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Abstract

Any graph operation of a graph drive only one graph structure. But
eccentric graph operation of almost all the graphs drives more than
one graph structure, which are interesting and marvelous one. The
eccentric graph of G is denoted by ecc(G). Only few families of
prime cordial eccentric graphs are investigated. A graph G is sepa-
ration cordial graph, if it admits separation cordial labeling. In this
paper, we investigate some new families of separation cordial eccen-
tric graphs such as ecc(C,, ® K;), ecc(P(Cy(2))) and ecc(S(m,n)).
Keywords: Eccentric graph; separation cordial graph; crown graph;
double star graph.

2020 AMS subject classifications: 05C78 !

“P.G. and Research Department of Mathematics, Dr. Kalaignar Government Arts Col-
lege (Affiliated to Bharathidasan University), Kulithalai, Tiruchirappalli, India.; kpsperi-
asamy87 @gmail.com.

P.G. and Research Department of Mathematics, Dr. Kalaignar Government Arts Col-
lege (Affiliated to Bharathidasan University), Kulithalai, Tiruchirappalli, India.; drvenu-
gopal2013 @gmail.com.

#P.G. and Research Department of Mathematics, St. Joesph’s College (Affiliated to Bharathi-
dasan University), Tiruchirappalli, India.; lawmathsgraph @ gmail.com.

'Received on May 25, 2023. Accepted on December 20, 2023. Published on December 31, 2023.
DOI: 10.23755/rm.v50i0.1549. ISSN: 1592-7415. eISSN: 2282-8214. OK. Periasamy et al. This
paper is published under the CC-BY licence agreement.

86



K. Periasamy, K. Venugopal, P. Lawrence Rozario Raj

1 Introduction

Labeling of graph is one of the interesting and active area in the field of graph the-
ory. Rosa [1967] introduced the concept of graceful. Graham and Sloane [1980]
introduced the concept of harmonious. Graceful labeling and harmonious labeling
are the origin of the graph labeling methods in graph theory. Cahit [1987] intro-
duced another important type of labeling, which contains aspects of both graceful
and harmonious, is called cordial. Separation cordial graph was introduced by
Elachini V. Lal [2015a] and presented the separation cordial labeling of some
standard graph. Elachini V. Lal [2015b] investigated some star and bistar related
separation cordial graphs.

Eccentricity related study of graphs are interesting and marvelous, one such ec-
centricity related study of graphs is eccentric graphs. The special type of graph
operation, which is called eccentric graph of graph was defined by Akiyama et al.
[1985] and they also contributed few interesting characterizations of such graphs.
Any graph operation of a graph drive only one graph structure. But eccentric graph
operation of almost all the graphs drives more than one graph structure, which are
interesting and marvelous. Such a interesting graph structures of eccentric graphs
of some particular classes of graphs are found and characterized by Kaspar et al.
[2018]. Some few families of prime cordial eccentric graphs are investigated by
Poulomi Ghosh and Anita Pal [2017].

Graphs discussed here are simple, finite and undirected graphs. For graph the-
oretical terminologies we refer Harary [1972]. For all standard terminologies
and notations in Number theory we refer Tom M Apostol [1998] and we refer
Gallian [2019] for the literature on graph labeling. In this paper, we obtained
some new families of separation cordial eccentric graphs such as ecc(C,, ® K7),
ecc(P(C,(2))) and ecc(S(m,n)).

We will give brief summary of definitions which are useful for the present inves-
tigations.

Definition 1.1. A graph labeling is the assignment of unique identifiers to the
edges and vertices of a graph.

Definition 1.2. A separation cordial labeling (or sc-labeling) of a graph G with
vertex set V is a bijection f from V to 1, 2,-- -, |V (G)| such that if each edge uv
assigned the label 1 if f(u) + f(v) is an odd number and label 0 if f(u) + f(v)
is an even number then the number of edges labeled 0 and the number of edges
labeled 1 differ by at most 1. A graph G is separation cordial graph (or sc-graph),
if it admits separation cordial labeling.

Definition 1.3. Let G be a graph with vertex set V' and edge set E. The eccentric
graph of G is denoted by ecc(G) = (V, E'), where E' = {(u,v) : dg(u,v) =
ecc(u) or dg(u,v) = ecc(v) for u,v € V}.
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Definition 1.4. Double star S(m,n) graph where m,n > 1 is the graph consist-
ing of the union of two starts K, ,, and K, together with a line joining their
centers.

Definition 1.5. Shee and Ho [1996] Let G, Gy, - -+ , Gy, be n(> 2) copies of a
graph G. It is denote by G (n) the graph obtained by adding an edge to G; and
G, i=1,2,- — 1, and call G(n) the path-union of n copies of the graph
G.

2 sc-graphs
We will present some new families of separation cordial eccentric graphs.

Theorem 2.1. ecc(C,, ® K;) is sc-graph for n > 3

Proof. C,, ® K, has 2n vertices and 2n edges. vy, vo, v3, - - - , v, are vertices
of Cy; wy,we,ws, - - ,w, are pendent vertices and v wy, VoWs, VW3, * + + , Vp Wy
are pendent edges of C,, ® K;

Case 1 : when n is even.

ecc(Cy, ©® K1) is § P, and the vertices of ecc(C,, ©® K1) are v, Wa i, Wi, V2 4,
fori =1,2,---, 3.
Then, |V (ece(C,, ® K1))| = 2n and |E(ecc(C, ® K;))| = 22 . Define f :
V(ece(C,, ® Ky)) — {1,2,--- ,2n} as follows.

Sub case 1(a) : n =4.

flo1) =L fv2) = 6, flungz) = 4, f(onpa) =8, f(w) = 2, f(w
f(UJnTH) =3, f(wnT+4) = 5. Now ¢4(0) = ( ) = 3, then |ef(0)—
Thus, ecc(C,, ©® K7) is sc-graph for n = 4.
Sub case 1(b) : n = 0(mod4) and n > 4.

F(01) = L, f(v2) = 6, [(va2) = 4, f(vs
f(UJnTJr?) = 3, f('(Un+4) = 5, f(viga) = f(v;) +8, fori = 1,2,--., =4,
flwiys) = flw;) + 8 fori = 1,2,-, %2, f(vipe) = f(v;) + 8, fori =

2
"TH,n‘QHL,...,n 2,f(’w1+2> f(wl)—i—8 for ':n;rZ,nTH’...,n—2.

Now e(0) =ef(1) = %Tn, then |e;(0)—es(1)| < 1. Thus, ecc(C,, ® K7) is sc-graph
for n = 0(mod4) and n > 4.
Sub case 1(c) : n = 2(mod4) and n > 4.

Fo) = 1, f(v2) = 6, f(ves2) = 4, Flowss) = 8, flun) = 2, fluz) =
f(w"TH) = 3, f(w%) = 9, f(vi-‘rQ) - (Ul) + 8, for i = 1727"' 7%’
flwise) = flw;) +8, fori = 1,2, 24
nT—i_QanT—Hlv'” 7n_3’f(wi+2) :f<wz)+8 for nT-i—QvnT—HLa”' 7n_3’f(vn) =
2n and f(w,) = 2n — 3.

1) =8, f(w) = 2, f(wg) =17,
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Now e;(0) = %2 and e;(1) = 222, then |e;(0)—e;(1)| < 1. Thus, ecc(C,, © K7)
is sc-graph for n = 2(mod4) and n > 4. Therefore, ecc(C,, ©® K;) is sc-graph for
n is even.
Case 2 : when n is odd.

ecc(C, ® K1) is a subdivision of outer edges of C,,(1, ”T_l), where wq, wo, w3,

-, w, are vertices of C, (1, %5%) and Ungs, Ungs -+, Un, UL, U2, Us, * *+ , Unga Are
the subdivided vertices of the edges wws, wows, wswy, - - -, wywy of Cp(1, %1)
Then, |V (ecc(C,, ® K1))| = 2n and |E(ecc(C,, ® K1))| = 3n. Define f :

V(ece(Cp, ® Ky)) — {1,2,--- ,2n} as follows.

flw;)) =i, fori = 1,2,--- . n, f(UnTH+,L-) =n+i, fori =1,2,--- ,"T_l,
flv) =2+, fori=1,2,--- 2,
Now e;(0) = 221 and e;(1) = 25, when n = 1(mod4) and e;(0) = 2H
and ef(1) = 221, when n = 3(mod4). Then |e;(0)-es(1)| < 1. Therefore,
ecc(C,, ® Ky) is sc-graph for n is odd.

Hence, ecc(C,, ® K) is sc-graph forn > 3. O

Example 2.1. C; © K, ecc(Cs ® K1) and sc-labeling of ecc(Cs ® K1) are shown
in below figure.

W 4 W 3

Cj@K] ECC(C5®K]J
Figure 2.1 : C5 ® K, ecc(Cs @ K7) and sc-labeling of ecc(Cs ® K)

Theorem 2.2. ecc(P(C,,(2))) is sc-graph for n > 3.

Proof. P(C,(2)) has 2n vertices and 2n + 1 edges. The vertices of P(C,,(2))
are vy, Vo, U3, * + + , Up, Wi, Wa, W3, * ++ 5 Wh.
Case 1 : when n is even.

ecc(P(C,(2))) is S(n — 1,n — 1) and the vertices of ecc(P(C,(2))) are
two centers Wntz, Ungz, and two set of pendent vertices vy, vo,v3,- -+ , v, and
Wy, W2, W3z, "+, Wp.
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|V (ece(P(Cr(2))))] = 2n and |E(ecc(P(Cr(2))))| = 2n — 1 and define
[ V(ece(P(Cn(2)))) — {1,2,--- ,2n} as follows.
f(UnT2> =1, f(v;) =2and f(wnTu) =3, f(v)) =i+ 2,fori =2,3,---, %,

flv) =i+ 1 fori =28 0 . n flw)=i+n+1fori=12-- 2,

flw;) =i+mn,fori =" 258 ... n Nowes(0)=n—1and ef(1) =n, then
ley(0)—ef(1)] < 1. Thus, ecc(P(C,(2))) is sc-graph for n is even.
Case 2 : when n is odd.

ecc(P(Cy(2))) is K,_o + Ky + Ko + K,,_» and the vertices of ecc(P(C,,(2)))
are wip, wa, -+ ,wanl,wnTH),--- , Wy UHTH,/UTLTH, UJHTH,wnTJrS, V1,U2," " ,Ungl,
Ungs, -, Upe |V (ece(P(Cnh(2))))] = 2n and |E(ecc(P(Cy(2))))] = 4n — 4.
Define f : V(ecc(P(Cn(2))))

funp) = 1 and f(vnygs)
n+2+z1 fore = 1,2, "=
flw;) =4+i,fori=1,2-- , flw) =2+, fori =22 250y,
Now e(0) = ef(1) = 2n — 2, then |e;(0)-ef(1)| < 1. Thus, ecc(P(C,(2))) is
sc-graph for n is odd.
Hence, ecc(P(C,,(2))) is sc-graph for n > 3. O

flwas) = 3and f(wasa) = 4, flu) =
/

_ ; . n45 ndgT
(vi) = n+14, fori = "= %5 ... n,

Example 2.2. P(C5(2)), ecc(P(C5(2))) and sc-labeling of ecc(P(C5(2))) are
shown in below figure.

7 we O ecc(P(Cs(2))) 0 Tvs 10

Figure 2.2: P(C5(2)), ecc(P(C5(2))) and sc-labeling of ecc(P(C5(2)))

90



K. Periasamy, K. Venugopal, P. Lawrence Rozario Raj

Theorem 2.3. ecc(S(m,n)) is sc-graph for m,n > 2.

Proof. S(m,n) is a double star for m,n > 2.
S(m,n) has m + n + 2 vertices and m + n + 1 edges. The vertices of S(m,n)

are v, V1, Vg, -+, Uy W, W1, Wy 5+ Wy, ecc(S(m,n))is Ki + K, + K,, +
K, the vertices of ecc(S(m,n)) are v, wy,ws, - , Wy, W,V1,Ve, ,+ - ,Uy. In
ecc(S(m,n)), v is adjacent to wy, way, - -+ ,w,; w is adjacent to vy, va, -+ , Uy, ,
and, also wy,wy, - -+ ,w, and vy, ve, - - - , v, are mutually adjacent.

V(ecc(S(m,n)))| = m+n+2and |E(ecc(S(m,n)))| = nm+m++n. Define
f:V(ece(S(m,n))) = 1,2,--- ,m+ n + 2 as follows.

f(v)=1land f(w) =2, f(w;) =i+2,fori =1,2,---  m, f(v;) =i+n+2,
fori =1,2,--- ,n. Now es(0) = ef(1) = ™E2ER 'when m and n are even. e;(0)
= matman=2 and ey(1) = HEE2  when either m is even and n is odd or m is
odd and n is even. e;(0) = ZE2ENE2 and ¢ (1) = 22ERER=2 when m and n are
odd. Thus, |e;(0)—ef(1)] < 1.
Hence, ecc(S(m,n)) is sc-graph for m,n > 2. O

Example 2.3. S(4,5), ecc(S(4,5)) and sc-labeling of ecc(S(4,5)) are shown in
below figure.

ecc(S(4.5))
Figure 2.3 : S(4,5), ecc(S(4,5)) and sc-labeling of ecc(S(4,5))
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3 Conclusions

Interesting and marvelous graph structures of some more new families of ec-
centric graph are derived and verified all are separation cordial eccentric graphs.
We discussed only the eccentric graphs of graphs, which are obtained by some
more graph operations of graphs. The construction of these eccentric graphs are
difficult but interesting one. We presented ecc(C,, ® K;), ecc(P(C,(2))) and
ecc(S(m,n)) are separation cordial eccentric graphs.

Acknowledgements

The author would like to express his sincere thanks to the editor and anony-
mous reviewers for their time and valuable suggestions.

References

J. Akiyama, K. Ando, and D. Avis. Eccentric graphs. Discrete Math., 56:1-6,
1985.

I. Cahit. Cordial graphs: A weaker version of graceful and harmonious graphs.
Ars Combinatoria, 23:201-207, 1987.

Elachini V. Lal. Separation cordial labeling of graphs. Elixir Appl. Math., 80:
30863-30869, 2015a.

Elachini V. Lal. Separation cordial labeling for some star and bistar related graphs.
Elixir Dis. Math., 83:32771-32775, 2015b.

J. A. Gallian. A dynamic survey of graph labeling. The Electronic Journal of
Combinatorics, #DS6:1-535, 2019.

R. L. Graham and N. J. J. Sloane. On additive bases and harmonious graphs.
SIAM J. Alg. Discrete Math., 1:382—-404, 1980.

F. Harary. Graph Theory. Addison-Wesley, Reading, Mass, 1972.

S. Kaspar, B. Gayathri, M. P. Kulandaivel, and N. Shobanadevi. Eccentric graphs
of some particular classes of graphs. International Journal of Pure and Applied
Mathematics, 16(119):145-152, 2018.

Poulomi Ghosh and Anita Pal. Prime cordial labeling on eccentric graph of cycle
and path. Advanced Modeling and Optimization, 19(1):133-139, 2017.

92



K. Periasamy, K. Venugopal, P. Lawrence Rozario Raj

A. Rosa. On certain valuations of the vertices of a graph, in: Theory of Graphs
(Internat. Symposium, Rome, July 1966). Gordon and Breach, N. Y. and Dunod
Paris, 1967.

S. C. Shee and Y. S. Ho. The cordiality of the path-union of n copies of a graph.
Discrete Mathematics, 151:221-229, 1996.

Tom M Apostol. Introduction to Analytic Number Theory. Narosa, New Delhi,
1998.

93



