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Abstract

In this paper some coupled coincidence fixed point theorems are es-

tablished for the mappings under ¢- contraction in complete gener-

alized E- fuzzy metric spaces. Also give an example to validate the
theorem and present an application of this theorem to integral equa-

tions.
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1 Introduction

L.A.Zadeh [1965] introduced fuzzy set theory. This concept was used in al-
most all branches of mathematics. George.A and P.Veeramani [1994] modified
the notion of fuzzy metric space proposed by O.Kramosil and J.Michalek [1975].
Many authors investigated the idea of contractive mappings and constructed fixed
point theorems on the basis of this fuzzy metric space.

The notion of Generalized metric space was investigated by Mustafa.Z and B.Sims
[2006]. Many researchers proved existence and uniqueness of fixed point of map-
pings under some contractions in G-metric space. The concept of coupled fixed
point for a function F' : X? — X was introduced by Bhaskar.T.G and Laksh-
mikantham.G.V [2006] and proved some coupled fixed point theorems in par-
tially ordered metric space. Also they presented some applications of this in the
existence and uniqueness of a solution of periodic boundary value problems. Lak-
shmikantham.V and Ciric.Lj. [2009] gave the concept of coupled coincidence and
coupled common fixed point for the mappings F' : X2 — X and g : X — X and
established some results. Sedghi et al. [2012] discussed a coupled fixed point the-
orem for contractions in fuzzy metric space and as a generalization of this result,
Xin-Qi-Hu [2011] established a common fixed point theorem for mapping under
¢— contraction in fuzzy metric space. Many authors have studied coupled fixed
point theorems in metric space, fuzzy metric space and G- metric space. Using
the concept of G-metric space, Sukanya.K.P and Jose [2017] proposed E-fuzzy
metric space and proved some fixed point theorems in this space.

The purpose of this paper is to establish coupled coincidence fixed point theorems
for the mappings under ¢- contraction in complete E-fuzzy metric space. Also
an example to illustrate the theorem is given and an application of this theorem to
integral equations is presented.

2 Preliminaries

Definition 2.1. B.Schweizer and A.Sklar [1983]: A binary operation * : [0,1]* —
[0, 1] is a continuous t-norm if it satisfies the following:

1. commutative and associative,
2. continuous,
3. tx1=tforallt€l0,1],

4. txs <t x5 whenevert <t ands < s forallt, s, t' s €|0,1].
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Definition 2.2. Sukanya.K.P and Jose [2017] Let X is an arbitrary set and * is
a continuous t-norm, a 3-tuple (X, E, x) is called E- fuzzy metric space if E is a
fuzzy set on X3 x (0, 00) satisfying the following:

1. E(a,B,7,t) > 0and E(a, «, 5,t) < E(a, 8,7,t) forall o, B,y € X with
v # B,

2. E(a,B,7,t) =1, forallt > 0 ifand only if « = 3 = 7,

3. E(a, B,7,t) = E(p(a, B,7),1) (symmetry), where p is a permutation func-
tion,

4. E(a,a,v,t) x E(a, B,7,s) < E(a, 8,7, t + s),
5. FEis continuous, Vo, B,v,a € X and t,s > 0.

Definition 2.3. Sukanya.K.P and Jose [2022] A sequence {c,} in (X, E, ) is
said to be converges to a point o € X if E(av,, o, a, 1) — 1 as n — oo.

Remark 2.1. Shahana.A.R and Jose [in press] A sequence {,} in (X, E, %) is
said to be a cauchy sequence if for each 0 < r < 1 andt > 0 there exists k € N
such that E(oy,, &y, oy, t) > 1 — 1 for each m,n > k.

Definition 2.4. Sukanya.K.P and Jose [2022] A complete E-fuzzy metric space is
the E- fuzzy metric space in which every cauchy sequence is convergent.

Remark 2.2. Shahana.A.R and Jose [in press] Let (X1, E1, *) and (X3, Es, %) be
E-fuzzy metric spaces. A function f : X1 — X5 is continuous at a point o € X,
if and only if every convergent sequence {c,} — «in Xy, {f(an)} — f(a)in
Xo.

Definition 2.5. Bhaskar.T.G and Lakshmikantham.G.V [2006] Let X be a nonempty
set, an element (a, 3) € X? is called a coupled fixed point of a mapping F :
X? - X if Fla,8) = aand F(B,a) = B.

Definition 2.6. Lakshmikantham.V and Ciric.Lj. [2009] Let X be a non empty set,
the element (a, 3) € X? is called a coupled coincidence point of the mappings
F:X? 5 Xandg: X — X if Fla,8) = gaand F(B3,a) = gp.

Definition 2.7. J.X.Fang [2009] An element o € X is called common fixed point
of the mappings F: X?> — X and g : X — X if F(a,a) = ga = a, then the F
and g.

Definition 2.8. Lakshmikantham.V and Ciric.Lj. [2009] The mappings I = X? —
X and g : X — X are said to be commutative if gF («, ) = F(ga, gf3).
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3 Coupled fixed point theorems in F-fuzzy metric
spaces

Let ¢ be the function , ¢ : (0,00) — (0, 00) such that ¢(t) < ¢ and for any
t >0, limy, o ¢™(t) = 0 for any t > 0. Some coupled fixed point theorems for
¢ contraction in complete £/— fuzzy metric space are established in this section.
In this paper we denote,

[E(a, 8,7, 1)]" = E(a, B,7,t) x E(a, 8,7,1) % ... x E(a, B,7,t) foralln € N.

n

Theorem 3.1. Let (X, E, x) be a complete E-Fuzzy metric space. Let F : X* —
X and g : X — X be mappings such that E(F(«, B), F(u,n), F(v,w), (t))

> E(g(a), 9(1), 9(7),t) = E(g(8), 9(n), g(w), 1), Vo, B, p,m, 7, w € X. Suppose
that F' and g satisfy the following:

* F(X?) € g(X)
* g is continuous and commutes with F’
Then there exists a unique o in X such that « = ga = F(«, ).

Proof. Since F(X?) C ¢(X), we can construct two sequences {ga,,} and

{9Bn} in X such that g(a,,11) = F(n, Bn)s 9(Bnt1) = F(Bn, an) ¥Yn > 0. For
any 0 < r < 1thereexistsal < s < lsuchthat (1 —s)* (1 —s)*..%x(1—s)>

(.

-~

k

(1—-r)VEk e N.

We have
lim E(a, §,7,8) =1 Vo, B,y € X (1)
—00

Thus,

forany ¢t > 0 and s > 0 there exists ¢y > 0 such that F(gag, gaq, gas, ty) > 1—s,
E(9607gﬁ17gﬁ27t0) > 1—SandE(gO[2,gOé1,gOé07t0) > 1_S’E(g/827gﬂl79607t0) >
1 — s. For a ¢ function there exists k € N such that ), ¢"(to) < & .

E(ga, gas, gas, ¢(to)) E(F(ao, Bo), F(ai, Br), Faz, B2), ¢(to))

> E(gOé(),gOél,gOég,to) *E(gﬁ()vgﬁhgﬁ?ato)'
Similarly,

E(gp1, 982,985, ¢(to)) = E(9Bo,9B1, 92, to) ¥ E(gan, gar, gas, to).

Now,
E(QOéz:gOé:s,gOM, ¢2(to)) E(F(Oébﬁl)a F(%ﬁz): F(&3753)> ¢2(t0))
E(gou, gag, gas, ¢(to)) * E(gB1, gB2, 9B, #(to))
[E(gao, gon, g, to)]* * [E(gfo, 951, 982, to)]-

VIV

Similarly,
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E(9527963agﬁ4a¢2(t0)) 2 [E(g/807g/3179527t0>}2
* [E(g(a0a9a179a27t0))]2‘
Continuing this, we get

E(ganv gliny1, gliny2, ¢n<t0)) Z [E(ga/()v glah ga, to)]Q

n—1

*[E(980, 981, P2, t0))]*" and
E(gBn: 911, 9Bns2, 6" (o)) = [E(950, 981, 9B, 10)*"
«[E(gao, gon, gas, to)|*"
In the same way,
E(g0tny2, g1, 90, 9" (t0)) > [E(gas, gou, gag, to)*" and

«[E(gBa, 951,980, t0))*"
E(9Bn+2, 9Bn+1, 9Bn, ¢ (to)) > [E (952,951,950,750)]
[ E(gow, gou, goo, to)]*
Form,n € N withm >n > kg
E(gum, 90, g0, t) > E(gani1, g0tm, g0, 5) * E(gQm, gni1, 90, 5)
> E(gan—l-l; gQim, gQin, Zl:_qf ¢k(t0)) * E(garm gliny1, gy, Z:f (bk(tO))

Z E(ganv gQiny1, gQiny, ¢n(t0)) * E(gan-l-la gQny2, §ny3, ganrl(tO)) *
* E(gQm—2, 9m_1, §0m, 9" 2(t0)) * E(gn12, 9ni1, gtn, 9" (to))
% E(g0uny3, g0ni2, gotmi1, 9" (to)) * ...

* B(g0m, §0m_1, GQm—2, 9™ %(t0))

> [E(gao,goq,gozz,to)]wl[ (980, 981, 9B, to)))*"

* [E(ga07ga17ga27t0)] [ (QBOagﬁl gy?ytO))Pn

... % [E(gaw, gon, ga, to) "

% [E(980, 981, 952, t))*"  * [E(gaa, gau, gao, to)?

% [E(952, 961,980, t0)]*" " * [E(gas, gan, gao, to)]*"
* [E
(

n—1

2m73

(gﬂ2796179607t072]_ ...k [E(gag, gar, gag, to)]
[E gﬁ?vQﬁhgﬂOatO)P

m— n 1(m+n74) m72"71(m+n74)

*
> [E(goo, gou, g2, t))? X * [E(gB0, 9B, g2, to)]? )
ﬁw‘i (m+n—4) ‘Qfmini (m+n—4)
[E(ga, go, g, to)]? B [E(gB2, 9B, 980, to)]? !

> =s)*(l—s)x..(1-5)

22(m—'n—\1§(m+n—4)

> (1—r7).

Thus {ga,, } is a cauchy sequence. Similarly we can show that {¢/,,} is a cauchy
sequence. Since E is a complete £- fuzzy metric space, we get {ga,, } converges
to some o € X and {¢03,} converges to some § € X. Thus lim,,_,o, F'(ay, 5,) =

lim,, 00 g(av,) = avand lim,, o0 F/(By, ) = lim,, o0 g(Bn) = B-

As g is continuous, we have {gga,,} converges to ga and {gg/3,,} converges to

gp.

Also since g and F' commute, we have
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E(ggani, F(a, B), F(a, B), 1) E(F(gan, gbn, F(a, B), F(a, ), )
E(F(gom, 98n), F(a, B), F(a, 3), 6(1))

E(ggom, ga, go, t) x E(ggBn, 958, 95, t).

Since F is continuous on its variable and letting n — oo, we get
E(ga, F(a, 8), F(a, B),t) = E(ga, gov, g, t) « E(g3, g3, 95, 1)

VIV

Hence E(ga, F(a, B), F(a, 5),t) = 1. Thatis F(a, 8) = ga.
Similarly we can show F'(/3, ) = g/3. Thus («, /3) is a coupled coincidence point
of Fand g.
Now, for any r > 0 there exists s > 0 such that
(A=s)x(1—=s)*..x(l-5)>(1-r)VkeN.
k

Using (1), for any ¢ > 0 and s > 0 there exists to > 0 such that F(ga, 3, 3,1ty) >
1 —sand E(g83, a, a,tg) > 1 — s. Since ¢™(tg) — 0 there exists k£ € N such that
O™ (tg) < tVn > k.

E(ga, g/Bn+17 anJrla ¢(t0))

E(F(a, ), F (B, on), F(Bn, an), ¢(to))

Z E(.ga?gﬁn?gﬁthO) * E(.gﬁag()érmgana tO)
Asn — oo

E(ga, B8, 8, ¢(to)) > E(ga, B, B, t0) * E(g8, o, a, to).
Similarly, E(g8,«,a,¢(ty)) > E(g98,a,a to)*E( a, B, B, o).
E(ga, 8,8, (t)) x E(gB8, a,a, ¢(t0)) > [E(ga, B, 8,t0)]* * [E(98, o, v, to) .

Continuing this process, we get, Vn € N
E(ga,ﬁ,ﬁ,gb”(to)) *E(gﬁ, (I,Oz7¢n(t0)) Z [E(gOé,ﬁ,/B,t())]Qn
* [E(gﬂvaaaatU)P

Z E(gavﬂ>ﬁa¢k(t0)> *E(gﬁ7aaa7¢k<t0))
> [Blga, B, 5,10)]*" * [E(98, a, o, 1))
> (I—s)x(1—s5)*..x(1—s)

-~

22k

Therefore

E(ga?/87/87t) *E(g/67 a7a7t)

> 1—r.
Thus for any r > 0, E(ga, 8, ,t) x E(g8, a, a,t) > 1 —r Vit > 0.
Therefor ga = 3 and g3 = . Now for any r > 0 there exists a s > 0 such that
(I1—s)x(1—s)*x..x(1—s)>(1—r)Vk e N.
*
Using (1), for any ¢t > 0 and s > 0 there exists ¢y > 0 such that E(«, 3,7,ty) >
1 — s. Since ¢™(ty) — 0 there exists k € N such that ¢"(ty) <t Vn > K.

E(gan+17 gﬁn—&-l, gﬁn—&-ly ¢(t0)) - E(F(am Bn)v F(ﬁna an)7 F(/Bm an)v ¢(t0))
> E(gan, 9Bn: 9Bn, to) * £ (9B, gtn, Tn, to)
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Asn — oo, E<a76767¢(t0>) > E(Oé,ﬁ,ﬁ,to) * E(B,Oé,a,t(]>
Continuing this process, we get

E(a, B,8,¢"(to)) > [E(a, B, B,to)]" * [E(B, o, i, )]

Thus
E(O.@ﬂ,ﬁ,t) Z E(a76767¢n(t0)
> [E(a, 3,5, 10)]" * [E(B, o, v, to)]"
> (I1—s)x(1—8)x...x(1—2s)
k

/

2
> 1-—r.
Hence for any r > 0, F(«, 3,5,t) > 1 — r Vt, implies & = 3, hence g(a) =
F(a,«) = a. Thus («, «) is the unique common coupled fixed point of F" and g.
That is F' and g have a unique common fixed point in X .0

Corolary 3.1. Let (X, E, %) be a complete E-Fuzzy metric space and F : X —
X be a mapping such that E(F(«, ), F(u,n), F(v,w),6(t)) > E(a, p,7,t) *
E(B,n,w,t) Vo, B,v,u,n,w € X and t > 0. Then there exists a unique o € X
such that o = F(a, «v).

Proof. Take g as the identity map in Theorem(3.1), we get the result. O

Corolary 3.2. Let (X, E, *) be a complete E-Fuzzy metric space and F : X? —
X be a mapping such that E(F(«, B), F(u,n), F(vy,w),kt) > E(a,p,,t) *
EB,nw,t) a,B,v,u,mw € X, 0 < k < 1landt > 0. Then there exists a
unique o € X such that o« = F(a, «).

Proof. Define ¢(t) = kt. Then by Corollary(3.1) we get the result. O

Example 3.1. Let X = [0,1]. Definetxs =tsVt,s € X and E : X — [0,1] as
B(a, B,7,t) = [eap()] ™" where G(a, 8,7) = o= B|+ |8~ 7]+ |y — al.
Let ¢(t) = L. Defineg: X — X asg(a) =aand F : X* = X as F(a, 3) = 22
Va,p € X.
Then there exists unique common fixed point of F' and g, by Theorem3.1.
G (@, ) Fljo 1), Flo,) = |5 — 1] + 48— 22 . P — o2
< s{la—pl+lp =+ |y —al) + (I8 —nl
"=l + b B}
< s1G(g9a, gp, gv) + G(9B, gn, gw)}
G(F(a,p), ), W) \T—
exp( (F(a,8) 5((5 n),F(y ))] 1
(£ G(g0,911,97)+ 5 G(9B.9n.9%) -1

E(F(a, B), F(p,m), F(v,w), ¢(t))

Y

[

lexp
6

[eIpG(ga,g#m)]—l % [ G(g@fn,gw)]—l

erp

>
— t
> E(ga, gp, g, t) * E(98, gn, gw, t).

It satisfies Theorem(3.1).
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Theorem 3.2. Let (X, E, %) be a complete E— fuzzy metric space and let F' :
X% = Xand g : X — X be mappings such that ¥V o, 3,7, ,n,w € X,

E(F(a, B), F(p,m), F(w,7), ¢(t)) > min{E(ge, gu, gw,t), E(g8, gn. g7, 1)} -
Assume that F(X?) C g(X) and g is continuous and commutes with F. Then

there exists unique o € X such that F(a, ) = g(a) = a.

Proof. The procedure of proof of this theorem is similar to that of theorem(3.1),
except for the implementation of the condition given in this statement. [

4 Application

This section presents the existence and uniqueness for the solution of the fol-
lowing integral equation by using the theoretical results discussed in the previous
section.

Let X = C([0,1]). Define £ : X® x (0,00) — (0,1] as F(a, 3,7,t') =
[exp((;(a#,ﬁ’ﬂ)]*l where G : X? — Ris G(«,8,7) = supeepoj|a(e) — Be)] +
supecio)|B(€) — v(€)| + supecpo1|v(€) — a(e)| and the t—norm * is ¢ x s = ts.
Then (X, E, %) is a complete F'— fuzzy metric space. Let ¢ : (0,00) — (0, 00)
be defined as ¢(t') = rt/,0 <r < land g : X — X as g(a) = a. Consider the
integral equation,

Fla, B)(€) = f(€) + fy (e, 6)h(0, a(6), B(6))dd, € € [0, 1]

with the following conditions

1. h:[0,1] x (0,00)? — (0,00) and f : [0,1] — (0, 00) are continuous.

2. there exists 0 < r < 1 such that |h(0, o, B)—h(d, pt, ) < r(la—pul+|8—n])
Va, 8, 1,m € (0,00) and V6 € [0, 1].

3. Ve, 6 € [0,1], SUpeeoufO €,0)dd < 1.

Then by Theorem(3.1) there exists an unique solution of the integral equation. For
G(F(c, B)(€), F(p,m)(€), F (v, w)(e))
= supeejo,]| F (e, 8)(€) = F(p,n)(€)] + supeejo,y | F (1, 1) (€) — F(7,w)(e)]

+ supeepo | F (7, w)(€) — Fla, B)(e)|

< supeco| fy k(e 66, a(8), B(8))dd — [y k(e, 6)h(5, u(8), n(5))ds|
+3up6€01]|f0 675) ( nu( )7 ( d5 f[) €
+8up€€01]|f0 75)h( ,7(5),&)( d5 f() Eaé)h(éaa(é)vﬂ(é))dﬂ

, B(0) = (6, 11(0),1(0)) }dd|

< supeep| fy k(. 5>{rh<a a(6)
1(8), 7(8)) — (8, 7(8),w(8))}dd|

+sup€€01]|f0 e, 0){|h(d,
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+ supecio ] Jy k(e 0){h(8,7(8),w(8)) — h(3, a(3), 5(5)) }do|

< supeeio] Jo ke, 8)ds {supla(e) — p(e)| + sup| B(e) = n(e)| + sup|u(e) = y(e)|
+sup|n(e) —w(e)[+suply(e)—ale)[+suplw(e)=F(e)|}

<r{G(a,u,v) + G(B,n,w)}. Then

E(F(a, B)(1), F(i.n)(8), F(7,0) (1), 6(t))) = [eap ST eDOL bRl -1
[e:UpT{G(O‘ 1:7)+G (B, w)}}f

> [exp e:z:pM]

> E(a, u,%t’) * E(8,m,w,t).
Hence it satisfies Theorem(3.1) Thus there exists unique o € C0, 1] as the solu-
tion of the given integral equation.

Vv

V

Tt
G(a uw)] [

5 Conclusions

In this work, coupled coincidence fixed point theorems for the mappings under
¢-contraction in complete E-fuzzy metric space are established and applied these
results to show the existence and uniqueness for the solution of the integral equa-
tions. These are the generalization of existing results in the literature of fuzzy
metric spaces. Using different types of contractive conditions, we can develop
coupled fixed point theorems in complete E-fuzzy metric spaces.
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