Ratio Mathematica Volume 49, 2023

Weighted Norlund-Euler Statistical
Convergence In Neutrosophic Normed
Linear Spaces

R. Muthuraj*
K. Nachammal
M. Jeyaraman *

Abstract

This paper explores the neutrosophic Norlund J-statistically conver-
gent sequence space. In Norlund convergent spaces, we introduce
some neutrosophic normed spaces (D1Ss). The topological and al-
gebraic characteristics of these convergent sequence spaces are also
examined. Results are gathered from many angles, and fresh in-
stances are created to support the equivalents and show the validity
of the new ideas. The findings of this study provide a thorough foun-
dation for S and significantly advance the literature’s theoreti-
cal understanding of the phenomenon. This study’s distinguishing
characteristic is the first comprehensive analysis of the properties and
use of neutrosophic Norlund J-statistically convergent sequences in
NG, based on the accepted definition.
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1 Introduction

Fuzzy theory has significantly advanced the mathematical foundations of fuzzy
set (§6) theory, which was developed by Zadeh [15] in 1965. According to Zadeh
[15], a §G gives each component of a given crisp universe set from [0,1] a mem-
bership value. Lack of membership degree knowledge is a problem that §Gs
frequently struggle to solve. As a result, Atanassov [1] investigated the intuition-
istic §6 (J§6), a development of §G.

Neutosophy is the idea of objective knowledge of thinking, and neutral describes
the fundamental distinction between neutral, fuzzy, intuitive §Ss and logic. Fol-
lowing the development of the neutrosophic set (1S), which is a generalisation of
the classical set, §&, and J§GS by Smarandache [14]. Smarandache implemented
the J§G theory by defining a new component, called the indeterminacy member-
ship function, after taking everything into consideration.

Every element of the universe has a degree of T, §, and J in G, which is de-
fined as a set. The degree of non-belongingness in J§Gs is dependent on the
degree of belongingness rather than being independent of it. The degree of non-
belongingness of an element in §Ss is exactly equivalent to one degree of belong-
ingness, which makes it a notable example of an J§&. In J§GSs, uncertainty is
predicated on the degree of belongingness, whereas in 91G, uncertainty is taken
into account independently of T and § values. 1GSs are really more general than
J§ G because there are no limitations on the degree of ¥, §§, and J. This has led
to a variety of mathematicians producing their research in various mathematical
forms.

For weak contractions on neutrosophic normed spaces, Jeyaraman, Ramachan-
dran and Shakila [6] demonstrated approximate fixed point theorems in 2022. In
this paper, we study the neutrosophic deferred statistical convergence of double
sequences in the neutrosophic normed space. Along with being compared to itself
under various limitations, this novel method is also contrasted with neutrosophic
statistical convergence of double sequences. The fundamental theory of mathe-
matics makes use of the notion of sequence convergence. Summability theory
contains a large number of convergence 3 concepts, including classical measure
theory, fuzzy theory, approximation theory, and probability theory. The connec-
tions between these concepts are examined.

2 Preliminary

1

Definition 2.1. [2] Let & C N. The number 03,¢(8) = lim KH% <R, :te
n—oo n

R}| is said to be weighted Norlund-Euler density of K. A sequence x = (¢) is
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said to be generalized weighted Norlund-Euler statistically convergent (or &J -
convergent) to £ if, for every ¢ > 0,

4
{E<% Pn— qu EZ( )q{’—v|x1j_£|25}‘:0-

v=0

) 1
lim —
n—oo n

In this case, we write (‘S‘qm —limz = £.

Definition 2.2. [10] The 7-tuple (2),(,n, Y, *,<, ®) is said to be Neutrosophic
Normed Linear Space (Y UNLS) where %) is a linear space over a field §, * is a
continuous t-norm, < and ® are continuous t-conorm, (,n, v are fuzzy sets on
2 x (0,00), ¢ denotes the degree of membership and 1,9 denotes the degree of
nonmembership of (x,\) € 2 x (0,00) satisfying the following conditions for
everyz,z €Y and s, \ > 0O:

(i) 0<C(x,A) < 1,0 < p(z,A) < 1,0 <d(x,A) <1

(ii) C(z,\) +n(x,\) +J(z,\) <3,

(iii) ¢(x,\) >0

(iv) ((x,\) = 1 ifand only ifx = 0,

v) Claw\) = ¢ (2.25) ifa 0,

i) C(z,A\) *((z,8) < C(x+ 2, X+ 5),
(vii) ¢(x,.) : (0,00) — [0,1] is continuous,
(viii) lim ¢(2,\) = 1 and lim ((x,\) =0,

(ix) n(z,\) < 1,

(x) n(z,\) = 0 if and only if x = 0,

(xi) n(aw, A) =1 (2, ) ifa £ 0,

(xii) n(z, \)On(z,s) > n(z+ 2,5+ \),
(xiii) n(z,.) : (0,00) — [0,1] is continuous,
(xiv) lim (z,\) = 0 and limn(z, \) = 1.

(xv) Oz, \) <1
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(xvi) ¥(z,\) =0 ifand only if x = 0,

(xvii) O, \) = ( z, P ‘) ifa #0,
(xviii) J(x,\) @w(z,8) > Hx+ 2,8+ N),
(xix) ¥(z,.) : (0,00) — [0, 1] is continuous,

(xx) lim Y(z, A) = 0 and lim ¥(z, ) = 1.
t—o0 A—0

In this case (C,n, 1) is called Neutrosophic fuzzy linear norm.

Example 2.1. [10] Let (),||.||) be a normed linear space, and let p x q =
pq,p®q = min{p + ¢, 1} and p ® ¢ = max{p + g, 1}f0r all p,q € [0,1]. For
all x € Q) and every \ > 0, consider ((z,\) = /\+|IrH oz, ) = L and

At]|]
P, \) = ”xH . Then (9),(,n,9, %, <, ®) is an NNLS.

Definition 2.3. [10] Let (), (,n, 9, %, O, ®) be an NMNLS. A sequence x = (1)
in ) is convergent to £ € *) with respect to the Neutrosophic Normed linear
norm (¢,n,9) if, for every ¢ > 0 and X > 0, there exists ¥y € N such that
Clrte — LA >1—en(e— L)) <ecand I(re — £,\) < e forall t > ¢, where
t € N. It is denoted by ((,n,9) —limz = £.

Theorem 2.1. [11] Let (), (,n, ¥, %, <, ®) be an MNLS. Then, a sequence x =
(ve) in Q) is convergent to £ € %) if and only ifglim Cre — £, 0) =1, Elim n(xe —
— 00 — 00
£,\) =0and Elim V(e — £,0) =
— 00

3 Main results

In this section, we introduce a new summability method named as (0, p, q) (&, q)¢79)-
summability. We introduce a new concept of statistical convergence called weighted
Norlund-Euler statistical convergence with regard to the Neutrosophic fuzzy norm

(¢, m, ) as aresult of this definition. We also look into some relationships between
these ideas.

Definition 3.1. Ler (),(,n, 0, %, O, ®) be an INLS. A sequence v = (x¢) in %)
is said to be (N, p, q)(&, q)-summable to £ € ) with respect to the Neutrosophic
fuzzy norm (,n,w) (or (M, p,q)(€, q) ")~ summable to £ € ) if. for every
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e > 0and )\ > 0, there exists ng € N such that

n 4
1 1 e\ .,
%gc (Pn—eqem; (U>q (2 2),)\> >1-—c¢,
1 o 1 ([t
R Zn <Pné%m Z (U> q Y (z, — £), )\> < eand
" =0 v=0
1 o 1 [t
R t—v o

for all n > nyg. In this case, we write (W, p, q)(&, q)"?) —limz = £.

Definition 3.2. Let (2),(,n, 0, %, O, ®) be an NNLS. A sequence x = (r¢) in Q)
is said to be weighted Norlund-Euler statistical convergent to £ € %) with respect

to the Neutrosophic fuzzy norm ({,n,1) (or Ggéé’"’ﬁ) - convergent to £ € Q) if,
for everye > 0and \ > 0,

X ¢ <Pn4%ﬁ > oo ($)gt(z, — £), )x) <l-—cor
lim e |4 (Pecelegrtge Tico (D'~ 9).4) >
¥ <pn_eqe(1+q)e Yo (et (zy — £), A) > ¢

In this case, we write 631(@’"’19) —limz = £

In the following theorems, we establish the relation between weighted Norlund

Euler statistical convergence and (), p, q)(€, q)- summability in Neutrosophic
Normed Linear spaces.

Theorem 3.1. Let (2),(,n,w,*, O, ®) be an MNLS, x = (r¢) be a sequence in
Y and B2 > 1 foralln € N. If 3™ —limz = £,

:
n—ede Yy —L)A | 21 =M,
¢l EQE(1+q)E;(U)q (x, — £),A

¢
n—ede 7 oy =LA <M
URR qu(1+q)*;<v)q (xy — £), A and

13
n— T \p v U_ 9 §M7
9 p eCIf<1+q>€;(v)q (2, — £), A

forall € € N, then (M, p,q)(&,q) ") —limz = £
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Proof. Suppose that G35"”) —limz = £. Then, for every ¢ > 0 and A > 0, we
define the sets R, (¢) and £, (¢) such that

¢ (Pa-sfe e Xheo (D (@ — £),A) < 1—cor
R, (€) = n <Pn—eCIe(1+—1q)e Zf;:o (E) v (x, — L), /\> > cand
v (%4%@ Zi:o (v) Uz, — £), A
and
1 ¢ ey v
¢ <Pn4%m oo (L) (zy — £), )\) >1—c¢cor
R, (e) = n (Pn—éqkﬁ Zi:o (i) q" Y (z, — £), A) < eand
v (Pn—k%ﬁ Zi:o (i) 0" (z, — £), /\> <e

Hence
n ¢
1 1 E t—v o
1 - 1 : ¢ t—v
e
£E R, () B
n ¢
1 1 é t—v
+ " 2 C(Pn BqE( ar (v)q (, 2),)\>
EGﬁgn(a) -
= 61(11) + 62(1’1)
where
e
Z ¢ (Pn eery )e Z (U) q" (2, — S),A) and (1)
Beﬁmn(s) v=0
e
Sz (n) 9% Z ¢ (Pn eqe )e (U) 0" (z, — E),A) : ()
v=0

EEﬁ; (a)

If £ € Ry, (¢), then

> ¢ <pn—fq{’(1 j L > (E)q*‘”(:pv - 2),>\> > Iﬁ9;;{—‘(8)’(14\4).

£=0 v=0
tChRnm, (e)
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Since 63" —limz = £.

lim &,(n) > 0. )

n—o00

If ¢ € R (), then we have

Z C(pn e EZ( ) 2),A> > ‘ﬁg“ggf)’u—e).

v=0

t=
Eeﬁ& (E)

which yields that
lim Sy(n) > (1 —¢). (6)
n—oo

Using equalities (1)-(2) and inequalities (3)-(6), we get

nlggo% Zc(pn quHqEZ() £>,A>=1. ()

Similarly, we obtain

4
jglgloan(pn Sl E;( ) 2),A> =0 ®

n ¢
1 1 e\ ., B
JL%EZMQ?(’D“—‘“'?WZUZO (4)a e W) o

As a result of equalities (8), (9) and (10), we have
(M. p,0)(€,q) ") — lima = £. (10)
O

Theorem 3.2. Let (9),(, 1,0, *,<,®) be an MNES and B> > 1 for all n € N.
If a sequence v = (x¢) in Q) is (M, p, q)(&, q)Cn)- summable t0 £ €9, thena
sequence v = (1) is 631@" ) convergent to & € ).

Proof. Suppose that z = (x;) is (M, p, q)(&, q)(¢"?)-summable to £ € ). For
every € > 0 and A > 0, define the sets R, (¢) and K§; () such that

¢ (Pnf{e%ﬁ S0 (D)at V(w0 — £), )\) <l-c¢or
Rax, (€) = Ul <Pu—fel1£ﬁ Zi:o (i) q(z, — L), )\) >
9 (Pacete e S (et V(s = £),0) > ¢
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and

¢ (Pn—%%ﬁ Zi:o (i) gt (z, — L), A) >1—cor
Ry, (e) = n (Pn%%ﬁ Yoo (H)at " (xe — £), )\) < eand
9 (pn—{qu(li—q)é Zzzo (5) q(z, — L), /\> <e

Then

t= v=0
4
1 1 ¢
== Y (| Paeat ( )qév(% —£),A
T e=0 ( (1+a)f UZ; v
EcRn, (¢)
n 4
1 1 ¢
4+ — C | pa_ ()BUZL‘U—S,)\
. p eCle(l ) 2 \u q )
Eéﬁg%n(s)
n 4
1 1 £\ .
Z _n Z C (pﬂ—qu (1 _'_ q)e (/U) qE (:E'u - fg)? )\)
reRs ) =0
1
> 1, @11 - 2) (1

1
As a consequence of inequality (11), we get lim R ‘ﬁ&n (5)‘ = 1. Similarly, for
n—oo n
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every € > 0 and A > 0,

1 & e
EZU(‘% e 1_'_qu(@

v=

Jatan
1 n ¢
U(Pn eqe EZ

v=0

- 1 [t
< — E t—v o
— %n - 77 (pﬂ—qu (1 _|_ q)e (U) q (l"l) S)? A)
1

< Z €= §|§mn(5)|5~ (12)

—| v=0
t
1 1 AN
R, () B
n 14
1 1 ¢
+ — v pn—EqE ( )qe_v(mv - 2): )‘>
EER&H(E)
n 4
1 1 t
S a Z % pn—EqE ( >qE_v(xv - 2’)7 )‘>
EEﬁmn(e)
1 < 1
<% = %|ﬁmn(6)|€‘ (13)
=0
EER%:!(E)

1
By inequality (12) and (13), we have lim gmﬁ%n (¢)] = 0. This completes the
n—oo n

proof. ]

48



4

R. Muthuraj, K. Nachammal and M. Jeyaraman

Conclusion

Smarandache first presented 1S in 1998 [14]. Maji has created a unique
concept for the NS GS. The concept of NSNLS was subsequently investigated,
and some of its characteristics were proposed. Kirisi and Simsek used continuous
t-norms and continuous t-conorms to study the 9MI9NGS. Kirisci and Simsek pro-
posed DING as well as statistical convergence in DINGS. Although several aspects
of neutrosophic Norlund convergent sequence spaces have been studied.
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