
Ratio Mathematica                                                                            Volume 47, 2023 

 

 
 

 

 

 

General Fuzzy Graphs  
 

 

Nishad T M* 

Talal Ali Al-Hawary† 

B. Mohamed Harif‡ 
 

 

Abstract 

Fuzzy graphs have many applications in database theory, neural networks, and decision-

making problems. Literature survey shows that in the existing definition of fuzzy graph 

the membership value on links is always less than or equal to the minimum of 

membership values on the corresponding nodes. This restriction brings a difficulty to 

address some practical problems where the membership value on links does not depend 

on that of corresponding nodes. So there exists a gap in the literature on fuzzy graphs. 

In this article we have developed general fuzzy graph and general weak fuzzy graphs 

and have proved some properties of general weak fuzzy graphs. 
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1. Introduction 
The phenomena of uncertainty in real-life situations are described by a mathematical 

framework by Zadeh in 1965. Azriel Rosenfeld introduced fuzzy graphs in 1975. M S 

Sunitha and Vijayakumar A defined complement of fuzzy graphs in 2002. A Nagoor 

Gani and Chandrasekaran introduced 𝝁 complement of a fuzzy graph in 2006. In 2017, 

T. Al-Hawary discussed certain classes of fuzzy graphs. The existing definition of fuzzy 

graph in the literature shows that the membership value on links is always less than or 

equal to the minimum of membership values on the corresponding nodes. This 

restriction brings difficulty to address some practical problems where the membership 

value on links does not depend on that of corresponding nodes. To fill this literature 

gap, in this article, we have developed general fuzzy graphs.  

In this article, the second section discusses some existing definitions. In the third 

section, we introduce the new definitions-general fuzzy graph and general weak fuzzy 

graph. In the fourth section, the operations-union, c-complement and |𝜇|complement on 

general fuzzy graphs are defined. In the fifth section, some properties of general weak 

fuzzy graphs are proved. 

 

 

2. Fuzzy Graphs 
 In this section, we recall some existing definitions of fuzzy graphs, strong fuzzy graphs, 

weak fuzzy graphs, and complete fuzzy graphs.                                                   

Definition 2.1: A fuzzy graph with V as the underlying set is a pair of functions 

G:(𝜎, 𝜇) where 𝜎:V →[0,1] is a fuzzy subset, 𝜇:V × V →[0,1] is a fuzzy relation on the 

fuzzy subset 𝜎 such that for all 𝑢, 𝑣 ∈ 𝑉, we have 𝜇(𝑢, 𝑣) ≤ 𝜎(𝑢) ∧ 𝜎(𝑣) where ∧ 

stands minimum.                                                                                                                        

The underlying crisp graph of a fuzzy graph G:(𝜎, 𝜇) is denoted by G*:(𝜎∗, 𝜇∗), where 

𝜎∗ = {𝑢 ∈ 𝑉 𝜎(𝑢)⁄ > 0} and 𝜇∗ = {(𝑢, 𝑣) ∈ 𝑉 × 𝑉 𝜇(𝑢, 𝑣)⁄ > 0} .Two nodes u and v 

are said to be neighbours if 𝜇(𝑢, 𝑣) > 0. 

Definition 2.2: A fuzzy graph G:(𝜎, 𝜇) is a strong fuzzy graph if 𝜇(𝑢, 𝑣) = 𝜎(𝑢) ∧

𝜎(𝑣)for all(𝑢, 𝑣) ∈ 𝜇∗.  

Definition 2.3: A fuzzy graph G:(𝜎, 𝜇) is a weak fuzzy graph if 𝜇(𝑢, 𝑣) < 𝜎(𝑢) ∧

𝜎(𝑣)for all(𝑢, 𝑣) ∈ 𝜇∗.  
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Definition 2.4: A fuzzy graph G:(𝜎, 𝜇) is a complete fuzzy graph if 𝜇(𝑢, 𝑣) = 𝜎(𝑢) ∧

𝜎(𝑣)for all (𝑢, 𝑣) ∈ 𝜎 *  

Definition 2.5: The complement of a fuzzy graph G:(𝜎, 𝜇) is a fuzzy graph 𝐺̅: (𝜎, 𝜇̅) 

where 𝜎 = 𝜎 and 𝜇̅(𝑢, 𝑣) = 𝜎(𝑢) ∧ 𝜎(𝑣)-𝜇(𝑢, 𝑣) for all 𝑢, 𝑣 ∈ 𝑉.   

Definition 2.6:The 𝜇 −complement of a fuzzy graph G:(𝜎, 𝜇) is a fuzzy graph 

𝐺𝜇: (𝜎, 𝜇𝜇) where 𝜇𝜇 is defined as 𝜇𝜇(𝑢, 𝑣) = 0 if 𝜇(𝑢, 𝑣) = 0 and 𝜇𝜇(𝑢, 𝑣) = 𝜎(𝑢) ∧

𝜎(𝑣) − 𝜇(𝑢, 𝑣) if 𝜇(𝑢, 𝑣) > 0 for all 𝑢, 𝑣 ∈ 𝜎∗. 

 

 

3. General Fuzzy Graph 
 In this section, we introduce the relatively new definitions of general fuzzy graph and 

general weak fuzzy graph.  

Definition 3.1: A general fuzzy graph with V as the underlying set is a pair of functions 

G:(𝜎, 𝜇) where 𝜎:V →[0,1] is a fuzzy subset of V and 𝜇 : V × V →[0,1], is a fuzzy subset 

of V×V. To illustrate our definition, we provide the following example: 

Example:3.1. The graph G: (𝜎, 𝜇) is a general fuzzy graph. 

 

 

 

 

 

 

 

 

 

 

 

Definition 3.2: A general weak fuzzy graph with V as the underlying set is a pair of 

functions G:(𝜎, 𝜇) where 𝜎 : V →[0,1] is a fuzzy subset of V and 𝜇 : V × V →[0,1], is a 

fuzzy subset of V × V such that for all (𝑢, 𝑣) ∈ 𝜇∗,  𝜇(𝑢, 𝑣) ≠ 𝜎(𝑢) ∧ 𝜎(𝑣) . 

 

 

 

 

 

 

 0.9 

x[0.6] w [0.4] 

v[0.8] 

          0.6 

          

u[0.7] 

    0.5 

Figure 3.1, General fuzzy graph G: (σ, μ) 

 0.5 
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4. Some Operations on General Fuzzy Graphs 
Union: Let G1: (𝜎1, 𝜇1) and G2: (𝜎2, 𝜇2) be two general fuzzy graphs with the underlying  

crisp graphs G1: (𝑉1,𝑋1) and  𝐺2: (𝑉2, 𝑋2) respectively. The union G: (𝜎1 ∪ 𝜎2, 𝜇1 ∪

𝜇2) is defined by: 

(𝜎1 ∪ 𝜎2)(𝑢) = 𝜎1(𝑢) if 𝑢 ∈ 𝑉1 − 𝑉2,(𝜎1 ∪ 𝜎2)(𝑢) = 𝜎2(𝑢) if 𝑢 ∈ 𝑉2 − 𝑉1, and 

(𝜎1 ∪ 𝜎2)(𝑢) = max{ 𝜎1(𝑢), 𝜎2(𝑢)} if 𝑢 ∈ 𝑉1 ∩ 𝑉2. 

(𝜇1 ∪ 𝜇2)(𝑢, 𝑣) = 𝜇1(𝑢, 𝑣) if (𝑢, 𝑣) ∈ 𝑋1 − 𝑋2,(𝜇1 ∪ 𝜇2)(𝑢, 𝑣) = 𝜇2(𝑢, 𝑣) if (𝑢, 𝑣) ∈

𝑋2 − 𝑋1 and  (𝜇1 ∪ 𝜇2)(𝑢, 𝑣) = max{𝜇1(𝑢, 𝑣), 𝜇2(𝑢, 𝑣)} if ( 𝑢, 𝑣) ∈ 𝑋1 ∩ 𝑋2. 

c-complement: The c-complement of a general fuzzy graph G:(𝜎, 𝜇) is a fuzzy graph 

Gc: (𝜎𝑐 , 𝜇𝑐) where 𝜎𝑐 = 𝜎, 𝜇𝑐(𝑢, 𝑣) = 0 if 𝜇(𝑢, 𝑣) = 0 and 𝜇𝑐(𝑢, 𝑣) = 1 − 𝜇(𝑢, 𝑣), for 

all 𝑢, 𝑣 ∈ 𝜎∗. 

Example:4.1. The c-complement of the general fuzzy graph G:(𝜎, 𝜇) in example 3.1, 

Gc: (𝜎𝑐 , 𝜇𝑐) is represented in the following figure. 

 

 

 

 

 

 

 

 

 

 

 

 

|𝝁| complement: The |𝜇| complement of a general fuzzy graph G:(𝜎, 𝜇) is a fuzzy 

graph  G|𝝁|: (𝜎, 𝜇 |𝝁|) where 𝜇 |𝝁| is defined as 𝜇 |𝝁|(𝑢, 𝑣) = 0 if 𝜇(𝑢, 𝑣) = 0 and 

𝜇 |𝝁|(𝑢, 𝑣) = |𝜎(𝑢) ∧ 𝜎(𝑣) −  𝜇(𝑢, 𝑣)| if 𝜇(𝑢, 𝑣) > 0 for all 𝑢, 𝑣 ∈ 𝜎∗. 

Example:4.2. The |𝜇| complement of the general fuzzy graph G :(𝜎, 𝜇) in example 3.1, 

G|𝝁|: (𝜎, 𝜇 |𝜇|) is represented in the following figure. 

 

 

 

 

 

 

 

   Figure 4.1, c-complement Gc: (σc, μc) 

 0.1 

x[0.6] w [0.4] 

v[0.8] 

          0.4 

          

u[0.7] 

    0.5 

 0.5 

      0.2 

Figure 4.2,|𝜇|complement G|𝜇|: (σ, μ|𝜇|)  

 0.5 

x[0.6] w [0.4] 

v[0.8] 

           

          

u[0.7] 

    0.1 
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5. Some Properties of General Weak Fuzzy Graphs 
In this section, we discuss some properties of general fuzzy weak graphs. 

 

Theorem 5.1. General fuzzy graphs are closed under c-complementation and |𝜇| 

complementation. 

The proof of this theorem directly follows from the definitions. 

 

Theorem 5.2. The union of two general weak fuzzy graphs need not be a general weak 

fuzzy graph. 

Proof. Let  𝐹1: (𝑚1, 𝑟1) and  𝐹2: (𝑚2, 𝑟2) be two general weak fuzzy graphs with the 

underlying crisp graphs F1
*: (𝑁1,𝑋1) and F2

*: (𝑁2, 𝑋2) respectively where N1=m1
*, 

N2=m2
*,X1=r1

* and X2=r2
*. The union 𝐹: (𝑚1 ∪ 𝑚2, 𝑟1 ∪ 𝑟2) is defined by 

(𝑚1 ∪ 𝑚2)(𝑎) = 𝑚1(𝑎) if 𝑎 ∈ 𝑁1 − 𝑁2. 

(𝑚1 ∪ 𝑚2)(𝑎) = 𝑚2(𝑎) if 𝑎 ∈ 𝑁2 − 𝑁1 , and 

(𝑚1 ∪ 𝑚2)(𝑎) = max{ 𝑚1(𝑎), 𝑚2(𝑎)} if 𝑎 ∈ 𝑁1 ∩ 𝑁2. 

(𝑟1 ∪ 𝑟2)(𝑎, 𝑏) = 𝑟1(𝑎, 𝑏) if ( 𝑎, 𝑏) ∈ 𝑋1 − 𝑋2. 

(𝑟1 ∪ 𝑟2)(𝑎, 𝑏) = 𝑟2(𝑎, 𝑏) if (𝑎, 𝑏) ∈ 𝑋2 − 𝑋1 , and 

(𝑟1 ∪ 𝑟2)(𝑎, 𝑏) = max{𝑟1(𝑎, 𝑏), 𝑟2(𝑎, 𝑏)} if (𝑎, 𝑏) ∈ 𝑋1 ∩ 𝑋2. 

Case 1: When (𝑎, 𝑏) ∈ 𝑋1 − 𝑋2 

Since  𝐹1: (𝑚1, 𝑟1) is a general weak fuzzy graph(𝑟1 ∪ 𝑟2)(𝑎, 𝑏) = 𝑟1(𝑎, 𝑏) ≠ 𝑚1(𝑎) ∧

𝑚1(𝑏). Since 𝑚2(𝑎) = 0 for all 𝑎 ∈ 𝑁1 − 𝑁2, (𝑟1 ∪ 𝑟2)(𝑎, 𝑏) = 𝑟1(𝑎, 𝑏) ≠ ((𝑚1 ∪

𝑚2)(𝑎) ∧ (𝑚1 ∪ 𝑚2)(𝑏)). 

Case 2: When (𝑎, 𝑏) ∈ 𝑋2 − 𝑋1 . 

Since 𝐹2: (𝑚2, 𝑟2) is a general weak fuzzy graph, (𝑟1 ∪ 𝑟2)(𝑎, 𝑏) = 𝑟2(𝑎, 𝑏) ≠  𝑚2(𝑎) ∧

𝑚2(𝑏). Since 𝑚1(𝑎) = 0 for all 𝑎 ∈ 𝑁2 − 𝑁1,(𝑟1 ∪ 𝑟2)(𝑎, 𝑏) = 𝑟2(𝑎, 𝑏) ≠ ((𝑚1 ∪

𝑚2)(𝑎) ∧ (𝑚1 ∪ 𝑚2)(𝑏)).  

Case 3: When (𝑎, 𝑏) ∈ 𝑋1 ∩ 𝑋2 

Suppose  𝑚2(𝑎) > 𝑚2(𝑏) and  𝑟1(𝑎, 𝑏) = 𝑚1(𝑎) ∧ 𝑚1(𝑏) = 𝑚2(𝑎) = 𝑟2(𝑎, 𝑏), then  

(𝑟1 ∪ 𝑟2)(𝑎, 𝑏) = 𝑟1(𝑎, 𝑏) = 𝑟2(𝑎, 𝑏). In this case 𝐹: (𝑚1 ∪ 𝑚2, 𝑟1 ∪ 𝑟2) is not a general 

weak fuzzy graph 

 

Theorem 5.3. The |𝜇| complement of a general weak fuzzy graph is a general weak 

fuzzy graph. 

Proof. Let 𝐹|𝝁| : (𝑚, 𝑟|𝝁| ) be the |𝜇| complement of a general weak fuzzy graph F: 

(𝑚, 𝑟),where 𝑟|𝝁|  is defined as  

𝑟|𝝁| (𝑎, 𝑏) = |𝑚(𝑎) ∧ 𝑚(𝑏) − 𝑟(𝑎, 𝑏) | if 𝑟(𝑎, 𝑏) > 0 for all 𝑎, 𝑏 ∈ 𝑚∗ → (1) 

and 𝑟|𝝁| (𝑎, 𝑏) = 0 if 𝑟(𝑎, 𝑏) = 0 → (2) 
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Since F:(𝑚, 𝑟) is a general weak fuzzy graph  for all (𝑎, 𝑏) ∈ 𝑟∗, 𝑟(𝑎, 𝑏) ≠ 𝑚(𝑎) ∧

𝑚(𝑏) → (3) 

To prove that 𝐹|𝝁| : (𝑚, 𝑟|𝝁| ) is a general weak fuzzy graph, it is enough to prove that 

for all (𝑎, 𝑏) ∈ 𝑟|𝝁|∗
,𝑟|𝝁| (𝑎, 𝑏) ≠ 𝑚(𝑎) ∧ 𝑚(𝑏)  

Case 1. Let(𝑎, 𝑏) ∈ 𝑟|𝝁|∗
 such that 𝑟(𝑎, 𝑏) > 0.Then by the equations(1) and(3)  

𝑟|𝝁| (𝑎, 𝑏) = |𝑚(𝑎) ∧ 𝑚(𝑏) − 𝑟(𝑎, 𝑏) |  ≠ 𝑚(𝑎) ∧ 𝑚(𝑏) 

Case 2. Let (𝑎, 𝑏) ∈ 𝑟|𝝁|∗
 such that 𝑟(𝑎, 𝑏) = 0.Then by the equation (2),𝑟|𝝁| (𝑎, 𝑏) =

0  

Therefore, in both cases 𝑟|𝝁| (𝑎, 𝑏) ≠ 𝑚(𝑎) ∧ 𝑚(𝑏)for all (𝑎, 𝑏) ∈ 𝑟|𝝁|∗
.  

 

Remark 5.4. If G is a general weak fuzzy graph then (G|𝝁|)|𝝁| need not be isomorphic to 

G. 

Proof. A particular example is enough to prove this. 

Consider G: (𝜎, 𝜇) 

 

 

 

 

 

 

 

 

 

 

 

                                  

G|𝝁|: (𝜎, 𝜇 |𝝁|) is as follows 

 

 

 

 

 

 

 

 

 

 

x[0.6] w [0.4] 

v[0.8] 

          0.6 

          

u[0.7] 

    0.5 

Figure 5.1, G :(σ, μ) 

 0.9 

 0.5 

    0.1 

      0.2 

      Figure 5.2, G|𝜇|: (σ, μ|𝜇|)  

 0.5 

x[0.6] w [0.4] 

v[0.8] 

           

          

u[0.7] 

    0.1 
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(G|𝝁|)|𝝁| is  

 

 

 

 

 

 

 

 

  

 

 

This example shows that(G|𝝁|)|𝝁| need not be isomorphic to G. 

 

 

Theorem 5.4. If F: (𝑚, 𝑟) is a general weak fuzzy graph such that 𝑚(𝑎) ∧ 𝑚(𝑏) >

𝑟(𝑎, 𝑏) for all (𝑎, 𝑏) ∈ 𝑟∗, then (𝐹|𝝁|)|𝝁| = F. 

Proof. Let 𝐹|𝝁|: (𝑚, 𝑟|𝝁|) be the |𝜇|complement of F: (𝑚, 𝑟). Since F: (𝑚, 𝑟) is a 

general weak fuzzy graph,for all (𝑎, 𝑏) ∈ 𝑟∗, 𝑟(𝑎, 𝑏) ≠ 𝑚(𝑎) ∧ 𝑚(𝑏)  

We shall consider two cases.  

Case 1. For all (𝑎, 𝑏) ∈ 𝑟∗.As per definition of 𝑟∗, 𝑟(𝑎, 𝑏) > 0 . In this case 𝑟|𝝁|(𝑎, 𝑏) =

|𝑚(𝑎) ∧ 𝑚(𝑏) − 𝑟(𝑎, 𝑏)|. Now 𝑚(𝑎) ∧ 𝑚(𝑏) > 𝑟(𝑎, 𝑏) for all (𝑎, 𝑏) ∈ 𝑟∗, implies that 

(𝑟|𝝁|)|𝝁|(𝑎, 𝑏) = |𝑚(𝑎) ∧ 𝑚(𝑏) − 𝑟|𝝁|(𝑎, 𝑏)| = 𝑟(𝑎, 𝑏)  

Case 2. For all (𝑎, 𝑏) ∉ 𝑟∗. As per definition of 𝑟∗, 𝑟(𝑎, 𝑏) = 0.  

Here 𝑟|𝝁|(𝑎, 𝑏) = 0 and (𝑟|𝝁|)|𝝁|(𝑎, 𝑏) = 0. Therefore (𝐹|𝝁|)|𝝁| = F. 

 

6 Conclusions 
In this article we discussed the literature gap in existing research in fuzzy graph theory. 

To fill that gap, we have introduced general fuzzy graphs. The literature review shows 

that various authors describe the properties of strong fuzzy graph. But the studies on 

weak fuzzy graphs have not been given importance. In this article we defined general 

weak fuzzy graphs and proved some properties. We wish to extend our further studies 

on operations, algebraic properties and applications of general weak fuzzy graphs, weak 

fuzzy graphs, interval-valued weak fuzzy graphs, and various types of intuitionistic 

weak fuzzy graphs. 

      0.5 

         Figure 5.3, (G|𝜇|)|𝜇| 

 0.1 

x[0.6] w [0.4] 

v[0.8] 

           

          

u[0.7] 

    0.3 
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