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WEAK HYPERSTRUCTURES
ON SMALL SETS'

T.Vougiouklis, S.Spartalis, M.Kessoglides?

Abstract The class of the weak hyperstructures is larger than the known ones
originated from the hypergroup in the sense of Marty. The weak
hyperstructures are also called H, -structures. In this paper we deal with
some classes of H,-groups defined on sets with three elements.

Hy-STRUCTURES ON SMALL SETS

A hyperstructure is called H-structure if is satisfies the structure-like
axioms where the. related axioms are replaced by the weak ones, i.e. the
equality is replaced by the non-empty intersection. For example the weak
associativity in a Hy-group (H,e) 1s

(xy)znx(yz) #0 forallxy,z eH
and the weak commutativity is
xy Nnyxz© forall xyeH
Similarly, in a H,-ring (H,+, o) the left weak distributivity is
x(y+z) N (xytxz)# @  forallxyz € H
The main tool to study the H,-structures remains as in all hyperstructures,

the fundamental relation. That is, the smallest equivalence relation such that
the quotient would be the corresponding structure. So the quotient of a H,-
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group by the fundamental relation B* is a group, the smallest one. Similarly,
the quotient of a H,-ring by the fundamental relation B* is a ring [2] and so
on. According the above one can define the H,-semigroup, the H,-quasigroup
and so on.

The Hy-structures have been, introduced in [6] and properties as well as
basic facts on the topic can be found in the book [4] and for the fundamental
relation of hyperstructures in [1].

In the paper [5] the set of all Hi-groups with two elements is given.
Moreover the set of H,-groups with three elements is calculated under the
assumption that they contain a scalar unit element. In this paper we determine
some more general cases in a set with three elements.

Let (H,e), (H,*) be two H,-groups, defined on the same set H. The
hyperoperation () is called /ess or equal than (*), if and only if there exists a
fe Aut(H,*) such that

xy € fix*y) forall x,y in H.

Then (*) is called greater than (e) and we say that (H,*) contains (H, »). A
Hy-group is called minimal if contains no other H,-group defined in the same
set. A basic consequence of the above definition is the following.

THEQOREM 1
Greater hyperoperation from the one of a given H,-group defines a H,-group.
The weak commutativity is also valid for every greater hyperoperation.

In our study we need to recall the following properties.

PROPERTIES 2
Let (o) is a hyperoperation in the set H, then

(i) If (o) is weak commutative then
a(ba) M (abla# forall ab e H.
(i1) [If () is commutative then for all a.b € H,
a(ab) " (aa)b #&J  implies b(aa) N (ba)a # &,
(i1} Ifeis a unit of the hypergroupoid (H, s) we have
(xy)z N x(yz) = & forall x,y,z € H such that e e{x,y,z}.

Finally we recall the following theorem from [5], [4].
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THEOREM 3

Let H= {eab} be aset with three elements. Suppose we want to define in
H a hyperoperation () for which the element e is a scalar unit. Denote by a
four (aa, ab, ba, bb) the products needed to be defined. Then, the set of
all H,-groups defined in H has a set of minimals the following ones, given
with their isomorphic:

M, (e b,b {ea}) = ({eb} aace)

M, (e {eb}, {eb}, {ab}) = (lab} {eal {ea}.e)
M; (eHHa = (bHHe

M, (e {ab}, {ab} e

M; (eHHDb = (aHHe

M; (a {eb}, {eb}.a) = (b, {ea},{ea}. b)

M; (a,H ,H,b)

M; (b,e e a)
My ({eb}, {ea},b,H) = (H a {eb}, {ea})
M, ({eb}.b, {ea},H) = (H. {eb}. a {ea})

In the above theorem we observe that if
ee = {e} or {ea} or {eb} or H

then we need the above fours because the reproductivity must be valid. In
other words in these cases the minimal H,-groups remain the same. Therefore
we proved the following.

THEOREM 4
Suppose we want to define in H= {e.a,b} a hyperoperation (¢) for which

ex=xe=x forall xze and
ee={e} or {ea} or {eb} or H

such that (H, ) is H,-group. Then, we must have greater or equal four (aa,
ab, ba, bb) than the ones M;, M,, Ma, M,, Ms, Mg, M., Mg, Mo, Mg given
in Theorem 3.

THEOREM §

Suppose we want to define in H = {e,ab} a hyperoperation (e) for which
the element e is a two-sided unitand x*=H, for x € {ab}, such that (H,e)
is H,-group. Denote by the ordered 7-tuples
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(ee, ea, ae, eb, be, ab, ba)

the products needed to be defined. Then, the set of all H,-groups defined in
H has a set of minimals the following ones, given with their isomorphic:

Ly (ea,abbece)

L, (e,aab,b,a a) = (e,aab,bbb)
%3 (e aab,b, ab)

Ly (e,a,abbba)

Zs (e,aabb,e {ab})= (e aabb, {ab)e)
L; (e,aa b, {be},ea)= (ea {ae},bbb,e)
L7 (e, {ae},abbeb)= (eaa {be}, bace

Proof

First observe that the reproduction axiom is always valid. To find these 7-
tuples we worked in the following procedure. Since we have only to check the
weak associativity we start with the smallest possible cases in the 7-tuples and
we checked the weak associativity.

In case that the weak associativity is not valid we enlarged the products
up to the sets in order the weak associativity to be valid. In this case there is
the possibility the obtained hyperoperation is not minimal. Therefore we
checked smaller hyperoperations up to the sets the weak associativity is not
valid. However, in our special case the last step is not needed since the
reproductivity is always valid.

Special case : in the case that € is a scalar unit then the set of minimals is
givenabove I; I, I; I, I

THEOREM 6
Suppose we want to define in H= {e,a,b} a hyperoperation (e) for which e
1s unit and a is scalar, such that (H,s) is H,-group. Then, we have two cases

(i) aa=b and (i) aa=e
In the case (i) the only one minimal H,-group is the group defined in H.
In the case (ii) the four ( ee, eb, be, bb ) is the one needed to be defined. Then
the set of minimals is the following:
Fy (e H Hb)
F, (e b,b, {eal})
Fy (e {ab}, {ab}, {eb})
Fi (e {eb}, {eb}, {ab})

Proof
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(i) We observe that
a(ab)=ae=a and (aa)b=hb
therefore a € bb. So, in this case we obtain the group as the minimal.
(ii) We follow the method given in Theorem 5 where we have always to
check the reproduction axiom as well.

We conclude our study with the results for two general cases. In the
proofs we followed the method described above however one can see that
these cases are more laborious. The first one theorem can be considered as
the Boolean type H,-groups defined in set with three elements.

THEOREM 7
Suppose we want to define in H = {e,a,b} a Hy-group (H,e) for which e is
unit and the relation x*= x, Vx€H, is valid. Denote by the ordered 6-tuples

(ea, ae, eb,be, ab,ba)

the products needed to be defined. Then the set of all H,-groups defined in
H has a set of minimals the following ones given with their isomorphic.

Si1 (H,H, {eb}, {eb},a,a) = ({ea}, {ea},H H b,b)

S;  ({ea},H, {eb}. H a b)

S (H,H {eb},H a¢e = ({ea},H H Heb)

S4 {a,b}, H, {e,b}, b, a, {ea}) = ({ea},a, {a,b}, H,{eb},b)
Ss  (a,H,{eb},{ab}.a{eb}) = ({ea},{ab},bH{ea}b)

S ({ea}.H{eb}{eblafab)) = ({ea},{eal.{eb} H{ab}b)
S; (@ H {eb},b,aHy = ({ea},a b, H HDb)

Sg¢  (H, {eal,H {ebl, b, a)

Ss (H {ea},H Hbe = (HHH {eb}, e a)

S ({ab}, {ea}, H,b, b, {e,a}) (H, &, {a,b}, {eb}, {eb}, a)
Su (@ {ea}, H, {ab},b, {eb}) = (H {ab},b, {eb}, {ea}, a)
Su ({ea}{ea}.H {eblb{ab)) = (H{ea}{eb}{eb){ab}a)
S13 (a, {eal,H,b,b,H) = (H,ab, {eb}, H, a)

S (H,H,H H, e e

Sis ({ab},H,H,b, e {ea}) = (H a {ab}, H, {eb}, &)

Sis (a, H,H, {ab}, e {eb}) = (H, {ab}, b, H, {ea}, 2)

Si7 ({ea}, H,H, {eb},e {ab) = (H {ea}, {eb},H, {ab}, e)
Sz (s HLH,b,e H) = (H,a b H H,e)

S ({abl,{ab},bb,iea}.{ea}) = (aa{abj.{ab}.{eb},{eb})
S (a, {ab},b, {ab}, {e.a}, {eb})

I m
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Sun ({ea},{ab}.b,{eb},{ea},{ab}) = (afeal.{eb},{ab}.{ab}.{eb})
S (a {ab},bb, {ea},H) = (aab, {ab},H, {eb})

S ({ab}, a {ab}, b, {eb}, {ea})

S: ({ea}a{ab}.{eb}, {eb}, {ab}) = ({ab},{ea},{eb}b,{ab}{ea})
Sz (a8 {ab}, b, {eb},H) = ({ab},a,b, b, H, {ea})

S ({ea}, {ea}, {e,b}, {e)b}, {ab}, {a,b})

Sy7  (a{ea},{eb}b{ab},H) = ({ea},ab,{eb} H{ab})

Szg (a, d, b, b, H, H)

THEOREM 8
Suppose in H ={e,a,b} we want to define a H,-group (H, e) for which ¢ is

unit and xy is a singleton for all x,ye{a,b}. Denote by the ordered 9-tuples
(ee, ea, eb, ae, aa, ab, be, ba, bb)

the products needed to be defined. Then the set of all H,-groups defined in H
has a set of minimals the following ones given with their isomorphic.

I, (eH(feb},Hazaleb},aa) = (efea}lH{ea},bbHbb)
I, (eH,({eb} Haafeb}ab) = (e{ca}Hlea},abHbb)

13 (e:{e:a}:{ezb}v[{;a!a’l—l;b}b)
LI (e!H':H':{e‘a}:a:b: {e'rb}?an)

I (e{ea}.{e)b},{ea},ab,{eb}ba) = (e{ea}.{eb} {ea},ba{eb}ab)
ls (ef{ab},{eb}.{ab}eafeb}ab) = (e{ea),{ab} {ea}ab{ab}be)

I; (eaHaebHbb) = (eHbHaab.ae)
Iy (eHHHae/{eb}ab) = (eHH,/ ea},abHeb)
Iy (efea},HHaeHbb) = (eH{eb}HaaHeb)

I,y (e}, H,{ab}ee{eb},ab)
1,; (efea},H{ab}eeHbb)
Iz (e{ab},{eb} HeaHeb) (e.{e,a},{a,b} HaeHb,e)

I3 (e{ab}H/{ea},ebHeb) (e,H,{a,b},H ae {eb},ae)

Iy (e{ab}.{eb} {ab}eaeb}lae) = (e{ea},{ab},{ea}eb,{ab}b.e)
Iis (eH({ab},Hae{ab}ea) = (efab},H/ {ab}beHeb)

Is (eHHHaeHeb) = (eHHHaeHeb)

Iis (eab,ab,eb,ea)

Iig (efab}.{eb},{ab}eefeb}ea) = (efea},{ab}.{ea}beabl}ee)
Iis; (e{ab}H{ableeHeb) = (eH{ab} Haeab}ee)

I (eH,{ab},{ab}eefeb}ae) = (efab} H{ealeb,{ab}ee)

(e,HH,{ea},ab,{ab},ee)
(e,H,{e,b},H,a,a,{ab},ee)

o omom
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Ly (ef{ea}.{ab},{ab}eeHbe) = (e{ab}{eb} Heaab}ee)
122 (e,{a,b},{a,b},{a,b},e,e,{a,b},e,e)
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