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Isolate g-eccentric domination in fuzzy
graph
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Abstract

In a fuzzy graph G(p, 1), a dominating set D C P(G) is said to be
g-eccentric if at least one g-eccentric vertex a of every vertex b in
P — D exists in D. If the induced fuzzy sub graph < D > has at
least one isolated vertex, then a g-eccentric dominating set D of G is
said to be an isolate g-eccentric dominating set. The isolate
g-eccentric domination number is defined as the smallest cardinality
over all isolate g-eccentric dominating sets of (G. This article
introduces the isolate g-eccentric point set, isolate g-eccentric
dominating set, and their numbers in fuzzy graphs. In some standard
fuzzy graphs, bounds are found for an isolate g-eccentric domination
number.
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1 Introduction

Rosenfeld [1975] created the idea of fuzzy graphs(FG). The g-eccentric node
and related concepts were introduced by Linda and Sunithal [2012]]. |Janakiraman
et al. [2010] initiated the eccentric domination in graph. |Arriola [2015]
introduced the concept of isolate domination in graph. Isolate domination in
graphs discussed by Hamid and Balamurugan [2016]. The isolate eccentric
domination in graphs introduced by Bhanumathi and Nirojal [2018]]. Ismayil and
S.Muthupandiyan [2020] initiated the g-eccentric domination in FG. [smayil and
Muthupandiyan| [2020] initiated the complmentary nil g-eccentric domination in
FG. Muthupandiyan and Ismayil [2021] initiated the idea of perfect g-eccentric
domination in FG.

The isolate g-eccentric point set, isolate g-eccentric dominating set and
associated its numbers in FG are introduced in this article. Additionally, the
bounds for various well-known FG’s isolate g-eccentric domination number are
determined. There are a few theorems that are presented and demonstrated based
on isolate g-eccentric domination in FG. Graph and FG theoretic terminologies
can refer Harary [1992] and Rosenfeld [1975] respectively. Here after, the
notation G means connected simple FG.

A FG G(p, ) on G*(P, Q) is characterized with two functions p on P and
on (@ C P x P,where p: P — [0,1] (P is a vertex set on G*, p is a vertex set on
G)and i : Q — [0,1] (Q is an edge set on G*, p is an edge set on GG ) such that
p(a,b) < p(a) A p(b),Ya,b € P. We anticipate that p will be reflexive and
symmetric functions, and p will be a non-empty finite fuzzy set. We indicate the
crisp graph G*(p*, *) of the FG G(p, 1) where p* = {a € P : p(a) > 0} and
p* = {(a,b) € Q : p(a,b) > 0}. The order and size of a FG G(p, i) are defined

byp=> ,cppla)andq= Z(ab)eQ i(a, b) respectively.

A path P of length n is a sequence of different vertices ag, a1, ..., a,, such that
pla;i—1,a;) > 0, i« = 1,2,..,n and strength of the path P is
s(P) = min{u(a;—1,a;), i = 1,2---n}. An edge (a,b) is said to be strong (or
strong arc) if its weight is greater than or equal to maximum strength of all paths
between a and b. Symbolically si(a,b) > CON Ng_ () (a, b).

The strong neighbourhood of a node «a is defined as Ns(a) = {b € P : (a,b)
is a strong arc }. The minimum strong degree of a FG G(p,pu) is
0s(G) = min{ds(b) : b € p*} and maximum strong degree of G is
Ay(G) = max{ds(b) : b € p*}.
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If there is no shorter strong path from a to b, the strong path 7 from a to b is
referred to as a geodesic in a FG. The length of a geodesic from a to b is the
geodesic distance (g-distance) from a to b and is indicated by d,(a,b). The
expression e,(a) = max{d,(a,b),b € P} describes the geodesic eccentricity
(g-eccentricity) of a node a € P in a connected FG. The g-radius and g-diameter
of the vertices of GG are both defined in terms of g-eccentricity, with the former
being denoted by 7,(G) = min{e,(a),a € P} and the latter by
dy(G) = max{ey(a) : a € P}. Leta,b € P(G) be any two vertices in a FG
G(p, 1), a vertex a at a g-distance e,(b) from b is a g-eccentric point of b. The
g-eccentric set of a vertex a is defined and denoted by
E,(b) = {a : dy(a,b) = e4(b)}. The set S C P in a FG is called g-eccentric
point setif V. a € P — S, 3 at least one g-eccentric point b € S of a.

Aset D C P(G) in a FG G(p, ) is called a dominating set (D-set) for V
b € P— D, Jatleast a vertex a € D, such that (a, b) is a strong arc. A D-set
D C P(G) of a graph G is a g-eccentric dominating set (g-ED set), if for every
b € P — D, there exists at least a g-eccentric vertex a of bin D. A g-ED set D
is a minimal g-ED set if any subset D’ C D is not a g-ED set. The g-ED number
is denoted and defined by 7,eq4(G) = min{|D;|/D;, is a minimal g-ED set}. The
upper g-ED number is denoted and defined by I'j.s(G) = max{|D;|/D;, is a
minimal g-ED set}. A vertex a is called isolate if u(a, b) = 0, forall b € P(G).

2 Isolate g-eccentric point set in a fuzzy graph

In a FG G(p, i) an isolate g-eccentric point set and its numbers are introduced
with suitable examples and certain points are observed in this part. We stated and
demonstrated the theorems based on the isolated g-eccentric point set.

Definition 2.1. A g-eccentric point set S C P(G) of a FG G(p, u) is an isolate
g-eccentric point set (1g-EP set) if the induced fuzzy sub graph < S > contains at
least an isolate vertex. An Ig-EP set S is a minimal Ig-EP set if any subset S’ C S
is not an Ig-EP set. The Ig-EP number is denoted and defined by e,,(G)= min
{|Si|/S; is a minimal Ig-EP set}. The upper Ig-EP number is denoted and defined
by E..(G) = maz{|S;|/S; is a minimal Ig-EP set}.
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Example 2.1.

0.2 0.4

0.2
a1(07) a5(03) CL4<05)

Figure 1: Ig-EP - set in FG

The FG given in figure |1} the Ig-EP sets are S1 = {a1,a2}, S = {as,as, },
Sy = {ag,as}, S4 = {ai,a3} and S; = {ai,as}. The Ig-EP number is
€og(G) = 0.7 and the upper Ig-EP number is E,,(G) = 1.4.

Observation 2.1.

(i) If S is a minimal Ig-EP set, then S’ C S is not an Ig-EP set.
(1) In a fuzzy tree, every Ig-EP set has at least one pendent vertex.
(iii) For any FG G(p, 11), €04(G) < Eoy(G).
(iv) The complement of an Ig-EP set is need not be an Ig-EP set.

(v) If S'is an Ig-EP set, then S’ D S is need not be an Ig-EP set.

Example 2.2. In a FG given in example 2.1} the set S; = {ay,a3} is an Ig-EP
set, the complement of S\ = {as, a4, as} is a g-eccentric point set (g-EP- set) not
an IgEP-set.

Example 2.3. Add the vertex as in the set S, S5, S3,S4 and Sy in example |2.1
all the sets are not an IgEP-set.

Result 2.1.
(i) eng(K,) = po, Where pg = min{p(a),a € P(K,)}.
(ii) eny(P,) = > p(a), where a is a pendent vertex .

Theorem 2.1. Let G(p, i) be a FG and let S be an Ig-EP set. Then S is a minimal
Ig-EP < YV a € S, satisfies one of the following condition:
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1. a hasno Ig-EP in S.
2. There exists some b € P — S such that E;(b) N S = {a}.

Proof. Assume that S is a minimal Ig-EP set of a FG G(p, ). ThenVa € S, S —
{a} is not an Ig-EP set. Then 3 some node b € P — SU{a} which is not an isolate
g-eccentric vertex in S —{a}or3b € P—SU{a},i.e bhasnoIg-EPin S — {a}.
Case(i) If b = a, then a has no Ig-EP in S.

Case (ii) If b # a, then assume that b has no Ig-EP in S — {a} but b has an Ig-EP
in S. Then a is the only IgEP of b in S. Thatis £,(b) N S = {a}.

Conversly, assume that S is an Ig-EP- set and V a € S one of the condition holds.
Suppose that S is not a minimal Ig-EP set, 3 a vertex a € S such that S — {a} is
an Ig-EP set. Therefore, a is strong neighbor to at least one node b inS — {a} and
a has an Ig-EP in S — {a}. Hence, condition (¢) does not hold.

Also, if S — {a} is an Ig-EP set, then V b in P — S is strong neighbor to at least
one vert ex in S — {a} and b has an Ig-EP in S — {a}. Therefore, condition (i7)
does not hold. this is a contradiction to our assumption that V a € D satisfies one
of the condition. Hence, S is minimal Ig-EP set. O

3 Isolate g-eccentric domination in a fuzzy graph

This section studies an Ig-ED set, a novel domination parameter as well as an
Ig-ED number for some FG. A few observations and theorems are discussed.

Definition 3.1. A g-ED set D C P(G) of a FG G(p, 1) is called an Ig-ED set
(Ig-ED-set)if the induced fuzzy sub graph < D > contains at least an isolate
node. An Ig-ED set D is a minimal Ig-ED set if a subset D' C D is not a Ig-
ED set. The Ig-ED number is denoted and defined by ~ogeq(G)= min{|D;|/D;
is a minimal 1g-ED set}. The upper 1g-ED number is denoted and defined by
Loged(G) = max{|D;|/D; is a minimal 1g-ED set}.

Example 3.1.

ay (02) CLQ(O?)) CL3<O4)

0.2 0.3 0.3
0.4 0.6

a1(0.5) as(0.6) ag(0.7)

Figure 2: Ig-ED - set in FG
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The FG in figure the Ig-ED-sets are D; = {aj,as,a3} and
Dy = {ay, a3, as}. Hence, Ypea(G) = 0.9 and I'ypeq(G) = 1.2.

Example 3.2. The FG given in figure |l| the D-set D; = {as}, ID- set Dy =
{a1, as,a4}, gED-set D3 = {aq, a3, a5} and Ig-ED set Dy = {aq, as,as}. Then,
YG) = 0.3,%a(G) = 1.4, 74e4(G) = 1.2 and v,4e4(G) = 1.6.

Observation 2: For any FG, G(p, 1)
D) Y(G) < 7(G) < Yogea(G)
(1) Yged(G) < Voged(G)
(iii) po < Yogea(G) < p.
(iv) Every subset D' C D is not an Ig-ED set.
(v) Every super set D” O D is need not be an Ig-ED set.
(vi) The complement of an Ig-ED set is need not be an Ig-ED set.

Example 3.3. Let us consider the FG figure[l|and in example the set D, =
{a1, as,a3} is an Ig-ED set. Add one more vertex as in Dy then the set Dy is not
an Ig-ED set.

Example 3.4.

0.2 0.3 0.3 0.3
a1(02) a2(05) (13<O4) a4(06) CL5(03)

Figure 3: Path FG

The FG given in figure 3, D = {aq, as, a5} is a Ig-ED-set. The Complement
P — D = {as, ay} of D is ID-set but not a Ig-ED- set.

Result 3.1.

() fG =K, +K, + K, +K, where | p; |=2,| p5 |=1,| p5 |= 1 and
| pi [= 2, then y(G) =| p2 | + | p3 |, Ya(G) = min{| p1 | + | p3 |,| p2 |
=+ | P4 ‘} and P)/ged(G) = P)/oged(G) :’ P1 ‘ + ’ P4 ‘

(i1) IfG = Km + Kp2 + KP3 + Kp4 where | pi |:| PZ |: n,n > 2 | PZ |: L
| p5 |= 1, then ¥(G) = 70a(G) = Vged(G) = Yogea(G) < 2.
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(i) f G = K, + K,, + K,, + K, where | p} |=¢q, | p5 |= 1, | p} |= 1.and
| i |= pand g < p, then 5(G) =| p5 | + | p3 |, Yoa(G) =[ p7 | +min{]
P 1,1 3% |} Ygea(G) < 4 and Yogea(G) < mind]| pi |1 o5 |} + 2.

(IV) Voged(kp) = pPo-

(V) Yogea(G) = pif and only if G (o, p) = K,.

(vi) VOged(Kme) =D, | pf |: 1, | P2 ’: 0.

4 Bounds on isolate g-eccentric domination in fuzzy
graph

This section discusses the bounds for an Ig-ED number of a FG under certain
conditions.

Theorem 4.1. Let P, be a path FG,
B+ 1, n=3k+1
3 7

Yoged(Fp) < { P49 n=3k+2.

p* |=n then

Proof. Let P, be a path FG, | p* |=n.

Case(i) n = 3k.

Let D = {a1,a4,a, ..., agg—2, as; } be the minimum g-ED set in P,. Then (D)

contains at least one isolated vertex. Hence D is an Ig-ED set. Therefore,

’YOged(Pp) < %’ + 1.

Case(ii) n = 3k + 1.

Let D = {ay, a4, ar, ..., azx—2, asx+1} be the minimum g-ED set in P,. Then (D)

contains at least one isolated vertex. Hence (D) is an Ig-ED set.

Therefore,Y,gca(Fp) < & + 1.

Case(iii) n = 3k + 2.

Let D = {ay,a4,as,as, ..., asg—1, 3x+1035+2 } be the minimum g-ED set in P,.

Then (D) contains at least one isolated node. Hence D is an Ig-ED set.

Therefore, Yogea(F,) < £ + 2.

Hence, From cases (7), (#¢) and (7i7) we conclude that
P -

) <4 § 5

Theorem 4.2. Let C, be a cycle FG,

2 niseven
<< 3
”Yoged(Cp> = { §—|— 1.nisodd .

p* |= n then
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Proof. Proof of (i): If n = 4, any two adjacent nodes of C), is a g-ED set but not
an Ig-ED set.

Letn =2k and k > 2.

Let the cycle C, = {aiasas...,aska;}. Each vertex of C, has exactly one
g-eccentric vertex (unique g-eccentric node FG).

Case(i) k 1s odd.

Let D = {ay,as,...,ax, G2, ..., g1} be the minimum g-ED set and (D)
contains an isolated node. Hence (D) is an Ig-ED set. Therefore, Y,4.4(C,) < &
Case (ii) k is even.

Let D = {ay,as,...,a5_1, a2, ..., a2} be the minimum g-ED set and (D)
contains an isolated node. Hence (D) is an Ig-ED set. Therefore, v,4c4(C,) < &
Proof of (ii)

Let n = 2k + 1, is odd, each vertex of C), has exactly two g-eccentric node. If
b; € P(G) has b;y, b1+ 1S a g-eccentric vertex.

Case (i): n = 3k,n— odd implies m is odd.

Let D = {ay,aq,27, ..., ak, Q13 ..., Gop—1} be the minimum g-ED set and (D)
contains an isolated node. Hence (D) is an Ig-ED set. Therefore, 7oge4(C,) < %.
Case (ii): n = 3k + 1, n— odd implies £ is even.

Let D = {ay,a4,..., 11, Qg 13, Qkr6, ---, 21} be the minimum g-ED set and
(D) contains an isolated node. Hence (D) is an Ig-ED set. Therefore,
'Yoyed(op) < ’é-

Case (iii): n = 3k + 2, 3k— odd implies £ is odd.

Let D = {ay,ay, ..., ag_1, k, Q43, ..., Q211 ; be the minimum g-ED set and (D)
contains an isolated node. @ Hence (D) is an Ig-ED set. = Therefore,
'Yoged<0p) < § + 1L

£ niseven
N e : <5
From the cases (), (7¢) and (4i7) we obtain v,4.q(C,) < { P 1, nisodd.

3

3

O

Theorem 4.3. Let G be a FG of order p with n nodes. Then ogeq(G 0 K,,) < n,
where | p} |= 1.

Proof. Let V(G) = {a1, as, a3, ...a, }. Let b} be the pendent vertex adjacent to b;
in Go K,. Then {b}, 1), ...b],} is an Ig-ED set for Go K ,,. Hence, Y,4eqd(G o K,) <
n. [l

5 Discussion and conclusion

The geodesic distance and geodesic eccentricity(g-eccentricity) in FG are
already defined and discussed in |Ismayil and Muthupandiyan| [2020]] using strong
arc. In this article, Ig-EP set, Ig-ED set, and their corresponding numbers in FG
are introduced. For some standard FG, these numbers (Yo5eq(G) & 7oq(G)) are
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obtained and bounds for ,44(G) are also derived. Monophonic Ig-ED set and
monophonic connected Ig-ED set and their number in FG may be extended using
strong arcs.
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