GENERALIZED DOUBLE FIBONOMIAL NUMBERS

Abstract: From the beginning of 20™ century, generalization of binomial coefficient has been
deliberated broadly. One of the most famous generalized binomial coefficients are Fibonomial
coefficients, obtained by substituting Fibonacci numbers in place of natural numbers in the
binomial coefficients. In this paper, we further generalize the concept of Fibonomial coefficient
and called it Generalized double Fibonomial number and obtain interesting properties of it. We
also discuss its special case, double Fibonomial number along with the situation in which they
give integer values. Other properties of it have also been discussed along with its upper and
lower bounds.
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1. Introduction:

In combinatorics, the factorial of a positive integer n, denoted by n!, is defined by
nn=nxmn-1)x--x2x1;n>1and 0! = 1. Whereas the double factorial of a positive
integer n, usually denoted by n!! is defined as

nXxn-—2)x--x3x1;nisodd
nl={nxMn-—2)X--X4Xx2;niseven.
1 inm=20

Note that n!! is not the same as the iterated factorial (n!)!, which grows much faster. We do
not know precisely when, where, or by whom, the double factorial notation was devised. It was
used by Meserve [6] in 1948, and it is not mentioned by Cajori in his very detailed work in
history of mathematical notations during 1928 — 1929 [2]. Thus, we summaries that the notation
was introduced at some times during the period 1928 — 1948.

In this definition of n!!, if we replace the natural numbers by the terms of the generalized
Fibonacci numbers w,, defined by the recurrence relation w,, = pw,,_; + qw,,_,, for n > 2;
wo =a and w,; = b, where a,b,p and g are any integers, then what we get will be called
Generalized double Fibonorial n!!,, and is defined as

Wy X Win_g) X =+ X Wg X W3 X Wy ; n > 0is odd
nlly, = {wy X Wi_p) X - X Wg X wy X W, ; n > 0is even. 1)
1 :n=20

Here note that when we substitute p = g = b = 1 and a = 0 in the definition of w,,, we get
regular Fibonacci numbers E,. The definition of n!!,,, helps to express the generalized double

Fibonorial in terms of regular generalized Fibonorial as shown in the following lemma.



nly, _ (n+1)ly, > 1

nll. = =
Lemma1l.1: nll, (n-D,  (+Dy,

In 1964 Fontene [3] generalized the notion of binomial coefficients and introduce the
new concept of Fibonomial coefficients. In the definition of binomial coefficients (T:) he

replaced the natural numbers by the terms of an arbitrary sequence {A4,,} of real or complex
numbers. Since then there has been an accelerated interest in the study of Fibonomial

coefficients. When the sequence {A,} is considered as the sequence {F,} of Fibonacci

numbers, the Fibonomial coefficients [7;] ,for 1 < k < m, is defined as [7:] = ﬁ
F F ‘F —K)F

The elaborated study on the generalized Fibonomial coefficients can be found in literature. (See
[5])
This quantity will always be an integer, which can be shown by an induction argument
by replacing F,, in the numerator with Fy Fy,, _+1 + Fix—1Fm_x, resulting in
(5], = Froses [ Z ]+ [0 1] @
We use the concept of generalized double Fibonorial to further generalize the concept of
generalized Fibonomial coefficients. We define the generalized double Fibonomial numbers

[], =

el = mtnsoms ©
It is easy to observe that [[Tg]]w =1, [[Zl]]w = wp, and [[rl?]]w = [[mrf k]]w 4)

2. Generalized Double Fibonomial Numbers:
2.1 Some Properties of Generalized Double Fibonomial Numbers:
The following results are now easy consequences from this definition:

Lemma 2.1: For any positive integers k, m and n,

1. (Iterative Rule) HZHW [[TI:J] = [[:rll]]w [[Z ~ le]]w

w

2w, = a7,

w
s [7], =™,

w7, = w72,

Lemma 2.2: (m — D!, [[7:]] will always give an integer value.
w




This result is an easy derived from the definition of generalized Fibonorial and
generalized double Fibonomial numbers. The basic recurrence relations for the generalized
double Fibonomial numbers is as follows:

Lemma 2.3: ﬂ’;ﬂ]w — ﬂm}: 2]] - [[Y::zz]]w {W‘W—V:n—k}

w

By changing k to m — k and using (4), we get

Lemma2a: [}[] - [ 250, =" 71, E

The following result can be easily obtained when we apply the sum on both sides with

respect to the upper index such that m and k have the same parity.

. m _ m W]'—Wj_k ] —_ 2 . . . .
Lemma 2.5: Hkﬂw = D=k T [[k B ZHW' where the sum is taken over integers starting

from k with spacing of 2 up to m.
2.2 Star of David Theorem:

In 1972, Gould gave a result related to one interesting arithmetic property of binomial
coefficients which was named as the Star of David theorem, which was stated as “The greatest
common divisors of the binomial coefficients forming each of the two triangles in the Star of

David shape in Pascal’s triangle are equal:

ood {3~ 1) Ge e ) (" =00 {0 ) G2 ) G D)
The two sets of three numbers, which the Star of David theorem says, have equal greatest

common divisors and equal products. Interestingly, Gould’s result can be imitated for

generalized double Fibonomial numbers too as shown in the following result.

mhesrem26: (2751, [, 01, = 7% L 20 L) e

w

are positive integers.

Proof: Using the definition of generalized double Fibonomial numbers, the left side of the result

becomes

iy P

_ (m-a)!ly, m)!hy, (m+b)!y,
(k=b)!lyyx(Mm—k—a+b)l, ~ (k+a)l,x(m—k-a)l, ~ (B!, x(m—=k+b)!,

w

(m-a)ly, (m+b), m)y,
TNy x(m—k-a)lly  (k+a@)hyx(m—k—a+b)ly,  (k—=b)ly,X(m—k+b)!ly,

_ [[m; a]]w H?}:l:ll_-cll?ﬂw [[k’f b]]w’ as required.

Corollary 2.7: If a=b =1, we get the product of six generalized double Fibonomial

numbers, which are equally spaced around[[r:]] .

w



[ =1l
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L 24, %l L4,

"] 7110,

2.3 Generalized Double Multinomial Numbers:
Letm = k; + k, + -+ + k,- then we can define generalized double multinomial

number as

m mily,
[[kp ky, e, kr]]w T Tkl
Following result expresses generalized double multinomial numbers as the multiplication of
generalized double Fibonomial numbers.
Lemma 2.8: Generalized double multinomial numbers can be expressed as the multiplication
of generalized double Fibonomial numbers.

Proof: In the definition of generalized double multinomial numbers, consider r = 2, then we

have [[klmkz]] = [U{n]] ; where k; + k, = m.
’ w

14w

w

Forr=3andm = ky + ky + ks, [[kl, I’Z‘kg]] _ [[Zﬂ]w |[m ]:Zkl]] .
w

Letforr<n—1andm =k; + k, + --- + k,, we have

kK —ky =k — e — Ky
[[kl,kf..,kr]]vf[[m]w[[mkz 1]]W"'[[m Dk Zﬂw'

Let us now consider r =nand m = k; + k, + --- + k,,. Thus

m ml!l, ml,, 1
Hk koo k ]] = = X
vka ke, T R RGN, kg, kgt kgl kot kgt K,
_ m”w (m—kl—kz—'“—kn_z)!!w
T ki lwkoly ek XM=k —ky = —kn_2)My * kpeqly (M—kq—ky——kn_z—kn_1)lhy,
_ [[m]] ﬂm_klﬂ [[m_kl_kz_"'_kn—S]] |[m—k1—k2—~-—kn_2]]
ky w k; kn—2 w kn—2 w.

Hence, by the principle of Mathematical induction, we get the required result.



It is obvious that all the above results related to generalized double Fibonorials and generalized

double Fibonomial numbers are also true for double Fibonomials n!! and double Fibonomial

coefficients HT:H . But there are some additional results related to them, which are discussed
F

in the following article.
3. Double Fibonomial Numbers:
3.1. Definition and Some Properties of Double Fibonomial Numbers:
Using the definitions (1) and (3), Double Fibonorials and double Fibonomial numbers
can be respectively expressed as

Ey X Fip_py X -» X Fs X F3 X F; ; n > 0is odd
nllp = 4F X Fpyg) X - X Fg X Fy X F, ; n > 0is even
1 ;n=20

and

[[m]] _ mip
klp = klpx(m=i)p

The following table shows first few terms of double Fibonorials for some initial values of n.
n 0 1 2 3 4 5 6 7 8 9 10
nllp 1 1 1 2 3 10 24 130 | 504 | 4420 | 27720
Table 3.1

Also the following table shows the first few terms of double Fibonomial numbers.

1

1 1

1 1 1
1 2 2 1
1 3/2 3 312 1
1 10/3 5 5 10/3 1
1 24/10 8 6 8 24/10 1
1 65/12 13 65/3 65/3 13 65/12 1
1 252/65 21 126/5 56 126/5 21 252/65 1
Table 3.2

We further show how Double Fibonorial and Double Fibonomial numbers are connected
with the sequence {L,;} of Lucas numbers. This sequence is famously known as the twin
sequence of Fibonacci sequence, which can be obtained by substituting p =q = b =1 and
a = 2 in the definition of w,,. That is L,, = L,_; + L,_,; Lo =2 and L, = 1. It is easy to
observe that F,, = E,L,. If we define n!;, =L, XL,_; XX L, X Ly, then the following

lemma follows easily.



Lemma 3.1: n!'; = k!p X k!, for even positive integer n = 2k.

mly,

. m
If we consider [k]L = m

, then the following is an easy consequence of lemma
3.1

Lemma 3.2: HZZT:]]F = [?]F X 7{1L

From the table 3.2 it is clear that double Fibonomial numbers are not always an integer.

Obviously, for any integer m, 0l. = [[m

]] = 1, will always have an integer value. Also
4F F

[[m]] = [[ m ]] = F,, will be integers. These two will serve as the trivial cases. Following
2 F m—2 F

theorem speaks about when double Fibonomial numbers attain integer values.

Theorem 3.3: The nontrivial double Fibonomial numbers [[T]?]] are integers only when either
F

m and k both are even integers together or [[YI?]] = [[g’]] :
F F

Proof: We prove the result in four cases depending on the parity of m and k.

Case 1: When m and k both are even integers, we have

211, 7 @DUpx(2n-2DF Fa X XFyXFy

Note that number of elements in numerator and denominator are same. Also, they are Fibonacci

[[m]] _[[ZTL]] _ (2n)!g _ BnXFn_2X-XFan_zi4+2

numbers with even subscripts, such that in the denominator we have first [ even subscripted

Fibonacci numbers. Since these numbers always divide multiplication of any [ consecutive

even subscripted Fibonacci numbers, it follows that [[T:]] will always be an integer.
F

Case 2: When m and k both are odd integers, we have
In this case, we have

Hmﬂ _ [[Zn + 1]] _ @n+D!E _ Fopp1XFan_1XXFy143
klp 7 L2014 11, 7 @uDipx@n-201F ~  Fan_gix- XFyxFp

In the numerator, every Fibonacci number is with odd subscript. Consequently, none of them

will be divisible by F, = 3. Thus [[Zl]] will not be an integer in this case.
F

Case 3: When m is odd integer and k is even integer, we have
In this case, we have

|:|:m:|:| — |:|:2n + 1:|:| _ (2n+1)”p — F2n+1><F2n—1><"'><F2n—zl+3
k F 21 F ’

T @DUEx(2n-21+1D)!E FaX--XFyXFy
Here again in the numerator, every Fibonacci number is with odd subscript, so none of them

will be divisible by F, = 3. And therefore, in this case [[r:]] will not be an integer.
F

Case 4: When m is even integer and k is odd integer, we have



ﬂ?{l]]l: _ HZZZ-TI_I 1]]F _ Cn)lp _ FynXFan_pX---XF4XFy

T QRIFDIEX@n=21-DUp  (FappqX--XF3XF)X(Fap_pi—1X--XF3XF;) "
Here number of terms in the numerator and denominator are same. Also, the Fibonacci numbers
in the numerator are with only even subscripts and in the denominator with only odd subscripts.
But, for any Fibonacci number F,, there exists a prime p such that if p|F,, then p will only

divide E,,,; forevery m > 1.
Since Hmﬂ = H m ]] , for convenience we take k > m — k, that is, 2k > m. Then
k F m-—k F

there will not be the same Fibonacci numbers in the numerator and denominator. Also, there
will not be any multiple subscripts of k in the numerator. Thus, there will exist a prime p in the
denominator such that p|F, which will not divide any of the Fibonacci number in the
numerator.

Likewise, when k = m — k, then except for k = 3, there will be a prime p such that

p|F; as well as p|E,,, but it will appear in the denominator only once where as in the numerator

m

k]] will not be an integer.
F

twice. Thus in this case, except for [[g]] =6, [[
F

In the following theorem we obtain the recurrence relation for the double Fibonomial

numbers.

Theorem 3.4: [{?]]F =F_, [[m; ZHF + Frp_ies1 [[r:__zz]]F .

Proof: From [4], we observe that the Fibonomial coefficients [TI?] has the recurrence relation
F

[il, = Fea [™ ]+ e [ 1

Now, using this relation and lemma 3.2, we get

[[m]] _ mlg (k—D"'g (‘m—k—l)!!p_[m] X(k—l)!!px(m—k—l)!!p
k F - k F (m—l)!!F

T (m-Dlg kg (m—k)!p

_ m-—1 m—1 (k=D px(m—k—1)g
- {Fk‘l [ k ]F + Pkt [k - 1]} (m-1)!Ig

{Fk_l(m—l)lp (k—D!g (n—k—l)!!F} {Fn_k+1(m—l)!p (k—D"g (n—k—l)!!p}
(m—l)!!F k'r (Tl—k—l)!p (Tn—l)!!p (k—l)!p (Tl—k)!p

Fr_1(n-2)I'g Fp_k+1(m—2)g
Kl'px(n—k-2)"g (k=2 Upx(n—K)!'g

=Fp_, Hm; ZHF +Fo pas [[11?:22]],7 as required.

m—k m—-k
m — i_ m—2j ——
Lemma 35 |]:k:|]p = ZE=21 IF] 1k—1Fm—k+1—2(j—1) [[ k _ 2]:|:|F + Fk—i JA,
1 ; when m and k both are even or both are odd integers
where A=41k+1 ) .
[[ K ]]F : otherwise



Proof: From above theorem, we have

[i], = Preses [ 251, + 5 737,

= Fprns [[’;:ZZHF + Fq {Fm_k_l [[':__ZZ]L + Fr_q [[m]: 4]]F}

= Fp_k41 [{T]?__ZZ]L + Fi_1Fm—k-1 [[T:__;]]F +Fi {Fm—k—3 [[7:__26]]1: + Fiea [[mI: 6]],,}

Continuing this process, we get

), =

s m—2j ™K rk

"] -1 m=2j) | ey -
Zj=1 Fy_1 Fn—k+1-2(j-1) [[ k—2 ]]F +F_1 [[ k ]]F ; otherwise

as required.

To illustrate the result, we consider m = 9 and k = 5. Then

= Y3 F T Fs o) Hg _32j]]F + Fy [[EHF

=F5[[Z]]F+F4F3[[§]]F+Ff=(5*63—5)+(3*2*5)+(32)

=== [[g]]F as expected.

The following result is an easy consequence from the definition of double Fibonomial
numbers and the basic identity F,L, + E,L,, = 2F,,,, relating both Fibonacci numbers and

Lucas numbers.

Lemma 3.6: [[T;]]F = %(Lk [[ml: ZHF + Lok [[Tl?__zz]])

Proof: Since 2F,, = FyLy—x + F—kLi , We have

271, = 2], e+ [, ot

- [[YI?—_ZZ]]F EpLp_i + [[m; Z]L EnLy. Thus

2 [[Zlﬂp =L, Hm; ZJ]F Ly [[TI?—_ZZ]]F as required.

Using lemma 3.6 and applying the same logic of lemma 3.5, the following result can be
proved easily.

Lemma3.7: ] =zlmT_kIM[[m—2j]] +(L_k)lm7'klA.
T lklg j=1 2J k—21, > ;

Z].:l F,j_‘me_kH_z(j_l) [[ 2 ]]F +F_] [[k]]F ; when n and k both are even or odd

)



1 ; when m and k both are even or both are odd integers
where A = ﬂk +1
k

To illustrate the result, we consider m = 10 and k = 3. Then

]] ; otherwise
F

ZET:T;ICJ L{c_le;;(—Z(j—l) [[TZ : ;]]]F + (Lz_k)lmT_kJ A

R R RO
=200, #5200, + 52 00, + 50,
=(5+%)+ (50 + () G+3)

_ 1386 _
13

H13OHF’ as expected.

In the following section we find the bounds of these numbers.
3.2 Bounds of Double Fibonomial Numbers:

1+v5

an_ﬁn

The Binet formula for the Fibonacci number is given by F, = ; Where a =

and g = %g The following theorem gives us the bounds of double Fibonomial numbers in

terms of «.

0; when n is even

Theorem 3.8: For y(n) = {1_ when 1 is odd

(k=x(1))(m—k-yx(m(m-k—-1)-1)) m (k+x(R))(m—k+x(m(m-k-1)—1))
a 2 = [[ ]] 4 2
klp

Proof: It is well known that a™ 2 < E, < a™*; foralln > 1.

Then it is easy to observe that

Fm-2t < am—4t—1 (5)
Ftv2

and Izt > gmo4ee3, (6)
Fat42

Here we consider the four cases depending on the parity of m and k. When both m and k are

even, using the definition of double Fibonomial numbers and (5), we have

Hm]] _ mllg _ FmXFp X XFym_g42
k F - Klpx(m—-Kk)!'g - FyXFy X+ XFy

k(m—k+1)
< a™ 1 x qgMm 5 x qMm 2 % -+ X a(m—2k+3) =a 2z

m k(m—k+1)

Th <

us [[k]]p sa e

Again using (6) in the definition of double Fibonomial number, we get
k(m-k-1)

m
[[k]] > qMm=3 x M7 x g 11 x ... x @(M=2k+1) = o~
F



. m k(m—-k—1)
This shows that Hkﬂ >a 2 . Thuswhenm and n both are even, we have
F

k(m-k-1) m k(m-k+1)
a 2 < [[ ]] <a 2
klp

0; when n is even . .
’ this result can be written as

Considering x(n) = {1' when nis odd '’

(k=x(®))(m—k—x(m(m-k—-1)-1)) m (k+x(R))(m—k+x(m(m-k-1)—1))
a 2 < [[ ]] <a 2
klp

The required result can be proved using the similar technique for all the remaining cases.

To illustrate it, we consider m = 9 and k = 4. Then [[9]] =32
4lp ™ s
(k—x(®)(m—k-x(m(m—-k—1)-1)) k(m—-k-1)
Also, a 2 =a 2 =a®=4697
(k+x(K)(m—k+x(m(m—-k-1)-1)) k(m—-k+1) .
and a 2 =a 2 = a'? =321, which shows that

(k=x () (m—k—yx (m(m-k-1)-1)) m (k+x () (m—k+x(m(m—k-1)-1))
a 2 [[k]]F <a 2 .
4. Double Fibonomial Numbers and Fibonacci Numbers:

By [1], it is known that a primitive divisor of a Fibonacci number E, is any prime integer
p such that p | E, but p t E,;; where m < n. Also, primitive divisor theorem says that for n >
13, every E, has a primitive divisor. We use this result to prove many interesting relations
between generalized double Fibonomial numbers and Fibonacci numbers.
4.1 Double Fibonomial Number as a power of Fibonacci Number:

In literature, there are many results involving Fibonomial numbers and Fibonacci

numbers. From (4), it is clear that [[r:]] = F,, for k = 2. Thus, the Diophantine equation
F

[[r]?]] = F, will always have a trivial solution (im, k,n) = (m, 2, m). Following result claims
F

that there is no other solution for the considered Diophantine equation.

Lemma 4.1: The Diophantine equation [[m]] = E, has no solution for k > 2.

klp

Proof: We know that except for [[g]] = 6, which is not a Fibonacci number, and trivial cases,
F

[[rlr:]] is an integer only when both m and k are even integers. Thus, [[T]?]] = F, implies
F F

EmXFp—2X-XFm_g42
FkXFk_ZX'“XFZ

=, @)

If we consider n > 13 and n > m, then by the primitive divisor theorem, there exists a prime
p such that p | F, but p + E,,. That is, (7) has no solution possible.

Similarly, for m > 13 and m > n, primitive divisor theorem implies that (7) has no solution.



Thus, we can narrow down the range of m and n as max(m,n) < 13. A quick look at the table

3.2 reveals that for k > 2, the Diophantine equation [[Tl?]] = F, has no solution.
F

The following result can be proved through the similar arguments.

Theorem 4.2: For any positive integer t, the Diophantine equation [[YI?]] = E! has no solution
F

for k > 2.
Though the double Fibonomial numbers do not possess the value of a Fibonacci number
except for the trivial cases, they do stand in the neighborhood of Fibonacci number. We present

this fact in the following final result.

m
k

(3,1,2),(3,2,2),(4,2,3),(6,3,5),(8,4,10) for ' + ' case and (3,1,4), (3,2,4) for -’ case.

Theorem 4.3: The only solutions of the Diophantine equation [[ ]] +1=FE are(mk,n) =
F

Proof: From the table 3.2, it is easy to observe that the Diophantine equation [[TI?]] +1=F,
F

has solution (m,k,n) = (3,1,2),(3,2,2),(4,2,3) for the '+’ case and (m,k,n)=
(3,1,4), (3,2,4) for the -’ case for m < 5. Now for m > 5, when m is an odd integer, double

Fibonomial number will not be an integer. And when m is an even integer such that k is an odd

integer, Hgﬂ = 6 is the only possibility integer value of double Fibonomial. Thus (m, k,n) =
F

(6,3,5) will be a solution of the given Diophantine equation for ' + ' case.
Now, we can narrow down our possible solution to the even integers for both m and k.
Since F,L, = F,,, + (—1)PF,_,, the different factorizations for F,, + 1 depending on the class

of n modulo 4 can be written as:

Fp+1="Fy_1Ly144 Fp—1="Fyy1ly4
Fprp1 + 1= FyqLy Fprp1 — 1= Fy Lo
Fappo + 1 =Fy 0Ly Farpo — 1= Fy Ly,

Fprpz + 1= Fypqlyyo Farps — 1= Fy0Lla141

Therefore, the considered Diophantine equation, which can also be written as [[TI?]] =F, +1,
F

can be factorized for the ' + ' case as

[[r]?]]F = Fa141L21-1 [[T]?]]F = F31Lz141 [[r;:]]p = F1L3142 [[T,?]]F = Fo142L2141;

and for the ' — ' case as

HT;]]F = Fy1-1L2141 HZ?]]F = Fa141L2 [[;?]]F = Far42L2 [[T]?]]F = Far41L2142-



It is obvious that all these eight cases can be handled in the similar manner. Thus, we

shall only focus on the proof of the first case. Now, [[T:]] = Fy141L5—1 1mplies
F

EmXFm—2 X XFip_g42
FpXFp_oX:XF,

= F,;41L5;—1. Thus, we have

Fn X Fipea X X Fip_jey2 = Fope1 X Lyjoq X Fig X Fjp X oo X F5.

Since F,,, = E,L,,, we write Ly;_; = ?1_2 . Thus,

2l-1

Fn X Fipea X X Fip_jeya X Fppoqg = Fappq X Fyyop X Fig X Fjp X oo X F5.
Since [ = EJ > 2, we have 41 — 2 > 21 + 1. Therefore, from primitive divisor theorem, we

can write m = 41 — 2. Thus,

Fin—a X " X Fip_gi2 X Fp1oq = Fopy9 X Fig X Fp X oo X Fy. 8
If we assume that m > max{14, k + 1}, we have m — 2 > 12. So, again by primitive divisor
theorem, we get m — 2 = max{2l+ 1,k}.But m —2 =4l —4 > 2l + 1, which implies
m — 2 = k and from (8), we get F,;_; = F,;,1, Which is not possible. Thus, we only need to
considertherange4 <k <10andk+2<m < 12.

Again, from table 3.2, we can easily claim that the only solution of the Diophantine
equation [ﬁﬂ] +1=EFE, are (m,k,n) = (3,1,2),(3,2,2),(4,2,3),(6,3,5),(8,4,10) for "+’
F

sign and (3,1,4), (3,2,4) for "~ ' sign.
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