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Abstract 

 

This article elaborates about a novel approach on defining 𝜃-open sets and its properties 

in 𝑁-topological space. We establish various continuous maps and discuss the 

relationship with 𝜃-continuous maps using 𝑁-topology. We procure important results in 

𝜃-irresolute maps by 𝜃 open sets. Finally, we develop the idea of 𝜃-connectedness 

properties and some new type of separation axioms in this space. 
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1. Introduction  

J.C. Kelly [1] introduced bitopological space and its essential role to study the 

shapes of objects. In topological spaces, The notion of α-open sets was initiated by 

Njastad [2] and 𝜃open sets, 𝜃closed sets and 𝜃closure are established by Velicko [3]. 

Lellis Thivagar et al. [4] originated the structure of 𝑁-topology and its continuous 

properties, weak forms [5] which are all helps to form more topologies on a non-empty 

set. 

Lellis Thivagar et al. [6] introduced 𝑁𝜏𝜃-open sets and 𝑁𝜏𝜃-interior concepts in 𝑁-

topology using 𝑁𝜏𝜃-closed sets. In this article, we explored 𝜃-open sets in 𝑁-

topological space in a different way and introduced some other properties. We defined 

its continuous maps and investigated the relationship with other continuous maps. Also, 

we derive important results in 𝜃- irresolute maps by 𝜃 open sets. Further, introduced the 

concept of 𝜃-connectedness and examined their properties. Finally, some sorts of 

separation axioms in 𝑁-topological space were discussed. 

2. Preliminaries 

In this part, we recollect some definitions and results which are beneficial in the 

sequent. 

Definition 2.1 [1] A bitopological space (𝑍, 𝑃, 𝑄) is a set 𝑍 with two topologies, 𝑃 and 

𝑄 on it. 

Definition 2.2 [2] If 𝑍 is a non empty set and 𝜏1, 𝜏2, 𝜏3, … , 𝜏𝑁 are 𝑁 arbitrary topologies 

defined on 𝑍 and the collection  

𝑁𝜏 = {𝑃 ⊆  𝑍: 𝑃 =  (⋃ 𝐴𝑖
𝑛
𝑖=1 ) ∪ (⋂ 𝐵𝑖

𝑛
𝑖=1 ),   𝐴𝑖 , 𝐵𝑖 ∈ 𝜏𝑖} persuades the axioms: 

(i) 𝑍, ∅ ∈ 𝑁𝜏 

(ii) ⋃ 𝑃𝑖
∞
𝑖=1   ∈ 𝑁𝜏 for all  {𝑃𝑖}𝑖=1

∞ ∈ 𝑁𝜏 

(iii) ⋂ 𝑃𝑖
𝑛
𝑖=1  ∈ 𝑁𝜏  for all  {𝑃𝑖}𝑖=1

𝑛 ∈ 𝑁𝜏. 

Then (𝑍,𝑁𝜏) is claimed as 𝑁 topological space and 𝑁𝜏 is called 𝑁 topology. 

Definition 2.3 [3] In (𝑍,𝑁𝜏), 𝑈 ⊆ 𝑍 is said to be  

(i) 𝑁𝜏semi-open set if 𝑈 ⊆ 𝑁𝜏𝑐𝑙(𝑁𝜏𝑖𝑛𝑡(𝑈)) 

(ii) 𝑁𝜏 pre-open set if 𝑈 ⊆  𝑁𝜏 𝑖𝑛𝑡(𝑁𝜏 𝑐𝑙(𝑈)) 

(iii) 𝑁𝜏𝛼-open set if 𝑈 ⊆  𝑁𝜏 𝑖𝑛𝑡(𝑁𝜏 𝑐𝑙(𝑁𝜏 𝑖𝑛𝑡(𝑈))) 

(iv) 𝑁𝜏𝛽-open set if 𝑈 ⊆  𝑁𝜏 𝑐𝑙(𝑁𝜏 𝑖𝑛𝑡(𝑁𝜏 𝑐𝑙(𝑈))) 

Proposition 2.4 [2] Let the two 𝑁 topological spaces are (𝑍,𝑁𝜏) and (𝑌, 𝑁𝜎). A 

mapping 𝜂 : (𝑍,𝑁𝜏)  → (Y,N𝜎) is 𝑁∗continuous on Z if 𝜂−1(𝑉) ∈ 𝑁𝜏𝑂(𝑍) for every 

𝑉 ∈ 𝑁𝜎𝑂(𝑌). 
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Definition 2.5 [3] Let (𝑍, 𝑁𝜏) and (𝑌, 𝑁𝜎) are two N topological spaces. A mapping 𝜂 : 

(𝑍, 𝑁𝜏)  → (Y,N𝜎) is 𝑁∗𝛼 continuous (resp. 𝑁∗semi continuous, 𝑁∗pre continuous, 

𝑁∗𝛽 continuous) on 𝑍 if the inverse image of every 𝑁𝜎 open set in 𝑌 is a 𝑁𝜏𝛼 open set 

(resp. 𝑁𝜏 semi open,  𝑁𝜏 pre open, 𝑁𝜏 𝛽 open) in 𝑍. 

Definition 2.6 [6] Suppose (𝑋, 𝑁𝜏) be a N topological space and 𝑃 ⊆ 𝑋. An element 

𝑠 ∈ 𝑋 is said to be 𝑁𝜏-𝜃 cluster point of 𝑃 if 𝑃 ∩ 𝑁𝜏 𝑐𝑙(𝐺) ≠ ∅ for every 𝑁𝜏 open set 𝐺 

containing𝑠. The set of all 𝑁𝜏- 𝜃 cluster points of 𝑃 is called 𝑁𝜏- 𝜃 closure of 𝑃 and is 

denoted by 𝑁𝜏- 𝑐𝑙𝜃(𝑃). A subset 𝑃 of 𝑋 is said to be 𝑁𝜏𝜃 closed in 𝑋 if 𝑁𝜏 𝑐𝑙𝜃(𝑃) = 𝑃. 

The complement of 𝑁𝜏𝜃closed set is 𝑁𝜏𝜃 open. 

Definition 2.7 [6] Let 𝑃 ⊆ (𝑋, 𝑁𝜏) and an element 𝑥 ∈ 𝑃 is 𝑁𝜏𝜃-interior point of 𝑃 if 

𝑁𝜏 𝜃𝑐𝑙(𝐺) ⊆ 𝑃 for some 𝑁𝜏 open set 𝐺 containing 𝑥. The set of all 𝑁𝜏𝜃 interior points 

of 𝑃 is called 𝑁𝜏𝜃-interior of 𝑃 and is denoted by 𝑁𝜏- 𝑖𝑛𝑡𝜃(𝑃). 

 

3. 𝑵𝝉𝜽-open sets and its properties 

In this segment, we strive to define 𝑁𝜏𝜃-open sets in a different way and study its 

common properties which are 𝜃-neighborhood, 𝜃-limit point, 𝜃-derived set, 𝜃-frontier, 

𝜃-exterior in 𝑁 topological space. We introduce 𝑁𝜏-regular open and its connection 

with 𝑁𝜏𝜃-open sets.  

Definition 3.1 A set 𝑆 ⊆ (𝑃, 𝑁𝜏) is called 𝑁𝜏𝜃-open if for every 𝑝 ∈ 𝑆, ∃ a 𝑁𝜏𝑂(𝒢) 

such that 𝑝 ∈  𝒢 ⊆  𝑁𝜏 𝑐𝑙(𝒢)⊆ 𝑆. 

Example 3.2 Let 𝑃 = {1,2,3,4}, For 𝑁 = 3 , 𝜏1 = {∅, {1,2}, {1,2,3}, 𝑃}, 𝜏2 = {∅, {3}, 

{3,4}, 𝑃} 𝜏3 = {∅, {1,2}, {3}, {1,2,3}, 𝑃 } and 3𝜏={∅, {3}, {1,2}, {3,4}, {1,2,3}, 𝑃}. Then 

3𝜏𝜃𝑂(𝑃) = {∅, {1,2}, {3,4}, 𝑃}.   

Remark 3.3 The collection of all 𝑁𝜏𝜃-open sets produces a 𝑁 topology and is signified 

as 𝑁𝜏𝜃. 

Definition 3.4 In (𝑃, 𝑁𝜏), 𝑀 is said to be 𝑁𝜏-𝜃 neighborhood of 𝑢 if ∃ ℒ ∈  𝑁𝜏𝜃 such 

that 𝑢 ∈ 𝐿 ⊆ 𝑀 where 𝑢 ∈ 𝑃 and 𝑀 ⊆ 𝑃. 

Definition 3.5 Let 𝑆 ⊆ (𝑃, 𝑁𝜏) and 𝑝 ∈ 𝑃  is called 𝑁𝜏𝜃 limit point of 𝑆, if for each 

𝑁𝜏𝜃 open set ℋ containing 𝑝 , ℋ ∩ {𝑆 − {𝑝}} ≠ ∅. 

Definition 3.6 The collection of all 𝑁𝜏𝜃 limit points of 𝑆 is called 𝑁𝜏θ-derived set of 𝑆 

and it is signified as 𝑁𝜏 𝜃𝐷(𝑆). 

Theorem 3.7 If 𝑃, 𝑄 ⊆ (𝑍, 𝑁𝜏) then 

(i) 𝑁𝜏𝐷(𝑃) ⊂ 𝑁𝜏 𝜃𝐷(𝑃) where 𝑁𝜏𝐷(𝑃) is the 𝑁𝜏 derived set of 𝑃 
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(ii) If 𝑃 ⊂ 𝑄 then 𝑁𝜏 𝜃𝐷(𝑃) ⊂ 𝑁𝜏 𝜃𝐷(𝑄) 

(iii) 𝑁𝜏 𝜃𝐷(𝑃)  ∪ 𝑁𝜏 𝜃𝐷(𝑄)= 𝑁𝜏 𝜃𝐷(𝑃 ∪ 𝑄)  

(iv) 𝑁𝜏 𝜃𝐷(𝑃 ∩ 𝑄) ⊂  𝑁𝜏 𝜃𝐷(𝑃) ∩  𝑁𝜏 𝜃𝐷(𝑄) 

(v) 𝑁𝜏 𝜃𝐷(𝑁𝜏 𝜃𝐷(𝑃)) − 𝑃 ⊂ 𝑁𝜏 𝜃𝐷(𝑃) 

(vi) 𝑁𝜏 𝜃𝐷(𝑃 ∪ 𝑁𝜏 𝜃𝐷(𝑃)) ⊂ 𝑃 ∪  𝑁𝜏 𝜃𝐷(𝑃).  

Proof: 

(i) It is enough to perceive that every 𝑁𝜏𝜃-open set is 𝑁𝜏open. 

(ii), (iii), (iv) are obvious. 

(v) If 𝑥 ∈  𝑁𝜏 𝜃𝐷(𝑁𝜏 𝜃𝐷(𝑃)) − 𝑃 and 𝑉 ∈ 𝑁𝜏𝜃𝑂(𝑍) and 𝑥 ∈ 𝑉 then 𝑉 ∩ 

(𝑁𝜏𝜃𝐷(𝑃) − {𝑥}) ≠ ∅.If 𝑦 ∈ 𝑉 ∩ 𝑁𝜏 𝜃𝐷(𝑃) − {𝑥} then 𝑦 ∈ 𝑉 and 𝑦 ∈
𝑁𝜏 𝜃𝐷(𝑃).  𝑉 ∩ (𝑃 − {𝑦}) ≠ ∅. Now if 𝑧 ∈  𝑉 ∩ (𝑃 − {𝑦}) then 𝑧 ≠ 𝑥 for 𝑧 ∈ 𝑃 

and 𝑥 ∉ 𝑃. 𝑉 ∩ (𝑃 − {𝑥}) ≠ ∅.  Hence 𝑥 ∈ 𝑁𝜏 𝜃𝐷(𝑃). 

(vi) Let 𝑥 ∈ 𝑁𝜏 𝜃𝐷(𝑃 ∪ 𝑁𝜏 𝜃𝐷(𝑃)). If 𝑥 ∈ 𝑃 then the result is true. Now, If 𝑥 ∈ 

𝑁𝜏 𝜃𝐷(𝑃 ∪ 𝑁𝜏 𝜃𝐷(𝑃)) − 𝑃  then for 𝑁𝜏- 𝜃 open set 𝑉 containing 𝑥 then 𝑉 ∩ 

(𝑃 ∪ 𝑁𝜏 𝜃𝐷(𝑃)-{𝑥}) ≠ ∅. So 𝑉 ∩ (𝑃 − {𝑥}) ≠ ∅ or 𝑉 ∩ (𝑁𝜏 𝜃𝐷(𝑃) −{𝑥})≠ ∅. 

Now it arrives by (v) that 𝑉 ∩ (𝑃 − {𝑥}) ≠ ∅. Hence  𝑥 ∈ 𝑁𝜏 𝜃𝐷(𝑃) and  

𝑁𝜏 𝜃𝐷(𝑃 ∪ 𝑁𝜏 𝜃𝐷(𝑃)) ⊂ 𝑃 ∪ 𝑁𝜏 𝜃𝐷(𝑃). 

Theorem 3.8 If  𝑆 ⊆ (𝑃, 𝑁𝜏) then 𝑆 ∪ 𝑁𝜏 𝜃𝐷(𝑆)  ⊂  𝑁𝜏- 𝑐𝑙𝜃(𝑆). 

Proof: Since 𝑁𝜏 𝜃𝐷(𝑆) ⊂  𝑁𝜏- 𝑐𝑙𝜃(𝑆), 𝑆 ∪ 𝑁𝜏 𝜃𝐷(𝑆)  ⊂ 𝑁𝜏- 𝑐𝑙𝜃(𝑆). 

Definition 3.9 Let (𝑃, 𝑁𝜏) be a 𝑁 topological space. The 𝜃-border of a set 𝑆 ⊂ 𝑃, 

denoted by 𝑁𝜏 𝜃𝑏(𝑆) is 𝑆 − (𝑁𝜏- 𝑖𝑛𝑡𝜃(𝑆)) 

Theorem 3.10 If  𝑆 ⊆ (𝑃, 𝑁𝜏) then the following statements hold: 

(i) 𝑁𝜏𝑏(𝑆) ⊂ 𝑁𝜏 𝜃𝑏(𝑆) where 𝑁𝜏𝑏(𝑆)  denotes the 𝑁𝜏-border of S 

(ii) 𝑆 =  𝑁𝜏- 𝑖𝑛𝑡𝜃(𝑆) ∪ 𝑁𝜏 𝜃𝑏(𝑆) 

(iii) 𝑁𝜏- 𝑖𝑛𝑡𝜃(𝑆) ∩  𝑁𝜏 𝜃𝑏(𝑆) = ∅ 

(iv) S is a 𝑁𝜏 𝜃-open set if and only if 𝑁𝜏 𝜃𝑏(𝑆) = ∅ 

(v) 𝑁𝜏- 𝑖𝑛𝑡𝜃(𝑁𝜏 𝜃𝑏(𝑆)) = ∅ 

(vi) 𝑁𝜏 𝜃𝑏(𝑁𝜏 𝜃𝑏(𝑆)) = 𝑁𝜏 𝜃𝑏(𝑆) 

(vii) 𝑁𝜏 𝜃𝑏(𝑆) = 𝑆 ∩ 𝑁𝜏- 𝑐𝑙𝜃(𝑃 − 𝑆). 

Proof: Obvious 

Definition 3.11 Let (𝑃, 𝑁𝜏) be a 𝑁 topological space. The 𝜃-frontier of a set 𝑆 ⊂ 𝑃, 

signified by 𝑁𝜏 𝜃𝐹𝑟(𝑆) is defined as 𝑁𝜏 𝜃𝐹𝑟(𝑆)  = 𝑁𝜏- 𝑐𝑙𝜃(𝑆) −  𝑁𝜏- 𝑖𝑛𝑡𝜃(𝑆). 

Example 3.12 Let 𝑃 = {1,2,3,4},  For 𝑁 = 3 , 𝜏1 = {∅, {1,2}, {1,2,3}, 𝑃}, 𝜏2 = {∅, {3},  

{3,4}, 𝑃}, 𝜏3 = {∅, {1,2}, {3}, {1,2,3}, 𝑃} and 3𝜏 ={∅, {3}, {1,2}, {3,4}, {1,2,3}, 𝑃}.Let 

𝑆 = {1,2,3} and 3𝜏𝜃-𝑐𝑙(𝑆)=𝑃, 3𝜏- 𝑖𝑛𝑡𝜃(𝑆) = {1,2}. Then 3𝜏 𝜃𝐹𝑟(𝑆) = {3,4}.   
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Proposition 3.13 If  𝑆 ⊆ (𝑃, 𝑁𝜏) then the following statements hold: 

(i) 𝑁𝜏𝐹𝑟(𝑆) ⊂ 𝑁𝜏 𝜃𝐹𝑟(𝑆) where 𝑁𝜏𝐹𝑟(𝑆) denotes the 𝑁𝜏-frontier of S. 

(ii) 𝑁𝜏- 𝑐𝑙𝜃(𝑆) =  𝑁𝜏- 𝑖𝑛𝑡𝜃(𝑆) ∪ 𝑁𝜏 𝜃𝐹𝑟(𝑆) 

(iii) 𝑁𝜏- 𝑖𝑛𝑡𝜃(𝑆) ∩  𝑁𝜏 𝜃𝐹𝑟(𝑆) = ∅ 

(iv) 𝑁𝜏𝜃𝑏(𝑆) ⊂ 𝑁𝜏 𝜃𝐹𝑟(𝑆) 

(v) 𝑁𝜏 𝜃𝐹𝑟(𝑆) = 𝑁𝜏- 𝑐𝑙𝜃(𝑆) ∩  𝑁𝜏- 𝑐𝑙𝜃(𝑃 − 𝑆) 

(vi) 𝑁𝜏 𝜃𝐹𝑟(𝑆) = 𝑁𝜏 𝜃𝐹𝑟(𝑃 − 𝑆) 

(vii) 𝑁𝜏 𝑖𝑛𝑡𝜃(𝑆) = 𝑆 − (𝑁𝜏 𝜃𝐹𝑟(𝑆)). 

(viii) 𝑁𝜏 𝜃𝐹𝑟(𝑆) is 𝑁𝜏-closed. 

Definition 3.14 The 𝜃-exterior of a set 𝑆 ⊆ (𝑃, 𝑁𝜏), signified by 𝑁𝜏 𝜃𝐸𝑥𝑡(𝑆) is 

determined as 𝑁𝜏 𝜃𝐸𝑥𝑡(𝑆) = 𝑁𝜏 𝑖𝑛𝑡𝜃(𝑃 − 𝑆). 

Example 3.15 Let 𝑃 = {1,2,3,4} and 𝑆 = {1,2,3}. For 𝑁 = 3, 𝜏1 = {∅, {1,2}, {1,2,3}, 

𝑃}, 𝜏2 = {∅, {3}, {3,4}, 𝑃}, 𝜏3 = {∅, {1,2}, {3}, {1,2,3}, 𝑃} and 3𝜏={∅, {3}, {1,2}, {3,4}, 

{1,2,3},𝑃}. Then 3𝜏 𝜃𝐸𝑥𝑡(𝑆)= ∅.   

Proposition 3.16 If 𝑃, 𝑄 ⊆ (𝑍, 𝑁𝜏) then the following statements hold: 

(i) 𝑁𝜏 𝜃𝐸𝑥𝑡(𝑃) ⊂   𝑁𝜏𝐸𝑥𝑡(𝑃) where  𝑁𝜏𝐸𝑥𝑡(𝑃) denotes the 𝑁𝜏-exterior of 𝑃. 

(ii) 𝑁𝜏 𝜃𝐸𝑥𝑡(𝑃) is  𝑁𝜏-open 

(iii) 𝑁𝜏 𝜃𝐸𝑥𝑡 (𝑃) = 𝑁𝜏 𝑖𝑛𝑡𝜃(𝑍 − 𝑃)= 𝑍 − (𝑁𝜏- 𝑐𝑙𝜃(𝑃)) 

(iv) 𝑁𝜏 𝜃𝐸𝑥𝑡 (𝑁𝜏 𝜃𝐸𝑥𝑡 (𝑃)) = 𝑁𝜏 𝑖𝑛𝑡𝜃(𝑁𝜏- 𝑐𝑙𝜃(𝑃)) 

(v) If 𝑃 ⊂ 𝑄, then 𝑁𝜏 𝜃𝐸𝑥𝑡 (𝑃) ⊃ 𝑁𝜏 𝜃𝐸𝑥𝑡 (𝑄) 

(vi) 𝑁𝜏 𝜃𝐸𝑥𝑡 (𝑃 ∪ 𝑄) = 𝑁𝜏 𝜃𝐸𝑥𝑡 (𝑃) ∪ 𝑁𝜏 𝜃𝐸𝑥𝑡 (𝑄) 

(vii) 𝑁𝜏 𝜃𝐸𝑥𝑡 (𝑃 ∩ 𝑄) = 𝑁𝜏 𝜃𝐸𝑥𝑡 (𝑃) ∩ 𝑁𝜏 𝜃𝐸𝑥𝑡 (𝑄) 

(viii) 𝑁𝜏 𝜃𝐸𝑥𝑡  (𝑍) = ∅ 

(ix) 𝑁𝜏 𝜃𝐸𝑥𝑡  (∅) = 𝑍 

(x) 𝑁𝜏 𝜃𝐸𝑥𝑡  (𝑍 − 𝑁𝜏 𝜃𝐸𝑥𝑡 (𝑃)) ⊂ 𝑁𝜏 𝜃𝐸𝑥𝑡 (𝑃) 

(xi) 𝑁𝜏 𝑖𝑛𝑡𝜃(𝑃) ⊂ 𝑁𝜏 𝜃𝐸𝑥𝑡  (𝑁𝜏 𝜃𝐸𝑥𝑡  (𝑃)) 

(xii) 𝑍 =  𝑁𝜏 𝑖𝑛𝑡𝜃(𝑃) ∪ 𝑁𝜏 𝜃𝐸𝑥𝑡 (𝑃) ∪ 𝑁𝜏 𝜃𝐹𝑟  (𝑃). 

Definition 3.17 A set 𝐸 is 𝑁𝜏-regular open if 𝐸=. 𝑁𝜏-𝑖𝑛𝑡(𝑁𝜏-𝑐𝑙(𝐸)). 

Theorem 3.18 If ℋ ⊂ (𝑃, 𝑁𝜏) is 𝑁𝜏𝜃-open and 𝑥 ∈ ℋ then ∃ a 𝑁𝜏-regular open set 𝒢 

∋: 𝑥 ∈ 𝒢 ⊂ 𝑁𝜏-𝑐𝑙(𝒢) ⊂ ℋ. 

Proof: Since 𝐻 is 𝑁𝜏-𝜃 open, there exist an 𝑁𝜏open set 𝑊 ∋: 𝑥 ∈ 𝑊 ⊂  𝑁𝜏-𝑐𝑙(𝑊) ⊂

𝐻. But 𝑁𝜏-𝑖𝑛𝑡(𝑁𝜏-𝑐𝑙(𝑊)) = 𝐺 is 𝑁𝜏 -regular open and if follows that 𝑥 ∈ 𝒢 ⊂ 𝑁𝜏-

𝑐𝑙(𝒢) ⊂ ℋ due to the fact that 𝑁𝜏-𝑐𝑙(𝑊) ⊂ ℋ. 
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Corollary 3.19 The set  ℋ is 𝑁𝜏𝜃-open ⟺ for each 𝑦 ∈ ℋ, there exist a 𝑁𝜏-regular 

open 𝒢 such that 𝑦 ∈ 𝒢 ⊂ 𝑁𝜏-𝑐𝑙(𝒢) ⊂ ℋ. 

Definition 3.20 A space (𝑃, 𝑁𝜏) is 𝑁𝜏 almost-regular if ∀ 𝑝 ∈ 𝑃 and 𝑁𝜏-regular closed 

set 𝒢 not containing 𝑝, there exists disjoint 𝑁𝜏 open sets 𝐿 and 𝑀 ∋: 𝑥 ∈ 𝐿 and 𝒢 ⊂ 𝑀. 

 

4. 𝑵∗𝜽-continuous maps 

In this segment, we establish various continuous maps and discuss the relationship 

with 𝜃-continuous maps in 𝑁 topological space. Moreover, explored Urysohn space, 𝜃–

irresolute and its properties using 𝑁-topology. Throughout this segment 𝑃, 𝑄 and 𝑅 

represents the 𝑁-topological spaces (𝑃, 𝑁𝜏), (𝑄, 𝑁𝜎) and (𝑅, 𝑁𝜌) respectively.  

Definition 4.1 A mapping 𝜂: 𝑃 → 𝑄 is 𝑁∗almost-continuous at 𝑢 ∈ 𝑃 ⟺ for all 𝑁𝜎-

open set ℋ ⊂ 𝑄 containing 𝜂(𝑢), 𝑁𝜏 -𝑐𝑙(𝜂−1(ℋ)) is a 𝑁𝜏-neighborhood of 𝑢. If this 

convinced for every 𝑢 ∈ 𝑃, then 𝜂 is said to be 𝑁∗almost continuous. 

Definition 4.2 A mapping 𝜂: 𝑃 → 𝑄 is 𝑁∗𝜃-continuous if  𝜂−1(ℋ) ∈ 𝑁𝜏𝜃 ∀ ℋ ∈ 𝑁𝜎. 

Definition 4.3 A mapping 𝜂: 𝑃 → 𝑄 is 𝑁∗weakly continuous at 𝑢 ∈ 𝑃 if for every 𝑁𝜎 

open set ℋ, 𝜂 (𝑢) ∈ ℋ ⊂ 𝑄 ∃ an 𝑁𝜏 open set 𝒢, 𝑢 ∈ 𝒢 ⊂ 𝑃 ∋: 𝜂(𝒢) ⊆  𝑁𝜎 -𝑐𝑙(ℋ). If 

this convinced for every 𝑢 ∈ 𝑃  then 𝜂 is 𝑁∗weakly continuous.  

Definition 4.4 A 𝑁 topological space (𝑃, 𝑁𝜏) is 𝑁𝜏-urysohn if for every  𝑢 ≠ 𝑣 ∈ 𝑃, ∃ 

an 𝑁𝜏 open sets 𝒢 and ℋ, 𝑢 ∈ 𝒢 and 𝑣 ∈ ℋ ∋: 𝑁𝜏 -𝑐𝑙 (𝒢) ∩  𝑁𝜏 -𝑐𝑙 (ℋ) = ∅. 

Proposition 4.5 If 𝜂, 𝛾 be 𝑁∗weakly-continuous from 𝑃 to a 𝑁𝜎 urysohn space 𝑄 then 

𝐴 = {𝑢 ∈ 𝑃: 𝜂(𝑢) = 𝛾(𝑢)} is a 𝑁𝜏 closed set. 

Corollary 4.6 Let 𝜂, 𝛾 be 𝑁∗weakly-continuous from 𝑃 to a 𝑁𝜎-urysohn space 𝑄 and if 

𝜂, 𝛾 coincide on a 𝑁𝜏 dense subset of 𝑃 then 𝜂 = 𝛾 everywhere. 

Corollary 4.7 Let 𝜂, 𝛾 be 𝑁∗𝜃-continuous from 𝑃 to a 𝑁𝜎-urysohn space 𝑄 and if 𝜂, 𝛾 

agree on a 𝑁𝜏𝜃 dense subset of 𝑃 then 𝜂 = 𝛾 everywhere. 

Corollary 4.8 Let 𝜂, 𝛾 be 𝑁∗strongly 𝜃-continuous from 𝑃 to a 𝑁𝜎 Hausdorff space 𝑄. 

If 𝜂, 𝛾 agree on a 𝑁𝜏𝜃 dense subset of 𝑃 then 𝜂 = 𝛾 all over. 

Definition 4.9 A mapping 𝜂: 𝑃 → 𝑄 is 𝑁∗ faintly continuous if 𝜂−1(𝑈) is 𝑁𝜏-open for 

every 𝑁𝜎-𝜃 open set 𝑈 ∈ 𝑄 

Definition 4.10 A mapping 𝜂: 𝑃 → 𝑄 is 𝑁∗quasi 𝜃-continuous if 𝜂−1(𝑈) is 𝑁𝜏𝜃-open 

for every 𝑁𝜎𝜃-open set 𝑈 ∈ 𝑄. 
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Proposition 4.11 If a mapping 𝜂: 𝑃 →  𝑄 is 𝑁∗weakly continuous then 𝜂 is 𝑁∗faintly 

continuous. 

Proof: If 𝑢 ∈ 𝑃 and 𝐺 is a 𝑁𝜎𝜃 open  ∋: 𝜂(𝑢) ∈ 𝐺 ⊆ 𝑄 then ∃ an 𝑁𝜎 open set 𝑀 ∋

: 𝜂(𝑢) ∈ 𝑀 ⊂ 𝑁𝜎-𝑐𝑙(𝑀) ⊂ 𝐺 . Since, 𝜂 is 𝑁∗weakly-continuous then ∃ an 𝑁𝜏 open set 

𝐾 containing 𝑢 ∋: 𝜂(𝐾) ⊂ 𝑁𝜎-𝑐𝑙(𝑀) ⊂ 𝐺. Consequently 𝜂 is 𝑁∗ faintly-continuous. 

Proposition 4.12 Every 𝑁∗weakly 𝜃-continuous is 𝑁∗quasi 𝜃-continuous.  

Theorem 4.13 Every 𝑁∗weakly-continuous need not be 𝑁∗𝜃-continuous. 

Proof: This can be proved by an simple example.  

Let 𝑃 = {𝑙, 𝑚, 𝑛, 𝑜}. For 𝑁 = 3 , 𝜏1 = {∅, {𝑙, 𝑚, 𝑛}, 𝑃}, 𝜏2 = {∅, {𝑛}, 𝑃 } 𝜏3 = {∅,  {𝑛, 𝑜}, 
𝑃} and 3𝜏 = {∅, {𝑙, 𝑚, 𝑛}, {𝑛}, {𝑛, 𝑜}, 𝑃}.  Let 𝑄 = {𝑟, 𝑠, 𝑡, 𝑢}.  For 𝑁 = 3, 𝜎1 = {∅, {𝑟, 𝑠}, 
{𝑢}, {𝑟, 𝑠, 𝑢}, 𝑄}, 𝜎2 = {∅, {𝑠, 𝑢}, {𝑠, 𝑡, 𝑢}, 𝑄}, 𝜎3 = {∅, {𝑠}, {𝑟, 𝑠}, 𝑄} and 3𝜎 = {∅, {𝑟, 𝑠}, 
{𝑠}, {𝑢}, {𝑠, 𝑢}, {𝑟, 𝑠, 𝑢}, {𝑠, 𝑡, 𝑢}, 𝑄}. Define 𝛾: 𝑃 → 𝑄 by 𝛾(𝑙) = 𝑟, 𝛾(𝑚) = 𝑠, 𝛾(𝑛) = 𝑡, 
𝛾(𝑜) = 𝑢. Here 𝛾 is 3∗weakly continuous but not a 3∗𝜃continuous.  

Lemma 4.14 If 𝜂: 𝑃 → 𝑄 is 𝑁∗faintly continuous and 𝛾: 𝑃 → 𝑄 is 𝑁∗quasi 𝜃 continuous 

(res.𝑁∗strongly 𝜃 continuous) then 𝛾 ∘ 𝜂: 𝑃 → 𝑅 is 𝑁∗faintly continuous (res.,𝑁∗  

continuous). 

Lemma 4.15 If 𝜂: 𝑃 → 𝑄 is 𝑁∗continuous and 𝛾: 𝑄 → 𝑅  𝑁∗faintly-continuous then 𝛾 ∘

𝜂: 𝑃 → 𝑅 is 𝑁∗faintly continuous. 

Lemma 4.16 If 𝜂: 𝑃 → 𝑄 is a 𝑁∗quasi 𝜃-continuous and 𝛾: 𝑄 → 𝑅 is 𝑁∗ quasi 

𝜃continuous then 𝛾 ∘ 𝜂: 𝑃 → 𝑅 is 𝑁∗quasi 𝜃continuous. (res. 𝑁∗ strongly 𝜃-continuous). 

Proposition 4.17 If 𝜂:(𝑃, 𝑁𝜏)  → (𝑄, 𝑁𝜎) is a mapping then the following are similar: 

(1) 𝜂 is 𝑁∗𝜃-continuous 

(2) The inverse image of each 𝑁𝜎 closed set in 𝑄 is a 𝑁𝜏-𝜃 closed set in 𝑃 

(3) 𝑁𝜏 𝑐𝑙𝜃[𝜂−1(ℋ)] ⊆ 𝜂−1[𝑁𝜎-𝑐𝑙(ℋ)]  for every ℋ ⊆ 𝑄 

(4) 𝜂[𝑁𝜏- 𝑐𝑙𝜃(𝒢)] ⊆ 𝑁𝜎-𝑐𝑙[𝜂(𝒢)], for every 𝒢 ⊆ 𝑃 

(5) 𝜂−1(𝑁𝜎-𝑖𝑛𝑡(𝒢))  ⊆  𝑁𝜏 𝑖𝑛𝑡𝜃(𝜂−1(𝒢)) for every 𝒢 ⊆ 𝑄. 

Proof: (1) ⟹ (2) Let ℋ ⊆ 𝑄 be an 𝑁𝜎 closed. Since 𝜂 is 𝑁∗𝜃 continuous 𝜂−1(𝑄 −

ℋ)= 𝑃 − 𝜂−1(ℋ) is 𝑁𝜏 𝜃 open. Hence  𝜂−1(ℋ) is 𝑁𝜏-𝜃closed in 𝑃. 

(2) ⟹ (3) Since 𝑁𝜎-𝑐𝑙(ℋ) is 𝑁𝜎 closed ∀ℋ ⊆ 𝑄 then 𝜂−1(𝑁𝜎-𝑐𝑙(ℋ)) is 𝑁𝜏𝜃-

closed. Hence 𝜂−1(𝑁𝜎-𝑐𝑙(ℋ)) = 𝑁𝜏 −  𝑐𝑙𝜃 [𝜂−1(𝑁𝜎-𝑐𝑙(ℋ))] ⊇ 𝑁𝜏 − 𝑐𝑙𝜃[𝜂−1(ℋ)]. 

(3) ⟹ (4) Let 𝒢 ⊆ 𝑃 and 𝜂(𝒢)=𝑉. Then 𝑁𝜏 −  𝑐𝑙𝜃(𝜂−1(𝑉)) ⊆ 𝜂−1(𝑁𝜎-𝑐𝑙 (𝑉)). Thus 

𝑁𝜏- 𝑐𝑙𝜃(𝒢) ⊆ 𝑁𝜏- 𝑐𝑙𝜃 [𝜂−1(𝜂(𝒢))] ⊆ 𝜂−1(𝑁𝜎-𝑐𝑙 (𝜂(𝒢))). Hence, it follows that 

𝜂(𝑁𝜏-𝑐𝑙𝜃(𝒢)) ⊆ 𝑁𝜎-𝑐𝑙(𝜂(𝒢)). 

169



Loyala Foresith Spencer J, Davamani Christober M 

 

 

(4) ⟹ (5) Let 𝒢 ⊆ 𝑄. By (4) 𝜂[𝑁𝜏- 𝑐𝑙𝜃(𝑃 − 𝜂−1(𝒢)] ⊆ 𝑁𝜎- 𝑐𝑙𝜃(𝜂(𝑃 − 𝜂−1(𝒢)) and 

𝜂[𝑃 − (𝑁𝜏- 𝑖𝑛𝑡𝜃(𝜂−1(𝒢)))] ⊆  𝑁𝜎-𝑐𝑙(𝑄- 𝒢) =𝑄 − (𝑁𝜎 𝑖𝑛𝑡(𝒢)). Therefore 𝑃 − [𝑁𝜏-

𝑖𝑛𝑡𝜃(𝜂−1(𝒢))] ⊆ 𝜂−1(𝑄 − (𝑁𝜎- 𝑖𝑛𝑡(𝒢))) and hence 𝜂−1(𝑁𝜎 𝑖𝑛𝑡(𝐺)) ⊆ 𝑁𝜏 𝑖𝑛𝑡𝜃 (𝜂−1 

(𝒢)) for every 𝒢 ⊆ 𝑄. 

(5) ⟹ (1) If 𝒢 ⊆ 𝑄 be an 𝑁𝜎 open set and 𝜂−1(𝑁𝜎 -𝑖𝑛𝑡(𝒢) ⊆ 𝑁𝜏 𝑖𝑛𝑡𝜃(𝜂−1(𝒢)). Then 

𝜂−1(𝒢) ⊆ 𝑁𝜏 𝑖𝑛𝑡𝜃(𝜂−1(𝒢)). But 𝑁𝜏 𝑖𝑛𝑡𝜃(𝜂−1(𝒢)) ⊆ 𝜂−1(𝒢). Hence 𝑁𝜏 𝑖𝑛𝑡𝜃(𝜂−1 (𝒢)) 

= 𝜂−1(𝒢). Therefore 𝜂−1(𝒢) is 𝑁𝜏𝜃-open in 𝑃. 

Proposition 4.18 Let 𝑆 ⊆ 𝑄 ⊆ 𝑃, 𝑄 is 𝑁𝜏𝜃-open in 𝑃 and 𝑆 is 𝑁𝜎𝜃-open in 𝑄. Then 𝑆 

is 𝑁𝜏 𝜃- open in 𝑃. 

Proposition 4.19 If a mapping 𝜂: (𝑃, 𝑁𝜏) → (𝑄, 𝑁𝜎) and {𝑈𝑣: 𝑣 ∈ 𝐼} is a cover of 𝑃 ∋

: 𝑈𝑣 ∈ 𝑁𝜏𝜃 for every 𝑣 ∈ 𝐼. Suppose 𝜂|𝑈𝑣: 𝑈𝑣 → 𝑄 is 𝑁∗𝜃continuous for every 𝑣 ∈ 𝐼 

and then 𝜂 is 𝑁∗𝜃continuous. 

Proof: Let ℋ ⊆ 𝑄 be 𝑁𝜎 open set. Now (𝜂|𝑈𝑣)−1(ℋ) is 𝑁𝜏𝜃-open in 𝑈𝑣 for every 𝑣 ∈

𝐼. We know that 𝑈𝑣is 𝑁𝜏𝜃-open in 𝑃 for each 𝑣 ∈ 𝐼. By proposition 4.18, (𝜂|𝑈𝑣)−1(ℋ) 

is 𝑁𝜏-𝜃 open in 𝑃 for every 𝑣 ∈ 𝐼. But 𝜂−1(ℋ)= ∪ {(𝜂|𝑈𝑣)−1(𝐻): 𝑣 ∈ 𝐼} then 𝜂−1(ℋ) 

∈ 𝑁𝜏𝜃 since 𝑁𝜏𝜃 is 𝑁-topology on 𝑃. This implies 𝜂 is 𝑁∗𝜃-continuous. 

Proposition 4.20 If (𝑃, 𝑁𝜏) and (𝑄, 𝑁𝜎) are 𝑁 topological spaces and 𝜂 ∶  𝑃 →  𝑄 is a 

mapping then the following are identical. 

(a) 𝜂: 𝑃 → (𝑄, 𝑁𝜎) is 𝑁∗faintly continuous. 

(b) 𝜂: 𝑃 → (𝑄, 𝑁𝜎𝜃) is 𝑁∗continuous. 

(c) 𝜂−1(𝑈) is 𝑁𝜏 open for every 𝑁𝜎𝜃-open set 𝑈 ∈ 𝑄. 

(d) 𝜂−1(𝑈) is 𝑁𝜏 closed for every 𝑁𝜎𝜃-closed set 𝑈 ∈ 𝑄. 

Proof: The implication follows from definitions. 

Theorem 4.21 If a mapping 𝜂: 𝑃 →  𝑄 is 𝑁∗weakly continuous then 𝜂 is 𝑁∗faintly 

continuous. 

Proposition 4.22 A 𝑁∗faintly continuous map need not be 𝑁∗weakly continuous. 

Proof: The following example proves this proposition. Let 𝑃 = {0,1},  For 𝑁 = 2 , 

𝜏1 = {∅, 𝑃}, 𝜏2 = {∅, 𝑃, {1}} and 2𝜏={{∅, 𝑃, {1}} and let 𝑄 = {𝑙. 𝑚. 𝑛} with 𝜎1 =

{∅, 𝑄, {𝑙}}, 𝜎2 = {∅, 𝑄, {𝑚}, {𝑙, 𝑚}} and 2𝜎 = {∅, 𝑄, {𝑙}, {𝑚}, {𝑙, 𝑚}}. Now if 𝜂: 𝑃 → 𝑄 is 

defined as 𝜂(0) = 𝑙 and 𝜂(1) = 𝑚. Then 𝜂 is not 2∗weakly continuous at 𝑙 = 0, but 𝜂 is 

2∗-faintly continuous since the only 2𝜎𝜃-open set in 𝑄 is 𝑄 itself. 

Corollary 4.23 If (𝑄, 𝑁𝜎) is 𝑁𝜎 almost-regular and 𝜂: 𝑄 → (𝑄, 𝑁𝜎) then the following 

are equivalent: 

(a) 𝜂 is 𝑁∗faintly continuous 
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(b) 𝜂 is 𝑁∗weakly continuous 

(c) 𝜂 is 𝑁∗𝜃-continuous 

(d) 𝜂 is 𝑁∗almost-continuous. 

Proposition 4.24 If 𝜂: 𝑃 → 𝑄 is 𝑁∗faintly continuous and 𝐾 ⊂ 𝑃, then 𝜂|𝐾: 𝐾 → 𝑄 is 

𝑁∗ faintly -continuous. 

Proposition 4.25 If 𝜂: 𝑃 → 𝑄 is 𝑁∗𝜃 continuous and 𝛾: 𝑄 → 𝑅  is 𝑁∗𝜃 continuous then 

𝛾𝜊𝜂 is 𝑁∗𝜃-continuous. 

Definition 4.26 A mapping 𝜂: (𝑃, 𝑁𝜏) → (𝑄, 𝑁𝜎) is 𝑁∗strongly continuous (𝑁∗strongly 

𝜃-continuous) at 𝑢 ∈ 𝑃 if for every 𝑁𝜎 open set ℋ, 𝜂(𝑢) ∈ 𝐻 ⊂ 𝑄, there exist an 𝑁𝜏- 

open set 𝒢, 𝑢 ∈  𝒢 ⊂ 𝑃 such that 𝜂(𝑁𝜏 -𝑐𝑙 (𝒢)) ⊆  ℋ. If this convinced at every 𝑢 ∈ 𝑃, 

then 𝜂 is 𝑁∗strongly-continuous (𝑁∗strongly 𝜃-continuous) 

Proposition 4.27 Let 𝜂: 𝑃 → 𝑄 be 𝑁∗strongly 𝜃continuous and if 𝛾: 𝑄 → 𝑅 is 𝑁∗-

continuous then 𝛾𝜊𝜂 is 𝑁∗strongly 𝜃-continuous. 

Proposition 4.28 Let 𝜂: 𝑃 → 𝑄 be 𝑁∗𝜃-continuous and if 𝛾: 𝑄 → 𝑅  be 𝑁∗strongly 𝜃-

continuous then 𝛾𝜊𝜂 is 𝑁∗𝜃-continuous. 

 

 

 

 

 

 

 

 

 

Figure 1. The relationship between 𝑁∗𝜃-continuous maps and other continuous maps. 

Definition 4.29 A mapping 𝜂: (𝑃, 𝑁𝜏) → (𝑄, 𝑁𝜎) is 𝑁#-𝜃irresolute if 𝜂−1(𝒢) ∈ 𝑁𝜏𝜃 

for every 𝒢 ∈ 𝑁𝜏𝜃.   

Proposition 4.30 If 𝜂: 𝑃 → 𝑄 is a mapping then the following are identical: 

(i) 𝜂 is 𝑁#-𝜃 irresolute 

 
      1. 𝑁∗strongly 𝜃-continuous 2. 𝑁∗continuous  3. 𝑁∗almost-continuous          

       4. 𝑁∗𝜃-continuous  5. 𝑁∗ Quasi 𝜃-continuous 

       6. 𝑁∗weakly continuous 7. 𝑁∗faintlycontinuous 

 

171



Loyala Foresith Spencer J, Davamani Christober M 

 

 

(ii) 𝜂−1(𝑈) is 𝑁𝜏-𝜃 closed for every 𝑁𝜎-𝜃 closed set 𝑈 ∈ 𝑄 

(iii) 𝑁𝜏- 𝑐𝑙𝜃[𝜂−1(ℋ)] ⊆ 𝜂−1[ 𝑁𝜎- 𝑐𝑙𝜃(ℋ)] for every ℋ ⊆ 𝑄 

(iv) 𝜂[𝑁𝜏- 𝑐𝑙𝜃(𝒢)] ⊆ 𝑁𝜎- 𝑐𝑙𝜃[𝜂(𝒢)] for every 𝒢 ⊆ 𝑃. 

(v) 𝜂−1[𝑁𝜎 𝑖𝑛𝑡𝜃(𝑀)] ⊆  𝑁𝜏 𝑖𝑛𝑡𝜃[𝜂−1(𝑄)] for every 𝑀 ⊆ 𝑄. 

Proposition 4.31 A mapping  𝜂: 𝑃 → 𝑄 is 𝑁#𝜃-irresolute ⟺ for every point 𝑢 in 𝑃 and 

every 𝑁𝜎 -𝜃 open 𝑀 in 𝑄 with 𝜂(𝑢) ∈ 𝑀, there is a 𝑁𝜏 𝜃 open set 𝐿 in 𝑃 ∋: 𝑢 ∈ 𝐿, 

𝜂(𝐿) ⊆ 𝑀.  

Proof: Necessity: Let 𝑢 ∈ 𝑃 and 𝑀 ∈ 𝑁𝜎𝜃 ∋: 𝑓(𝑢) ∈ 𝑀. Let 𝐿 = 𝜂−1(𝑀). Since 𝜂 is 

𝑁#-𝜃irresolute, 𝐿 is 𝑁𝜏- 𝜃open in 𝑃. Also 𝑢 ∈ 𝜂−1(𝑀) = 𝐿 as 𝜂(𝑢) ∈ 𝑀. Hence 

𝜂(𝐿) = 𝜂(𝜂−1(𝑀)) ⊆ 𝑀. Sufficiency: Let 𝑀 ∈ 𝑁𝜎𝜃 and let 𝐿 = 𝜂−1(𝑀). we prove that 

𝐿 is 𝑁𝜏𝜃- open in 𝑀. Now, let 𝑥 ∈ 𝐿. It implicit 𝜂(𝑥) ∈ 𝑀. By conjecture, ∃𝐿𝑥 ∈ 𝑁𝜏𝜃 ∋

: 𝑥 ∈ 𝐿𝑥 and  𝜂(𝐿𝑥) ⊆ 𝑀. Then 𝐿𝑥 ⊆ 𝜂−1[𝜂(𝐿𝑥)] ⊆ 𝜂−1(𝑀) = 𝐿. Thus 𝐿 =∪ {𝐿𝑥 ∶ 𝑥 ∈

𝐿}. These results 𝐿 is 𝑁𝜏𝜃 open in 𝑃 and 𝜂 is 𝑁#𝜃-irresolute. 

Proposition 4.32 A mapping 𝜂: (𝑃, 𝑁𝜏) → (𝑄, 𝑁𝜎) is  𝑁#𝜃-irresolute ⟺  for every 𝑢 ∈ 

𝑃, the inverse image of every  𝑁𝜎𝜃-neighborhood of 𝜂(𝑢), is a 𝑁𝜏𝜃-neighborhood of 𝑢. 

Proof: Necessity Let 𝑢 ∈ 𝑃 and 𝐿 be a 𝑁𝜎𝜃-neighborhood of 𝜂(𝑢). If there exist 𝑀 ∈

 𝑁𝜎𝜃 such that 𝜂(𝑢) ∈ 𝑀 ⊆ 𝐿. This implies that 𝑢 ∈ 𝜂−1(𝑀) ⊆ 𝜂−1(𝐿). Since 𝜂 is 

𝑁#𝜃 -irresolute, so 𝜂−1(𝑀) ∈ 𝑁𝜏𝜃. Hence 𝜂−1(𝐿) is 𝑁𝜏𝜃-neighborhood of 𝑢. 

Sufficiency: let 𝐿 ∈ 𝑁𝜎𝜃 and 𝑀 = 𝜂−1(𝐿). Let 𝑥 ∈ 𝑀 then 𝜂(𝑥) ∈ 𝐿. But then 𝐿 being 

𝑁𝜎𝜃-open set is a 𝑁𝜎𝜃-neighborhood of 𝜂(𝑥). So by hypothesis 𝑀 = 𝜂−1(𝐿) is a 𝑁𝜏𝜃-

neighborhood of 𝑥. By definition, ∃𝑀𝑥 ∈ 𝑁𝜏𝜃 ∋: 𝑥 ∈ 𝑀𝑥 ⊆ 𝑀. Hence 𝑀 =∪ {𝑀𝑥 ∶ 𝑥 ∈

𝑀} and 𝑀 is a 𝑁𝜏 𝜃-open in 𝑃. So 𝜂 is 𝑁#𝜃 -irresolute. 

5. 𝑵𝝉𝜽-connected and separation axioms 

In this chapter, we establish the ideas of 𝑁𝜏𝜃-connected, 𝑁𝜏-𝜃 hausdorff, 𝑁𝜏 – 𝜃 

regular, 𝑁𝜏-𝜃 normal spaces. Throughout this section (𝑃, 𝑁𝜏) represents a 𝑁 topological 

space on 𝑃. 

Definition 5.1 (𝑃, 𝑁𝜏) is 𝑁𝜏𝜃-disconnected if 𝑃 = 𝐿 ∪ 𝑀 where 𝐿 ∩ 𝑀 = ∅ and L≠

∅, 𝑀 ≠ ∅. Or else, 𝑃 is 𝑁𝜏𝜃-connected.  

Proposition 5.2 In (𝑃, 𝑁𝜏), the subsequent are identical: 

(i) 𝑃 is 𝑁𝜏𝜃-connected. 

(ii) ∅, 𝑃 ⊆ 𝑃 are the only 𝑁𝜏𝜃-open and 𝑁𝜏𝜃-closed sets. 

(iii) 𝑃 ≠ 𝐿 ∪ 𝑀, 𝐿 ≠ ∅, 𝑀 ≠ ∅ ; 𝐿 ∩ 𝑀 = ∅ where 𝐿 & 𝑀 are 𝑁𝜏𝜃-open sets. 

(iv) There is no 𝑁∗𝜃-continuous function 𝜂: 𝑃 → 𝐸 is surjective.  
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Proposition 5.3  (𝑃, 𝑁𝜏) is 𝑁𝜏 connected ⟺ it is 𝑁𝜏𝜃-connected. 

Proposition 5.4 (𝑃, 𝑁𝜏) is 𝑁𝜏𝜃-connected ⟺ for every 𝑆 ⊆ 𝑃, 𝑆 ≠ ∅  such that 

𝑁𝜏 𝜃𝐹𝑟(𝑆)≠ ∅. 

Proof: Necessity: assuming 𝑃 is 𝑁𝜏 𝜃-disconnected. Then there exist𝐴 ≠ ∅, 𝐵 ≠ ∅  and 

𝐴 ∩ 𝐵 = ∅ such that 𝑃 = 𝐴 ∪ 𝐵. Here both 𝐴 and 𝐵 are 𝑁𝜏𝜃-open and 𝑁𝜏𝜃-closed in 𝑃. 

Therefore 𝐴′ = 𝐴0 = 𝐴̅ but 𝑁𝜏 𝜃𝐹𝑟(𝐴)=𝑁𝜏- 𝑐𝑙𝜃(𝐴) − 𝑁𝜏 𝑖𝑛𝑡𝜃(𝐴). Hence 𝑁𝜏𝜃𝐹𝑟(𝐴) =

∅ and this is contrary to the conjecture. Consequently 𝑃 must be 𝑁𝜏𝜃-connected. 

Sufficiency: let 𝑃 be 𝑁𝜏𝜃-connected and suppose ∃ 𝑆 ⊂ 𝑃, 𝑆 ≠ ∅ ∋: 𝑁𝜏 𝜃𝐹𝑟(𝑆) = ∅. 

Now 𝑁𝜏- 𝑐𝑙𝜃(𝑆) =  𝑁𝜏 𝑖𝑛𝑡𝜃(𝑆) ∪  𝑁𝜏 𝜃𝐹𝑟(𝑆) = 𝑆 ∪ 𝑁𝜏 𝜃𝐹𝑟  (𝑁𝜏- 𝑐𝑙𝜃(𝑆)). Hence 𝑆 =

 𝑁𝜏 𝑖𝑛𝑡𝜃(𝑆)= 𝑁𝜏-𝑐𝑙𝜃(𝑆) showing that 𝑆 is both 𝑁𝜏𝜃-open and 𝑁𝜏𝜃-closed in 𝑃 and 

therefore 𝑃 is a 𝑁𝜏𝜃-disconnected which is a denial. Hence every proper subset of 𝑃 

must have a non empty 𝑁𝜏𝜃-frontier. 

Definition 5.5 A N topological space 𝑃 is 

(i) 𝑁𝜏 -𝜃 hausdorff if every two disjoint elements 𝑝, 𝑞 in 𝑃 then ∃ distinct  𝑁𝜏 -

𝜃open sets 𝐺, 𝐻 ∋: 𝑝 ∈ 𝐺 and 𝑞 ∈ 𝐻 

(ii) 𝑁𝜏- 𝜃 regular if for every 𝑁𝜏 closed set 𝐶 and every point 𝑥 ∉ 𝐶, ∃ disjoint 𝑁𝜏 -

𝜃open sets 𝐺, 𝐻 ∋: 𝑥 ∈ 𝐺 and 𝐶 ⊆ 𝐻 

(iii) 𝑁𝜏 –𝜃 normal if for any two distinct 𝑁𝜏closed sets 𝐶, 𝐷 ⊆ 𝑃, ∃ distinct 𝑁𝜏 -

𝜃open sets 𝐺, 𝐻 ∋: 𝐶 ⊆ 𝐺 and 𝐷 ⊆ 𝐻.  

Remark 5.6 Every 𝑁𝜏-𝜃 hausdorff (resp. 𝑁𝜏-𝜃 regular, 𝑁𝜏-𝜃 normal) space is 𝑁𝜏 -

hausdorff (res. 𝑁𝜏-regular, 𝑁𝜏-normal). 

Proposition 5.7 In (𝑃, 𝑁𝜏) the subsequent are identical: 

(i) 𝑃 is 𝑁𝜏-𝜃 hausdorff 

(ii) let 𝑎 ∈ 𝑃 for 𝑏 ≠ 𝑎, ∃ a 𝑁𝜏𝜃-open set 𝐺, 𝑎 ∈ 𝐺 ∋: 𝑏 ∉ 𝑁𝜏- 𝑐𝑙𝜃(𝐺) 

(iii) for every 𝑎 ∈ 𝑃, 𝐷 = ⋂{𝑁𝜏 𝜃-𝑐𝑙(𝐺): 𝐺 is  𝑁𝜏𝜃-open and 𝑥 ∈ 𝐺} = {𝑥}. 

Proof: 

(𝑖) ⟹ (𝑖𝑖) For any different elements 𝑎, 𝑏 ∈ 𝑃, ∃ disjoint 𝑁𝜏𝜃-open sets 𝐺, 𝐻 ∋: 𝑥 ∈ 𝐺 

and 𝑦 ∈ 𝐻. Hence 𝑏 ∉ 𝑁𝜏- 𝑐𝑙𝜃(𝐺) 

(𝑖𝑖) ⟹ (𝑖𝑖𝑖) Suppose 𝑥 ∈ 𝐷, for each 𝑏 ≠ 𝑎 ∃ a 𝑁𝜏𝜃-open set 𝐺, 𝑥 ∈ 𝐺 ∋: 𝑏 ∉ 𝑁𝜏-

 𝑐𝑙𝜃(𝐺). Thus 𝑏 ∉ 𝐷 since 𝑏 is arbitrary 𝐷 = {𝑎}. 

(𝑖𝑖𝑖) ⟹ (𝑖) If 𝑎, 𝑏 ∈ 𝑋 then ∋: 𝑎 ≠ 𝑏. suppose ∃ a 𝑁𝜏𝜃-open set 𝐺, 𝑥 ∈ 𝐺 ∋: 𝑏 ∉ 𝑁𝜏-

 𝑐𝑙𝜃(𝐺). By remark 5.6, ∃ a 𝑁𝜏 𝜃-open set 𝐻, 𝑏 ∈ 𝐻 ∋ : 𝐺 ∩ 𝐻 = ∅. Therefore 𝑃 is 𝑁𝜏 -

𝜃 hausdorff. 

Proposition 5.8 In (𝑃, 𝑁𝜏), the subsequent are identical: 
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(i) 𝑃 is 𝑁𝜏𝜃- regular 

(ii) for every 𝑧 ∈ 𝑃 and an 𝑁𝜏 open set 𝐺,  𝑧 ∈ 𝐺 then ∃ a 𝑁𝜏𝜃-open set 𝐻 ∋: 

𝑧 ∈ 𝐻 ⊆  𝑁𝜏- 𝑐𝑙𝜃(𝐻) ⊆ 𝐺 

(iii) for every 𝑧 ∈ 𝑃 and 𝑁𝜏 closed set 𝐶 with 𝑧 ∉ 𝐶 then ∃ a 𝑁𝜏𝜃-open set 𝑉, 𝑧 ∈

𝑉 ∋: 𝐷 ∩ 𝑁𝜏- 𝑐𝑙𝜃 (𝐻) = ∅. 

Proof: 

(𝑖) ⟹ (𝑖𝑖) Suppose 𝑧 ∈ 𝑃 and an 𝑁𝜏 open set 𝐺,  𝑧 ∈ 𝐺 then ∃ disjoint 𝑁𝜏𝜃-open sets 

𝐻,𝑊 ∋: 𝑧 ∈ 𝐻 and 𝑃 − 𝐺 ⊆ 𝑊. Since 𝑁𝜏- 𝑐𝑙𝜃(𝐻) ∩ (𝑃 − 𝐺) ⊆ 𝑁𝜏- 𝑐𝑙𝜃(𝐻) ∩ 𝑁 =

∅ then 𝑁𝜏- 𝑐𝑙𝜃(𝐻)  ⊆ 𝐺. Therefore 𝑧 ∈ 𝐻 ⊆ 𝑁𝜏- 𝑐𝑙𝜃(𝐻)  ⊆ 𝐺. 

(𝑖𝑖) ⟹ (𝑖𝑖𝑖) Suppose 𝑧 ∈ 𝑃, and 𝐶 be an 𝑁𝜏 closed set with 𝑧 ∉ 𝐶 then ∃ 𝑁𝜏𝜃-open set 

𝑉,  𝑧 ∈ 𝑉 ∋: 𝑉 ⊆  𝑁𝜏-𝑐𝑙𝜃(𝑉) ⊆ 𝑃 − 𝐶.Hence 𝑁𝜏-𝑐𝑙𝜃(𝑉) ∩ 𝐶 = ∅. 

(𝑖𝑖𝑖) ⟹ (𝑖) Suppose 𝑧 ∈ 𝑃, and 𝐶 be an 𝑁𝜏 closed set with 𝑧 ∉ 𝐶, then ∃ 𝑁𝜏𝜃-open set 

𝑉, 𝑧 ∈ 𝑉 ∋: 𝑁𝜏- 𝑐𝑙𝜃(𝑉) ∩ 𝐶 = ∅. Since 𝑃 − 𝑁𝜏- 𝑐𝑙𝜃(𝑉) is a 𝑁𝜏𝜃-open set and 𝐶 ⊆

 𝑃 − 𝑁𝜏- 𝑐𝑙𝜃(𝑉). Further, 𝑉 ∩ 𝑃 − 𝑁𝜏-𝑐𝑙𝜃(𝑉) = ∅. Hence 𝑃 is 𝑁𝜏𝜃-regular. 

Proposition 5.9 In (𝑃, 𝑁𝜏), the subsequent are identical: 

(i) 𝑃 is 𝑁𝜏 – 𝜃 normal 

(ii) if for every 𝑁𝜏 closed set 𝐺 and an 𝑁𝜏 open set 𝐻 ⊃ 𝐺,  ∃ a  𝑁𝜏𝜃-open set 𝐾, 

𝐺 ⊆ 𝐾 ∋: 𝑁𝜏- 𝑐𝑙𝜃(𝐾) ⊆ 𝐻 

(iii) for every two disjoint 𝑁𝜏 closed sets 𝐺 and 𝐿 then ∃ a 𝑁𝜏𝜃-open set 𝐾,  𝐺 ⊆ 𝐾 

∋: 𝑁𝜏- 𝑐𝑙𝜃(𝐾) ∩ 𝐿 = ∅. 

Proof: 

(𝑖) ⟹ (𝑖𝑖) Suppose 𝐺 is 𝑁𝜏 closed set and 𝐻 is a 𝑁𝜏 open set , 𝐻 ⊃ 𝐺.  Now 𝐺 and 𝑃 −

𝐻 are disjoint 𝑁𝜏 closed sets in 𝑃. S Then there exist a disjoint 𝑁𝜏𝜃-open sets 𝐾, 𝑊 ∋

: 𝐺 ⊆ 𝐾 and 𝑃 − 𝐻 ⊆ 𝑊. We know that 𝑁𝜏- 𝑐𝑙𝜃(𝐾) ⊆ 𝑁𝜏- 𝑐𝑙𝜃(𝑃 − 𝑊) = 𝑃 − 𝑊. 

Consequently, 𝑁𝜏- 𝑐𝑙𝜃(𝐻) ⊆ 𝑃 − 𝑊 ⊆ 𝐻. 

(𝑖𝑖) ⟹ (𝑖𝑖𝑖) Suppose 𝐺, 𝐿 ⊆ 𝑃 are two distinct 𝑁𝜏 closed sets. Now 𝐺 ⊆ 𝑃 − 𝐿 and 𝑃 −

𝐿 is 𝑁𝜏open. As presumption, there exist 𝑁𝜏 𝜃-open sets 𝐾, 𝐾 ⊇ 𝐺 ∋: 𝑁𝜏- 𝑐𝑙𝜃(𝐾) ⊆

𝑃 − 𝐿 and hence 𝑁𝜏- 𝑐𝑙𝜃(𝐾)  ∩ 𝐿 = ∅. 

(𝑖𝑖𝑖) ⟹ (𝑖) Suppose 𝐺, 𝐿 ⊆ 𝑃 are two distinct 𝑁𝜏closed sets then there exist a 𝑁𝜏𝜃-

open sets 𝐾 containing 𝐺 ∋: 𝑁𝜏- 𝑐𝑙𝜃(𝐾) ∩ 𝐿 = ∅ and 𝐿 ⊆ 𝑃 − (𝑁𝜏- 𝑐𝑙𝜃(𝐾)). Since 𝐾 

and 𝑃 − (𝑁𝜏- 𝑐𝑙𝜃(𝐾)) are distinct 𝑁𝜏𝜃-open sets then 𝑃 is 𝑁𝜏 normal. 

Definition 5.10 A N topological space 𝑃 is 𝑁𝜏 𝑇1-space (𝑟𝑒𝑠. , 𝑁𝜏𝑇1
𝜃space) if ∀ 𝑝, 𝑞 ∈ 𝑃 

with 𝑝 ≠ 𝑞, ∃ an 𝑁𝜏 open set 𝐺, 𝐻 (res., 𝑁𝜏 -𝜃open) ∋: 𝑝 ∈ 𝐺, 𝑞 ∉ 𝐺 and 𝑞 ∈ 𝐻, 𝑝 ∉

𝑉. 

Proposition 5.11 Let (𝑃, 𝑁𝜏) be a 𝑁𝜏 𝑇1
𝜃space. The following holds: 
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(i) if 𝑃 is 𝑁𝜏-𝜃 regular then 𝑃 is 𝑁𝜏 -𝜃 hausdorff 

(ii) if 𝑃 is 𝑁𝜏 -𝜃 normal then 𝑃 is 𝑁𝜏 -𝜃 regular. 

Proof:  

(i)  Let 𝑃 is 𝑁𝜏-𝜃regular. When 𝑃 is a 𝑁𝜏𝑇1-space, ∀ 𝑎, 𝑏 ∈ 𝑃 with 𝑎 ≠ 𝑏 then there 

exist a distinct 𝑁𝜏 open sets 𝐺 and 𝐻 ∋ : 𝑎 ∈ 𝐺, 𝑏 ∉ 𝐺 and 𝑏 ∈ 𝐻 , 𝑎 ∉ 𝐻 which 

implies 𝑎 ∉ 𝑃 − 𝐺and 𝑏 ∉ 𝑃 − 𝐻. Since 𝑃 is 𝑁𝜏 –𝜃regular, ∃ distinct 𝑁𝜏𝜃-open sets 𝐴, 

𝐵 ∋: 𝑎 ∈ 𝐴 and 𝑃 − 𝐺 ⊆ 𝐵. Since 𝑏 ∈ 𝑃 − 𝐺 then 𝑏 ∈ 𝐵. Thus 𝑃 is 𝑁𝜏–𝜃 hausdorff. 

(ii) Proof is similar. 

 

6. Conclusion  
 

In this article, we explored 𝜃-open sets in 𝑁-topological space through a different 

approach. Moreover, we investigated the relationship of 𝜃-continuous maps, 𝜃-

connectedness properties and some new type of separation axioms in this 𝑠pace. Thus, 

this concept can be used in defining several new topological spaces in addition to 

several types of mappings.  
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