for multiplication holds
(especially, if A is an integral, or a M-P.HD or even a M-P.HF) then the
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classes mod(0) have the same cardinality ie. |C(x)|=|C(yN for every
x,yeA¥*

Proof

Obviously xy=0. According to lemma 2.1 we have

C(x)y=xC(y)
From the above relation derives that for every x;€C(x) there is y,;€C(y). So
X1y=Xy,, and because of the cancellation law, there exists only one y; like
this. So, for every choice of x,y from their classes. a mapping is defined:

Qxy - C(X) e C{})

which is bijective as it can easily be concluded. And so the proposition.

Thus the classes mod(0) in example 1.1 have the same finite cardinality n,
while in the 1st and 2nd of examples 2.1, they have the cardinality of the
continium. Also in the 3rd of examples 2.1 those classes have the cardinality
of the countable. Moreover in the 4th (of examples 2.1), where the condition
of the above proposition does not hold, there exist zero M-P.HRs with classes
having the same cardinality and also others with a different one.

Remark 2.3

Generally if A is an arbitrary M-P.HR and if for two elements x,yeA* (for
every X;,x;€C(x), y,,¥2€C(y)) we have:
Xy = Xy; = ¥ = 2and xjy = Xy = X; = X,

then [CG} =[G

Next we give the following properties of M-P.HRs omitting the proofs:

Properties 2.1

First we introduce the definition of a multiplication of an integer n with an
element xeH (where H is a M-PH) as follows:

X+X+..+X n times for n>0.n#1
n-x=¢0 forn=0
X' +x+..+x n times for n < 0,0 = -1

for n=1 we define 1-x=0+x
for n=-1 we define (-1)-x=0+x', x'e S(x) arbitrary, (YATRAS [11]).
So we have
I". i) Foreveryxy,zteA
(x+y)(ztt) = xztyz+xt+yt
ii) ForeverymneZ and xeA
(mx)(n-x) = (mn)x*
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And continuing we have:
2" x'yeS(xy), xy'e S(xy) for every x,yeA and thus  x'y=xy’ mod(0).
3". For every x,ye A we have: .

S(xy) =xS8(y) =S(x)y

4" For every xeA and neN* we have:

co (x) ifn even
C"'&)SC)  ifnodd
5®. For every xeA and neN* is valid that:

C(x)=C(x") -
6™ For every x,y,ze A we have:

s“(x)={

C)(y+z) = CRICHIH+C(x)C(2)
and (y+2) - C(x) = C(CEX)+C(2)C(x)
7" For every x,y,z€ A we have:
xC(y+z) = xC(y)+xC(2)
and Cly+z)x = C(y)x+C(z)x

Remarks 2.4

a) Ifthe M-PHR (A,+,) is unitary and 1 is its unitary element, then 1 is
unique (and obviously 10 for A={0}).

b) Ifthe M-P.HR (A,+,) is unitary, then the set U of itsu n it s (i.e. of its
elements which are inverse with regard to 1), is obviously a group and
U cA¥*, as in the case of rings.

¢) If the M-P.HR (A,+,) is commutative, then the binomial formula for
(x+y)" holds, i.e.:

n
(x+y)"=x" +nx“"y+...+[k]x“"‘yk +..+y" forevery x,yeA

The binomial formula generally holds for every M-P.HR for x,y commutative
elements. In addition since zex+y = x+y = 0+z, we have:
(x+y)"=(0+z)"=0+2"
which also is obviously valid in the case of the non commutative M-P.HR.
d) If(A,+,) M-P.HF then:
i)  XA* = A*x = A* for every xe A*
ii) A*=U and conversely (if A unitary M-P.HR and A*=U , then A
M-P.HF).
iii) for a#0 each one of the equations ax=b, xa=b has one and only one
solution in A and conversely (that is, if A a unitary M-P.HR,
A#{0} and the equations ax=b, xa=b have one and only one solu-
tion in A each, then A is M-P.HF).
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e} If A unitary M-P.HR and 1eW, then A is a ring. (Indeed, since AWCW,
WACW [remark 2.1,d] and 1€ W, then A=W and since 0+x=x for every
xe W, the structure (A,+) is a group and thus (A,+,:) is a ring).

Let R(A) = A/(0) be the ring of reduction of A and let (a,é)be a group of

choice of the additive hypergroup (A,+) of M-P.HR (A,+,") (YATRAS [11]).

We define in G the following operation starting from the group of reduction

G of (A,+) and through the already known bijective mapping (YATRAS [11])
f:G——> G with f(C) =xce(§

(where as it is known the X, is arbitrarily chosen in every class mod(0) of

(A1) element),
xey = f[C(x)C(y)] =f[C(xy)]

for every x,ye A and thus for the mapping f we also have
tlce)cE)l e[ c)]

for every x,yeA.

This operation, in combination with the addition

x+y=flcE)+C)]

in G , endows G with the structure of a ring.
_lpdeed:

a)  (oy)oz=fCE)CHN-rCEY=[FCey)-1CE)-
f(Cly)C@)= FChyz)=fCK)C(2)=
=fCE)- [fCe2)]=CE)-FCH) C@)l=x-(y-2)

for every x,y,2€ G .

b)  xoly+2)=f(Ck))ef(CEH)+CR)=F(CE)-F(Cl+2))=
f(CE)Cl +z))= F(CE)ICH)+CE)CE))-
=f(Clxy)+Clz))= f(Clxy))+f(Clxz))=x0y+xoz
for every x,y,ze G and from the property 2.1, 6".
In the same way we have (y+2z)ox=yox +zox for every x,y,z€ G

So, as a result we have for the M-P.HR the following proposition which is
analogous to the proposition of the M-P.H.
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Proposition 2.12

In every M-P.HR (A, +,) there exists a subset R of A which has the struc-
ture of a ring, isomorphic to the ring of reduction A/(0).

We call the ring ( R ,+,0), ring of choice of (A,+,:).

Example 2.2
In the M-P.HF (C,+,-) of example 1.1 (where C is the set of complex num-
bers) the set F(C) = C/(0) with elements C(x) = 04x = xE,.,, xeC,
equipped with the operations
C()+C(N=(xEN+(y EL)

C(x)C(y)=(x EL)(y Eg)=xy E,
for every x,yeC and C(x),C(y)eC/(0) is obviously its field of reduction. Also
if:
i) we consider as a group of choice R of the additive hypergroup (C,+) the
one which derives as follows: we take as a distinct element of every class
C(x), the element xcexé.,. which has a principal value of argument the

minimum of the principal values of the arguments of the numbers zex 6,,
ii) Through the bijective mapping
f:xE&,=C(x) — x,
we define the operation
| xoy =f[C()CE)]= [ Cly)]
for every x,yeC.
iii) we consider the addition of the group R

x+y=f[ce)+C(y)]
for every x,yeC.

Then (R ,+,) becomes a field (field of choice) which is isomorphic to the
field of reduction F(C).

Remarks 2.5

a) Obviously we will have more rings of choice, for more choices of ele-
ments from classes mod(0) of A as distinct. All of these are isomorphic
to each other since they are also isomorphic to the ring of choice.

b) Every ring of choice R is obviously a proper subset of A when A is a
proper M-P.HR.
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c) More rings with the same operations as the ones mentioned can result

from one M-P.HR if we consider the mapping g : R(A) —> A bi-

jective in A, instead of the mapping f, without necessarily having
g(C)eC for CeR(A).

Now we will deal with the construction of the M-P.HRs from one ring. As it
has been indicated in MITTAS [6] this is a more complex problem than the
corresponding one of the construction of the M-P.Hs with a given abelian
group as a group of reduction, as it derives from proposition 2.3 of YATRAS
{11], and from the consequence 3 of theorem 1 of §1 of MITTAS [6]. Indeed,
we start from a set E with the structure of a multiplicative semigroup which
has an absorbing element and which alsohas as a subset a ring (A,+,’), such
that:
i) Its multiplication being the restriction of the corresponding of the

semigroup (E,:) in A.
ii) The zero (0) of A being the absorbing element of the semigroup (E,-).
Apart from these conditions we assume that;
iii) There is a partition R of E with the property:

xCr(y) = Cr(x)y = Cr(xy) forevery x,y€ E

iv) There is also a bijective mapping f of the quotient set E/R on A such

that:

f(x) = Cp(x) for every xeA.

[where Cg(x) is the class of E mod (R) that contains the element x].
v)  Cr(0) = {0}
We also consider the hyperoperation:

x®y = £ [f(Crx)+ (Cr(y)] for every x,yeE
defined in E through the additive group (A,+) of the ring A, and the opera-
tion:
xoy=xy foreveryx,yeE

As it is already known (YATRAS [11]) the hyperoperation x®y makes E a
M-P_H whose group of reduction E/(0) cpincides with E/R. Also the opera-
tion X oy is associative in E since (E,) isa semigroup. Furthermore for every

x.y,2z€E we have: .

xo(y@z)=x(y$z)= x(yl Ele)z xf_l(yl +zl)= xCR(yl +z1)=
=XCR(W1):CR(XW1)= CR(X)WI =CR(X1)W1 = CR(’HWI):
= (XIW1)= f—][xl(yl +Zl)]= £ 6y, +x121)= CR(KIYI +X121)=
=Xy, ©x;2; = Cy (xl}‘l)eck(xizl):'"ICR(}’l)EBxlCR(Zl)=

~ x,Cr ()@ x,Cq €)= Ci (1)) y @ Cr 1) 2= Cr )y @ Cr &) 2=
=CR(xy)EBCR(xz)= Xxy@yz=xo0y®yoz

and in the same manner (yGBz}:x:yax@zox i
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In other words the multiplication is bilaterally distributive over the hyperop-
eration.

Consequently the hyperstructure (E,®, ¢ ) is a M-P.HR.

Thus we have the proposition:

Proposition 2.13
Let E be a set with the structure of a multiplicative semigroup that has an
absorbing element, having as a subset, a ring (A,+,), whose multiplication
is the restriction of the corresponding one of the semigroup (E,") in A and
the zero (0) of A is the absorbing element of the semigroup (E,.). Then if
1)  there is a partition R of E having the property

XCr(y) = Cr(x)y = Cg(xy) forevery x,yeE
ii) there is a bijective mapping of the quotient set E/R on A such that for
every xeA

f(x) = Cr(x)

[where Cg(x) is the class of E mod(R) that contains the element x]
and

iif) Cr(0)={0}

the hyperoperation x ®y =f"[f(Cx G)}+ £(Cx (7)) defined on E through
the group (A,+) of the ring and the operation x oYy = Xy (that is the opera-

tion of the semigroup and the ring) make E a M-P.HR whose ring of reduc-
tion E/(0) coincides with E/R.

More specifically if E is an arbitrary set and A its subset with the structure of
a zero ring (i.e. a ring every element of which is its zero divisor, that is for
every x,yeA and x=0, y#0 xy=0 is valid) and R is a partition of E and fis a
bijective mapping of the quotient set E/R on A such that for every xeA,
f'(x) = Cr(x) and Cx(0) = {0}, then the previous hyperoperation x®y, and
the operation xoy=f(Cp &) f(Cr{y)=x,y; for every xyeE with
X1,y1€A make E a M-P.HR.

Indeed

xo(y®2z)=xof " (y; +2,)=xof ' (w;)=x0Cr (7, )=
=xw; =X, (7 +2)= Xy, + X2, :0=CR(0)ZCR(XIYI +x2, )=
=f"(x,y1+xlzl)=x]y,®x,zl =xXoy®xoz

and in the same way (yEB z)onyoxEBzox for every x,yzeE.

Additionally for every x,y,x*,y*€E we have:
XQy=x EBCR(y)= CR(X)EB y=Cp (x)(BCR(y)

xey =0 Ca )=y 6)x = Ca €)oCx )
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X®y=x*®y* xoy=x*oy* withx=x*mod(R) and y=y* mod(R).
Consequently we have:

Proposition 2.14
Every zero ring can give a M-P.HR, whith is called zero M-P.HR.

Remark 2.6

From the above it derives that we can construct all the M-P.HRs (A,+,)
whose ring of reduction is isomorphic to a given ring (A,+.:). We consider
arbitrary semigroups (A, * ) with absorbing element O€A and surjective map-

pings ®:A ——— A such that, if we set
¢ (k))=Cx (x) foreveryx,yeA

such that
i) 0'(e(0) = Cp(0)={0} (singleton, symbolized again 0)

i)  ox*y) = o(xX)ply)
and
iii) x*Cgp(y) = Cr(x)*y = Crx*y)

Starting from every such mapping we consider the hyperoperation
x+y=¢"(e&)+o(y)) and the multiplication x+y. Under the above hy-
peroperation and multiplication the structure ( A+, * ) is a M-P.HR with ring

of reduction isomorphic to (A,+,-). As it is already known (MITTAS [6],
YATRAS [11]) the structure ( A,+) is a M-P.H and furthermore it holds:

x+{y +z)=x+0"' (o()+ 0@)=x0"" (o(v))=

x*Cp W)=Cr (x*w)= 0" (olcxw))=

= 07 (9) oW)= 0" [ 96) (0& )+ 0D} 07 (o) ol )+ o) 0e))=
=(p"]((p(xty)+:p(x*z))= XRY+X*Z.

Similarly for (y +z)*x .

Hence the structure (A, +,* ) is a M-P.HR with the ring (A,+,") as a ring of
reduction.

Examples 2.3

1. Having as a starting point the example 1 of YATRAS [11] we consider the
set of the rational numbers Q and the partition OUX where O={0} and X=Q*.
Then the set H = {0}UQ* = Q equipped with the hyperoperation x+y of the
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previously mentioned example, that is 0+0=0, O+x = x+0 = Q*,
Xty = y+x = 0 for every x,yeQ*, and multiplication the usual multiplica-
tion of the rational numbers is a M-P.HF.
The set F(Q) = {C(0),C(x)} = {O,X} is the field of reduction, with addi-
tion: :
0+0=0, 0+X=X+0=X, X+X=0
and multiplication
0X=X0=0, XX=X

F(Q) is obviously isomorphic to the field of integers mod 2. The set
R = {O,q} with q any arbitrary element of Q*, is the field of choice that is
defined through the mapping:

f:H—R with f(0) = 0 and f(x) = q, xeQ*
Generally we can consider X to be an arbitrary multiplicative group and as a
result we have the construction of all the M-P.HFs that arise from a multipli-

cative group whose field of reduction is isomorphic to the field of integers
mod 2.

2. Having as a starting point example 2 of YATRAS [11] we take again the
set of rational numbers Q and we define in it the partition OUXUY, where
0= {0}, X=Q, and Y=Q . Then the set H = {0}uQ,uUQ, =Q
equipped with the hyperoperation x+y of the above mentioned example and

operation the usual multiplication of the rational numbers becomes a M-P.HF.
The field of reduction is the set F(Q) = {C(0),C(x),C(y)} = {0, XY} with
addition

O+t0=0, X =X+H0 =X, X+tY = Y+X =0, X+X = Y, Y+Y = X

and multiplication
OX=X0=0,0Y=Y0=0,XX=X, YY=X, XY=YX=Y

which is obviously isomorphic to the field of integers mod 3.
The set R = {0,p,q}, with pe Q, and qe Q" arbitrarily chosen, is the field
of choice that is defined through the mapping.

f:H——R  with f{0)=0, f(x)=p, xeQ, and fy)=q, ye Q"
We reach an analogous M-P.HF if we consider the set R of the real numbers
and the partition {0}UR} UR’ . More generally we can consider an arbi-

trary multiplicative group and its partition XUY, In this way we have the con-
struction of all the M-P.HFs which derive from a multiplicative group and
whose field of reduction is isomorphic to the field of integers
mod 3.
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3. Based on the example of YATRAS [12] we consider the M-P.H (H,+)

with H = JX' which appears in it and which is defined through the parti-

ieZ
tion R of H into classes X',ieZ (the set of integers) with X" = {xg }:
and with hyperoperation

x, +xg =X

Next the set of classes H/R = H/(0) = {X',ieZ} becomes a semigroup iso-
morphic to Z based on the isomorphism Py X'eH/(0) with multiplica-
tion o
XX =X
Consequently the structure (H/(0),+,-) becomes a ring isomorphic to (Z,+,").
Now, in order to make the M-P.H (H, +)a M-P.HR we define an associate
multiplication xy in H taking into consideration that since the ring (H/(0),*.,)
is an integral domain, it does not have divisors of zero with regard to this
multiplication. If we further assume that it also verifies the cancellation law

according to proposition 2.11, we have that the classes X' (i=0) have the same
cardinality. Moreover applying lemma 2.1 in class X' = C(1) which contains

the unity element 1€Z, we have that xC(1) = C(1)-1 = C(1)C(1) = C(1),
that is xX'=X' for every xeX' and consequently we have that the class X' is a
group. _ -

Furthermore denoting the elements of H as x;, with x; €X' and a€l, where |
is a set of indexes, which as it easily results from the consideration of
x. €X', has the structure of a group we have for the multiplication of H the
following:

X, )‘{a = "Eb

It derives that 1=x] € X' is the unitary glement of H under this multiplica-
tion (because |- xi, = x| xL = x'). “The hypercompositional structure

(H,+ ,) defined in the above mentioned way, is an integral M-P.HR and
more precisely a M-P.HD. We can easily see that what is mentioned in re-
mark 2.6 is satisfied through the surgective mapping

¢:H ——> H/R with qm(xi)-—J'(I
As a partial case we can consider the classes X' with cardinality 2, that is
X' = {xl ,x2 }w1th the set of indexes a group isomorphic to the group {l 2}
of the classes (;t O)Of the integers mod 3.
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4. Obviously the above construction of M-P.HR can also be applied if instead
of Z we consider any integral ring. Thus we construct M-P.HRs that are also
M-P.HFs, if we consider as ring A the field of classes of integers mod(p) with

H = X'UX'UX'UX’UX* and eg X' ={xi,xb ¢ or more generally
X = {x;,...,xi:_l}where 1={ L..,q~1} isomorphic to the multiplicative

group of the classes of integers mod(q) with geN prime number.

5. Finally we give one more example in which the M-P.HR that results ac-
cording to the above way, does not have classes mod(0) with the same cardi-

nality. Indeed let the ring A= {5,T,§,§} of classes mod4 and
H = X"U...UX’. Here in the ring H/(0) which is isomorphic to A, we obvi-

2
a

xix% = 0. Trying to construct M-P.HRs with classes that have different

ously have X°X* =X’ and thus for every x’x2eX> we will have

cardinalities, we consider (due to simplicify): X'= x!,x} }= {La},
X2 ={x} }= (b}, X* = {xd.x3 }= {c.d} (while X° = §x0 }={0}) and
the set of indexes I = {1,2} for the multiplication to be a group isomorphic

to the group {T,?’Z'} mod 3. The equality of certain products of elements is
necessary for the validity of lemma 2.1, e.g. in order to be

xi X =X'x?
- 2 _ 1.2 _ 1.2 __2_ 2
itmustbe ., Xa X =X1X] = XX =X{ =X}
and X'x? = {;v(},x]2 }xf = {xfx%}
since it is also XX =x*

So we get the following table, after having checked all the cases of products
in H:

Al g |—io] -

(=F =g L= [} { e} Lo} o]
Ao |loe |—lo]|—
Lol =" = Ll F-C Fe  §)
TiIoio|og|o|o|o
Rl—oiono |ojo
—lw oo |||

and the corresponding one for the addition, with the use of the same symbol-
ism for the elements is:
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0 1 a b c d

0 | {1a} | {1a}| b | {cd} | {cd}
{1,a} b b {c,d} 0 0
(la} | b b | {cdl| O 0

b {c,d} | {c,d} 0 {la} | {l,a
fcdl | 0 0 | {1a| b b
{c,d} 0 0 {1,a} b b

Ao |ofe |—S]+

As it can be seen from the above tables the cancellation law for the
multiplication does not hold in this M-P.HR.

Remark 2.7

According to the above examples 4 and 5, we can generalize the method and
proceed to the construction of all the M-P.HRs with ring of reduction isomor-
phic to the ring of classes of integers mod(p), with the same cardinality when
p is not prime. However, in this case, since the ring of reduction does have
zero divisors, the M-P.HRs which have this one as ring of reduction do not
satisfy the cancellation law. This fact proves that the fundamental proposition
2.11 provides only a sufficient condition for the same cardinality of the
classes mod(0) of the M-P.HR.

Lastly, if we consider the multiplication as a hyperoperation in a M-P.HRs we
are led to a new polysymmetrical hyperstructure analogous to the superrings
(MITTAS [8]). So, based on the introductory example of the hyperpolynomi-
alg (i.e. polynomials with coefficients from a hyperring), which appears in
MITTAS [8] we can consider in an analogous way the M-hyperpolynomials,
which due to the polysymmetrical of their addition, give a polysymmetrical
M-hyperstructure.

So we have the definition:

Definition 2.2

We name M-polysymmetrical superring (M-P.SR) a set S equipped with

two hyperoperations x+y - addition - and xy - multiplication - which verify

the following conditions:

I. S is a M-P.H under the addition (called additive hypergroup of the
M-P.SR).

II. S is a semihypergroup under the multiplication (called multiplicative
semihypergroup of the M-P.SR) the 0 of which is a bilateral absorbing

element.
ie.: i) xycS
i) (xy)z = x(yz)
iii) xX0 =0x=0 for every x,y,zeS
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IIT. The multiplication is bilaterally distributive over addition i.e.
(xty)z = xztyz , z(xty) = zxtzy for every xy,zeS

Remark 2.8

As in the case of rings and of M-P.HRs we can define various kinds of
M-P.SRs such as commutative M-P.SRs, unitary M-P.SRs etc. Another spe-
cial type of M-P.SRs is the M-polysymmetrical superfield (M-P.SF), that is
a M-P.SR whose set S*=§-{0} is a multiplicative hypergroup.

It is obvious that by starting with the M-P.SRs we are led to various interest-
ing hyperstructures, as it happens for instance with the consideration of the
multiplicative semihypergroup S, as a M-P.H under the muitiplication.
Regarding the M-P.SRs we set the following proposition which is analogous
to 2.13 and the theorem that follows, while their special study will be the
subject of a different paper.

Proposition 2.15

Let E be a set and A its subset with the structure of a ring without divisors

of zero. Also, let 0 to be its neutral element and let for every xc A, -x to be

ifs opposite. Then if:

1)  there exists a partition R of E and a bijective mapping of the quotient
set E/R on A such that xe A, f'(x) = Cr(x) for every XA and

i)  Cr(0) = {0}

then the hyperoperations x®y=f"'[f(Cx&)+f(CrG)] and

xoy=f7[ f(Cg &))-£(Cg ()] defined in E through the ring A make E

a M-P.SR.

Proof
Firstly the hyperoperation x®y makes E a M-P.H (YATRAS [11]). Next we
notice that for every x,yeE the hyperproduct xey is a class mod(R) of E.
We also have that
Xey=XoZ&y= zmod(R)
Indeed, if we set £(Cy (x))=x, etc. we have
xoy=xoz&> £ ()= (xiz )@ X1y, =7y ®y =2 &
Cr(y)=Cr(2)e y=2modR)
Also, we obviously have:
Xoy=x%oy* forevery x*eCg(x), y*eCr(y)
Proceeding with the proof we see that the associative law for the multiplica-
tion is valid. Indeed if we set xoy = CR( w) we have:
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fl(xoy)oz]=f(Cr(w)oz)={f(w*oz). wreCr(wh=f(woz)=
f(CR(w))-f(CR(z))s wiz; = (x))2
[since f(xoy)=f(Cr@W)=w, =xyy; =f(Cr (x))-f(Cr(¥)].

Butin A (xy)zi=xi(yiz0). Thus f[(xey)oz]=f[xo(yoz)] and conse-

quently the associate law holds.
Also

x00 = £(Cp (x))-£(Cr(O)]=1"(x:-0)=£7(0)=Cr (0)=0
In the same way Qox=0.
Yet, if we set y®z=Cr(w) we have:
e ® 2)|= theoCy )] {1cow*). w €Cy W= 1o w)=
fCr (x))-f(CR(w)): xwy =X, () +2,)
[since fy ®2)=f(Cy W)=w =y +2 = fCr O)+Cr @)).
However, in the set A we have x,(yi+z;) = Xiy,+X;z; and so
xyy) +xz = fCr k) FCr G+ £(Cr ) F(Cr @)=
:f(xcy)+f(xoz)= f(xoyexoz) :
Thus
f[x o(y® z)]= f[x cy®xo z] and since fis a bijective mapping it holds
xo(y®z)=x0y®xoz
In the same way we have (y@z)ox=yax® ZoX.
Consequently (E,, o) isa M-P.SR.

Lag.tty, we can have the following theorem, which derives in an analogous
way'to the corresponding one 3.1 of YATRAS [11]:

Theorem 2.2
Let (A,+,-) be a ring without divisors of zero. If we correspond bijectively fo
A a family A of disjoint sets, from which the corresponding to the neutral

element of A is a singleton, and if we make this family, (through the prop-
erly defined operations X ®Y , X oY ) a ring isomorphic to A, then the set

S= UX with hyperoperations x+y=X®Y and xxy=XoY for every
XehA
xyeS, (xy)eXxY, X, Ye A is a M-P.SR.
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OVER THE CONSTRUCTION OF AN
HYPERSTRUCTURE OF QUOTIENTS
FOR A MULTIPLICATIIVE HYPERRING

R. Procesi - R. Rota

Summary - In 'this paper we construct a weak hyperfield of quotients for a
class of multiplicative hyperrings.

First of all we want to recall some algebraic definitions that will be used
through the paper.

An hyperring (A, @ ,-) is a set A with an hyperoperation % and a product -
such that the following properties hold:

i) VabceA:a®@bD o=@ ®b) Dec.

ii) VabeA:a@Db=bDa,

iii) J0eA/VaecA:0Da=a D0=a,

iv) VaeAdla’eA:a @a’s0, (a=-a),

v) V abceA/aeb @c=cea-b(cea® b’).

vi) V abceA:(a-b)-c=a-(b-0).

vii) V abceA:(a@b)-c=ac Pbc,

viii) V abceA:a-(bDcabDac..

ix) V acA:a-0=0a=0,
We recall that (A.@) satisfying i).ii),iii),iv) and v) is called canonical
hypergroup.
Let us observe ([3]) that axiom v) is equivalent to v)" and also to v)™:

v) V abeA:—(a @b=-a-b.

" Facolta di Scienze M.F.N. - Universita La Sapienza Roma
" Facolta di Ingegneria - Universita di Roma Tre
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v)” ¥V abedeA:(@a®@b)nc Dd) =3 = (c -a) ~b-d) 2.

An hyperring A is called hyperfield if (A*, -) is a group, where A¥=A\{0}.

A multiplicative hyperring (A.+, ) is an abelian group (A,+) together with
an hyperproduct satisfying the following properties:

i) V abceA:ae(bec)=(ash)ec;

ii) V abceA:(a+b)esccaec+bec;
i) V abceA:aelb+c)caebraec;
iv) V abeA : (-a) sb=a ¢( —b)= —(a eb) .

If a multiplicative hyperring satisfies, instead of properties ii) and iii). the
following ones:

i)’ V ab.ceA : (a+byec=a oc + bec
iii)’ V ab,ceA :ae(b+c)=a sb+aec

then (A, +, ) is called strongly distributive. Moreover (A, +.e) is strongly
left (right) distributive if ii)’ ( iii)’) holds.

In [2] J. Mittas studied the possibility of immersion for an hyperring in an
hyperfield and constructed the hyperfield of quotients for a particular
hyperring. In this paper we want to sclve the analogous problem for a
multiplicative hyperring.

Let (A+e) be a multiplicative, strongly distributive, commutative
hyperring; from now on we will write ab instead of aeb and, for any two sets
X and Y, X =Y if and only if XnY#&. We suppose that the hyperring A
satisfics the following properties: i) if abs0c. a=0 = b=0 ; i) V
X Y.ZWeP*A)==P(AND} / XY~ZW = (V x eX and V weW 3 yeY
and z €Z / xy =zw).

For this structure we can prove the following lemmas:

L.- For any a,b<A if Ocab and a=0 then b=0.

Proof, - Since A is strongly distributive 0e0c V ceA, thus from i) b=0
follows.

IL- For any X,YeP*(A) and for any deA\{0}, dX~dY <
X~Y.

Proof. - Since dX=lJdx, xeX, and dY= Udy, yeY, thus, from the
hypothesis, there exists zedXdY, that is zedx and zedy. for some xeX
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and yeY; this implies, from the strong distributivity, 0ed(x~y)=dx—dy and.
since d#0, x=y, thus X~Y. The inverse implication is obvious.

IIL.- For any X,YeP*(A) and for any d; €A\{0}, (X+Y)d, ®
o..0od = (de ® .. .dk)+(Yd| o, .od, ).

Proof. We can prove the lemma for k=1; the general casc will follow as a
consequence of the associative property. Now (X+Y)d={z / z e(x + y)d,
xeX, yeY}={z /zexd +vd, xeX, yeY}=Xd+ Yd.

Denoting by A* the set A\{0} and by H the set AxA*={ (a.b)/ acA, be A¥}.
we define in H the following relation (a.b) p(c,d) < ad =bc: for this relation
the following properties hold:

IV.- (a,b)p(0,d) <> a=0.
Proof. - Since (a,b)p(0.d) < ad=0b then, from i) and d#0, a=0 follows.
Vice-versa, since 0e0d0b, then (0.b)p(0,d), ¥ b,deA*.

V.- For any a,b,c,d,feA, if ad~bc, then adf~bef.
Proof, - If zeadbc then zfcadf and zf cbef;, thus adfxbef.

VL- p is an equivalence relation.

Proof. - Reflexivity and symmetry arc for p immediate consequence of
commutativity in A. As for transitivity let (a,b)p(c.d) and (c.d)p(e.f); then
ad~bc and cf ~de that is there exist z,weA such that zeadnbc, weclde,
thus zwcadcf~bede. So afdc~bedc and, since d=0, from proposition II we
obtain afc=bec; now, if ¢#0, again from proposition II af =be. while if c=0
then, from proposition IV, a=e=0. In both cases it results (a.b)p(e,f) as
requested.

Let now K=H/p, we want to define in K two commutative hyperoperations &
and ® in such a way that the following conditions hold:

1) (K.9) is a canonical hypergroup;

2) V xy,zeK : x&y®z)=(xQy)®z,

3)V xy,z €K x@(y8z)c(x y)B(xBz),
4) V x.yeK | —(x8y)=( —x)@y=x B( -¥);
5)31eK/ v x €K : xex ®],

6) Vv xeK\{0} 3 yeK\{0} / 1ex®y.

For any [(a,b)], [(c.d)]€K let us define [(a,b)]D[(c,d)}=[(ad+bec.bd)]={[(s.1)]
/ sead+be, tebd} and [(a,b)]®|(c.d)]=[(ac,bd)]={[(s.1)] / seac, tebd}; first
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In order to prove the existence of a zero element in (K. @) we first recall
that, as a consequence of proposition IV, [(0,)]={(0,d) / de A*}, moreover
[(@.D]D[O0.Y)]={[(s1)] / scay+b0, teby}=[(ab)]; in fact, since (by)ac
caybtb0b, we have byva=(ay +b0)b and, from ii), V seay+b0 V teby it
results sbata. This proves that [(0.y)] is a zero for ©, let us now prove that it
is unique. To do this let [(x.y)] €K such that [(a.b)|D[(x.¥)]=[(a.b)]. that is V¥
(s,t)eH such that seaytbx, teby then sbxta. From this it follows that
ayb+bxb=bya, then there exists ze(aybtbxb)bya, z=z'+z", z’cayb and z”
ebxb, zebya; that is z”ebva-bya or (bya-bya)nbxb+D. Thus ((a-a)y)b~
=~(bx)b and, from proposition I1, Oy~bx with b0; because of i) x=0 and the
uniqueness is proved,

We want now to verify the existence and uniqueness, for any [(a,b)]eK, of
an clement [(z.w)]eK such that [(a,b)]®[(z.w)]2[(0,y)]. First of all we
observe that [(a,b)]®[(-a,b)|={[(s.t)] / seab—ab, tebb} and this set trivially
contains [(0,)]. As for the uniqueness let [(z,w)]eK such that
[(O.n]el(@.b)]® D[(z,w)I={[(s,)] / seawtbz, tebw}, then Ocaw+bz or
O=u+v, ueaw, vebz that is v=—ue—(aw)=(-a)w which implies (—a)w=bz and
this means [(z,w)]=[(-a,b)].

Finally we must prove condition v) in the definition of canonical hypergroup
which is equivalent to the following condition: —([(a.,b)]D[(c.d)])=(-
[(a.0)D® &(-[(c.d)]=[(-a.b)|S[(—c.d)].

To prove such equality, we first must prove that —([(a,b)]®[(c.d)])c[(—
a.b)]® @[(—c,d)]; to do this let [(—s.t)] such that sead+bc, tebd. Thus —-se—
(ad+bc)= =-ad-bc that is —s=(-z)+(-w), zead. webc; from this. since —
(ad)=(-a)d and —(bc)=b(-c), [(-s.t)]e[(-a,b)]@[(-c,d)] follows. Similarly
the inverse inclusion can be proved.

From all that has been proved we obtain the requested result. Moreover we
can prove the following proposition:

X.- In (K,®,®) the following hold:
o)V xy,zeK: x@(y@zk(x@y)@zi
B)y31eK/V xeK : xex®1;
) V xy,zeK : x@(yOz)c(xBy)D(x8z);
o) V x,yeK : —-(x®y)=(—x)Ry=x&(-y);
g) V xeK, x different from zero, 1 yeK, y different from

zero, such that 1exQ®y.
Proof. - ¥ [(a.b)].[(c.d)].[(e.D]eK we have ([(a.b)]®[(c.d)])®][(e.D]={[(s.D] /
seac, tebd}®[(e.D]={[(x.y)] / xese, yetl}={[(x.y)] / xe(ac)e. ye(bd)f}.
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of all we observe that, because of 1). t is always different from zero since b
and d are different from zero.

Let us now prove that @ and ® are well defined by proving the following
two propositions.

VII-.'If (2’,b’)<[(a,b)] and (¢’,d’)<[(c,d)] then [(ad+bc,bd)]=
=[(a’d’+b’c’,b’d’)].

Proof. - In order to prove the requested result we must prove that for any
[(s’.1)]e[(@d+b’c’ b’d’)] there exists [(s.t)]e[(ad+bc.bd)] such that
(s".t)p(s.t) and vice-versa. If (a’,b’)e[(a,b)] and (c".d")e[(c.d)] then a'brb’a
and ¢’d=d’c from which we can have (a’d’+b’c’)bd=b’d (ad+bc). in fact, as
for proposition V, we have a’bdd’~b’add’ and ¢’dbb’~d’cbb’ from which the
set a’bdd’+c’dbb’ intersects the set b’add’+d’cbb’. by proposition III we
have, as requested, (a’d’+ b’c’)bdab’d’(ad+bc). Now let (s'.t")eH such that
s‘ea’d+ b'c’ and t'eb’'d’; from (a’d'+b’c)bd=b’d (ad+bc) and ii) there
must exist (s,t)eH with sead+bc and tebd with the condition s't=t’s. Thus
(s”.t")p(s,1). Similarly it can be proved that for any [(s.t)] =[(ad+bc.bd)] there
exists [(s.t)]e[(a’d’+b’c’.b’d)] such that (s'.t)p(s.t): thus @ is well
defined.

VIIL- If (a’,b’)e[(a,b)] and (¢’,d’)e](c.d)] , then [(ac,bd)]=
=[(@’¢’,b’d)].

Proof. - As in proposition VII we prove that for any [(s".t)]e[(a’c’ b'd)]
there exists [(s.)]e[(ac.bd)] such that (s'.t)p(s.t) and vice-versa. If
(a’bMel(ab)] and (¢’.d)e[(c,d)] then a’beb’a and c'd=d’c that is
a’bc’d=b’ad’c or a’c’bd~b’d’ac; from ii) the requested result follows.

At this point we can study the properties of hyperstructure (K.©.9).

IX.- (K,®) is a canonical hypergroup.

Proof. As for associativity we have ([(a,B)]®@[(c.d))@[(e.DI={[(s.0] /
sead+be, tebd}®[(e.D={[(zw)] / [Ewlelsnl®[(e.DH]}={[zw)] /
zesftte, well, seadtbe, tebd}={[(z.w)] / ze(ad+bc)fH(bd)e, we(bd)f},
while [(a.b)]@([(c.)S[(e.HD=[(a.L)]ID{[(wv)] / uect +de, vedf}={{(p.q)] /
[e.lel@bI®[uv}={[pa] / peavtbu, qebv.  uechde,
vedf}={[(p,q)] / pea(dD+b(cft+de), qeb(df)} and. from associativity and
distributivity in A, the two sets are equal. Commutativity of © follows from
commutativity of + and e in A as can be easily proved.
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moreover [(a,b)]®([(c.d)I®[(e.DN)=[(a,b)]®{[(u.v)] / uece, vedf}={[(x.y)] /
xeay, yebvi={[(x,y)] / xea(ce), yeb(df)}.

Thus associativity for ® follows from the analogous property in (A.e).
Similarly commutativity in (K,®) follows from commutativity in (A,e).

As for the existence of a unity let us consider the element [(x.x)]eK, x#0;
obviously [(x.X)I=[(v,y)] V¥ yeA*. For this element and for any other
element [(a,b)]eK it results: [(a,b)|®[(x,x)]={[(s,1)] / s€ax, tebx}. At this
point we observe that, since {a}bx={b}ax, from ii) we have that, ¥ sebx,
teax such that as~bt and this implies that [(a,b)] €[(a,b)|®[(x.x)].

Let us now prove property v), V [(ab)l.[(c.d)l.[(eH]eK it results
[(@.)]&([(c.d)]D[(e.DN=[(ab)B{[(s.t)] / secf+de, tedf}= {[(xy)] / xeas,
yebt}={[(x.y)] / xea(cf+de), yeb(dD}={[(xy)] / xeacf+ade, yebdf} and
(@b (c.dDS([(a.b)IB[(e.DN)={[(s.)] / seac, tebd}®{[(uv)] / ueae,
vebf}={[(z,w)] / zesvttu, wetv}={[(z,w)] / zeacbftbdae, webdbf}=
={l(z.w)] / zeb(acf+ade), web(bdf)}. Since [(x.y)I®[(b.b)Io[(x.¥)]. the
previous set contains {[(x,y)] / xeacf+ade, yebdf}, that is:

[(@.b)]S([(c.d)]@[(e.DN)<l(a.b)]IB](c.d)]S[(@,b)]S[(e.n] -

Moreover, in order to prove 3), we have —([(a.b)]®[(c.d)])= —{[(s.0)] / seac,
tebd} = {[(-s.t)] / —se—(ac). tebd} = {[(-s,0)] / —se(-a)c, tebd}={[(-s.t)] /
—sea(-c), tebd}=(-[(a,b)N®[(c.d)I=[(a,b)|B(=[(c,d)]).

Finally, V¥ [(a,b)]eK, a=0, it resuits [(2.b)|®[(b,a)]={[(s,t)] / seab, tcba}>
3[(x,x)], x£0, and this ends the proof.

We want now to prove, under particular hypothesis, that there exists a
substructure of K which is weakly isomorphit to A . To do this let us
remember that an element 1€ A* is called weak unity if and only if V xeA it
results 1exsx (|4]). Then, if (A,+ ) is a multiplicative, strongly distributive,
commutative hyperring such that: i) if asb~0sc, a#0 = b=0 ; ii) V¥
XY, ZWeP¥A) | XY~ZW = (V xeX and V weW 3 yeY and zeZ /
xey~zew), iii) 3 1eA / V XeA it results lexax, it is possible to prove the
following two results:

XL-The map ¢ : A—— K defined as ¢(a)=[(a,1)], V acA, is
a weak monomorphysm.

Proof. - Because of proposition II ¢ is injective; in fact. if [(a,1)]=[(b,1)}.
then aelxbel and, from proposition II, this implies a=b. Moreover
p(atb)=[(a+b.1)] while ¢(a)@p(b)=[(a,1)]D[(b,1)]={[(s.t)] / scael+ bel,
telel} and, since atbeasl+bel and lelel, then ¢(a+b)ep(a)®p(b).
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Finally it results gp(aeb)={ @(x) / xeasb}={[(x.1)] / xeasb}cp(a)Ap(b)=
=[(a.DI®|(b,)]={[(s,1)] / scasb, tclel} .

XIL- Each element of K belongs to a product x®y where
xelmg and y is such that there exists y’cImo : y®y’
contains [(z,z)].

Proof. - For [(ab)]eK it results [(a,b)]e[(a,DI®[(1.b)]={[(s.t)] / seasl,
teleb}.

As a consequence of what has been proved we will call (K.©,®) the weak
hyperfield of quotients for (A.+.e) .
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UNE NOTE SUR LES GROUPES
PERMUTABLES

Violeta Leoreanu’

RESUME On montre, dans cette Note, que la catégoriec £ des groupes
permutables est balancée.

INTRODUCTION.

D'abord, on rappelle quelques définitions et résultats importants concernants les
groupes totalement permutables et les groupes permutables.

Définition 1.1. Soit G un groupe et soit n un entier plus grand que 1. On dit
quun n-uple (x;,...x,) d'¢léments de G est permutable s'il existe une

permutation nontriviale o €S, ainsi que:

XpmeoXy = xa(u'. i .'xc(n)
On dit qu'un sous-ensemble {x,,...,X, }d'élements de G est permutable s'il existe
deux permutations différentes s et t en S, ainsi que:

XU(I}'. 5 .'XG(H) = xt(l)" i .‘XT(n)

Définition 1.2. Un groupe G s'appelle groupe totalement n-permutable (ou n>1)
si chaque n-uple (x;,...,x, ) d'éléments de G est permutable.

! Faculty of Mathematics, Al.I.Cuza University, 6600 Iasi, Romania
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On note par P, la classe des groupes totalement n-permutables et on note
par P= UPrl la classe des groupes totalement permutables.

n>l

Définition 1.3. Un groupe G s'appelle groupe n-permutable (ou n>1) si chaque
sous ensemble (X, ,...,X, ) d'éléments de G est permutable.

On note par Q, la classe des groupes n-permutables et on note par

Q= LJQ11 la classe des groupes permutables.

n>1

Théoréme 1.4. ([2]) Un groupe fini G, ayant un nombre fini de générateurs est
totalement permutable, si et seulement si, G est fini-par-abelien, clest-a-dire s'il
existe un sous groupe normal N, qui est abélien et a un index fini en G.

Théoréme 1.5. ([3]) Un groupe G est totalement permutable, si et seulement si,
G est fini par-abélien par-fini, c'est-a-dire s'il existe un sous-groupe normal N,
d'index fini, ainsi que N' est fini. (N' est le sous-groupe dérivé de N.)

Un réle important dans I'étude les groupes totalement permutables et des
groupes permutables est joué par les FC-groupes.

Definition 1.6. Un élément xeG s'appelle FC- élément si x a un nombre fini des
conjugués en G, c-a-dire |G:Cg (x) <co.

Théoréme 1.7. (Baer) ([6], Lemme 4.31) Pour chaque groupe G, les FC-
éléments forment un sous-groupe caractéristique, qui s'appelle FC- centre.

Definition 1.8. Un groupe G s'appelle FC-groupe si G coincide avec son FC-
centre.

Théoréme 1.9. ([3], Theorem 4.1) La classe des FC-groupes totalement
permutables et la classe des groupes avec le sous--groupe dérivé fini coincident.

Théoréme 1.10. Un groupe G est permutable si G est fini par-abélien par-fini,
c-a-dire s’il existe un sous-groupe normal N, d’index fini, ainsi que N' est fini.
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Corollaire 1.11. La classe des groupes totalement permutables et la classe des
groupes permutables coincident.

Proposition 1.12. ([1], Proposition 2.10) Pour chaque n >3, il existe un groupe
G, . dordre (2’ —1)j, qui est n-permutable, mais il n’est pas totalement n-
permutable, ou j, = [log,(n!)].

LA CATEGORIE .

On introduira une catégorie, notée par # , qu'on appelle la catégorie des groupes
permutables, pour laquelle:

— les objets de # sont tous les groupes permutables, c-a-dire Obf=P=Q;

— les morphismes de # sont les morphismes de groupes;

— le composé de morphismes est le composé de morphismes de groupes.

Remarques

1. La catégorie £ est une sous-catégorie pleine de la catégorie des groupes Gr.
2. Dans la catégorie # on peut distinguer une chaine des sous-catégories
{Qn}a> O par Q, on a noté la catégorie des groupes n-permutables.

Q,, est une sous-catégorie pleine de # etpourtous m,ne N, I<m<n,
Q,, est une sous-catégorie pleine de Q, .

Définition 2.1. Une catégorie s'appelle balancée si chacun de ses monomor-
phismes est un morphisme injectif et chacun de ses épimorphismes est un
morphisme surjectif.

Quoique sur ia catégorie Gr on sache que c'est une catégorie balancée ([4], p.27),
on ne peut pas dire la méme chose sur toutes ses sous-catégories pleines. Il y a
des sous-catégories pleines en Gr qui sont balancées, par exemple, la catégorie
des groupes abéliens Ab ([4], p.26), mais il existe encore des sous-catégories
pleines de Gr qui ne sont pas balancées, par exemple, la catégorie des groupes
divisibles Div ([4], p.32).

Par la suite, on montrera que # est balancée.
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Proposition 2.2. Si l'inclusion canonique i:G, - G, est un épimorphisme en
Gr, alors G, =G,

Démonstration. Soit * un élément fixé, ainsi que * n’apartient pas a
’ensemble facteur (G,/G;)q ={G,*glgeG,}. Soit K le groupe des
permutations de I'ensemble (G, / G;)4 U {*}.

On définit les monomorphismes t, s :G; — K de cette maniére:

t(g) =t, avec tg(g) = é\g’ et t,(*)=* et
s(g) =, = 1,0, ot €K est définie par o()=+,

o(*)=1 et o()=§, pour tout g=1

On vérifie immédiatement que t et s sont des morphismes de groupes.
De plus, pour tout g €G;, ona t(g)=s(g) .

Puisque i est un épimorphisme on obtient t=s.
Pour tout g€G, on a: g= ts(i) = sg(i) = (crtgcr)(i) =ct (*)=o(*) = 1 don
G, =G,.

La démonstration reste encore valable si on change la catégorie Gr avec
chaque sous-catégorie Gr d'elle. La seule différence est qu'il faut satisfaire la

condition que le groupe K soit un objet de la catégorie C.
Par con§équent, on obtient le lemme suivant:

Lemme 2.3. Si Yinclusion canonique de l'i:Gl — G, est un épimorphisme en P
et si K, le groupe des permutations de I’ensemble (G,/G)y v {*} ou
*¢(G, / G;)y estun groupe permutable, alors G, =G, .

Théoréme 2.4. La catégorie P est balancée.

Démonstration. La démonstration du fait que chaque monomorphisme de £ est
un morphisme injectif est similaire a celle pour Gr.
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Soit u:G, - G, un ¢épimorphisme en # (G,,G, /). En décomposant
canoniquement u =iuy, o u;:G, > Im u et i:Im—> G,, on obtient que i est
un épimorphisme en 2.

En appliquant pour G, le Théoréme 1.10 il résulte I'existence du sous-
groupe N, normal en G,, d'index fini, ainsi que N’ soit fini. Par conséquent,
N-Imus<G, et [Gy:(N-Imu)| <.

En décomposant maintenant i=ii;, ol i:Imu—>N-Imu et
1;:N-Imu — G, il résulte que i, est un épimorphisme en /.

Soit K le groupe des permutations de l'ensemble (G, /N -Imu), u{*} ol
*¢(G, /N -Imu), .

On supposera qu'il existe N, sous-groupe normal en G,,M #G,, ainsi que
Im u soit un sous-groupe en M. On considérera du groupe G, au groupe facteur
G, /M la projection canonique p et le morphisme nul 0. Parce que p=0 en
Im u, il résulte p=0 en G,, en vertue du fait que i est un épimorphisme. On
obtient M = G, , contradiction.

Donc, le plus petit sous-groupe normal de G qui contient Im u est G, . Par
conséquent, chaque n € N peut étre écrit n=n, -u(x)-n;' ou n; eN,xeG,..

Si NclImu, alors on obtient G, =Imu (Lemme 2.3).

Si NeImu, alorsil existe n eN—Imu et pource n,n, eN-Imu.

On obtient _[rll,n'1}=u()4:)-n_1 et parce que N’ est fini il résulte que

{u( x)-n~! }

Conformément au Lemme 2.3, on obtient G, =Imu.

, estun ensemble fini, donc G, Imy| < oo,

ne

Donc, u est un morphisme surjectif en #.

Proposition 2.5, Pour tout u, un monomorphisme en #, il existe
ny €N", ny=2, ainsi que u est un monomorphisme en Q _ , pour tout m = n,.

Pour tout u, un épimorphisme en 2, il existe n, eN’,n>2, ainsi que u est

épimorphisme en Q,, pour tout m2n,.

Demenstration. On applique la définition d’un monomorphisme dans une
catégorie
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n, = max(K(G,),K(G,)) ot K(G)= min{n eN", n22,GeQ,}
Fait analogue pour les épimorphismes.

Proposition 2.6. La catégorie # a des noyaux et des conoyaux de double fiche.

Demonstration. En Gr, pour u,v:X— Y il existe (K, k)=Ker(u,v) o K est

un sous-groupe de X. Donc, si x €P, alors K eP. Fait analogue, en
Gr(p;Y/N)=Coker(u,v)oi N est l¢ sous-groupe normal engendré de

u(x)v(x)"',xeXetsi YeP,alors Y/N€P.
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HYPERSTRUCTURES AS TOOL TO
COMPARE URBAN PROJECTS'

Barbara Ferri, Antonio Maturo,’

ABSTRACT - The objective of this work is the application of theories of
fuzzy sets and hyperstructures to the problem of selection among alternative
urban projects, so to identify those ones pursue a predetermined set of
heterogeneous objectives in the best way.

The recourse to fuzzy sets depends on the consciousness that all the
planning stages are in condition of uncertainty. So it is necessary to adopt
techniques that permit to study the uncertainty about the influence that a
decision could have on the validity of the project. The hyperstructures,
instead, in this case represent a way to define some rules to choose.

1. The Evaluation in the prospect of a Sustainable Urban
Growth

The complex problem of redevelopment planning has consolidated a
major consciousness of urgency to adopt suitable evaluation procedures for
the projects, so to render “equitable” and “fransparent” the decision process.
Besides, we think that it is possible to combine quality and feasibility of
architecture and environment through the comparison among different
projects.

The quality of places, the respect and exploitation of natural landscapes,
the protection of the consolidated urban systems, the preservation of cultural
resources are now the hearth of every experience of town planning.

The public interventions in restoration and redevelopment plans have to
aim at improving the arrangement of the territory through projects, which
tend towards “integrafed maintenance” of natural and cultural resources. In

! Key words: Hyperstructures, Fuzzy sets, Evaluation of urban projects, Multicriteria
programming techniques
: Dipartimento di Scienze, Storia dell 'Architettura e Restaure Universita di Pescara
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fact we think that an urban development will be achieved not cnly through
economical and social factors, but also through cultural elements, recovering
the historical, environmental, architectural values of a place.

For this reason with “sustainable urban developmenf” we mean a
balanced urban growth, as the result of an urban policy that aims at
improving the quality of urban scenery to obtain positive economic effects.

Then the integrated maintenance of physical resources put a set of
heterogeneous objectives. In order to achieve these objectives it is necessary
to arrange suitable procedures of evaluation about the effects produced by an
urban project, in such a way as to analyse all the aspects involved in the
urban planning,

In the last National Conference of Architects (Florence, March 1997) the
social role of the Architect has been specified: he has to operate on territory,
exploiting and watching over the available resources and examining the
entire question about the urban transformations,

Public works in urban questions can’t be seen only in an economical point
of view. Really, we have to examine various impacts of an urban project
(environmental, cultural, social, technical, psychological...) to determine the
feasibility and to optimise the pursuit of a predetermined set of various
objectives.

In other words, the aim of the evaluation will be to define the measure in
which an urban project increases the general standard of welfare for the
involved community, considering the complexity of the consequences of a
redevelopment project on the contest of intervention.

For this reason we think that an accurate evaluation of projects
concerning the exploitation of existent resources could be made considering
opportunely also the symbolic esthetical-cultural characters of the interested
area, getting over the traditional valuing procedures which consider only the
monetary aspects.

To introduce also the qualitative aspects into a valuing procedure it is
necessary to refer to “multidimensional techniques™.

In presence of various objectives these procedures represent a rational
answer to problems of decision making among a series of alternatives,
improving the traditional economical analysis of project whether to estimate
the not monetary benefits or to consider the multiplicity of social groups
involved in an urban planning.

In this viewpoint we think that the “global feasibility” of an urban project
could be valued examining some general objectives, within which defining a
set of criteria to achieve by carrying out the project.

2. The mathematical model
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The problem about the examination of a set of alternative solutions is put
to verify the feasibility of each project and to single out the best proposals. It
is a question of valuing all the projects according to some parameters.

In order to deal with this problem of evaluation we consider the following
mathematical model:

a) We determine a set F={F,, F, ..., F,}, called sef of feasibilities, whose
elements are the objectives that we think any projects must attain.

b) We select a set C={C,, C,,..., C,}, called sef of criferia, whose elements
represent the ways to measure the degree in which each project realises
each objective.

c) We consider a function W: Q=FxC—[0,1], called weight function, that
to any o;=(F;, C;)€2 associates a number wj; that indicate the weight of oj;
in the model. We suppose that the sum of all the w;; is 1. We denote with W
also the matrix, called weight matrix with elements the w;;. The elements ;
of the marginal column of W are the weights of the feasibilities and the
elements y; of the marginal row are the weights of the criteria. In practice it
is convenient to consider m functions K;; C—[0,1], called conditional
weight functions, such that, for any i, the sum of the K(C)), j=1,....n, is 1.
The matrix K with elements ki=K(C;) is called conditional weight matrix.
If d=diag(p;, ¢2,...,Pn) is the diagonal matrix with elements the feasibility
weights, we have W=0K.

d) For any project P we assign a function E: Q=FxC—[0,1], called
efficaciousness function of P, such that to any w;=(F;, C;)€{ associates a

number eijP that indicates the measure in which P satisfies the pair (F;, C;).

e) The matrix R® with generic element r;J-P= 3 e;jp is called relative utility

matrix of P and the matrix U” with generic element u;"=w; e;"=r;"¢; is the
utility matrix or representative matrix of P.

In this paper we consider as feasibilities for an urban project the following
aspecis:
environmental. evaluation of project about the effects on natural and built
ambient;
aesthetic-cultural: evaluation of the project about the effects on the historical,
artistic and archaeological interests;
economical: evaluation of the project to verify the increase of general welfare
in the considered area;
Jinancial: evaluation of the project to control the measure of costs-return
ratio;
fechnical: evaluation of the project about the effects on constraints of
construction and regulation,
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social: evaluation of the project about the effects on the persons directly and
indirectly involved by the redevelopment and the improvement on functional
characters of the site;

procedural: evaluation of project about the administrative-procedural aspects,
in particular with regard to the conditions of agreements and the modality of
entrusting of works.

Besides, for an urban project some of the selected criteria are:

- reduction of the urban decay, through the urbanistic and functional
rejoining of vacant sites or urban areas without identity;

- compatibility of project with the morphology and with the geologic
conditions of the site;

- offering of new possibility to enjoy the landscape;

- preservation of artistic-historical-architectural values, through the
protection of typological, structural and formal values that are peculiar of
buildings which have created the historic ancient environment;

- consistent use of colours and materials as regard to the conformation of
the urban environment;

- compatibility of the project with the rules of the urbanistic
instrumentation;

- improvement in the equipment of social services;

- compatibility of the project with the local and state rules so to simplify
the administrative procedures.

Any criterion C; may be valid only for some feasibilities. In this case we
put w;=0 for any F; that not consider the criterion C;.

The elements of all the matrices considered are numbers belonging to the
interval [0,1]. So any matrix can be seen as fuzzy set with universe set Q.
The matrix K can be seen also as a fuzzy partition, if we consider its columns
as fuzzy sets with universe the set of feasibilities.

For each HCQ), H#@, we denote with Uy" the part of U” constituted by
the elements u.-jP such that (F;, C;))eH. UHP is also a fuzzy set with the
universe set H.

We have a particular case of the treated theory if we consider the matrices
of incidence as matrices associated to projects. That is, for each pair (F;, C;)
and for each pro_Lect P, we put uijp=1 if the pair (F;, C)) is satisfied by the
project P, and u; =0 if the pair is not satisfied. Then the matrix U" of the
project P can be interpreted as a subset of Q, that is the set of the (F, C;)eQ
such that u;* =1 and Uy’ =U"nH.

Denote with g the family of projects and with 3 the family of fuzzy sets
on Q. Let U be the function that associates U'eJ to each Pe .

Generally, for each HCQ, H#J, let 3y be the family of fuzzy sets on H
and let Uy be the function that associates to each Pe ¢ the U’ e Sy

For each pair (M, N) of clements of Iy we put

M<y N m; <0, V(Fi, Cj)EH.

82



No. 12 - 1997 Ratio Mathematica B. Ferri, A. Maturo

The pair (3g, <p) is a lattice. If M and N are any two elements of 3y we
denote with M Ay N the infimum of N and M, and with M vy N their

supremum.
For each pair (P, Q) of projects, we put:
P <5 Q & Un(P) < Un(Q), (2.1
P Qe (P4 QandQ<y P) 2.2)

The <y is a preorder relation on g, called H-preorder on g. If H=Q) it is
called global preorder, on the contrary it is called partial preorder. The ~y is

an equivalence relation on .

Given n projects Py,P,,...,P,, we call lower bound of them relatively to H
or H-lower bound every project P such that P <4 P;, Vie(1,2,..,n} and we
denote the set of H-lower bounds with LBH(P; ,P;,...,P,). An element P of this
set is said to be maximal if for each QeLBH(P;,P,....,P,), P<uQ=P=Q. We
denote the set of maximal lower bounds relatively to H with 84(P;,Ps,...,.Py).

We call upper bound of P,,P,,...P, relatively to H or H-upper bound
every project P such that P<yP, Vie{1,2,..,n} and we denote the set of H-
upper bounds with UBH(P;,P,...,.P,). An element P of this set is said to be
minimal if for each Qe UBH(P,,P,,...,Py), QsgP=>P~Q. Let oy(P),Ps.....Py)
be the set of minimal upper bounds of Py,P,,...,P, relatively to H.

It is easy to prove the following

(PEBH(P| ,Pz,...,Pn), P#-SHQ)“—?’QE 5H(P| ,Pg,...,Pn), (2.3)
(Peou(P,,Ps,....P,), PuQ)=Qeou(P,Ps,....Py). (2.4)

Evidently, if @cHcIcQ then the <y and =~y are, respectively, extensions
of the <; e =, So, for each n-tuple of projects (P,,Ps.....P.,), we have

LBH(P,,P,,.... P,)oLBI(P, Ps.....P,) and UBH(P, ,P;,..., P,)2UBI(P, Ps,....P,).

3. Hyperstructures associated to projects

Now we show how it is possible to define some particularly very
significant hyperstructures of projects for geometrical and practical
interpretation of the implications of the preorder relations considered.

At this aim, we recall some definitions about the hyperstructures. We
assume the terminology given in (Corsini, [1]), (Vougiouklis, [8]),

(Migliorato, [6]) and (Maturo, [5]).
Definition 3.1 A hypergroupoid (S, ), is a non empty set S with a function

o: SxS—P*(S)=P(8)-{ D}, called hyperoperation. The image of the pair (x,y)
is noted xoiy and is called hyperproduct by x and y.
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For any pair (H,K) of subsets of S different from &, we denote by HaK
the union of all the sets xoy with xeH and yeK. The hyperproducts aoK and
Hoa, aeS, are considered equal, respectively, to {a}aK and Ho{a}.

vneN, V(x;,Xs,....x,)€S", the set Jo(X1,X2,..Xn) of all the hyperproducts
generated by (X;,X,,...,X,) is given, by induction, as follows: (X1 ={x; } and,
for n>1, Jo(X1,Xa,...,Xs) is the set of all the hyperproducts K=FaG, with
F={x,X2,..Xn}, G={Xts1,%2...X}, he {1,2,..n-1}.

Any element of Sq(Xi,Xa,..Xs) is called block of order n or n-block of S
generated by (x,Xz,..Xy)-

Definition 3.2 A hypergroupoid (S, o) is said to be

(H1) semihypergroup if, Vx,y,ZeS, xXo(yoz)=(Xoy)oz,

(H2) quasihypergroup if, Yxe8§, xaS=Sox=5;

(H3) commutative if , VX,y€S, xoy=yox;

(H4) hypergroup if it is a semihypergroup and a quasihypergroup.

Definition 3.3 A hypergroupoid (S, o) is said to be

(W1) weak commutative if , Vx,y€8, xoynyox#dJ,

(W2) weak associative if, Yx,y,zeS, xo(yoz)n(xay) oz#d,

(W3) feebly associative if, ¥neN and V(x; X,,..x)€S", the intersection of all
the blocks belonging to J,(x;,Xy,..X,) is different from <.

Definition 3.4 Let (S, o) be a hypergroupoid and let @#TcS. (T, o) is called
a subhypergroupoid of S if, Vx,yeT, xaycT. A subhypergroupoid T of S is
called subhypergroup if (T, o) is a hypergroup. If aabnT#J,Va,beT, the
pair (T, B), with aBb=aobnT, Va,beT, is called substructure generated by T.

Finally any hypergroupoid (T,y) such that, Va,beT, aybcaobnT, is called
partial substructure of (S,a)) with domain T.

Now, we assume S equal to the set g of projects. For any HCQ, H#0,
we consider the following functions:

8 (P.Q)e ¢ *->8(P.Q), (€BY)
o P.Q)e p*-0u(P.Q). (3.2)
A project Iy is said to be an H-inferior project if
YPe o, Un(Iy) <x Un(P). (3.3)
A project I is called inferior project if it is an H-inferior project for any
HcQ), Hz.
A project Sy is said to be an H-superior project if
VPe g2, U(P) <y Un(Sw). (3.4
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A project 8 is called superior project if it is an H-superior project for any
HcQ, H#@.

Eventually by adding two fictitious projects, we can suppose that there
exist, in g2, an H-superior project and an H-inferior project. In this hypothesis
dy and oy are hyperoperations on g and so we have the following

Theorem 3.5 If an H-superior project Sy exists, than the pair (g, oy) is a
commutative hypergruppoid. Similarly, if an H-inferior project Iy exists, than
the pair (g, 8y) is a commutative hypergruppoid.

Proof Let Sy be an H-superior project. Then, for any P,Qe g2, Sy is an upper
bound of (P,Q) and so oy(P,Q)=D. Since oy(P,Q)=ox(Q,P), then (g, oy) is a
commutative hypergruppoid. Analogously the existence of an H-inferior
project Iy implies that ( o, 8y) is a commutative hypergruppoid.[]

Theorem 3.6 If Uy( ) is a sublattice of (Jy, <g), then the pairs (g, 8y) and
(g, og) are commutative semihypergroups.

Proof Suppose Uy( ) is a sublattice of (I, <g). Since Uy( ) is finite then
there exist the maximum Sy and the minimum I;; with respect <y, that are,
respectively, an H-superior project and a H-inferior project. By theorem 3.5 it
follows that (o, 8y) and (g, oy) are commutative hypergroupoids.

By hypothesis that Ug( ) is a sublattice of (3y, <u), VP,Qe g, we have,

P5Q={Re p : Un(R) = Un(P) A Un(Q)}, (3.3)
PoQ={Re  : Un(R) = Un(P) vi Un(Q)}. (3.6)

Since Ay and vy are associative, theorem follows.[]

Generally, Uy(g) is not a sublattice of (3y, <) and so it is not assured
the existence of the H-superior and H-inferior projects. Therefore, if such
projects exist, the associative properties of &y and oy are not valid. In this
case, we have the following

Theorem 3.7 If an H-superior project Sy exists, than the pair (g, og) is a
commutative and weak associative hypergruppoid. Similarly, if an H-inferior
project Iy exists, than the pair ( o, 8y) is a commutative and weak associative

hypergruppoid.

Proof Let Sy be an H-superior project. By theorem 3.5 we have that the pair
(o, on) is a commutative hypergruppoid. Therefore, for any P,Q,Re p, Sy is
an upper bound of (P,Q,R) and so ou(P,Q.R)#J. Let Y be any element of
ou(P,Q.R). Then YeUBH(P,Q) and so there exists a Zeoy(P,Q) such that
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Z<nY and YeUBH(Z,R). Let T be an element of ox(Z,R) such that T<yY. T
is an upper bound of (P, Q, R). Since Yeou(P,Q,R) we have T ~y Y and so
Yeou(ZR). Then, VP,QRegp, it results (PopQ)owR 2 ou(P,Q.R).
Analogously, we can prove that Pop(QoyR) 2 ou(P,Q.R). So VP,QRep,
we have

(PorQ)ouR N Pou(QouR) 2 on(P,Q.R) 20, (3.7

and the weak associative property of oy is proved.
In a similar way we prove that, VP,QRe g,

(P3xQ)BR N P8i(Q8nR) 2 8u(P.QR) #& (3.8)

and so we conclude that also 8y is a weak associative hyperoperation. [J

Practically, in the hypotheses of the previous theorem, given two projects
P, and P, it is possible to single out at least a project Q such that, with
respect H, is not superior to P, and P, and is not inferior to any project not
superior to P, and P,.

Besides, we can single out at least a project R, such that, with respect H,
is not inferior to P; and P,, and is not superior to any project not inferior to P,
and Pg.

The hyperproduct 3y gives the set of all the projects that are H-maximal
lower bounds of P, and P,. They are the projects with the better qualities,
with respect H, in the set of the projects not superior to P and P,. They can
be chosen from an economic point of view.

The hyperproduct oy gives the set of all the projects that are H-minimal
upper bounds of P, and P,. Those ones present all the better qualitative
characteristics, with respect H, as regard to the pair (P, P;). They are a
compromise between the solution prefigured by both projects Py and P and
every proposal P; that is not inferior to P, and P,.

In decision making problems, often the economical-financial factor is so
important that the decider is induced to choose the H-minimal upper bounds
projects. Those ones make it possible to achieve all the pre-established
objectives in a satisfying measure, at a lower price than the amount implied
by another project P; that achieves the same objectives.

If the U' are incidence matrices, than Uy( ) is a family of subsets of H,
the operations Ay and vy in this family are the set operations of intersection
and union and the order relation induced by these ones is reduced to the
inclusion among the subsets of H belonging to Uu( ).

If 1 and S are, respectively, an inferior and a superior project, then
¢ the matrix U(I) specifies a set of pairs that must be necessary satisfied,

that is UP) o U(D), ¥ Pe p;
« the matrix U(S) represents the largest set of pairs that can be satisfied,
that is U(P) < U(S), V Pe p.
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Two particular fictitious projects that can be usefully used, respectively,
as inferior and superior projects are the following:

a) the null project O with efficaciousness matrix E° having all the
elements equal to 0 and so with U® equal to null matrix;

b) the fantastic project F such that EF has all the elements equal to 1 and
so with U'=W.

In many situations it is necessary to consider only projects such that the
elements of the efficaciousness matrices are not inferior to fixed values,
called threshold values. In this case we have to consider as inferior project, a
project T, real or fictitious, called threshold project, with efficaciousness
matrix E” such that any e,-jT represents the lowest acceptable grade of
satisfaction of the pair (F;,C) by any project.

Now we give some properties of hypergruppoids (g, 8y) and (g, oy).
Precisely, given n projects P,,P,,...,P,, we study the relations among the

blocks generated by these elements and the sets 8y(P,Ps,...,P,) of their
maximal lower bounds and oy(P,,Ps,...,P;) of their minimal upper bounds.

Theorem 3.8 For each n>1, for each ke{1,2,..,n} and for each n-tuple of
projects (Py,P,...,Py), it results

8u(P1,Py,...,.Pn) € Ou(Py1,Pa,... . Pi) 81 8u(Prsr Prsa,....Py), (3.5)
GH(PI,PZ:”-?P];\) c U}{{P[,Pﬁ,...,Pk) Oy GH(PICH :Pk+2,---;Pn)- (36)

Proof We prove the (3.6). In a similar way the (3.5) is verified. It results
evidently

G'H(P1,P2,...,Pn) c UBH(P] ,Pz,.,.,Pk) m I.]-BH(PHl;PHZ,...,Pn).
Now, suppose Pecoy(P,,Ps,...,P,). We have

HQEO'H(PI,Pz,..,Pk), 3REU}{(Pk+|,Pk+1,.,Pn) : PEUBH(Q,R)
If a project S belongs to UBH(Q,R) and P>4S then we have that Se
UBH(P,,Ps,....Pl)NUBH{(Py+1,Py:2.....Pr)and so SeUBH(P,,P,,...,P,).
Since Peoyu(Py,P;,...,Pn), P24S, it follows that Secy(P;,Ps,...,P,) and so S~yP.
Then PeQoyRc ou(Py,Ps,....Py) 61 65(Pyi1,Prsa,....Py). This implies (4.6).0

For each n>1 and for each n-tuple of projects (P;,P-,...,P,), we denote with
35(P1.Py,...,Py) the family of blocks associated to the n-tuple as regards the
hyperoperation 8y and with J3,(P,,P,,...,P,) that one as regards the
hyperoperation oy. We have the following

Theorem 3.9 Vn>1, Vn-tuple of projects (P,,Py,...,Pn), VK;€35(P),Pa,....Po)
and VK;e3,(P),P5,...,P,), it results

(P Pa,....Pa)Ks, (3.7
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ou(P1,Pay.... Pr)cKo. (.8)

Proof We prove (4.8). In a similar way (4.7) is verified. The theorem is
cvident for n=2 because 3,(P;, P,) has the only element ou(P,,P2). We
suppose that the theorem is true for n<k, for a generic k>2 and we verify that
it is true also for n=k+1.

In fact, suppose K.€3.(PPz...Pwn). Then Jh: 1<h<k such that
KQ=K[GHK2, with K.; ESJP],PQ,.‘.,P},) and KZESU(P},.H,Ph+2,“.,Pk+l). For
hypothesis of induction

ou(Py,Pa,...PhCKy, 0u(Phi1 P2y, P )SKs.
For the previous theorem we have
ou(P1,Pa,....Pe+1) € ou(P1,Ps,....PY) 01 0P, Priay.. o Picit)
and so
ou(P1,Ps,....Pw1) € Ko=KionK,. U

Theorem 3,10 The pairs (g, 8y) and (g, oy) are commutative and feebly
associative hypergruppoids.

Proof By previous theorem we can observe that, VneN and VP, P;,...P € o,
Ou(Py,Ps.....P,) is included in the intersection of all blocks K5 belonging to
35(P1,P,,...,P,) and, similarly, the intersection of all blocks K, belonging to
3u(P1,P2,...,Pn) includes UH(Pth,...,Pn). 0

By two examples we verify that, generally, the associative property
doesn’t hold and we can have two possibilities:
a) the intersection of all blocks K, belonging to 3,(Py,P,,...,Py) is equal to
EH(P19P29'°':PH);
b) ou(Py,Ps,...,Py) is strictly contained in the intersection of all K, belonging
10 3o(Py,Pa.....Py).

Example 3.11 Let p={P,,P,,..., Py} be the set of projects. For each pair A, B
of subset of ¢ we put A<yB if for each acA e beB we have a<gb. We
impose the following conditions
{Po}<u{P1,P2,Ps}, {P1}<u{P4,Ps}, {Po}<uf{P4,Ps,Pe},
{P3}<u{Ps,Ps}, {Ps,Ps}<u{P7}, {Ps.Ps}<u{Ps}, {P7,Pe}<u{Ps}.

These conditions determine an antisymmetric relation. The reflexive and
transitive closure of this relation is an order relation and for each Ac g,
du(A) and og(A) are not empty.

In particular we have

ou(P1,P2,P3)={Ps}, Piou(P0uP3)={Ps.Ps}, (P16yP2)ouPs={PsP;}.

The two blocks generated by (P,,P,,P;) are different, so the associative

property doesn’t hold. Their intersection is equal to ou(P;,P,,P;).
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Example 3.12 Let p={P,.P,,....P;} be the set of projects. We impose the
following conditions
{Po}<u{P1,P2,Ps}, {P1}<u{P4Ps}, {P2}<u{Ps,Ps,Ps},
{P3}<ufPs,Pe}, {Ps,Ps,Ps}<u{P;}

These conditions determine an antisymmetric relation. The reflexive and
transitive closure of this relation is an order relation and for each Ac g,
du(A) and on(A) are not empty.

In particular we have
on(P1,P2,P3)={Ps}, Pyou(PouP3)={Ps,P1}, (PiouP2)ouPs={PsP+}.

The two blocks generated by (P;,P,,Ps) are equal. Their intersection is

different from oy(Py,P2,P3).
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WEAK HYPERSTRUCTURES
ON SMALL SETS'

T.Vougiouklis, S.Spartalis, M.Kessoglides?

Abstract The class of the weak hyperstructures is larger than the known ones
originated from the hypergroup in the sense of Marty. The weak
hyperstructures are also called H, -structures. In this paper we deal with
some classes of H,-groups defined on sets with three elements.

Hy-STRUCTURES ON SMALL SETS

A hyperstructure is called H-structure if is satisfies the structure-like
axioms where the. related axioms are replaced by the weak ones, i.e. the
equality is replaced by the non-empty intersection. For example the weak
associativity in a Hy-group (H,e) 1s

(xy)znx(yz) #0 forallxy,z eH
and the weak commutativity is
xy Nnyxz© forall xyeH
Similarly, in a H,-ring (H,+, o) the left weak distributivity is
x(y+z) N (xytxz)# @  forallxyz € H
The main tool to study the H,-structures remains as in all hyperstructures,

the fundamental relation. That is, the smallest equivalence relation such that
the quotient would be the corresponding structure. So the quotient of a H,-

! Mathematics Subject Classification (AM.S., 1991) : 20N20
Key words and phrases : Hypergroup, H, -group.
? Democritus University of Thrace, 67100 Xanthi, Greece
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group by the fundamental relation B* is a group, the smallest one. Similarly,
the quotient of a H,-ring by the fundamental relation B* is a ring [2] and so
on. According the above one can define the H,-semigroup, the H,-quasigroup
and so on.

The Hy-structures have been, introduced in [6] and properties as well as
basic facts on the topic can be found in the book [4] and for the fundamental
relation of hyperstructures in [1].

In the paper [5] the set of all Hi-groups with two elements is given.
Moreover the set of H,-groups with three elements is calculated under the
assumption that they contain a scalar unit element. In this paper we determine
some more general cases in a set with three elements.

Let (H,e), (H,*) be two H,-groups, defined on the same set H. The
hyperoperation () is called /ess or equal than (*), if and only if there exists a
fe Aut(H,*) such that

xy € fix*y) forall x,y in H.

Then (*) is called greater than (e) and we say that (H,*) contains (H, »). A
Hy-group is called minimal if contains no other H,-group defined in the same
set. A basic consequence of the above definition is the following.

THEQOREM 1
Greater hyperoperation from the one of a given H,-group defines a H,-group.
The weak commutativity is also valid for every greater hyperoperation.

In our study we need to recall the following properties.

PROPERTIES 2
Let (o) is a hyperoperation in the set H, then

(i) If (o) is weak commutative then
a(ba) M (abla# forall ab e H.
(i1) [If () is commutative then for all a.b € H,
a(ab) " (aa)b #&J  implies b(aa) N (ba)a # &,
(i1} Ifeis a unit of the hypergroupoid (H, s) we have
(xy)z N x(yz) = & forall x,y,z € H such that e e{x,y,z}.

Finally we recall the following theorem from [5], [4].
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THEOREM 3

Let H= {eab} be aset with three elements. Suppose we want to define in
H a hyperoperation () for which the element e is a scalar unit. Denote by a
four (aa, ab, ba, bb) the products needed to be defined. Then, the set of
all H,-groups defined in H has a set of minimals the following ones, given
with their isomorphic:

M, (e b,b {ea}) = ({eb} aace)

M, (e {eb}, {eb}, {ab}) = (lab} {eal {ea}.e)
M; (eHHa = (bHHe

M, (e {ab}, {ab} e

M; (eHHDb = (aHHe

M; (a {eb}, {eb}.a) = (b, {ea},{ea}. b)

M; (a,H ,H,b)

M; (b,e e a)
My ({eb}, {ea},b,H) = (H a {eb}, {ea})
M, ({eb}.b, {ea},H) = (H. {eb}. a {ea})

In the above theorem we observe that if
ee = {e} or {ea} or {eb} or H

then we need the above fours because the reproductivity must be valid. In
other words in these cases the minimal H,-groups remain the same. Therefore
we proved the following.

THEOREM 4
Suppose we want to define in H= {e.a,b} a hyperoperation (¢) for which

ex=xe=x forall xze and
ee={e} or {ea} or {eb} or H

such that (H, ) is H,-group. Then, we must have greater or equal four (aa,
ab, ba, bb) than the ones M;, M,, Ma, M,, Ms, Mg, M., Mg, Mo, Mg given
in Theorem 3.

THEOREM §

Suppose we want to define in H = {e,ab} a hyperoperation (e) for which
the element e is a two-sided unitand x*=H, for x € {ab}, such that (H,e)
is H,-group. Denote by the ordered 7-tuples
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(ee, ea, ae, eb, be, ab, ba)

the products needed to be defined. Then, the set of all H,-groups defined in
H has a set of minimals the following ones, given with their isomorphic:

Ly (ea,abbece)

L, (e,aab,b,a a) = (e,aab,bbb)
%3 (e aab,b, ab)

Ly (e,a,abbba)

Zs (e,aabb,e {ab})= (e aabb, {ab)e)
L; (e,aa b, {be},ea)= (ea {ae},bbb,e)
L7 (e, {ae},abbeb)= (eaa {be}, bace

Proof

First observe that the reproduction axiom is always valid. To find these 7-
tuples we worked in the following procedure. Since we have only to check the
weak associativity we start with the smallest possible cases in the 7-tuples and
we checked the weak associativity.

In case that the weak associativity is not valid we enlarged the products
up to the sets in order the weak associativity to be valid. In this case there is
the possibility the obtained hyperoperation is not minimal. Therefore we
checked smaller hyperoperations up to the sets the weak associativity is not
valid. However, in our special case the last step is not needed since the
reproductivity is always valid.

Special case : in the case that € is a scalar unit then the set of minimals is
givenabove I; I, I; I, I

THEOREM 6
Suppose we want to define in H= {e,a,b} a hyperoperation (e) for which e
1s unit and a is scalar, such that (H,s) is H,-group. Then, we have two cases

(i) aa=b and (i) aa=e
In the case (i) the only one minimal H,-group is the group defined in H.
In the case (ii) the four ( ee, eb, be, bb ) is the one needed to be defined. Then
the set of minimals is the following:
Fy (e H Hb)
F, (e b,b, {eal})
Fy (e {ab}, {ab}, {eb})
Fi (e {eb}, {eb}, {ab})

Proof
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(i) We observe that
a(ab)=ae=a and (aa)b=hb
therefore a € bb. So, in this case we obtain the group as the minimal.
(ii) We follow the method given in Theorem 5 where we have always to
check the reproduction axiom as well.

We conclude our study with the results for two general cases. In the
proofs we followed the method described above however one can see that
these cases are more laborious. The first one theorem can be considered as
the Boolean type H,-groups defined in set with three elements.

THEOREM 7
Suppose we want to define in H = {e,a,b} a Hy-group (H,e) for which e is
unit and the relation x*= x, Vx€H, is valid. Denote by the ordered 6-tuples

(ea, ae, eb,be, ab,ba)

the products needed to be defined. Then the set of all H,-groups defined in
H has a set of minimals the following ones given with their isomorphic.

Si1 (H,H, {eb}, {eb},a,a) = ({ea}, {ea},H H b,b)

S;  ({ea},H, {eb}. H a b)

S (H,H {eb},H a¢e = ({ea},H H Heb)

S4 {a,b}, H, {e,b}, b, a, {ea}) = ({ea},a, {a,b}, H,{eb},b)
Ss  (a,H,{eb},{ab}.a{eb}) = ({ea},{ab},bH{ea}b)

S ({ea}.H{eb}{eblafab)) = ({ea},{eal.{eb} H{ab}b)
S; (@ H {eb},b,aHy = ({ea},a b, H HDb)

Sg¢  (H, {eal,H {ebl, b, a)

Ss (H {ea},H Hbe = (HHH {eb}, e a)

S ({ab}, {ea}, H,b, b, {e,a}) (H, &, {a,b}, {eb}, {eb}, a)
Su (@ {ea}, H, {ab},b, {eb}) = (H {ab},b, {eb}, {ea}, a)
Su ({ea}{ea}.H {eblb{ab)) = (H{ea}{eb}{eb){ab}a)
S13 (a, {eal,H,b,b,H) = (H,ab, {eb}, H, a)

S (H,H,H H, e e

Sis ({ab},H,H,b, e {ea}) = (H a {ab}, H, {eb}, &)

Sis (a, H,H, {ab}, e {eb}) = (H, {ab}, b, H, {ea}, 2)

Si7 ({ea}, H,H, {eb},e {ab) = (H {ea}, {eb},H, {ab}, e)
Sz (s HLH,b,e H) = (H,a b H H,e)

S ({abl,{ab},bb,iea}.{ea}) = (aa{abj.{ab}.{eb},{eb})
S (a, {ab},b, {ab}, {e.a}, {eb})

I m
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Sun ({ea},{ab}.b,{eb},{ea},{ab}) = (afeal.{eb},{ab}.{ab}.{eb})
S (a {ab},bb, {ea},H) = (aab, {ab},H, {eb})

S ({ab}, a {ab}, b, {eb}, {ea})

S: ({ea}a{ab}.{eb}, {eb}, {ab}) = ({ab},{ea},{eb}b,{ab}{ea})
Sz (a8 {ab}, b, {eb},H) = ({ab},a,b, b, H, {ea})

S ({ea}, {ea}, {e,b}, {e)b}, {ab}, {a,b})

Sy7  (a{ea},{eb}b{ab},H) = ({ea},ab,{eb} H{ab})

Szg (a, d, b, b, H, H)

THEOREM 8
Suppose in H ={e,a,b} we want to define a H,-group (H, e) for which ¢ is

unit and xy is a singleton for all x,ye{a,b}. Denote by the ordered 9-tuples
(ee, ea, eb, ae, aa, ab, be, ba, bb)

the products needed to be defined. Then the set of all H,-groups defined in H
has a set of minimals the following ones given with their isomorphic.

I, (eH(feb},Hazaleb},aa) = (efea}lH{ea},bbHbb)
I, (eH,({eb} Haafeb}ab) = (e{ca}Hlea},abHbb)

13 (e:{e:a}:{ezb}v[{;a!a’l—l;b}b)
LI (e!H':H':{e‘a}:a:b: {e'rb}?an)

I (e{ea}.{e)b},{ea},ab,{eb}ba) = (e{ea}.{eb} {ea},ba{eb}ab)
ls (ef{ab},{eb}.{ab}eafeb}ab) = (e{ea),{ab} {ea}ab{ab}be)

I; (eaHaebHbb) = (eHbHaab.ae)
Iy (eHHHae/{eb}ab) = (eHH,/ ea},abHeb)
Iy (efea},HHaeHbb) = (eH{eb}HaaHeb)

I,y (e}, H,{ab}ee{eb},ab)
1,; (efea},H{ab}eeHbb)
Iz (e{ab},{eb} HeaHeb) (e.{e,a},{a,b} HaeHb,e)

I3 (e{ab}H/{ea},ebHeb) (e,H,{a,b},H ae {eb},ae)

Iy (e{ab}.{eb} {ab}eaeb}lae) = (e{ea},{ab},{ea}eb,{ab}b.e)
Iis (eH({ab},Hae{ab}ea) = (efab},H/ {ab}beHeb)

Is (eHHHaeHeb) = (eHHHaeHeb)

Iis (eab,ab,eb,ea)

Iig (efab}.{eb},{ab}eefeb}ea) = (efea},{ab}.{ea}beabl}ee)
Iis; (e{ab}H{ableeHeb) = (eH{ab} Haeab}ee)

I (eH,{ab},{ab}eefeb}ae) = (efab} H{ealeb,{ab}ee)

(e,HH,{ea},ab,{ab},ee)
(e,H,{e,b},H,a,a,{ab},ee)

o omom
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Ly (ef{ea}.{ab},{ab}eeHbe) = (e{ab}{eb} Heaab}ee)
122 (e,{a,b},{a,b},{a,b},e,e,{a,b},e,e)
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A, Hasankhani
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Iran

Abstract: In this note the notion of a hyper BCK-algebra which is a
generalization of a BCK-algebra introduced, and some basic properties
for this algebra are proved. Then the notions of P-ideals and hyper-
congruence relations are introduced, and the relationship between them
on a positive implicative hyper BCk-algebra with condition (5), are spec-
ified.

1. Introduction and preliminaries

The theory of hypercompositional structures has been introduced by
F Marty, in 1934 [4]. Marty was led to the introduction of this structure
from the study of several problems of the noncommutative algebra.

The notion of BCK-algebra first was introduced by, Y. Imai and
K.Iseki, in 1966 [1]. This notion is a generalization of properties of the
set-difference. Since then many mathematicians have worked in this area
and obtained interesting results. For example see [2,3]. Now recall some
definitions.
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Definition 1.1. Let X be non-empty set with a binary operation
?*" and a constant 0. Then X is called a BCK-algebra, if it satisfies the
following conditions

(2) (zxy)*(xzx2) <zxy

(i) zx(@xy) <y

(its) s <

(v) z<yandy <z implyz=y

(v) 0<zforallze X
where z < y means zxy =0,

Definition 1.2. A non-empty subset I of a BCK-algebra X is said
to be an ideal if the following condition holds:

(?) 0el

() zxyel,yelimplyzel.

Definition 1.3. The non-empty subset A of a BCK-algebra X is
called a implicative ideal if:

(1) 0e A

(it) (y*x)*2€ Aandz*2€ A imply that yx2 € A.

Definition 1.4. Let B # 0. A hyperoperation on B is a function
from B x B to P*(B) = P(B)\{0}.

2. Hyper BCK-Algebra

Definition 2.1, Let X be a set with a hyper operation ” #” and
a constant 0. Then X is called a hyper BCK-algebra, if it satisfies the
following Conditions:

(H1) (zxy)xz=(z+2)x*y,

(H2) tez*(z*xy)=>t<y,

(H3) z<y=>z*z<yxzand zxy<zxz,

(H4) z<uz,

(H5) 0<z,

(H6) z<y,y<z=>z=y
for all z,y,2 € X where £ < y is defined by 0 € z*y and A < B
is defined by for all b € B, there exists a € A such that a < b for all
z,y € X and A,B C X.

Henceforth X = (X, *,0) will be denoted a Hyper BCK-algebra.
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Example 2.2, Let X = R* and

[0,z] ifz<y
zxy=4¢ (0,y] fz>y

Then (R*,*,0) is a BCK-algebra.

Notation. By A < z and z < A we mean 4 < {z} and {z} < 4,
forallz€ X and A C X.

Lemma 2.3. Forallz,y € X and A C X,

(i) (@xy)*A=(zxA)*y,

() =+ (z*0)={0}.

Proof. The proof is simple.

Theorem 2.4. Forall z,y,z € X

() (zxy)*(zxz) <zxy,

(1)) s<yy<z=>z<2

Proof, (i) is proved by Lemma 2.3 (i) , (H2) and (H3).

(1) The proof follows from (H3), (H5) and (H86).

Theorem 2.5. For all z,y,2 € X, and A,B,CC X

() zxy<z=zx2<y

() zxy<z

(i) x <z*0

(w) A<SB,B<C=A<C

(v) Asxy<A

(vi) zxA<zozx2<A

(vii) AKB=A*C<BxCandC*xB<CxA

(viii) A < Ax0

(ix) zezx0

(z) te0x0t=0

(i) zxz={z}ez=0

Proof. (1) 0€txzC (zxy)*2 = (z*2)*y for some € z+y. Thus
there exists w € z * z such that 0 € w xy. In other words z x z < Y.

(1) 0€0%y C (z*x)*xy = (z*y)*z. Then there exists t € z %y
such that 0 € t *z. Hence v+ y < z.

(#4) The proof follows from Lemma 2.3 (i).

(iv) Is proved by Theorem 2.4 (id).

(v) Let a € A be an arbitrary element. Then, by (ii), axy < a.
Hence thereis b€ axy < A%y such that b < a. That is A xy < A.

(vi) Since T x A < z, there exists @ € A such that z * a < 2. Hence
by (i) z* 2 < a < A. Thus by (iv)  * 2 < A. The proof of converse is
simple.

(vii) Let A< Bandz € BxC. Then £ € b* ¢ for some b € B,
c€ C. Hence there is a € A such that @ < b. So, by (H3), axc< bxc.
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Thust < z, for somet € axc C A*xC. That is A+ C < BxC. Similarly
CxB<CxA.

(viig) The proof follows from (ii).

(iz) Since z*0 < z, there is t € 2% 0 such that ¢ < 2. Now since
x<z*0, we have x <t. Thus t = z.

(z) t€0%0C 0% (0%0). Now, by (H2), ¢t <0. Hence by, (H5) and
(H6), t = 0.

(zt) {z} =z *z Cx*(xx0). Hence by (H5) x £0. Thus z = 0.
The proof of converse follows from (z).

3. Hyper relation

Definition 3.1. Let A # 0, B # 0. A hyper relation#on Ax B isa
function from Ax B to P(B). If C, D € P*(A), then by 8(C, D) we mean

the set U #(c,d). Obviously every relation is a hyper relation.
ceC,deD

Definition 3.2. A hyper equivalence relation  on a non-empty set
Y is a hyper relation on Y X Y satisfying:

(¢) O(z,z)= U 0(y, z) (reflexive)

1,2EY

(@) 6(z,y) =0(y,z) (symmetric)

(¢i1) 8(=z, 2) ﬂﬁ(z,y) C0(z,y) (transitive)
for all z,y,z€Y.

Example 3.3, Let Y = Rt and

_§ B ifz=1y
Ole,y) = { [0,min(z,y)] fz#y
Then 8 is a hyper equivalence relation.

Definition 3.4. A hyper equivalence relation # on X is called a
hyper congruence relation on X iff

B(u*z,uxy) 2 0(z,y), Vz,y,ueX. (1)

Definition 3.5. Let § # ¥ C X. Then Y is called subalgebra of X
fy1xy2 CY, forally,y2 €Y.

Theorem 3.6, If § is a hyper congruence relation on X and Y is a
subalgebra of X, then the subset H of X which is defined as follows:

H={ze€ X :0(z,y) =06(0,0), forsomey €Y}
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is a subalgebra of X.

Proof. The proof is simple.

Theorem 3.7. Let 6 be a hyper equivalence relation on X and for
all z1,29,91,92 € X,

9($1 *Tg,1 ¥ yg) 2 9(3:1,y1) n 9(:];‘2,‘9‘2). (2)

Then 8 is a hyper congruence relation.

Proof. The proof follows from Definition 3.2 (7).

Notation. Let g be a function of X to P(X). Then by u(A) we
mean U p(a), for all A C X. Clearly

acA

| mlax B) = p(4x B) = | ] n(A D)

a€A beB

Definition 3.8. A function p of X to P(X) is called a P-ideal
(A X) if

(1) () 2 p(y)

(#) u(z) 2 ulz*y) N ply)
for all z,y € X.

Definition 3.9. A non-empty subset I of X is said to be a hyper
ideal of X. If

(#) OeTI

(1) (zxy)NI#Pandyecl=>zelVr,yc X
Clearly each ideal is a hyper ideal.

Example 3.10. Let I be a hyper ideal of X. The function g : X —
P(X) which is defined by

Mﬂ={5 ﬁii

is a P-ideal of X.

Definition 3.11. A function y of X to P(X) is called a P-implicative
ideal (pA,_;X) if:

(1) n(0) 2 ply)

(1) p(z#*2z) 2 p((z*xy) x2) Ny * 2)
for all z,y,z € X.

Definition 3.12. If in X, the equality

(Tx*x2)* (yx2)=(z*y) *2, Vr,y,2€ X

holds, then it is said to be positive implicative.
Definition 3.13. A non-empty subset [ of X is called a hyper
implicative ideal of X if for any z,y,2 € X
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() 0eI

(@) (@xy)*x2)NI#0,(yx2)NI#0= (zx2) NI #D.
Clearly each implicative ideal is a hyper implicative ideal.

Example 3.14. Let I be a hyper implicative ideal. Then the func-
tion which is defined in Example 3.10 is a P-implicative ideal.

Lemma 3.15. Let p be a P-ideal of X. Then for all § # A,B C
XrxeX

() a<0 u(a) 2 u(t)

() A<B=u(d) 2 uB)

(1) p(z*0) = p(z)

Proof. (i) p(e) 2 p(a*b) N p(b) = p(0) N u(d) = p(b)

(#7) Let b be an arbitrary element of B. Then there exist a € A
such that a < b. Hence by (1), u(A) 2 p(a) 2 p(b) for all b € B. Thus
#(A) 2 u(B).

(¢i1) By Theorem 2.5, we have < 2x0 < z. Hence p(x) 2 p(z*0) 2
p(z).

Theorem 3.16. (i) If uA,_: X, then pA, X

(#7) Let X be positive implicative and pA, X, then pd, ; X.

Proof. (i) The proof follows from Lemma 3.15 (iiz).

(1) Let z,y,2z € X. Then by Lemma 3.15 (i) we have

plzxz) 2 plE) dplrw)np(w), Viezxz, Yweyxz
D pf(z*2)* (y*2)) Npfy*z).

Lemma 3.17. Let X be positive implicative then
rxy<(z*xy)*xy, Vz,yelX.
Proof, For all 2,7 € X, we have
(z*y)* (y*y) = (z*y) *y.
Now since y *y < 0, by Theorem 2.5 (viii), (vii), we get that

sxy < (zxy)x0< (zxy)* (y*y).

Definition 3.18. Let y, z be fixed el;ements of X. Consider
(zxy) <z (3)

We suppose that there is a greatest element z satisfying (3). Then X is
said satisfy the condition (S). In this case z is denoted by yoz.
Notatlon. Let § # A C X. Then by zoA and Aoz we mean the sets

{zoa : a € A} and {aoz : a € A} respectively.
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Lemma 3.19. Let X be a hyper BCK-algebra with the condition
(S). Then for all z,y € X, @ # A C X, (zoy) * A < y implies that
zoy < Aoy.

Proof. Let (zoy) * A < y. Then from Theorem 2.5 (vi) we have
(zoy) *y < A. Now let £ € A be arbitrary. Then there is w € (zoy) *y
such that w < ¢. In other words (zoy)+y < t. Hence, by Theorem 2.5 (i)
(zoy) %t < y. Thus zoy < toy, for all t € A. Consequently zoy < Aoy.

Definition 3.20. Let 0 be a hyper relation on X. Then the function
p, from X to P(X) which is defined by p(z) = 6(x,0) is called the P-
function induced by # and it is denoted by I(6).

Lemma 3.21. Let # be a hyper congruence relation on X. Then

(1) @1 < @ = 1(0)(w1) 2 1(0)(a2)

(it) A< B=I(0)(A)DI(6)(B)

Proof.

(z) Let z1 < z9. Then 0 € x4 * 2. Thus

I(0)(z1) =0(x1,0) 2 O(zy % 0,21 * z2) , by Theorem 2.5(iz)
= 6(0, z2) , by Definition 3.7
= 6(z2,0 , since # is symmetric
= 1(0)(z2)

(it) Let b € B be an arbitrary element. Then there is a € A such
that @ < b. So

8(A,0) D 8(a,0) 2 6(b,0), Vbe B.

Definition 3.22. Let 8 be a hyper equivalence relation on hyper
BCK-algebra with the condition (S). Then # is called O-congruence
relation on X if

0(z10y1, 20y2) 2 6(x1,22) N O(y1,y2)

If 4 is a hyper congruence relation and O-congruence, then it is called a

hyper O-congruence relation.
Lemma 3.23. If X is with the condition (S), then 0o0 = 0.
Proof. By Theorem 2.5 (i), 000 < 000 0 < 0, therefore, 000 = 0.
Lemma 3.24. Let 6 be an O-congruence relation on a hyper BCK-
algebra X with the condition (S5}, then

0(Aoy,0) 2 6(A4,0)N6(y,0) (4)
Proof. Let a € A, be an arbitrary element. Then

§(Aoy, 9) 2 0(aoy,0) = O(aoy,000) 2 0(a,0) N H(y,0), Va € A
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Hence, (4) holds.

Theorem 3.25. Let X be a positive implicative hyper BCK-algebra
with the condition (S) and let 8 be a hyper O-congruence relation on X.
Then I(0)ApX.

Proof. Let u = I(§). For all x € X we have

p(0)=60,0)= |J 6(z,v) 2 6(z,0) = p().

r,yeX

Thus condition (¢) of Definition 3.8 holds. Now, let z,y € X. Since
X is with the condition (S), (zoy) * # < y. Hence by Theorem 2.5 (1),
(zoy) * y < z, which implies that ((zoy) *y) xy < = *y by Theorem
2.5 (vii). Hence by Lemma 3.17, (zoy) *y < ((woy) xy) xy < zxy.
Consequently (zoy) * (z *y) <y by Theorem 2.5 (vi). So from Lemma
3.19 we conclude that

zoy < (zxy)oy, Vz,y€X (5)
From (5) and Lemma 3.21 (421) we obtain that
0(zoy,0) 2 O((z * y)oy, 0).
By Lemma 3.24 we have
f(zoy,0) 2 O(z *y,0) NO(y,0). (6)

Now since 0 € z * x, we conclude that z xx < y. Therefore x < zoy, by
the condition (S). Hence

6(z,0) 2 8(z0y,0), Vz,y € X, by Lemma 3.21(i1)
Thus (6) implies that
0(x,0) 2 0(z xy,0) N Oy, 0)

In other words
p(z) 2 plz *y) N ply).

Consequently, Condition (i) of Definition 3.8 holds.
Definition 3.26. Let u: X — P(X) be a function. Then for all
A C X, by pa we mean the set

pa={z€X:pue) 2 A}

Theorem 3.27. Let u be a function from X to P(X). Then
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(4) If  is & P-ideal, A C | J p(x) and p4 # 0 for all A C X, then
1A is a hyper ideal of X. <X

(22) If p4 is a hyperideal of X, for all A C X, then p is a P-ideal of
- Proof. (i) Since A C U u(z) = p(0),s0 0 € pa.

On the other hand, letz.f:i yNys #0andy € py. Then there exists

t € z xy such that p(t) 2 A. Thus we get

mzxy) 2 plt) 2 A, uly) 2 A

Hence p(z) 2 p(z *y) N u(y) 2 A which implies that z € u4. In other
words 4 is a hyper ideal of X,

(%) Let z € X be an arbitrary element. Then we put A = y(z). Thus
by hypothesis p4 is a hyper ideal of X, so 0 € p4. That is u(0) 2 p(z),
for all z € X. On the other hand, let z,y € X and ¢ € z*y, be arbitrary.
We put pu(t) = A, u(y) = B and AN B = C. Therefore uc is a hyper
ideal, which implies that & € pg. That is pu(z) 2 C = u(t) N u(y) for all
t € z *y. Consequently

w)2 | @ ne@) =(J @) nae) = pexy) ).

tEx*y tEz*y

Thus p is a P-ideal. _
Theorem 3.28. Let § # A C X. We define the function ¢4 : X —
P(X) by
A zeA
walz) = { D z £A

Then A is a hyper ideal of X if and only if ¢4 is a P-ideal of X.

Proof. Let ¢4 be a P-ideal and z € A. Since w4(0) 2 pa(z) = A,
then we get that 0 € A. Now let (zxy)N A # 0 and y € A. Then there
exists t € x *y such that £ € A. On the other hand we have

wa(z) 2palz*y)Npaly) 2 walt) Npaly) = A

Hence & € A. In other words A is a hyper ideal of X.

Conversely, let A be a hyper ideal. We shall that @A, X. Since
0 € A, we obtain that ¢4(0) 2 @a(z), for all z € X. Now let 2,y € X.
If (@xy)NA=0ory £A, then obviously

wa(®) 2 palz xy) Nealy).
Now, if (z*y)NA# 0D and y € A, then z € A. Hence

wa(z) 2 pa(z*xy) Npaly)-
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That is paApX.
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