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Abstract: In this note the notion of a hyper BCK-algebra which is a
generalization of a BCK-algebra introduced, and some basic properties
for this algebra are proved. Then the notions of P-ideals and hyper-
congruence relations are introduced, and the relationship between them
on a positive implicative hyper BCk-algebra with condition (5), are spec-
ified.

1. Introduction and preliminaries

The theory of hypercompositional structures has been introduced by
F Marty, in 1934 [4]. Marty was led to the introduction of this structure
from the study of several problems of the noncommutative algebra.

The notion of BCK-algebra first was introduced by, Y. Imai and
K.Iseki, in 1966 [1]. This notion is a generalization of properties of the
set-difference. Since then many mathematicians have worked in this area
and obtained interesting results. For example see [2,3]. Now recall some
definitions.
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Definition 1.1. Let X be non-empty set with a binary operation
?*" and a constant 0. Then X is called a BCK-algebra, if it satisfies the
following conditions

(2) (zxy)*(xzx2) <zxy

(i) zx(@xy) <y

(its) s <

(v) z<yandy <z implyz=y

(v) 0<zforallze X
where z < y means zxy =0,

Definition 1.2. A non-empty subset I of a BCK-algebra X is said
to be an ideal if the following condition holds:

(?) 0el

() zxyel,yelimplyzel.

Definition 1.3. The non-empty subset A of a BCK-algebra X is
called a implicative ideal if:

(1) 0e A

(it) (y*x)*2€ Aandz*2€ A imply that yx2 € A.

Definition 1.4. Let B # 0. A hyperoperation on B is a function
from B x B to P*(B) = P(B)\{0}.

2. Hyper BCK-Algebra

Definition 2.1, Let X be a set with a hyper operation ” #” and
a constant 0. Then X is called a hyper BCK-algebra, if it satisfies the
following Conditions:

(H1) (zxy)xz=(z+2)x*y,

(H2) tez*(z*xy)=>t<y,

(H3) z<y=>z*z<yxzand zxy<zxz,

(H4) z<uz,

(H5) 0<z,

(H6) z<y,y<z=>z=y
for all z,y,2 € X where £ < y is defined by 0 € z*y and A < B
is defined by for all b € B, there exists a € A such that a < b for all
z,y € X and A,B C X.

Henceforth X = (X, *,0) will be denoted a Hyper BCK-algebra.
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Example 2.2, Let X = R* and

[0,z] ifz<y
zxy=4¢ (0,y] fz>y

Then (R*,*,0) is a BCK-algebra.

Notation. By A < z and z < A we mean 4 < {z} and {z} < 4,
forallz€ X and A C X.

Lemma 2.3. Forallz,y € X and A C X,

(i) (@xy)*A=(zxA)*y,

() =+ (z*0)={0}.

Proof. The proof is simple.

Theorem 2.4. Forall z,y,z € X

() (zxy)*(zxz) <zxy,

(1)) s<yy<z=>z<2

Proof, (i) is proved by Lemma 2.3 (i) , (H2) and (H3).

(1) The proof follows from (H3), (H5) and (H86).

Theorem 2.5. For all z,y,2 € X, and A,B,CC X

() zxy<z=zx2<y

() zxy<z

(i) x <z*0

(w) A<SB,B<C=A<C

(v) Asxy<A

(vi) zxA<zozx2<A

(vii) AKB=A*C<BxCandC*xB<CxA

(viii) A < Ax0

(ix) zezx0

(z) te0x0t=0

(i) zxz={z}ez=0

Proof. (1) 0€txzC (zxy)*2 = (z*2)*y for some € z+y. Thus
there exists w € z * z such that 0 € w xy. In other words z x z < Y.

(1) 0€0%y C (z*x)*xy = (z*y)*z. Then there exists t € z %y
such that 0 € t *z. Hence v+ y < z.

(#4) The proof follows from Lemma 2.3 (i).

(iv) Is proved by Theorem 2.4 (id).

(v) Let a € A be an arbitrary element. Then, by (ii), axy < a.
Hence thereis b€ axy < A%y such that b < a. That is A xy < A.

(vi) Since T x A < z, there exists @ € A such that z * a < 2. Hence
by (i) z* 2 < a < A. Thus by (iv)  * 2 < A. The proof of converse is
simple.

(vii) Let A< Bandz € BxC. Then £ € b* ¢ for some b € B,
c€ C. Hence there is a € A such that @ < b. So, by (H3), axc< bxc.
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Thust < z, for somet € axc C A*xC. That is A+ C < BxC. Similarly
CxB<CxA.

(viig) The proof follows from (ii).

(iz) Since z*0 < z, there is t € 2% 0 such that ¢ < 2. Now since
x<z*0, we have x <t. Thus t = z.

(z) t€0%0C 0% (0%0). Now, by (H2), ¢t <0. Hence by, (H5) and
(H6), t = 0.

(zt) {z} =z *z Cx*(xx0). Hence by (H5) x £0. Thus z = 0.
The proof of converse follows from (z).

3. Hyper relation

Definition 3.1. Let A # 0, B # 0. A hyper relation#on Ax B isa
function from Ax B to P(B). If C, D € P*(A), then by 8(C, D) we mean

the set U #(c,d). Obviously every relation is a hyper relation.
ceC,deD

Definition 3.2. A hyper equivalence relation  on a non-empty set
Y is a hyper relation on Y X Y satisfying:

(¢) O(z,z)= U 0(y, z) (reflexive)

1,2EY

(@) 6(z,y) =0(y,z) (symmetric)

(¢i1) 8(=z, 2) ﬂﬁ(z,y) C0(z,y) (transitive)
for all z,y,z€Y.

Example 3.3, Let Y = Rt and

_§ B ifz=1y
Ole,y) = { [0,min(z,y)] fz#y
Then 8 is a hyper equivalence relation.

Definition 3.4. A hyper equivalence relation # on X is called a
hyper congruence relation on X iff

B(u*z,uxy) 2 0(z,y), Vz,y,ueX. (1)

Definition 3.5. Let § # ¥ C X. Then Y is called subalgebra of X
fy1xy2 CY, forally,y2 €Y.

Theorem 3.6, If § is a hyper congruence relation on X and Y is a
subalgebra of X, then the subset H of X which is defined as follows:

H={ze€ X :0(z,y) =06(0,0), forsomey €Y}
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is a subalgebra of X.

Proof. The proof is simple.

Theorem 3.7. Let 6 be a hyper equivalence relation on X and for
all z1,29,91,92 € X,

9($1 *Tg,1 ¥ yg) 2 9(3:1,y1) n 9(:];‘2,‘9‘2). (2)

Then 8 is a hyper congruence relation.

Proof. The proof follows from Definition 3.2 (7).

Notation. Let g be a function of X to P(X). Then by u(A) we
mean U p(a), for all A C X. Clearly

acA

| mlax B) = p(4x B) = | ] n(A D)

a€A beB

Definition 3.8. A function p of X to P(X) is called a P-ideal
(A X) if

(1) () 2 p(y)

(#) u(z) 2 ulz*y) N ply)
for all z,y € X.

Definition 3.9. A non-empty subset I of X is said to be a hyper
ideal of X. If

(#) OeTI

(1) (zxy)NI#Pandyecl=>zelVr,yc X
Clearly each ideal is a hyper ideal.

Example 3.10. Let I be a hyper ideal of X. The function g : X —
P(X) which is defined by

Mﬂ={5 ﬁii

is a P-ideal of X.

Definition 3.11. A function y of X to P(X) is called a P-implicative
ideal (pA,_;X) if:

(1) n(0) 2 ply)

(1) p(z#*2z) 2 p((z*xy) x2) Ny * 2)
for all z,y,z € X.

Definition 3.12. If in X, the equality

(Tx*x2)* (yx2)=(z*y) *2, Vr,y,2€ X

holds, then it is said to be positive implicative.
Definition 3.13. A non-empty subset [ of X is called a hyper
implicative ideal of X if for any z,y,2 € X
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() 0eI

(@) (@xy)*x2)NI#0,(yx2)NI#0= (zx2) NI #D.
Clearly each implicative ideal is a hyper implicative ideal.

Example 3.14. Let I be a hyper implicative ideal. Then the func-
tion which is defined in Example 3.10 is a P-implicative ideal.

Lemma 3.15. Let p be a P-ideal of X. Then for all § # A,B C
XrxeX

() a<0 u(a) 2 u(t)

() A<B=u(d) 2 uB)

(1) p(z*0) = p(z)

Proof. (i) p(e) 2 p(a*b) N p(b) = p(0) N u(d) = p(b)

(#7) Let b be an arbitrary element of B. Then there exist a € A
such that a < b. Hence by (1), u(A) 2 p(a) 2 p(b) for all b € B. Thus
#(A) 2 u(B).

(¢i1) By Theorem 2.5, we have < 2x0 < z. Hence p(x) 2 p(z*0) 2
p(z).

Theorem 3.16. (i) If uA,_: X, then pA, X

(#7) Let X be positive implicative and pA, X, then pd, ; X.

Proof. (i) The proof follows from Lemma 3.15 (iiz).

(1) Let z,y,2z € X. Then by Lemma 3.15 (i) we have

plzxz) 2 plE) dplrw)np(w), Viezxz, Yweyxz
D pf(z*2)* (y*2)) Npfy*z).

Lemma 3.17. Let X be positive implicative then
rxy<(z*xy)*xy, Vz,yelX.
Proof, For all 2,7 € X, we have
(z*y)* (y*y) = (z*y) *y.
Now since y *y < 0, by Theorem 2.5 (viii), (vii), we get that

sxy < (zxy)x0< (zxy)* (y*y).

Definition 3.18. Let y, z be fixed el;ements of X. Consider
(zxy) <z (3)

We suppose that there is a greatest element z satisfying (3). Then X is
said satisfy the condition (S). In this case z is denoted by yoz.
Notatlon. Let § # A C X. Then by zoA and Aoz we mean the sets

{zoa : a € A} and {aoz : a € A} respectively.
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Lemma 3.19. Let X be a hyper BCK-algebra with the condition
(S). Then for all z,y € X, @ # A C X, (zoy) * A < y implies that
zoy < Aoy.

Proof. Let (zoy) * A < y. Then from Theorem 2.5 (vi) we have
(zoy) *y < A. Now let £ € A be arbitrary. Then there is w € (zoy) *y
such that w < ¢. In other words (zoy)+y < t. Hence, by Theorem 2.5 (i)
(zoy) %t < y. Thus zoy < toy, for all t € A. Consequently zoy < Aoy.

Definition 3.20. Let 0 be a hyper relation on X. Then the function
p, from X to P(X) which is defined by p(z) = 6(x,0) is called the P-
function induced by # and it is denoted by I(6).

Lemma 3.21. Let # be a hyper congruence relation on X. Then

(1) @1 < @ = 1(0)(w1) 2 1(0)(a2)

(it) A< B=I(0)(A)DI(6)(B)

Proof.

(z) Let z1 < z9. Then 0 € x4 * 2. Thus

I(0)(z1) =0(x1,0) 2 O(zy % 0,21 * z2) , by Theorem 2.5(iz)
= 6(0, z2) , by Definition 3.7
= 6(z2,0 , since # is symmetric
= 1(0)(z2)

(it) Let b € B be an arbitrary element. Then there is a € A such
that @ < b. So

8(A,0) D 8(a,0) 2 6(b,0), Vbe B.

Definition 3.22. Let 8 be a hyper equivalence relation on hyper
BCK-algebra with the condition (S). Then # is called O-congruence
relation on X if

0(z10y1, 20y2) 2 6(x1,22) N O(y1,y2)

If 4 is a hyper congruence relation and O-congruence, then it is called a

hyper O-congruence relation.
Lemma 3.23. If X is with the condition (S), then 0o0 = 0.
Proof. By Theorem 2.5 (i), 000 < 000 0 < 0, therefore, 000 = 0.
Lemma 3.24. Let 6 be an O-congruence relation on a hyper BCK-
algebra X with the condition (S5}, then

0(Aoy,0) 2 6(A4,0)N6(y,0) (4)
Proof. Let a € A, be an arbitrary element. Then

§(Aoy, 9) 2 0(aoy,0) = O(aoy,000) 2 0(a,0) N H(y,0), Va € A
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Hence, (4) holds.

Theorem 3.25. Let X be a positive implicative hyper BCK-algebra
with the condition (S) and let 8 be a hyper O-congruence relation on X.
Then I(0)ApX.

Proof. Let u = I(§). For all x € X we have

p(0)=60,0)= |J 6(z,v) 2 6(z,0) = p().

r,yeX

Thus condition (¢) of Definition 3.8 holds. Now, let z,y € X. Since
X is with the condition (S), (zoy) * # < y. Hence by Theorem 2.5 (1),
(zoy) * y < z, which implies that ((zoy) *y) xy < = *y by Theorem
2.5 (vii). Hence by Lemma 3.17, (zoy) *y < ((woy) xy) xy < zxy.
Consequently (zoy) * (z *y) <y by Theorem 2.5 (vi). So from Lemma
3.19 we conclude that

zoy < (zxy)oy, Vz,y€X (5)
From (5) and Lemma 3.21 (421) we obtain that
0(zoy,0) 2 O((z * y)oy, 0).
By Lemma 3.24 we have
f(zoy,0) 2 O(z *y,0) NO(y,0). (6)

Now since 0 € z * x, we conclude that z xx < y. Therefore x < zoy, by
the condition (S). Hence

6(z,0) 2 8(z0y,0), Vz,y € X, by Lemma 3.21(i1)
Thus (6) implies that
0(x,0) 2 0(z xy,0) N Oy, 0)

In other words
p(z) 2 plz *y) N ply).

Consequently, Condition (i) of Definition 3.8 holds.
Definition 3.26. Let u: X — P(X) be a function. Then for all
A C X, by pa we mean the set

pa={z€X:pue) 2 A}

Theorem 3.27. Let u be a function from X to P(X). Then
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(4) If  is & P-ideal, A C | J p(x) and p4 # 0 for all A C X, then
1A is a hyper ideal of X. <X

(22) If p4 is a hyperideal of X, for all A C X, then p is a P-ideal of
- Proof. (i) Since A C U u(z) = p(0),s0 0 € pa.

On the other hand, letz.f:i yNys #0andy € py. Then there exists

t € z xy such that p(t) 2 A. Thus we get

mzxy) 2 plt) 2 A, uly) 2 A

Hence p(z) 2 p(z *y) N u(y) 2 A which implies that z € u4. In other
words 4 is a hyper ideal of X,

(%) Let z € X be an arbitrary element. Then we put A = y(z). Thus
by hypothesis p4 is a hyper ideal of X, so 0 € p4. That is u(0) 2 p(z),
for all z € X. On the other hand, let z,y € X and ¢ € z*y, be arbitrary.
We put pu(t) = A, u(y) = B and AN B = C. Therefore uc is a hyper
ideal, which implies that & € pg. That is pu(z) 2 C = u(t) N u(y) for all
t € z *y. Consequently

w)2 | @ ne@) =(J @) nae) = pexy) ).

tEx*y tEz*y

Thus p is a P-ideal. _
Theorem 3.28. Let § # A C X. We define the function ¢4 : X —
P(X) by
A zeA
walz) = { D z £A

Then A is a hyper ideal of X if and only if ¢4 is a P-ideal of X.

Proof. Let ¢4 be a P-ideal and z € A. Since w4(0) 2 pa(z) = A,
then we get that 0 € A. Now let (zxy)N A # 0 and y € A. Then there
exists t € x *y such that £ € A. On the other hand we have

wa(z) 2palz*y)Npaly) 2 walt) Npaly) = A

Hence & € A. In other words A is a hyper ideal of X.

Conversely, let A be a hyper ideal. We shall that @A, X. Since
0 € A, we obtain that ¢4(0) 2 @a(z), for all z € X. Now let 2,y € X.
If (@xy)NA=0ory £A, then obviously

wa(®) 2 palz xy) Nealy).
Now, if (z*y)NA# 0D and y € A, then z € A. Hence

wa(z) 2 pa(z*xy) Npaly)-

105



That is paApX.
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