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Abstract

In this paper, a new class of sets called Da-open sets are introduced
and investigated with the help of gd-open and d-closed sets. Relation-
ships between this new class and other related classes of sets are estab-
lished and as an application Da~continuous functions have been defined
to study its properties in terms of Da-open sets.Finally, some properties
of Da-closed graph and (D.a)-closed graphs are investigated.
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1 Introduction

The concept of generalized open sets introduced by Levine[8] plays a signifi-
cant role in General Topology. The study of generalized open sets and its prop-
erties found to be useful in computer science and digital topologyl[8,9].Since
Professor El- Naschie has recently shown in [6,7] that the notion of fuzzy topol-
ogy may be relevant to quantum particle physics in connection with string the-
ory and € theory.So,the fuzzy topological version of the notions and results
introduced in this paper are very important. Ekici [1] introduced the notion
of a-open sets in topological spaces.Dontchev et al. [17] introduced gd-closed
sets and gd-continuity. The concept of d-open set and introduced by Velicko
[13].

In this paper,we introduce and study the class of Da-open sets which is strictly
placed between the class of all a-open sets and the class of all gd-open subsets
of X.

Also Da-continuous functions,Da-closed graphs and (D,a)-closed graphs have
been defined to study its properties in terms of Da-open sets.

2 Prerequisites, Definitions and Theorems

Definition 2.1 In (X,0),let NC X.A set N is called
(i)a-closed if cl(int(cls(N)))ZN.
(i) §-closed[15] if N=cls(N)
where cls(N)={peX:int(cl(O) ) NN#£p,Oct and peO}.
(i) generalized d-closed (briefly,gd-closed)[6] if CI(N))C G whenever NCG and
G is d-open in X.
(iv)generalized §-closed (briefly,gd-closed)[6] if CI(N))C G whenever NCG and
G is 6-open in X.
The complements of the above mentioned closed sets are their respective open
sets.

The a-closure[14](resp, gd-closure) of a set N is the intersection of all a-
closed(resp, gd-closed) sets containing N and is denoted by a-CI(N)(resp, Clgs(N).
The a-interior[14](resp,gd-interior) of a set N is the union of all a-open(resp,
gd-open) sets contained in M and is denoted by a-Int(A)(resp, Intys(M).

Theorem 2.2 Let C and D be subsets of a topological space (X,0). Then
(i)If C is dg-closed,then Cl,s(C) = C.
(ii) [f CCD,then Olg(; (C)C Clg(g (D)
() © €Clys (C) if and only if for each gé-open set O containing x,0 N C#¢,
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(v)Clys (C)UCls (D)C Clys (AUD).
(vi)Cl,5 (CND)C Clys (C)NCls (D).

3 Da-Open Sets.

Definition 3.1 A subset M of a topological space (X,0) is said to be:
(1) a Da-open set if M C Int,s(Cls(Intys(M)).
(2) a Da-closed set if Clys(Ints(Clys(M))C M.
The collection of all Da-open(resp,Da-closed) sets in (X,0) is denoted by
DaDaO(X)(resp,DaC(X).

Theorem 3.2 Let (X,0) be a space. Then for any NCX,
(i) N is §-open implies a-open[]].
(ii) N is 0-open implies gd-open[5].
(111)N is g-open implies go-open[6].
(iv) N is a-open implies Da-open.
(v) N is go-open implies Da-open.
Proof: (iv) Since 6-open set is go-open, Ints(N) C Inty(N).
Now,let N is a-open, then N C Int(Cl(Ints(N)). Therefore,
N C ]nt(C’l(Intg (N)):]nt5 (Cl(]nt5(N))C]ntg(;(Clg(]ntgg (N))
Hence N 1s Da-open in X.
(v) Suppose N is g6-open. Then Int,s (N)=N/[14].
Therefore, Int,s(N)C Cls(Intys (N). Then
N=Intys (N)=Intys(Intys(N)) C Intys(Cls(Intys(N)). Hence N is Da-open.

Remark 3.3 The following implications hold for a subset N of a topological
space (X,0).

open  +— d-open —>  a-open
v
d 4 Da-open
/(

g-open.  —  go-open

None of these implications is reversible

Example 3.4 Consider X={p,q,r,s} with topology

o={ X0 {p} A} A, ¢} Ap. 7} {p.q7}} then
aO(X)={ X, 0 {q} Ap.7} {p.q.r}}
GoO(X)={X, o {pt A} ArtAp. at Ap,rHart Ap. a7t}

DaO(X)={X, ¢ Ap} A} A1} AP, 0} AP, 1} A0, 73D ¢, 7P 0.5 A .78} )
Therefore, {b,c,dyeDaO(X) but {q,r,s}¢a0(X) and {q,r,s}¢ g0 O(X).
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Lemma 3.5 If3 a M € GSO(X) such that M C N Clntys(Cls(M)),then N
15 Da-open.
Proof: Since M is g5-open, Ints,(M)=M. Therefore,
[ntgg(Cl(;(fntg(;(N)) Dfntg(;(C'l(g(Intg(;(M)) = [ntg(;(Cl(;(M)) o N.
Hence N is Da-open.
Converse of the Lemma 3.5 is not true as shown in Fxample 3.6.

Example 3.6 In Example 3.4, {p,q,r}€DaO(X) and {p,r}€GSO(X) but
{p,r} S {p,qry € Intys(Cls({p,r}))={p.} -

Lemma 3.7 For a family { Bx:AEN} of subsets of a topological space (X,o ),the
following hold:
(1) Clg(;(ﬂ{B)\AE/\}) C n{Clg(;(B)\))\E/\}
(2) Clys (U{ Va:AeN}) D U{Clys (Br):AeN}
(3) Cls(N{Bx:-AeA}) C N {Cls(By):AeN}
(4) Cls(U{Bx:AeA}) D U{Cls (Br):AeN}

Theorem 3.8 If {G,:AeA} is a collection of Da-open sets in a space
(X,0),then U G, is a Da-open set in (X,0) :
aeN

Proof: Since each Gyis Da-open, G, C Intys(Cls(Intys(Gy)) for each aeN and
hence U G, C U Intg(;(015([nt95(Ga))CIntg(;(Clg(lntg(;(U Ga)). Thus U Geo
aEN aEN aEN

aEN
15 Da-open.

Corollary 3.9 If {F,:a€N} is a collection of Da-closed sets in a space
(X,0),then (N F, is a Da-closed set in (X,0)
aEN

Remark 3.10 M and N € DaO(X) & M N N € DaO(X) as seen from
Example 3.4, where both M = {q,r,s} and N = {p,q,s} € DaO(X) but
Mn N ={qs} ¢ DaO(X).

Corollary 3.11 If Me DaO(X) and BeaO(X),then MUBe DaO(X).
Proof: Follows from Theorem and Theorem

Corollary 3.12 If Me DaO(X) and B€gdO(X),then MUBE DaO(X).
Proof: Follows from Theorem and Theorem

Definition 3.13 In (X,0),let M C X.
(1)The Da-interior of M, denoted by Int? (M) is defined as
Int? (M)=UJ{G:GCM and MeDaO(X)};
(2)The Da-closure of M, denoted by CI2 (M) is defined as
CIP(A)=N{F:MCF and FeDaC(X)}.
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Theorem 3.14 In (X,7),let M, N,F C X.Then:
(1)M C CI? (M)CaCl(M), CIP (M)C Clys(M);
(2) CI? (M) is a Da-closed set;
(3) If F is a Da-closed set, and F > M,then F > CIP (M);
i.e.,CI? (M) is the smallest Da-closed set containing M.
(4)M is Da-closed set if and only if CIP(M)=M ;
(5) CIY (C (M)) = CI7 (M);
(6)M C N implies CIP (M) C CI?(N);
(7)p €CIP (M) if and only if for each Da-open set V containing p,V N Mz,
(8) CI?(M)u CI?(N) c CIP?(MU N);
(9) CIP(Mn N)cC CIP(M)n CIP?(N).
Proof: (1)1t follows from Theorem 3.2(iii) and (iv)
(2)1t follows from Definition 3.13 and Corollary 3.9
(3)Let F be a Da-closed set,containing M.CIP (M) is the intersection of Da-
closed sets containing M, and F is one among these;hence F > CIP (M).
(4) Let M be Da-closed,then by Definition 3.13(2),CIP (M)=M.
Conversely,let CIP (M)=M. Then by (2) above,M is Da-closed.
(5)1t follows from (2) and (4).
(6) Obvious.
(7) z ¢ClP (M) & (3 GeDaC(X))(MCG)(z ¢G)
& (3 GeDaC(X))(MCG)(x €G°)
& (3 GeDa0O(X))(MNG =¢)(x €G°)
& (3 G°€Da0(X,z)) (MNG =¢)
i.e.,(3 U(=G°)e DaO(X,z))(MNU=¢)
(8) and (9) follows from (6).

Remark 3.15 (1) CIP(M) U CIP(N)# CIP (M U N), in general, as seen
from Example 3.4 where M = {a}, N ={c} and MU N = {a,c}.Then CIP (M)={a},
CIP(N)={c},CI? (M)UCIP (N)={a,c} and CIP (MUN)={a,c,d};

(2) CIP(M N N)# CIP(M) N CI?(N), in general,as seen from Ezample 3.4
where, M = {a,b,c}, N = {d} and MNN = ¢.Then CI” (M) = X, CI”(N) =
{d}, CIP(M)NCIP(N) = {d} and CI? (MNN)=¢

Lemma 3.16 In (X,0),let M C X.Then
(1) CIY (X\M) = X\Int,’ (M),
(2) It (X\M) = X\CIP (M),

Theorem 3.17 In (X,0),let M,N,G C X,
(1)aInt(M) C Int? (M)C M, Int,s(M)CInt? (M);
(2) Int? (M) is a Da-open set;
(3) If G is a Da-open set, and G C M,then G C Int? (M) ;
i.e.,Int? (M) is the largest Da-open set contained in M.
(4)M is Da-open set if and only if Int? (M)=M ;
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(5) Int? (Int? (M)) = Int? (M) ;

(6)M C N implies Int? (M) C Int? (N);

(7) x € Int? (M) if and only if there exist Da-open W such that x € W C M;
(8) It? (M N N)C Int? (M) N Int? (N).

(9) Int? (M) U Int? (N) CInt? (M U N).

Remark 3.18 (8)Int? (M N N)# Int? (M) N Int? (N), in general, as seen
from Example 3.4,where M = {a,b,d}, N = {b,c,d} and M N N = {b,d}.Then
Int? (M) = {a,b,d}, Int?(N) = {b,c,d}, Int? (M) N Int? (N) = {b,d} and
Int? (MNN) = {b}.

(9) Int? (M) U Int? (N) # Int? (M U N),in general, as seen from Ezample
3.4, where M = {a,b,c}, N ={d} and MU N = X.Then Int? (M) = {a,b,c},
Int? (N) = ¢, Int? (M) U Int? (N) = {a,b,c} and Int? (MU N) = X.

Lemma 3.19 In (X,0),let M C X. Then
(1)M is Da-open if and only if M = M N Intys(Cls(Intys (M)).
(2)M is Da-closed if and only if M = MU Clys(Ints(Clys (M)).

Proof:(1) Let M be an Da-open. Then,
Mg[ntg(;(Clg([ntgg(M)) = MnN ]ntg(g(Clg([ntgg(M)):M.
Conversely,let M = MM Intys(Cls(Intys (M)) = M C Intys (Cls(Intys (M)).
(2)1t follows from (1)

Lemma 3.20 In (X,0),let M C X. Then
(1)M N Intys (Cls (Intys (M)) is Da-open
(11)MU Clys (Ints(Clys(M)) is Da-closed.
Proof: (2) Intg(g(C'l(;(]ntg(;(Mﬂ ]ntgg(olg([ntgg(M)))))) = ]ntgg(olg([ntgg(/l)ﬂ
Intys (Cls(Intys(M))))) = Intys (Cls(Intys(M))). This implies that
MnN Intg(;(Clg(Intg(;(M))) =Mn [ntgg(clg([ntg(s(Mﬂ [ntgg(olg([ntg(g(M))))))
C Intys (Cls (Intys (M O Intys (Cls (Intys (M)))))) . Therefore M N Intys (Cls (Intys (M)))
18 Da-open.
(11) From (i) we have X\ (MUCls (Ints (Clys (M))) = (X\M) N Clys (Ints (Clys (X\M)))
is Da-open that further implies M UClys (Ints(Clys (M))) is Da-closed.

Lemma 3.21 In (X,0),let M C X. Then
(i)IntD (M)=M 0 Int,s (Cls (Int,s (M)).
(i) CI2 (M)=MU Clys(Ints(Clys(M)).
Proof:(i)Let N=Int? (M),then NCM.Since N is Da-open, NC Int,s(Cls (Int,s(N))
Clntys (Cls (Intys (M)). Then NCMNIntys (Cls(Intys (M))C M. Therefore,by Theo-
rem 3.16 it follows that MNInt,s(Cls(Int,s(M)) is a Da-open set contained
in M.But Int? (M) is the largest Da-open set contained in M it follows that
MnIntys (Cls (Intys (M))C Int? (M)=N. Then it follows that N=MNInt,s (Cls (Int,s (M)).
Therefore, Int? (M)=M N Int,s (Cls (Int,s (M)).
(#)1t follows from (i)
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4  Da-Continuous functions.

Definition 4.1 A function f:(X,0) — (Y,n) is said be a Da-continuous if
f~Y(U) is Da-open in (X,o) for each open set U of (Y,n).
Clearly,f:(X,0) — (Y,n) is Da-continuous if and only if f~'(F) is Da-closed
in (X,1) for each F€ DaC(Y)

Remark 4.2 The following implications hold for a function f:(X,0) — (Y,n):

continuity «—  d-continuity —>  a-continuity
Ve
i i Da-continuity
/!

g-continuity ——  gd-continuity

Example 4.3 Consider (X,0) as in Example 3.4 and n={X,¢,{a},{b},{a,b},{a,b,c}}.
Define f:(X,0 )= (X,n) by f(p)=s,f(q)=p,f(r)=q and f(s)=r. Then fis Da-continuous
but neither a-continuous nor go-continuous since {p,q,r} is open in (Xn),
£ (0,07} )= 0,15} €DaO(X) but {q,1,5}¢a0(X) and {q1,}¢ g30(X).
The other Examples are shown in[5,6]

Theorem 4.4 Let f:(X,0) — (Y,n) be a function. Then the following con-
ditions are equivalent:
(1) fis Da-continuous;
(2) For eachp € X and D € O(Y,n) containing f(p), there exists C € DaO(X,0)
containing p such that f(C) C D;
(3) For each subset N of Y, Clys(Ints (Clys(f~*(N))) € f~1(CI(N);
(4)For each subset N of Y, f~(Int(N)) C Int,s(Cls(Int,s(f~*(N));
(5)For each subset N of Y,CIP (f~Y(N)) C f~*(CI(N));
(6)For each subset M of X,f(CIP (M)) C CI(f(M));
(7)For each subset N of Y, f~Y(Int(N)) C Int? (f~1(N));
Proof: (1)« (2) is obvious
(1)—(3) Let N C Y.Then by (1),f~*(CI(N)) € DaC(X)
= 1 (CUN)2 Clys (Ints (Clys (1 (CUN)))2 Clys (Ints (Clys (- (N).

(3)—(4).Replace Y by Y\N in (3), we have
Clys (Ints (Clys (f 71 (Y\N)))Z f =1 (CI(Y\N), and therefore
[~ (Int(N)) C Intys(Cls(Intys(f~*(N)) for each N C Y.
(4)—(1). Obvious
(1)—(5). Let N C Y and f~'(CI(N)) be Da-closed in X. Then

Cly (f~1(N)) € CIR (f~(CYN))=f~1(CI(N).

(5)—(1). Let N C Y be a closed set.Then by (5),
Cly (f71(N)) € f=H(CUN)=f"(N) = CI(f~(N))=f~"(N).
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Therefore f~1(N) € DaC(X).

(5)—(6).Let M C X.Then f(M) C Y.By (5), we get
fHCUfM))) 2 CI (7 (f(M))) 2 CIP (M),
Therefore, f(CIP (M) C f(f~(CU(f(M)}) C CI(f(M).

(6)—(5).Let N C Y and M=f~1(N) C X.Then by(6),
fCIE (f~1(N))) € CUf(f~*(N)) € CUN). = CIZ(f~(N)) € f1(CI(N)).

(5)—(7).Replace N by Y \ in (5), we get

Cly (f1(Y\N)) C f~H(CUY\N)). = CI7 (X\f~*(N)) € f~(Y\Int(N))
Therefore f=*(int(N)) C Int? (f=*(N)) for each N C Y.

(7)—(1).Let G C Y be open.Then f~(G)=f"Y(Int(G)) C Int?(f~1(G)
= Int? ({7 (G)=f"'(G). By Theorem Hence,f~' (V) is Da-open in X. Therefore,f
15 Da-continuous.

Definition 4.5 Two non-empty subsets A and B of a topological space
(X,0) are said to be Da-separated if there exist two Da-open sets G and H,such
that ACG,BCH, ANH=¢ and BNG=¢.

Definition 4.6 Two non-empty subsets A and B of a topological space
(X,0) are said to be strongly Da-separated if there exist two Da-open sets U
and V,such that ACU,BCV and UNV=¢.

Definition 4.7 A topological space (X,0) is said to be
(1) Da-Ty if any two distinct points are strongly Da-separated in (X,0)
(2) Da-T if every pair of distinct points is Da-separated in (X,0).

Remark 4.8 The following implications are hold for a topological space
(Xo)
a-Ty —>Da-To+— T
! 3 3

a-Ty HDG-Tl% T

Theorem 4.9 If an injective function f: (X,0) — (Y,n) is Da-continuous
and (Y,n) is Ty, then (X,7) is Da-Ty.
Proof: Let (Y,0) be Ty and p,qe X with p#q. Then there exist open subsets
G, H in Y such that f(p) € G, f(q) &€ G, f(p) ¢ H and f(q) € H. Since fis Da-
continuous, f~1(G) and f~1(H) € DaO(X) such thatp € f~1(G), ¢ & f~1(G),
p& f'(H) and q € f~' (H). Hence,(X,0) is Da-T; .

Corollary 4.10 If an injective function f: (X,7) — (Y,0) is Da-continuous
and (Y,0) is Ty, then (X,7) is Da-Ty.
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Theorem 4.11 Iff:(X,7) — (Y,0) is Da-continuous and g:(Y,0) — (Zn).
Proof: Obvious

Remark 4.12 The composition of two Da-continuous functions need not
be Da-continuous as show by the following example.

Example 4.13 Let (X, 7) be topological space,where X={a,b,c} and topol-

09y TZ{X,Qﬁ,{G},{b},{ a,b},{ CL,C}.{ a,b,c}}

Definition 4.14 A function f:X — Y has a Da-closed graph if for each (z,
y) € (XxY)\G(f), there exist Uc DaO(X,z) and Ve O(Y,y) such that (Ux V)N

G(f) = o

Lemma 4.15 Let f:(X,7) — (Y,0) be a function.Then the graph G(f) is
Da-closed in XxY if and only if for each (z, y) € (XxY)\G(f), there exist
UeDaO(X,xz) and Ve O(Y,y) such that f(UNV = ¢.

Proof:Let f be Da-closed graph,then for each (c,d) € (Xx Y)\G(f), 3 Ue DaO(X,c)
and VeO(Y,d) such that (UxV)NG(f) = ¢ = for each f(c)ef(U) and d €

V. Since d # f(c), for each c€U and d € V. Therefore f(UNV = ¢.

Conversely Let (c,d) € (Xx Y)\G(f). Then by hypothesis ,there exist Uc DaO(X,c)
and VeO(Y,d) such that f(UNV = ¢ = f(c)#d for each ce U and d €V.
Therefore (Ux V)N G(f) = ¢

Theorem 4.16 If f:(X,7) — (Y,0) is an injective function with the Da-
closed graph,then X is Da-T,
Proof: Let x1,2€ X with x1#15. The injectivity of f gives f(x1 )#f(x2). Thus there
exist a Da-open set U and an open set V containing x; and f(x,),respectively
such that f(U)NV = ¢.Therefore 22¢ U and it follows that X is Da-T;.

Theorem 4.17 If f:(X,7) — (Y,0) is a surjective function with the Da-
closed graph,then Y is T
Proof:Let yy,1.€ Y with y1#ys.Since f is surjective,there exists a point x in
X such that f(x)=ys.By Lemma 4.13,there exists Da-open set U and an open
set V' containing x and vy ,respectively such that f(UNV = ¢.1t follows that
Y2 V.Hence Y is Tj.

Corollary 4.18 If f:(X,7) — (Y,0) is a surjective function with the Da-
closed graph,then Y is Da-T,
Proof: Follows from Theorem 4.15 and the fact that every Ty space is Da-T;

Corollary 4.19 If f:(X,7) — (Y,0) is a bijective function with the Da-
closed graph,then both X and Y is Da-T;
Proof: Follows from Theorems 4.15 and /.16
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Definition 4.20 A function f:X — Y has a (D,a)-closed-closed graph if for
each (z, y) € (Xx Y)\G(f), there exist Uec DaO(X,z) and VeaO(Y,y) such that

(UxaCl(V))N G(f) = ¢.

Theorem 4.21 Let f:(X,7) — (Y,0) be a function and
(i) fis (D,a)-closed graph;
(ii)For each (c,d) € (Xx Y)\G(f), 3 UecDaO(X,c) and VeaO(Y,d) such that
f(U)N aCl(V) = ¢.
(iii) For each (c,d) € (XxY)\G(f), 3 UeDaO(X,c) and VeDaO(Y,d) such
that (UxCI2 (V)N G(f) = ¢
(iv)For each (c,d) € (Xx Y)\G(f), 3 Ue DaO(X,c) and Ve DaO(Y,d) such that
f(UNCE (V) = ¢.Then
(1) (i)s— (i)
(2) (i)— (iir)
(3) (ii)— (i)
(4) (i)« (iv)
Proof: (2)(i)— (iii):By (i), for each (c,d) € (Xx Y)\G(f), there exist Uc DaO(X,c)
and VeaO(Y,d) such that (UxaCl(V))NG(f) = ¢. Since a-open set is Da-
open, then CIP(V))C Cl,(V)). Thus (Ux CIP (V))NG(f) = ¢.

(3)(ii))— (iv): Let (c,d) € (Xx Y\G(f). Then3 UcDaO(X,c) and VeaO(Y,d)
such that f(U)NaCl(V) = ¢.Since a-open set is Da-open and CIP (V))C Cl,(V)),
HUNCR(V)SHUNCL(V) = ¢.

(4)(i)«—(iv): From (1).

Theorem 4.22 Let ACX.Then z€ aCIl(A) if and only if UNA# &, for
every a-open set U containing x.

Theorem 4.23 If f:(X,7) — (Y,0) is a surjective function with the (D,a)-
closed-closed graph,then Y is a-Ts.
Proof: Let y,yo€ Y with y1#ys. The subjectivity of f gives 1 €X such that f(x1 )=y
and hence (11,42 )€ (Xx Y)\G(f). The Da-closedness of G(f) provides E€ DaO(X,x,)
and FEaO(Y,y2) such that f(E)N aCl(F) = ¢.Now x, € E implies f(x, )= €f(E). This
and the fact that f(E)N aCl(F) = ¢ guarantee that y,¢aCl(F).By Theorem
4.15,there exists DeaO(Y,y;) such that DNF=¢.Hence Y is a-Ts.

Corollary 4.24 If f:(X,7) — (Y,0) is a surjective function with (D,a)-
closed graph,then Y is a-T;
Proof: Follows from Theorem 4.21 and the fact that every a-Ty space is a-T,

Corollary 4.25 If f:(X,7) — (Y,0) is a surjective function with the (D,a)-
closed graph,then Y is Da-T,.
Proof: Follows from Theorem 4.21 and the fact that every a-Ty space is Da-Ty
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Corollary 4.26 If f:(X,7) — (Y,0) is a surjective function with the (D,a)-
closed graph,then Y is Da-T}
Proof: Follows from Corollary 4.22 and the fact that every a-Ty space is Da-T;

5 Da-Continuous functions.

Definition 5.1 A function f:(X,0) — (Y,n) is said to be almost Da-continuous
if for each point p € X and each open subset V of Y containing f(p), there exists
U € DaO(X,p) such that f(U) C int(Cl(V)).

Theorem 5.2 Let f:(X,0) — (Y,n) be a function. Then the following con-
ditions are equivalent:
(1) fis almost Da-continuous;
(2) For every NERO(Y), f~1(N)eDaO(X).
(3) For every MERC(Y), f~'(M)eDaC(X).
(4) For each subset C of X,f(CIP(C)) C Cls(f(C)).
(5)For each subset D of Y,CIP (f~1(D)) C f~'(Cls(D)).
(6)For every GedC(Y), f~1(G)eDaC(X).
(7)For every HESO(Y), f~1(H)eDaO(X).
(8) For every NeO(Y),f~ (Int(Cl(N)e DaO(X)
(9) For every MeC(Y),f~ 1 (Cl(Int(M)e DaC(X).
(10) For every NeBO(Y),CI? (f~'(N)) C f~*(CI(N)).
(11) For every MeBC(Y),f~* (Int(M)) C Int? (f~1(M))
(12) For every MeSC(Y),f~Y(Int(M)) C Int? (f~1(M))
(13) For every NeSO(Y),CIP (f~Y(N)) C f~Y(CI(N)).
(14) For every MePO(Y),f~1(M) C Int? (f=Y(Int(Cl(M))
(15) for each pe X and each open set N of Y containing f(p) there exists M €
DaO(X,p) such that f(M) C sCI(N)
(16) for each pe X and each regular open set N of Y containing f(p) there
exists M € DaO(X,p) such that f(M) CN
(17) for each pe X and each d-open set N of Y containing f(p) there exists M
€ DaO(X,p) such that f(M) CN
Proof: (1)—(2) Suppose that NERO(Y) and let pef~(N), then f(p)eN.
Since N is an open set and fis an almost Da-continuous function, there exists
MeDaO(X,x) such that f(M)Cint(CI(N))=N. Thus pc MC f~* (f(M))C f~* (N )and
hence we obtain f~(N)eDaO(X).
. (2)—(3) 1t follows from the fact that f~(Y\F) = X \f~1(F).
(3)—> (4) Suppose that D is a §-closed set in Y containing f(C). Observe that D
= Cls(D) =N{F:DCF and FERC(Y)} and so f~'(D) = N{f ' (F):DCF and
FeRC(Y)}. Now, by (3),f~Y(D)eDaC(X) and CC f~1(D). Hence CIP(C)
Cf7YD), and it follows that f(CI?(C) ) C D. Since this is true for any o-
closed set D containing f(C), we have f(CIP (C))C Cls(f(C)).
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(4)—>(5) Let D be a subset of Y, then f~*(D) is a subset of X. By part (4),
F(CR (f1(D)))c Cls(f(f~1(D)))C Cls (D) so that CIY (f (D)) € f~}(Cls(D)).
(5)— (6) Suppose that MeSC(Y), then CIP (f~Y1(D)) C f~(Cls(D))=f~1(D).
In consequence, CI? (f~1(D))=f~*(D) and hence f~'(D)eDaC(X).

(6)— (7)Obvious.

(7)— (1) Let pe X and let O be any open set in Y such that f(p) € O.
Put D = Int(Cl(0)) and C =f~Y(D). Since De 50(Y) and by part (7), C
= f7Y(D) € DaO(X). Now, f(p) € O= int(0O)C int(Cl(0)) = D, it follows
that pef~1(D)=C and f(C)=f(f~*(D)C D=Int(CI(O).

(2)«—(8) Let N be an open subset of Y . Since Int(CI(N)) is regular open,
f~Y(Int(CI(N)) is Da-open. The converse is similar.

(3)«— (9)It is similar to (8)«—(2).

(8)— (10): Let N be any [-open set of Y. Since CI(N) € RC(Y), by Theorem
2.2, f7Y(CI(N)) is Da-closed in X and f~'(N) C f~*(CI(N)). Therefore, CI? (f~'(N))C
fH(CUN)).

(10)— (11):

(11)— (12):

(12)— (13):

(2)«— (14): Let N be any preopen set of Y. Since int(CI(N)) € RO(Y),
by Theorem 2.2, we have f~!(int(CI(N))) € DaO(X) and hence f~'(N) C
£ (int(CIN))) = Int? (f~ (int(CU(N)))).

Conwversely,let N be any regular open set of Y. Since N € PO(Y), f~Y(N) C
Int? (=1 (int(CI(N)))) =Int? (f~*(V)) and hence f~'(N) € DaO(X).

(1)— (15): Let peX and N be an open set of Y containing f(p). By (1),
there ezists Me DaO(X,p) such that f(M) C int(CI(N)). Since N is a preopen
set, then by Lemma 1.4, f(M) C sCI(N).

(15)— (16): Let p€ X and N be a regular open set of Y containing f(p). Then
N is an open set of Y containing f(p). By (15), there exists Me DaO(X,p)
such that f(M)C sCI(N). Since N is a preopen set, then by Lemma 1.4, f(M)
Cint(CI(N)) = N.

(16)— (17):Let pe X and V be a d-open set of Y containing f(p). Then,
there exists an open set G containing f(p) such that G C int(Cl(G)) C N.
Since int(Cl(G)) is a reqular open set of Y containing f(p), by part (16), there
exists Me DaO(X,p) such that f(M) C int(Cl(G))C N.

(17)—(1). Let p€ X and N be an open set of Y containing f(p). Then
int(CI(N)) is a §-open set of Y containing f(p). By (17), there exists Me
DaO(X,p) such that f(M) C int(CI(N)). Therefore,f is almost continuous
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