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HYPERSTRUCTURES AS TOOL TO
COMPARE URBAN PROJECTS'

Barbara Ferri, Antonio Maturo,’

ABSTRACT - The objective of this work is the application of theories of
fuzzy sets and hyperstructures to the problem of selection among alternative
urban projects, so to identify those ones pursue a predetermined set of
heterogeneous objectives in the best way.

The recourse to fuzzy sets depends on the consciousness that all the
planning stages are in condition of uncertainty. So it is necessary to adopt
techniques that permit to study the uncertainty about the influence that a
decision could have on the validity of the project. The hyperstructures,
instead, in this case represent a way to define some rules to choose.

1. The Evaluation in the prospect of a Sustainable Urban
Growth

The complex problem of redevelopment planning has consolidated a
major consciousness of urgency to adopt suitable evaluation procedures for
the projects, so to render “equitable” and “fransparent” the decision process.
Besides, we think that it is possible to combine quality and feasibility of
architecture and environment through the comparison among different
projects.

The quality of places, the respect and exploitation of natural landscapes,
the protection of the consolidated urban systems, the preservation of cultural
resources are now the hearth of every experience of town planning.

The public interventions in restoration and redevelopment plans have to
aim at improving the arrangement of the territory through projects, which
tend towards “integrafed maintenance” of natural and cultural resources. In
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fact we think that an urban development will be achieved not cnly through
economical and social factors, but also through cultural elements, recovering
the historical, environmental, architectural values of a place.

For this reason with “sustainable urban developmenf” we mean a
balanced urban growth, as the result of an urban policy that aims at
improving the quality of urban scenery to obtain positive economic effects.

Then the integrated maintenance of physical resources put a set of
heterogeneous objectives. In order to achieve these objectives it is necessary
to arrange suitable procedures of evaluation about the effects produced by an
urban project, in such a way as to analyse all the aspects involved in the
urban planning,

In the last National Conference of Architects (Florence, March 1997) the
social role of the Architect has been specified: he has to operate on territory,
exploiting and watching over the available resources and examining the
entire question about the urban transformations,

Public works in urban questions can’t be seen only in an economical point
of view. Really, we have to examine various impacts of an urban project
(environmental, cultural, social, technical, psychological...) to determine the
feasibility and to optimise the pursuit of a predetermined set of various
objectives.

In other words, the aim of the evaluation will be to define the measure in
which an urban project increases the general standard of welfare for the
involved community, considering the complexity of the consequences of a
redevelopment project on the contest of intervention.

For this reason we think that an accurate evaluation of projects
concerning the exploitation of existent resources could be made considering
opportunely also the symbolic esthetical-cultural characters of the interested
area, getting over the traditional valuing procedures which consider only the
monetary aspects.

To introduce also the qualitative aspects into a valuing procedure it is
necessary to refer to “multidimensional techniques™.

In presence of various objectives these procedures represent a rational
answer to problems of decision making among a series of alternatives,
improving the traditional economical analysis of project whether to estimate
the not monetary benefits or to consider the multiplicity of social groups
involved in an urban planning.

In this viewpoint we think that the “global feasibility” of an urban project
could be valued examining some general objectives, within which defining a
set of criteria to achieve by carrying out the project.

2. The mathematical model

80



No. 12 - 1997 Ratio Mathematica B. Ferri, A. Maturo

The problem about the examination of a set of alternative solutions is put
to verify the feasibility of each project and to single out the best proposals. It
is a question of valuing all the projects according to some parameters.

In order to deal with this problem of evaluation we consider the following
mathematical model:

a) We determine a set F={F,, F, ..., F,}, called sef of feasibilities, whose
elements are the objectives that we think any projects must attain.

b) We select a set C={C,, C,,..., C,}, called sef of criferia, whose elements
represent the ways to measure the degree in which each project realises
each objective.

c) We consider a function W: Q=FxC—[0,1], called weight function, that
to any o;=(F;, C;)€2 associates a number wj; that indicate the weight of oj;
in the model. We suppose that the sum of all the w;; is 1. We denote with W
also the matrix, called weight matrix with elements the w;;. The elements ;
of the marginal column of W are the weights of the feasibilities and the
elements y; of the marginal row are the weights of the criteria. In practice it
is convenient to consider m functions K;; C—[0,1], called conditional
weight functions, such that, for any i, the sum of the K(C)), j=1,....n, is 1.
The matrix K with elements ki=K(C;) is called conditional weight matrix.
If d=diag(p;, ¢2,...,Pn) is the diagonal matrix with elements the feasibility
weights, we have W=0K.

d) For any project P we assign a function E: Q=FxC—[0,1], called
efficaciousness function of P, such that to any w;=(F;, C;)€{ associates a

number eijP that indicates the measure in which P satisfies the pair (F;, C;).

e) The matrix R® with generic element r;J-P= 3 e;jp is called relative utility

matrix of P and the matrix U” with generic element u;"=w; e;"=r;"¢; is the
utility matrix or representative matrix of P.

In this paper we consider as feasibilities for an urban project the following
aspecis:
environmental. evaluation of project about the effects on natural and built
ambient;
aesthetic-cultural: evaluation of the project about the effects on the historical,
artistic and archaeological interests;
economical: evaluation of the project to verify the increase of general welfare
in the considered area;
Jinancial: evaluation of the project to control the measure of costs-return
ratio;
fechnical: evaluation of the project about the effects on constraints of
construction and regulation,
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social: evaluation of the project about the effects on the persons directly and
indirectly involved by the redevelopment and the improvement on functional
characters of the site;

procedural: evaluation of project about the administrative-procedural aspects,
in particular with regard to the conditions of agreements and the modality of
entrusting of works.

Besides, for an urban project some of the selected criteria are:

- reduction of the urban decay, through the urbanistic and functional
rejoining of vacant sites or urban areas without identity;

- compatibility of project with the morphology and with the geologic
conditions of the site;

- offering of new possibility to enjoy the landscape;

- preservation of artistic-historical-architectural values, through the
protection of typological, structural and formal values that are peculiar of
buildings which have created the historic ancient environment;

- consistent use of colours and materials as regard to the conformation of
the urban environment;

- compatibility of the project with the rules of the urbanistic
instrumentation;

- improvement in the equipment of social services;

- compatibility of the project with the local and state rules so to simplify
the administrative procedures.

Any criterion C; may be valid only for some feasibilities. In this case we
put w;=0 for any F; that not consider the criterion C;.

The elements of all the matrices considered are numbers belonging to the
interval [0,1]. So any matrix can be seen as fuzzy set with universe set Q.
The matrix K can be seen also as a fuzzy partition, if we consider its columns
as fuzzy sets with universe the set of feasibilities.

For each HCQ), H#@, we denote with Uy" the part of U” constituted by
the elements u.-jP such that (F;, C;))eH. UHP is also a fuzzy set with the
universe set H.

We have a particular case of the treated theory if we consider the matrices
of incidence as matrices associated to projects. That is, for each pair (F;, C;)
and for each pro_Lect P, we put uijp=1 if the pair (F;, C)) is satisfied by the
project P, and u; =0 if the pair is not satisfied. Then the matrix U" of the
project P can be interpreted as a subset of Q, that is the set of the (F, C;)eQ
such that u;* =1 and Uy’ =U"nH.

Denote with g the family of projects and with 3 the family of fuzzy sets
on Q. Let U be the function that associates U'eJ to each Pe .

Generally, for each HCQ, H#J, let 3y be the family of fuzzy sets on H
and let Uy be the function that associates to each Pe ¢ the U’ e Sy

For each pair (M, N) of clements of Iy we put

M<y N m; <0, V(Fi, Cj)EH.
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The pair (3g, <p) is a lattice. If M and N are any two elements of 3y we
denote with M Ay N the infimum of N and M, and with M vy N their

supremum.
For each pair (P, Q) of projects, we put:
P <5 Q & Un(P) < Un(Q), (2.1
P Qe (P4 QandQ<y P) 2.2)

The <y is a preorder relation on g, called H-preorder on g. If H=Q) it is
called global preorder, on the contrary it is called partial preorder. The ~y is

an equivalence relation on .

Given n projects Py,P,,...,P,, we call lower bound of them relatively to H
or H-lower bound every project P such that P <4 P;, Vie(1,2,..,n} and we
denote the set of H-lower bounds with LBH(P; ,P;,...,P,). An element P of this
set is said to be maximal if for each QeLBH(P;,P,....,P,), P<uQ=P=Q. We
denote the set of maximal lower bounds relatively to H with 84(P;,Ps,...,.Py).

We call upper bound of P,,P,,...P, relatively to H or H-upper bound
every project P such that P<yP, Vie{1,2,..,n} and we denote the set of H-
upper bounds with UBH(P;,P,...,.P,). An element P of this set is said to be
minimal if for each Qe UBH(P,,P,,...,Py), QsgP=>P~Q. Let oy(P),Ps.....Py)
be the set of minimal upper bounds of Py,P,,...,P, relatively to H.

It is easy to prove the following

(PEBH(P| ,Pz,...,Pn), P#-SHQ)“—?’QE 5H(P| ,Pg,...,Pn), (2.3)
(Peou(P,,Ps,....P,), PuQ)=Qeou(P,Ps,....Py). (2.4)

Evidently, if @cHcIcQ then the <y and =~y are, respectively, extensions
of the <; e =, So, for each n-tuple of projects (P,,Ps.....P.,), we have

LBH(P,,P,,.... P,)oLBI(P, Ps.....P,) and UBH(P, ,P;,..., P,)2UBI(P, Ps,....P,).

3. Hyperstructures associated to projects

Now we show how it is possible to define some particularly very
significant hyperstructures of projects for geometrical and practical
interpretation of the implications of the preorder relations considered.

At this aim, we recall some definitions about the hyperstructures. We
assume the terminology given in (Corsini, [1]), (Vougiouklis, [8]),

(Migliorato, [6]) and (Maturo, [5]).
Definition 3.1 A hypergroupoid (S, ), is a non empty set S with a function

o: SxS—P*(S)=P(8)-{ D}, called hyperoperation. The image of the pair (x,y)
is noted xoiy and is called hyperproduct by x and y.
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For any pair (H,K) of subsets of S different from &, we denote by HaK
the union of all the sets xoy with xeH and yeK. The hyperproducts aoK and
Hoa, aeS, are considered equal, respectively, to {a}aK and Ho{a}.

vneN, V(x;,Xs,....x,)€S", the set Jo(X1,X2,..Xn) of all the hyperproducts
generated by (X;,X,,...,X,) is given, by induction, as follows: (X1 ={x; } and,
for n>1, Jo(X1,Xa,...,Xs) is the set of all the hyperproducts K=FaG, with
F={x,X2,..Xn}, G={Xts1,%2...X}, he {1,2,..n-1}.

Any element of Sq(Xi,Xa,..Xs) is called block of order n or n-block of S
generated by (x,Xz,..Xy)-

Definition 3.2 A hypergroupoid (S, o) is said to be

(H1) semihypergroup if, Vx,y,ZeS, xXo(yoz)=(Xoy)oz,

(H2) quasihypergroup if, Yxe8§, xaS=Sox=5;

(H3) commutative if , VX,y€S, xoy=yox;

(H4) hypergroup if it is a semihypergroup and a quasihypergroup.

Definition 3.3 A hypergroupoid (S, o) is said to be

(W1) weak commutative if , Vx,y€8, xoynyox#dJ,

(W2) weak associative if, Yx,y,zeS, xo(yoz)n(xay) oz#d,

(W3) feebly associative if, ¥neN and V(x; X,,..x)€S", the intersection of all
the blocks belonging to J,(x;,Xy,..X,) is different from <.

Definition 3.4 Let (S, o) be a hypergroupoid and let @#TcS. (T, o) is called
a subhypergroupoid of S if, Vx,yeT, xaycT. A subhypergroupoid T of S is
called subhypergroup if (T, o) is a hypergroup. If aabnT#J,Va,beT, the
pair (T, B), with aBb=aobnT, Va,beT, is called substructure generated by T.

Finally any hypergroupoid (T,y) such that, Va,beT, aybcaobnT, is called
partial substructure of (S,a)) with domain T.

Now, we assume S equal to the set g of projects. For any HCQ, H#0,
we consider the following functions:

8 (P.Q)e ¢ *->8(P.Q), (€BY)
o P.Q)e p*-0u(P.Q). (3.2)
A project Iy is said to be an H-inferior project if
YPe o, Un(Iy) <x Un(P). (3.3)
A project I is called inferior project if it is an H-inferior project for any
HcQ), Hz.
A project Sy is said to be an H-superior project if
VPe g2, U(P) <y Un(Sw). (3.4
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A project 8 is called superior project if it is an H-superior project for any
HcQ, H#@.

Eventually by adding two fictitious projects, we can suppose that there
exist, in g2, an H-superior project and an H-inferior project. In this hypothesis
dy and oy are hyperoperations on g and so we have the following

Theorem 3.5 If an H-superior project Sy exists, than the pair (g, oy) is a
commutative hypergruppoid. Similarly, if an H-inferior project Iy exists, than
the pair (g, 8y) is a commutative hypergruppoid.

Proof Let Sy be an H-superior project. Then, for any P,Qe g2, Sy is an upper
bound of (P,Q) and so oy(P,Q)=D. Since oy(P,Q)=ox(Q,P), then (g, oy) is a
commutative hypergruppoid. Analogously the existence of an H-inferior
project Iy implies that ( o, 8y) is a commutative hypergruppoid.[]

Theorem 3.6 If Uy( ) is a sublattice of (Jy, <g), then the pairs (g, 8y) and
(g, og) are commutative semihypergroups.

Proof Suppose Uy( ) is a sublattice of (I, <g). Since Uy( ) is finite then
there exist the maximum Sy and the minimum I;; with respect <y, that are,
respectively, an H-superior project and a H-inferior project. By theorem 3.5 it
follows that (o, 8y) and (g, oy) are commutative hypergroupoids.

By hypothesis that Ug( ) is a sublattice of (3y, <u), VP,Qe g, we have,

P5Q={Re p : Un(R) = Un(P) A Un(Q)}, (3.3)
PoQ={Re  : Un(R) = Un(P) vi Un(Q)}. (3.6)

Since Ay and vy are associative, theorem follows.[]

Generally, Uy(g) is not a sublattice of (3y, <) and so it is not assured
the existence of the H-superior and H-inferior projects. Therefore, if such
projects exist, the associative properties of &y and oy are not valid. In this
case, we have the following

Theorem 3.7 If an H-superior project Sy exists, than the pair (g, og) is a
commutative and weak associative hypergruppoid. Similarly, if an H-inferior
project Iy exists, than the pair ( o, 8y) is a commutative and weak associative

hypergruppoid.

Proof Let Sy be an H-superior project. By theorem 3.5 we have that the pair
(o, on) is a commutative hypergruppoid. Therefore, for any P,Q,Re p, Sy is
an upper bound of (P,Q,R) and so ou(P,Q.R)#J. Let Y be any element of
ou(P,Q.R). Then YeUBH(P,Q) and so there exists a Zeoy(P,Q) such that
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Z<nY and YeUBH(Z,R). Let T be an element of ox(Z,R) such that T<yY. T
is an upper bound of (P, Q, R). Since Yeou(P,Q,R) we have T ~y Y and so
Yeou(ZR). Then, VP,QRegp, it results (PopQ)owR 2 ou(P,Q.R).
Analogously, we can prove that Pop(QoyR) 2 ou(P,Q.R). So VP,QRep,
we have

(PorQ)ouR N Pou(QouR) 2 on(P,Q.R) 20, (3.7

and the weak associative property of oy is proved.
In a similar way we prove that, VP,QRe g,

(P3xQ)BR N P8i(Q8nR) 2 8u(P.QR) #& (3.8)

and so we conclude that also 8y is a weak associative hyperoperation. [J

Practically, in the hypotheses of the previous theorem, given two projects
P, and P, it is possible to single out at least a project Q such that, with
respect H, is not superior to P, and P, and is not inferior to any project not
superior to P, and P,.

Besides, we can single out at least a project R, such that, with respect H,
is not inferior to P; and P,, and is not superior to any project not inferior to P,
and Pg.

The hyperproduct 3y gives the set of all the projects that are H-maximal
lower bounds of P, and P,. They are the projects with the better qualities,
with respect H, in the set of the projects not superior to P and P,. They can
be chosen from an economic point of view.

The hyperproduct oy gives the set of all the projects that are H-minimal
upper bounds of P, and P,. Those ones present all the better qualitative
characteristics, with respect H, as regard to the pair (P, P;). They are a
compromise between the solution prefigured by both projects Py and P and
every proposal P; that is not inferior to P, and P,.

In decision making problems, often the economical-financial factor is so
important that the decider is induced to choose the H-minimal upper bounds
projects. Those ones make it possible to achieve all the pre-established
objectives in a satisfying measure, at a lower price than the amount implied
by another project P; that achieves the same objectives.

If the U' are incidence matrices, than Uy( ) is a family of subsets of H,
the operations Ay and vy in this family are the set operations of intersection
and union and the order relation induced by these ones is reduced to the
inclusion among the subsets of H belonging to Uu( ).

If 1 and S are, respectively, an inferior and a superior project, then
¢ the matrix U(I) specifies a set of pairs that must be necessary satisfied,

that is UP) o U(D), ¥ Pe p;
« the matrix U(S) represents the largest set of pairs that can be satisfied,
that is U(P) < U(S), V Pe p.
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Two particular fictitious projects that can be usefully used, respectively,
as inferior and superior projects are the following:

a) the null project O with efficaciousness matrix E° having all the
elements equal to 0 and so with U® equal to null matrix;

b) the fantastic project F such that EF has all the elements equal to 1 and
so with U'=W.

In many situations it is necessary to consider only projects such that the
elements of the efficaciousness matrices are not inferior to fixed values,
called threshold values. In this case we have to consider as inferior project, a
project T, real or fictitious, called threshold project, with efficaciousness
matrix E” such that any e,-jT represents the lowest acceptable grade of
satisfaction of the pair (F;,C) by any project.

Now we give some properties of hypergruppoids (g, 8y) and (g, oy).
Precisely, given n projects P,,P,,...,P,, we study the relations among the

blocks generated by these elements and the sets 8y(P,Ps,...,P,) of their
maximal lower bounds and oy(P,,Ps,...,P;) of their minimal upper bounds.

Theorem 3.8 For each n>1, for each ke{1,2,..,n} and for each n-tuple of
projects (Py,P,...,Py), it results

8u(P1,Py,...,.Pn) € Ou(Py1,Pa,... . Pi) 81 8u(Prsr Prsa,....Py), (3.5)
GH(PI,PZ:”-?P];\) c U}{{P[,Pﬁ,...,Pk) Oy GH(PICH :Pk+2,---;Pn)- (36)

Proof We prove the (3.6). In a similar way the (3.5) is verified. It results
evidently

G'H(P1,P2,...,Pn) c UBH(P] ,Pz,.,.,Pk) m I.]-BH(PHl;PHZ,...,Pn).
Now, suppose Pecoy(P,,Ps,...,P,). We have

HQEO'H(PI,Pz,..,Pk), 3REU}{(Pk+|,Pk+1,.,Pn) : PEUBH(Q,R)
If a project S belongs to UBH(Q,R) and P>4S then we have that Se
UBH(P,,Ps,....Pl)NUBH{(Py+1,Py:2.....Pr)and so SeUBH(P,,P,,...,P,).
Since Peoyu(Py,P;,...,Pn), P24S, it follows that Secy(P;,Ps,...,P,) and so S~yP.
Then PeQoyRc ou(Py,Ps,....Py) 61 65(Pyi1,Prsa,....Py). This implies (4.6).0

For each n>1 and for each n-tuple of projects (P;,P-,...,P,), we denote with
35(P1.Py,...,Py) the family of blocks associated to the n-tuple as regards the
hyperoperation 8y and with J3,(P,,P,,...,P,) that one as regards the
hyperoperation oy. We have the following

Theorem 3.9 Vn>1, Vn-tuple of projects (P,,Py,...,Pn), VK;€35(P),Pa,....Po)
and VK;e3,(P),P5,...,P,), it results

(P Pa,....Pa)Ks, (3.7
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ou(P1,Pay.... Pr)cKo. (.8)

Proof We prove (4.8). In a similar way (4.7) is verified. The theorem is
cvident for n=2 because 3,(P;, P,) has the only element ou(P,,P2). We
suppose that the theorem is true for n<k, for a generic k>2 and we verify that
it is true also for n=k+1.

In fact, suppose K.€3.(PPz...Pwn). Then Jh: 1<h<k such that
KQ=K[GHK2, with K.; ESJP],PQ,.‘.,P},) and KZESU(P},.H,Ph+2,“.,Pk+l). For
hypothesis of induction

ou(Py,Pa,...PhCKy, 0u(Phi1 P2y, P )SKs.
For the previous theorem we have
ou(P1,Pa,....Pe+1) € ou(P1,Ps,....PY) 01 0P, Priay.. o Picit)
and so
ou(P1,Ps,....Pw1) € Ko=KionK,. U

Theorem 3,10 The pairs (g, 8y) and (g, oy) are commutative and feebly
associative hypergruppoids.

Proof By previous theorem we can observe that, VneN and VP, P;,...P € o,
Ou(Py,Ps.....P,) is included in the intersection of all blocks K5 belonging to
35(P1,P,,...,P,) and, similarly, the intersection of all blocks K, belonging to
3u(P1,P2,...,Pn) includes UH(Pth,...,Pn). 0

By two examples we verify that, generally, the associative property
doesn’t hold and we can have two possibilities:
a) the intersection of all blocks K, belonging to 3,(Py,P,,...,Py) is equal to
EH(P19P29'°':PH);
b) ou(Py,Ps,...,Py) is strictly contained in the intersection of all K, belonging
10 3o(Py,Pa.....Py).

Example 3.11 Let p={P,,P,,..., Py} be the set of projects. For each pair A, B
of subset of ¢ we put A<yB if for each acA e beB we have a<gb. We
impose the following conditions
{Po}<u{P1,P2,Ps}, {P1}<u{P4,Ps}, {Po}<uf{P4,Ps,Pe},
{P3}<u{Ps,Ps}, {Ps,Ps}<u{P7}, {Ps.Ps}<u{Ps}, {P7,Pe}<u{Ps}.

These conditions determine an antisymmetric relation. The reflexive and
transitive closure of this relation is an order relation and for each Ac g,
du(A) and og(A) are not empty.

In particular we have

ou(P1,P2,P3)={Ps}, Piou(P0uP3)={Ps.Ps}, (P16yP2)ouPs={PsP;}.

The two blocks generated by (P,,P,,P;) are different, so the associative

property doesn’t hold. Their intersection is equal to ou(P;,P,,P;).
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Example 3.12 Let p={P,.P,,....P;} be the set of projects. We impose the
following conditions
{Po}<u{P1,P2,Ps}, {P1}<u{P4Ps}, {P2}<u{Ps,Ps,Ps},
{P3}<ufPs,Pe}, {Ps,Ps,Ps}<u{P;}

These conditions determine an antisymmetric relation. The reflexive and
transitive closure of this relation is an order relation and for each Ac g,
du(A) and on(A) are not empty.

In particular we have
on(P1,P2,P3)={Ps}, Pyou(PouP3)={Ps,P1}, (PiouP2)ouPs={PsP+}.

The two blocks generated by (P;,P,,Ps) are equal. Their intersection is

different from oy(Py,P2,P3).
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