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Abstract

This study aims at defining the concept of anti-fuzzy bi-ideals of hy-
persemigroups. This study also defines the hypersemigroup bi-ideals
in terms of anti-fuzzy bi-ideals additionally.
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1 Introduction

In 1965, Zadeh [7] has presented the idea of fuzzy set which has seen a great
success in a variety of domains. Good and Hughes [2] are the first two authors who
have proposed the notion of the bi-ideal of the fuzzy set. Kuroki [5] was the first
one to suggest fuzzy ideals in semigroups. According to Biswas [1], the idea of
anti-fuzzy subgroup was first proposed. Shabir and Nawaz [6] has carried out the
research on anti-fuzzy principles of semi-groups and gave some intriguing find-
ings. Kehayopulu [4] was the first one to examine fuzzy sets in hypersemigroups.
In this study, the bi-ideals of hypersemigroups in terms of anti-fuzzy bi-ideals is
defined and the concept of anti-fuzzy bi-ideals of a hypersemigroup is established.
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2 Preliminaries

An hypergroupoid is a nonempty group S* with an hyperoperation o : S* x
S™ — M (S™)|(f, g) — fogon S* and an operation * : M*(SH) x M*(S*) —
M*(S™M)|(R, P) — R * P on M*(S™) (introduced by the operation on S*) such

that R+xP = |J (fog)forevery R, P € M*(S™)(M*(S™) being the set of
(f,9)ERXP

nonempty subsets of S7).
The purpose of the operation x is clearly stated. If (R,P) € IM*(S*) x

M*(S*"), then R+« P = |J (fog). Forevery (f,g) € R x P, we get
(F,9)ERXP

(f,9) € 8" x 8™, then ({ 0 }) € M*(S™). Thus we get R x P € IM*(SH). If
(R, P),(F,G) € M*(S*) x M*(S™) such that (R, P) = (F,G),then R * P =
U (Feg)= U (fog)=7F=*G.

(f.9)ERXP (F.9)€FxG
Since the hyperoperation ‘o “and the operation ‘x ’are interdependent, hyper-

groupoids may alternatively be expressed by (S*, o) rather than (S*, o, ). Sup-
pose 8™ is an hypergroupoid, then V m,n € S*, we get mon = {m} * {n}. That
is, {m} * {n} = U zoy=mon.

ve{m},ye{n}

An hypergroupoid 8™ is said to be hypersemigroup if (m on) x {0} = {m} *
(n o o) for every m,n,0 € S*. Since m on = {m} * {n} for any m,n € S%, an
hypergroupoid S* is an hypersemigroup if and only if for any m,n, o € S*, we
have ({m} * {n}) * {o} = {m} « ({n} * {o}).

According to Zadeh [7], we claim that the hypergroupoid (S*, 0)’s fuzzy sub-
set (or fuzzy set) f if 1) maps S* into the real closed interval [0,1] of real integers,
e, : 8" —10,1].

The subset of S* x S* classified as follows is denoted by Ay:

Ay = {(a,b) € S* x S*|h € a o b} for any element b of S*.

We designate by 1oq, the fuzzy subset of S* defined by any two fuzzy subsets
of ¢ and q,

A max{f(a),g(b)} if Ay#¢
Yoq:St—=0,1] | bh— < (@bes,

1 if Ay = ¢

The collection of all fuzzy subsets of S™ is indicated by F(S*) and the power
relation < on F(S*) classified by: ¢» < IT if and only if ¢/(m) < IT(m) for every
m € S*.

For an hypersemigroup S*, the following definitions apply to the fuzzy sets
“0”and “17:
0:8"—100,1] | m—=0(m)=0and1:8* —1[0,1] | m — 1(m)=1.
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An hypersemigroup S* is allegedly regular suppose ¥V h € S™ Ju € S* >
b e (hou)x{h}.

An hypersemigroup S* is allegedly intra-regular suppose V h € S* Ja,b €
S">b € (aoh)x(hob).

The same symbol is used to denote both the hyperoperation on S* and the
multiplication among its two fuzzy subsets (no confusion is possible).

Proposition 2.1. [3] Assume (S*,0) be an hypergroupoid, x € S* and R, P €
9M*(S™). Then we obtain the following:

(1) 1€ R+«P <=z €fogforsomefeR,geP.
(2) Iffc Randg € P, thenfog C R xP.

3 Anti-fuzzy bi-ideals

Unless otherwise stated, let S* denote a hypersemigroup in this section.

Definition 3.1. An anti-fuzzy subsemigroup of S™ is a fuzzy subset of 1) of S*
suppose (v o ¢) < max {1(y), ¥ ()} for all v,¢ € S*.

Definition 3.2. An anti-fuzzy bi-ideal of S™ is a fuzzy subset of 1 of S™ if
(i) Y(yo¢) < max{y(y),¥(()}
(ii) Y((y 0 C) * {k}) < max {y(v),¢(k)} forall v,(, k € S™.

Lemma 3.1. A bi-ideal of S™ is not an empty subset of A of S™ iff the fuzzy subset
V4 of S™ classified as

vt ifieA

. QH
¢A-S _>{t>p}7l_>{p lf’L¢A

where 0 < v, p < 1 and v < p is an anti-fuzzy bi-ideal of S™.
Proof: Assume A is a bi-ideals of S. Lety,( € A. Thenyo ( € A.
(1) Supposey,¢ € A, then () = Y4(¢) = vand soP4(yo¢) < max {Y4(7),14(C)}-

() Ify € A (¢ A, then yu(y) = v,94(¢) = pand then P4(yo () = p <
max {1 .4(7),¥a({)}-

3 Ify ¢ A € A, then Ya(y) = p,va(() = vand so a(yo() =1t <
max {1 4(7),¥a({)}-
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(4) Ifvy,( ¢ A, thents(y) = a(¢) = pand then ¢ 4(voC) = p < max {Y4(7), ¥Ya(()}
for ally, ¢ € S*.

Letv,k € Aamd ¢ € 8™. Then (yo () * {k} € A.

(1) Ifv,k € A, thenp4(7) = Ya(k) = vand so 4 ((yol)*{k}) < max{a(7),Ya(k)}.

(2) Ify € Ak ¢ A, then 1(v) = t,¥a(k) = pand then Y 4((y o ) * {k}) <
max{p4(7), Ya(k)}.

() Ity & Ak € A, then Y4(7) = p, da(k) = v and so (3 0 ¢) % {k}) <
max{Ya(7),Ya(k)}.

4) If v,k ¢ A, then ¢a(y) = Ya(k) = p and then P4((y o ) * {k}) <
max{t(7), Ya(k)} for ally, ¢ € S,

Thus, an anti-fuzzy bi-ideal of S* is 1) 4.

Alternatively, assume v 4 is an anti-fuzzy bi-ideal of S*.

Consider v, (, k € A.

Then 1 4(7) = ¢a(C) = (k) =

Therefore, 1 4 is an anti-fuzzy bi-ideal of S*, we obtain

Ya(y o) <max{va(y), ()} =max{r,t} =r.

This implies v o ¢ € A.

Also Ya((y 0 () * {k}) < max {Ya(7),Ya(k)} = max {r,t} =t

This implies (y o () * {k}) € A.

Hence A is a bi-ideal of S*. 0

Definition 3. 3 Assume 1) be a fuzzy subset of S™.

Then L(;p) = {7 € S*|W(v) < p} where 0 < p < 1 is said to be the lower

level cut of @D

The characterization of an anti-fuzzy bi-ideal is then provided in terms of its
level bi-ideals.

Theorem 3.1. A fuzzy subset 1) of S™ is an anti-fuzzy bi-ideal of S™ iff the col-
lection L(1); p) {7 € SHhp(y) < p} where 0 < p < 1 is a bi-ideal of S™.

Proof: Assume 1) is an anti-fuzzy bi-ideal of S*.

Consider v, ¢ € L(v; p).

Then (1) < pand v(7) < t

As 1 is the anti-fuzzy bi-ideal of the S*,¢(y o () < max{y(v),v({)} <
max {p, p} = p.

This suggests v o ¢ € L(v; p).

Let v,k € L(1;p) and ¢ € S*.
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Then ¢(y) < pand ¢(k) < p

Now (76 ¢) % {k}) < max {1/(x), 9(k)} < max {p, p} = p.

This suggests (v o () x {k} € L(¢;p).

Therefore, £(1; p) a bi-ideal of S*.

Alternatively, suppose £(1; p) is a bi-ideal of S"*V0 < p < 1.

If 3y, ¢ € 8™ such that (v o) > max {1 (7),¥({)} = p, then p € (0,1],7,¢ €
L(y; p)butyo ¢ ¢ L(1; p), which is incongruous.

Thus (7 0 ¢) < max {9(), (C)} ¥, C € S¥.

Suppose 3 7,(,k € S™ 3 Y((y0¢) x {k}) > max{y(7),¢(k)} = po, then
po € (0,1],7,¢ € L(3; po) but (v 0 () x {k} ¢ L(+; p), which is incongruous.
Thus ¢((y 0 ¢) * {k}) < max {4 (), ¥ (k)} forall v,(, k € S™.

Hence 1 is an anti-fuzzy bi-ideal of S*. a
Lemma 3.2. A fuzzy subset of S™ is 1. Then 1is an anti-fuzzy bi-ideal of S™ iff
Y <Poloy.

Proof: Let h € S™.

Then t(h) < (1) 0 0 0 ¥)(h).

If A, = ¢, then (Y 0 00 ¢p)(h) = ((¢ 0 0) o 9p)(h) =1 = ¥(h).
If Ay, # ¢, then (¢ 0 0 0 9)(h) (ngA max {(¢ 0 0)(¢), ¥ (k)}.

It suffices to demonstrate this max{ (¢ o 0)(¢), ¥ (k)} > ¥ (h) for every
(¢ k) € Ap. (D
For this purpose, let us assume ((, k) € Ay,.

k
If A¢ = ¢, then (4 0 0)(¢) = 1 = ¢(k) and max { (¢ 0 0)(¢), (k)} = 1 = ¢(h).
Now assume that A # ¢.

Then (Y 0 0)(() = A max{y(r),0(s)} = A (r). 2
(r,s)EAC (rys)EA:
Let’s think about the following scenarios:

(i) Let ¢(h) < (¢ 0 0)(¢). Then ¢(h) < (¢ 0 0)(¢) <max{(¢ 0 0)(C), v (k)}.
Thus (1) is proved.

(i) Let(h) > (v 0 0)(C).

Then there exists (7, s) € A¢ such that ¢p(h) > (r). 3)
If (h) < (r) forevery (r,s) € A¢,thentp(h) < A ().
(r,s)€Ac
Then by (2), we get 1)(h) < (¢ 0 0)(¢) it is unattainable.
Since (¢, k) € A¢, wehave .,k € S*and h € (o k.
Since (r,s) € A¢, we havet,5 € S and ¢ € vos.
Thenwegeth € (ok ={(}*x{k} C (ros)=*{k}.
Because %) is a anti-fuzzy bi-ideal of S*, we obtain

(h) < max{¢(r),(k)} . (4)
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If ¢(r) > ¢(k), then ¢)(h) < () which is not possible by (3).

Thus we have ¥ (r) < (k). (5)
Then max {¢(r), 1 (k)} = (k) and by (4), we have ¢»(h) < (k). (6)
Since (1, s) € A¢ and by (2), we have ¢)(r) > (¢ 0 0)((). (7)

By (5) and (7), we have (k) > ¥(r) > (0 0)().

Then max {(¢) 0 0)(¢), ¥ (k)} = ¥ (k) > (k) [by (6)] and (1) is proved.
Conversely, assume that a,b,c € S™ and p € (a o b) * {c}.

Then (p) <max{(a), (c)}

Since p € (aob)*{c}, by Proposition 2.1, there exists y € aob such thatp € yoc.
Since v € a o b, we have (a,b) € A,.

Since p € v o ¢, we have (v, ¢) € A,.

Since (v, ¢) € A,, A, is a non-empty set and we also have

(Wol0od)(p)= A max{(yo0)(u),y(v)}

(u,v)€Ap

< max {(¢ 0 0)(7),¥(c)} .

Since (a,b) € A,, we have A, # ¢ and we also have
(o 0)(v) = ( /)\64 max{t(c), 0(w)}

< max{¢(a),0(0)} = ¥(a).
Then we get (1 00 0 1)(p) < max {v(a), ¥(c)} .
On the otherhand, since p € (aob) * {c} C 8" *xS" C S and ) < o000,
we obtain (p) < (10 00 )(p).
Thus we have $(p) < (0 00 )(p) < max {(a), $(¢)}. 0

Theorem 3.2. If a hypersemigroup S™ is regular, then we get 1) o 0 o ¢ = ) for
any anti-fuzzy bi-ideal 1) of S™.

Proof: Assume S* is regular and ¢ is its anti-fuzzy bi-ideal.

Leth € §*.

Given that S* is regular, u € S™ exists like that h € (hou) * {h}.
This implies (h, uh) € Aj, and then A;, # ¢.

Then (Yo 0oy)(h) = A max{(¥(p), (0c4)(q)}

(p7q)€-’4h

< max{¢(h), (00)(uh)}
= max {¢(h), /\ maX{O(T),w(S)} }

(v,8)EAuR
< max {w(h), max {0(u), ¥ (h)} }
= max {w(h), max {0, (h)} }

= max {¢)(h), ¥ (h)}
= ¥(h).
Thus (¢ 0 00 ¢)(h) < ¥(h).
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By the above lemma, we obtain 1(h) < (p o 0 0 ¢)(h).
Hence ¢ 0o 0 o 9) = 1. a

4 Conclusion

In this work, we defined anti-fuzzy bi-ideal in hypersemigroup and discussed
about the characterization of an anti-fuzzy bi-ideals in hypersemigroup. Also we
defined the lower level cut of the fuzzy subset and we analysed the characteri-
zation of an anti-fuzzy bi-ideal in terms of lower level cut of the fuzzy subset.
Moreover, in this study we proved an anti-fuzzy bi-ideal is equivalently denoted
by ¢ < o0o1. Also we proved 1) = 1) o 0 o ¢ if the hypersemigroup is regular.
In the forthcoming work, the regular and intra-regular hypersemigroups will be
defined using anti-fuzzy bi-ideal concepts.
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