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Abstract

In this paper, we have introduce and study weak separation axioms
such as soft Z,5,-To, soft Zys,-T1, soft Zys,-To, 0-Ts/4, Lyss-regular
space in soft ideal topological spaces and also investigate some of
its characterizations and properties with the help of general topol-
ogy concepts. Also give relationships between the above new regualr
spaces. Then we give sufficient and necessity condition between soft
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1 Introduction

Ideal is a key idea in topological space and has a significant impact on re-
search into topological spaces. The notion of the ideal topological spaces in-
troduced and studied by Kuratowski[11] and Vaidyanathaswamy[23]. In 1999,
Molodtsov[15] introduced the new notion soft sets and Shabir and Naz[20] intro-
duced soft topological spaces using soft sets in 2011. After that many researchers
working with soft topological spaces. The properties and applications of soft set
theory have been studied [3, 10, 16]. In recent years, many interesting applica-
tions of soft set theory have been expanded by incorporating fuzzy set concepts
[1,2,4,12,13, 14, 16].

In this paper, we have introduce and study weak separation axioms such as soft
Zys55-To, soft Zys,-T, soft Zyss-To, 0-Ts/4, Zyss-regular space in soft ideal topolog-
ical spaces and also investigate some of its characterizations and properties with
the help of general topology concepts. Also give relationships between the above
new regualr spaces. Then we give sufficient and necessity condition between soft
SZ,ss-closed sets and soft singleton sets in soft Z,55-77 space.

2 Preliminaries

Definition 2.1. [15] A soft set F over the universe X is defined by the set of
ordered pairs

Fa={(e, Fa(e)) : e€E, Fy(e)ep(X)}

where F 5 : E—p(X), such that F 5(e)#0, if e€ACE and F o(e)=0 if e¢A. The
Sfamily of all soft sets over X is denoted by SS(X).

Definition 2.2. [1/4] The soft set Fy over a common universe set X is said to be
null soft set, denoted by ). Here Fy(e)=(), Ve€E.

Definition 2.3. [14] A soft set F 4 over X is called an absolute soft set, denoted by
A, if e€A, Fu(e)=X.

Definition 2.4. [24] A soft set F 4 in a soft topological space (X, T, E) is said
to be a soft regular open (resp. soft regular closed) if Fa=int(cl(F4)) (resp.
Fa=cl(int(F 4))).

Definition 2.5. Let 7 be a non-null collection of soft sets over a universe X with
the same set of parameters E. Then TCSS(X) is called a soft ideal on X with the
same set E if

(1) FA€Z and G €1=F UG €1,

(2) FA€Z and GoCF4=G €1
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Definition 2.6. Let (X, 7, E) be a soft topological space and T be a soft ideal over
X with the same set of parameters E. Then Fy=U{x.€X : O,, N Fa¢Z, for all
O..€7} is called the soft local function of F 4 with respect to T and T, where O,,
IS a T-open set containing X..

Definition 2.7. [8] Let F 4 be a soft subset of soft topological space (X, T, E).
Then

1. x. is called a soft §-cluster point of F 4 if F sNint(cl(U 4))#£0 for every soft
open set U 4 containing x..

2. The family of all soft §-cluster point of F 4 is called the soft -closure of F 4
and is denoted by cls(F ).

3. A soft subset F 4 is said to be soft d-closed if cls(F o)=F 1. The complement
of a soft d-closed set of X is said to be soft 6-open.

Definition 2.8. A soft subset F 5 of a soft topological space (X, T, E) is said to be
1. soft preopen if F'4Cint(cl(F 4)),
2. soft semiopen if FxCcl(int(F 4)),
3. soft a-open if FyCint(cl(int(F 4))).

The complement of a soft preopen (resp. soft semiopen, soft a-open) set is
called a soft preclosed (resp. soft semiclosed, soft « -closed) set. The set of all
soft preopen (resp. soft semiopen, soft a-open, soft preclosed, soft semiclosed,
soft a-closed) sets of (X, 7, E) is denoted by SPO(X) (resp. SSO(X), SacO(X),
SPC(X), SSC(X), SaC(X)).

intg(Fa)={U Uy : Uy C F4 and Uy, is soft semiopen sets} and clg(F4)={N
Ga: Fa C Gy and Gy is soft semiclosed}.

Definition 2.9. [8] A soft subset F 4 of a soft ideal topological space (X, 7, E, T)
is said to be

1. soft pre-Z-open if F4Cint(cl(F 4)),
2. soft semi-L-open if F oCcl(int(F 4)),
3. soft a-Z-open if F 4Cint(cl(int(F 4))).

The set of all soft semi-L-open sets is denoted by SSLO(X)
The complement of soft pre-L-open (resp. soft semi-L-open, soft a-L-open)
set is called a soft pre-Z-closed (resp. soft semi-L-closed, soft a-Z-closed).
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Definition 2.10. The soft semi-Z-closure of F 4 is defined by the intersection of all
soft semi-L-closed sets containing F o and is denoted by ST ,i(F 1)

Definition 2.11. [I8] A soft set F 4 of soft ideal topological space X is called
soft generalized 0 semi-closed (briefly soft Lyss-closed) set if STyq(Fa) C Ga
whenever F'y C G 4 and G 4 is soft d-open over X.

A soft set Fy of X is called soft generalized 6 semi-open (briefly soft SLys-
open) set if F o° is soft S1,ss-closed.

The family of all soft S1,s54-closed subsets of the space X is denoted by ST ,s,-
C(X) and soft S1,55-open subsets of the space X is denoted by S1,5,-O(X).

Definition 2.12. [I8] Let X be a soft ideal topological space and F 4 be a soft
subset over X. Then soft SL,ss-closure of F 4 denoted by ST 55-cl(F4) and defined
as the intersection of all soft S1,ss-closed sets over X containing F 4.

Definition 2.13. [9] Let (X, 7, E) and (Y, o, K) be soft topological spaces and soft
Sfunction f:(X, T, E)—(Y, 0, K) is called

1. soft continuous if f~*(Fp) is soft open over X for every soft open set Fg over
Y.

2. soft open (resp. soft closed) if f(F 4) is soft open over Y for every soft open
set F 4 over X (resp. f{F 4) is soft closed over Y for every soft closed set F 4
over X).

3. soft semiopen (resp. soft semiclosed) if f(F 4) is soft semiopen over Y for
every soft open set F 4 over X (resp. f(Fa) is soft semiclosed over Y for
every soft closed set F 5 over X).

4. soft semicontinuous if f~1(Fg) is soft semiclosed over X for every soft closed
set Fg over Y.

5. soft irresolute if f~1(Fg) is soft semiopen over X for every soft semiopen set
FpoverY.

Definition 2.14. A function f : (X, 7,E) — (Y, 0, K,I) is said to be soft SL,,ss
closed if f(V4) is soft SL,s-closed over'Y for every soft semiclosed set V4 over
X.

Definition 2.15. 1. A function f : (X,7,E,T) — (Y,0,K,J) is soft SL,s,-
irresolute if f~' (V) is soft SLyss-closed over X for every soft ST,s5-closed
set Vg overY.

2. A function f : (X,7,E,T) — (Y, K, 0) is soft Sss-continuous if f (V)
is soft S1y5-closed over X for every soft closed set Vi over Y.
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Definition 2.16. [7]

1. Two soft subsets G 4, H 5 over X are said to be soft distinct, written G ,NH 4=0)
if G(e)NH(e)=0), for all ecA.

2. Two soft points x., y. over X are distinct, written x.#y., if there soft sets G 4
and H 4 are disjoint.

3. A soft ideal topological space X is said to be soft T space if for each pair of
distinct soft points x. and y. over X, there exists a soft open set containing
one soft point but not the other.

4. A soft ideal topological space X is said to be soft I space if for any pair
of distinct soft points x. and v., there exist soft open sets G o, and H 5 such
thatz, € Ga, ye ¢ Gaand x. ¢ Hy, y. € Ha.

5. A soft ideal topological space X is said to be soft T space if for any pair of
distinct soft points x. and y., there exist disjoint soft open sets G 4 and H 4
such that x. € G and y. € H 4.

Definition 2.17. [25] A soft topological space (X, T, E) is said to be soft regular
if for all soft closed sets F 4 over X and each soft point x. such that x.¢F 4, there
exists soft open sets U and V 4 over X such that x.€U 4, F4CV 4 and U 4NV 4=0).

Definition 2.18. A soft ideal topological space X is said to be soft TLss-space if
every soft S1y5s-closed set is soft closed over X.

Definition 2.19. 1. A function f : (X, 7, FE) — (Y, 0, K) is said to be per-
fectly soft continuous, if f~1(Vp) is soft clopen over X for every soft open
set Vg over Y.

2. A function f : (X,7,E) — (Y,0,K,T) is said to be perfectly soft SL,ss-
continuous (resp. totally soft semicontinuous), if f~'(Vg) is soft clopen
over X for every soft SLyss-open (resp. soft semiopen) set Vg over Y.

Definition 2.20. A function f : (X, 1, E) — (Y, 0, K,T) is said to be strongly soft
SZ,ss-closed (resp. strongly soft ST,s5-open), if f(Fa4) is soft SLyss-closed (resp.
soft S1,s5s-open) set over Y for every soft SLyss-closed (resp. soft SL,ss-open) set
Fy over X.

Definition 2.21. A function f : (X, 7, E) — (Y, 0, K,Z) is said to be quasi soft
SZyss-closed (resp. quasi soft ST,55-open) if for each soft SLss-closed (resp. soft
SZ,5s-open) set F o over X, f(F 1) is soft closed (resp. open) set overY'.
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3 soft Separation Axioms

Definition 3.1. A soft ideal topological space X is said to be soft L,s:-1q space if
for each pair of distinct soft points x. and y. over X, there exists a soft SL,ss-open
set containing one soft point but not the other.

Theorem 3.1. A soft ideal topological space X is a soft L,s55-1y space if and only
if soft S1,55-closures of distinct soft points are distinct.

Proof: Let x. and y. be distinct soft points over X. Since X is soft Z,s5,-Tp

space, there exists a soft SZ,s;-open set G 4 such that x. € G4 and y. ¢ Ga.
Consequently, X — G 4 is a soft SZ,ss-closed set containing y. but not z.. But
SZ,55-cl{y.} is the intersection of all soft SZ ,-closed sets containing y.. Hence
Ye € SLyss-cl{ye} but z, ¢ ST55-cl{y.} as x. ¢ X — G . Therefore, ST ;-
cl{x.} # STys5-cl{ye}.
Conversely, let SZ s,-cl{z.} # SZy55-cl{y.} for x. # y.. Then there exists at
least one soft point z.overX such that z. € SZys5s-cl{x.} but z. ¢ ST,s:-cl{y.}.
We claim z, ¢ SZ,s5-cl{y.}, because if x. € ST,s5-cl{y.} then {zx.} C ST,s,-
cl{y.} implies SZss-cl{x.} C SZys5-cl{ye}. So z. € ST,s5-cl{y.}, which is a
contradiction. Hence x, ¢ SZ,5,-cl{y.}, which implies z. € X — SZ5,-cl{y.},
which is a soft SZ,5,-open set containing z. but not y.. Hence X is soft Z,5,-1j
space.

Theorem 3.2. If f : X — Y is a bijection, strongly soft SL,ss-open and X is soft
Lyss-1h space, then'Y is also soft Lys5-1p space.

Proof: Let y. and z. be two distinct soft points over Y . Since f is bijective
there exist distinct soft points o, and x. over X such that f(o.) = y. and f(z.) =
Ze. Since X is soft Zys,-T space there exists a soft SZ,s;-open set G'4 such that
0. € Gy and x. ¢ G 4. Therefore y. = f(o.) € f(G4) and z. = f(z.) & f(Ga).
Since f being strongly soft SZ s,-open function, f(G 4) is soft SZ,ss-open over Y
. Thus, there exists a soft SZ s,-open set f(G 4) over Y such that y. € f(G 4) and
2. ¢ f(Ga). Therefore Y is soft Z,5,-15 space.

Definition 3.2. A soft ideal topological space X is said to be soft L,5,-11 space
if for any pair of distinct soft points x. and y., there exist soft SL,ss-open sets G 4
and H 4 such that x. € Gy, y. ¢ Gaand v ¢ Ha, y. € Ha.

Theorem 3.3. A soft ideal topological space X is soft L,s.-11 space if and only if
soft singleton are soft SL,5,-closed sets.

Proof: Let X be a soft Z,55-1} space and z. € K 4. Lety. € K4 —{x.}. Then
for z. # y., there exists soft SZ,s,-open set Uy such that y. € Uy and . ¢ Uj.
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Consequently, y. € Uy C X —{z.}. Thatis X —{z.} =U{U4 : y. € Ka—{x.}},
which is soft SZs,-open set. Hence {z.} is soft SZ,5,-closed set.

Conversely, suppose {z.} is soft SZ s,-closed set for every soft point z.overX.
Let x. and ¥, soft point over X with ., # y.. Now z. # v, implies y. € X —{x.}.
Hence X —{z.} is soft SZ s,-open set containing y. but not x.. Similarly, X —{y.}
is soft SZ,ss-open set containing x. but not .. Therefore X is soft Z,5,-17 space.

Theorem 3.4. The property being soft L,ss-T' space is preserved under bijection
and strongly soft S1,ss-open function.

Proof: Let f : X — Y be bijective and strongly soft SZ s,-open function. Let
X be a soft Z,5,-T' space and y., z. be any two distinct soft points over Y . Since
f is bijective there exist distinct soft points o., z. over X such that y. = f(0.)
and z. = f(z.). Now X being a soft Zs,-1} space, there exist soft SZ s,-open
sets G4 and H 4 such that o, € G4, z. ¢ G4 and o, ¢ Hy, v. € H,. Therefore
Ye = f0.) € f(Ga)but z, = f(x.) & f(Ga) and z. = f(z.) € f(Ha) and
ye = f(0.) ¢ f(Ha). Now f being strongly soft SZ 5,-open, f(G4) and f(Hy)
are soft SZ,s,-open subsets over Y such that y. € f(G4) but z. ¢ f(G4) and
ze € f(Ha)and y. ¢ f(Hya). Hence Y is soft Z,5,-1} space.

Theorem 3.5. Let f : X — Y be bijective and soft ST 55-open function. If X is
soft Lyss-T' and soft TLyss-space, then Y is soft Lys.-11 space.

Proof: Let y., z. be any two distinct soft points over Y. Since f is bijective
there exist distinct soft points o, z. over X such that y. = f(o.) and z, = f(z.).
Now X being a soft Z,s,-17 space, there exist soft SZ 5,-open sets G4 and Hy4
such that o, € G4, x. ¢ G4 and 0, ¢ Ha, x. € Ha. Therefore y. = f(o.) €
f(Ga) but ze = f(z.) ¢ f(Ga)and z. = f(ze) € f(Ha) and ye = f(0c) ¢
f(Hy). Now X is soft TZ,s,-space which implies G4 and H 4 are soft open sets
over X and f is soft SZ,s,-open function, f(G4) and f(H ) are soft SZ,s,-open
subsets over Y. Thus there exist soft SZ s5-open sets such that y. € f(G4) but
2e ¢ f(G4)and z. € f(Hy) and y. ¢ f(Ha). Hence Y is soft Z,s,-1} space.

Theorem 3.6. If f : X — Y is soft SL,ss-continuous injection and Y is soft Ty
space then X is soft L,s.-1' space.

Proof: Let f : X — Y be soft SZ,5,-continuous injection and Y be soft 77.
For any two distinct soft points o., x. over X there exist distinct soft points y.,
z. over Y such that y. = f(o.) and z. = f(x.). Since Y is soft T} space there
exist soft open sets G4 and H4 over Y such thaty, € G4, z. ¢ G4 and y. ¢ H a4,
2. € Ha. Thatis o, € f71(Ga), 0. ¢ [~ (Ha) and z. € f~'(Ha), z. ¢
f7H(Ga). Since f is soft ST ss-continuous f~1(G4), f~1(Ha) are soft SZ,ss-
open sets over X. Thus, for two distinct soft points o., x. over X there exist soft
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SZ,s5s-open sets f~!(G4) and f~'(H,) such that o, € f~H(Ga), 0 & [~ (Ha)
andz. € f~Y(Hy), z. & f1(G4). Therefore X is soft Z,55-T} space.

Theorem 3.7. If f : X — Y is soft SLyss-irresolute injective function and Y is
soft Lyss-T' space then X is soft Lys5-11 space.

Proof: Let o, z. be pair of distinct soft points over X. Since f is injective
there exist distinct soft points y., z. over Y such that y. = f(0.) and z. = f(z.).
Since Y is soft Z,s,-17 space there exist soft SZ,5-open sets G4 and H4 over Y
such that y. € Ga, 2. ¢ Gaand y. ¢ Ha, 2. € Hy. Thatis o, € f~1(Ga),
0. ¢ fH(Ha)and z, € f~1(Ha), ze ¢ [~ (G4). Since f is soft SZs,-irresolute
F~HGaA), f71(Ha) are soft SZ,s5-open sets over X. Thus, for two distinct soft
points o,, . over X there exist soft SZ,ss-open sets f~1(G4) and f~'(H,) such
that o, € f~1(G4a), 0. ¢ f~'(Ha)and z, € [~ (Ha), z. & f~'(GaA). Therefore
X is soft Z,55-T' space.

Definition 3.3. A soft ideal topological space X is said to be soft L,5,-15 space
if for any pair of distinct soft points x. and y., there exist disjoint soft SL,ss-open
sets G 4 and H 4 such that x. € G4 and y. € H 4.

Theorem 3.8. If f : X — Y is soft SL,ss-continuous injection and Y is soft T,
then X is soft Ly55-15 space.

Proof: Let f : X — Y be soft SZ,ss-continuous injection and Y be soft
T,. For any two distinct soft points o, X, over X there exist distinct soft points
Yes Ze OVer Y such that y. = f(o.) and 2. = f(z.). Since Y is soft T space
there exist disjoint soft open sets G4 and H4 over Y such that y. € G4 and
ze € Hy. Thatis o, € f7'(G4) and z. € f~'(Hy4). Since f is soft SZ,s,-
continuous f~'(G,), f~!(Ha) are soft SZ,ss-open sets over X. Further f is
injective, f~H(G4) N f7YHA) = f[FHGaN Hy) = f71(0) = 0. Thus, for two
disjoint soft points o, . over X there exist disjoint soft SZ,s,-open sets (G 4)
and f~1(H,) such that o, € f~'(G4) and z. € f~1(H,). Therefore X is soft
Zys55-T5 space.

Theorem 3.9. If f : X — Y is soft SL,ss-irresolute injective function and 'Y is
soft Lyss-15 space then X is soft Lys.-15 space.

Proof: Let o., x. be pair of distinct soft points over X. Since f is injective
there exist distinct soft points y., z. over Y such that y. = f(0.) and 2z, = f(z.).
Since Y is soft Z,s,-1% space there exist disjoint soft SZ,s,-open sets G4 and
H, over Y such that y. € G4 and z. € Ha. Thatis o, € f71(G4) and z, €
S (Ha). Since f is soft SZs,-irresolute injective f (G 4), f~'(H4) are distinct
soft SZ,5,-open sets over X. Thus, for two disjoint soft points o., z. over X there
exist disjoint soft SZ,ss-open sets f~*(G4) and f~!(H,) such that o, € f~1(G 4)
and ¥, € f~'(Hy,). Therefore X is soft Z,5,-T5 space.
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Definition 3.4. A soft ideal topological space X is called soft 6-13,4 if every soft
SZyss-closed set is soft 0-L-closed.

Theorem 3.10. For a soft ideal topological space X, if X is a soft §-T54- space,
then every singleton soft set {x.} is soft 0-Z-open or soft 6-Z-closed.

Proof: Suppose X is a soft 6-T3,4 space. If {x.} is not soft §-Z-closed, then
X — {x.} is not soft 0-Z-open. Then the only soft 4-Z-open set containing X —
{z.} is X. Therefore X — {z.} is soft SZ,s,-closed set over X. Since X is a soft
0-T3,4 space, X — {x.} is soft 6-Z-closed, which implies {x.} is soft -Z-open.

Definition 3.5. A soft subset F 4 over X is soft 6-L-nowhere dense if int(cli(Fa)) =
0.

Lemma 3.1. Let X be a soft ideal topological space then, every singleton soft set
is soft 0-L-nowhere dense or soft 0-pre-L-open over X.

Proof: Suppose {z.} is not a soft 6-Z-nowhere dense over X. Therfore int(cl}(Fa)) #
() which implies that {z.}Cint(cli({z.})). Hence {z.} is a soft d-pre-Z-open
over X.

Definition 3.6. A soft ideal topological space X is called soft 6-T) s, space if every
soft S1gss-closed set is soft semi-L-closed.

Theorem 3.11. For a soft ideal topological space X the following conditions are
equivalent

1. X is soft 0-T' ; space.
2. Every soft singleton set is either soft 6-L-closed or soft semi-Z-open.

Proof: (1) = (2) If {z.} is not soft 6-Zclosed, then X — {z.} is not soft
d-Z-open. Then the only soft j-Z-open set containing X — {z.} is X . Therefore
X —{z.} is soft SZ 5,-closed set over X. By (1), X — {xz.} is soft semi-Z-closed,
which implies {z.} is soft semi-Z-open.

(2) = (1) Let F4 be soft subest over X and z. € SZ,(F4). Then consider the
following cases

Case (1): Let {z.} be soft semi-Z-open. Since x. € SZ,,(F4), then {z.} N
F # (). This implies 2. € F4.

Case (2): Let {z.} be soft 0-Z-closed. Assume that z. ¢ F,, then z, €
SZsq(F4) — Fa, which implies {x.} C SZ,y(F4) — F4. This is not possible
according to Theorem ??. This shows that, z. € F4.

So in both cases, SZ,.;(F4) C F4. Since the reverse inclusion is trivial, implies
SZs(Fa) = F4. Therefore F4 is soft semi-Z-closed.

186



Y. Rosemathy, K. Alli

Theorem 3.12. Every soft 6-1%,4 space is soft -1 s, space.

Proof: Let X be a soft §-15,, space. Then by Theorem 3.10, every soft sin-
gleton set over X is soft 9-Z-open or soft 0-Z-closed. But every soft 6-Z-open set
is soft semi-Z-open set. Thus every soft singleton set over X is soft semi-Z-open
or soft 9-Z-closed. By theorem 3.11, X is soft 0-1} /» space.

Theorem 3.13. For any soft ideal topological space X
1. SSTO(X) C SZ,55-O(X).
2. A space X is soft 0-Ti jo-space if and only if SSTO(X) = SL,5,-O(X).

Proof: (1) If F4 is soft semi-Z-open, then X — F4 is soft semi-Z-closed. So
X — Fj 18 soft SZss-closed, this implies /4 is soft SZ,5,-open. Hence SSZO(X)
C 5Z455-0(X).
(2) Let F4 be a soft 4-T7 /5 space and Fy € SZ;5,-O(X). Then X — F is soft
SZ,ss-closed set. By hypothesis, X — F4 is soft semi-Z-closed and hence Fy €
SSZO(X). Therefore SZ,55-O(X) C SSZO(X). By (1), SSIO(X) C SZgs5-
O(X). Therefore SSZO(X) = SZ;55-O(X).
Conversely, let SSTO(X) = SZ,55-O(X) and F'4 be a soft SZ,5,-closed set. Then
X — Fy is soft SZ,5,-open. Hence X — [y is soft semi-Z-open, which implies
F4 is soft semi-Z-closed. Thus every soft SZs,-closed set is soft semi-Z-closed.
Therefore X is soft 4-T7 /»-space.

Lemma 3.2. For a soft ideal topological space X the following are equivalent
1. Every soft 0-pre-L-open singleton set is soft 0-L-closed.
2. Every soft singleton set is soft d-L-nowhere dense or soft 0-L-closed.

Proof: (1) = (2) By Lemma 3.1, every soft singleton set is either soft J-
Z-nowhere dense or soft d-pre-Z-open. In the first case we are done and in the
second case soft 6-Z-closedness follows from the assumption.

(2) = (1) Let {x.} be soft 6-pre-Z-open. Assume that {z. } is not soft 6-Z-closed.
Then by (2), it is soft §-Z-nowhere dense. Thus {x.} C int(cli({z.})) = 0,
which is not possible. Hence {z.} is soft 6-Z-closed.

Theorem 3.14. For a soft ideal topological space X the following are equivalent
1. X is soft 6-T} space.

2. X is soft 0-T3,4 space and every soft singleton set is soft 6-L-nowhere dense
or soft 0-I-closed.

187



Separation Axioms on Soft S1,s5-Closed Sets

3. X is soft 6-T5,4 space and every soft -pre-L-open singleton set is soft 6-1L-
closed.

Proof: (1) = (2) Obvious.
(2) = (1) If soft singleton set is not soft 6-Z-closed, then it must be soft §-Z-open,
since X is soft 0-T3/4-space. But soft singleton set is soft 9-Z-open if and only if
it is soft regular-Z-open, which implies soft singleton set is soft regular-Z-open.
Moreover, by rest of assumption X is soft J-Z-nowhere dense at the same time,
X must be soft 9-77-space.
(2) < (3) Follows from lemma 3.2

Theorem 3.15. In any soft ideal topological space the following are equivalent
1. X is soft L,s55-15 space.

2. For each x. # Y., there exists a soft SL,ss-open set G 4 such that v. € G 4
and y. ¢ SZy55-cl(G 4).

3. Foreach x. € Ga, {x.} = N{SZy55-cl(G4) : Ga is a soft ST,s5-open set
over X and x, € G 4}.

Proof: (1) = (2) Assume (1) holds. Let z. € G4 and x. # ¥., then there
exist disjoint soft SZ,;,-open sets G 4 and H 4 such that x, € G4 and y. € Hy4 .
Clearly, X — G4 is soft SZ 55-closed set. Since G4 N Hy =0, G4 C X — Hy.
Therefore SZy55-cl(Ga) C SZyss-cl(X — Hy) = X — Hy. Now y. ¢ X — Hy
implies y. ¢ SZ;s55-cl(G 4).

(2) = (3) For each z. # y., there exists a soft SZ s,-open set G4 such that
r., € G4 and y, §é SIggs-Cl(GA). So 9. ¢ ﬂ{SIg(;S-CZ(GA) : G4 18 a soft SIg(;S-
open set over X and z, € G4} = {z.}.

(3) = (1) Let x, y. be soft sets over X and z. # y.. By hpothesis there exists a
soft SZ,5s-open set G 4 such that . € G4 and y. ¢ SZ5,-cl(G 4). This implies
there exists a soft SZs5-closed set H 4 such that y. ¢ H 4. Therefore y. € X —Hy
and X — H 4 is soft SZ 5.-open set. Thus, there exist two disjoint soft SZ,s,-open
sets G4 and X — H4 such that z, € G4 and y. € X — H,4. Therefore X is soft
1L,ss-15 space.

4 soft 7 s,-regular spaces
Definition 4.1. A soft ideal topological space X is said to be soft L,ss-regular if

for each soft closed set F'y and each soft point x, € X — F4, there exist disjoint
soft SL,ss-open sets Uy and W 5 such that x. € Ua and Fa C Wy.

Remark 4.1. Every soft regular space is soft Lys-regular space.
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Theorem 4.1. Every soft L,s5s-regular and soft Ty space is soft Lyss-T5.

Proof: Let X be a soft Z,;,-regular space and z., y. be soft point over X such
that x. # y.. Since X being soft T space, there exists a soft open set U over X
such that z, € Uy and y. ¢ Ua. Then X — Uy is a soft closed set containing v,
but not z.. Since X is soft Z,s5,-regular, there exist disjoint soft SZ,;,-open sets
Vaand Wy such that X — Uy € Wy and . € V4. Now y. € X — U, implies
Ye € Wy. Thus for z.,y. soft set over X such that z. # ., there exist disjoint
soft open sets V4 and W, such that z. € V4 and y. € W 4. Therefore X is soft

ZLgss-T5 space.

Theorem 4.2. For a soft ideal topological space X, the following conditions are
equivalent.

1. X is soft Lys,-regular.

2. For every soft point x. over X and soft open set U 4 containing x. there exists
a soft ST,ss-open set Wy such that v, € Wa C SZys5-cl(Wy4) C Ug.

3. For every soft closed set Fy, F'yx = N{SZy55-cl(Us) : Fa C Ugand Uy is
soft ST,ss-open set over X }.

4. For every soft set Fy and a soft open set H 5 such that Fo N Hy # 0, there
exists soft ST,ss-open set O 4 such that Fy N Oy # O and SZys5-cl(O4) C
H .

5. For every non empty soft set 'y and soft closed set H o such that FANH 4 #
(), there exist disjoint soft SZys5s-open sets L o and M 4 such that FANLa # 0
and Hy C Mag.

Proof: (1) = (2) Let U, be a soft open set containing z.. Then X — U, is soft
closed set not containing x.. Since X is soft Z,s,-regular, there exist soft SZ;,-
open sets L4 and W, such that z, € W4, X — U4 C Ly and W4 N Ly = 0. This
implies W4 C X — L. Therefore, SZ 55-cl(W4) C SZys5-cl(X —La) = X —La,
because X — L, is soft SZ,s,-closed. Hence z. € Wy C SZy5.-cl(Wy) C
X —LsCUy Thatisz, € W4 C Ig5s'0l(WA) C Uy,

(2) = (3) Let F4 be a soft closed set and z. ¢ F4. Then X — F) is a
soft open set containing x.. By (2), there is a soft SZ,55-open set W, such that
T, € Wy C SIg(;s-Cl(WA) Cc X —F4. Andso, Fy C X — SIggs-Cl(WA) C
X — Wy. Consequently X — Wy is soft SZ,5,-closed set not containing x.. Put
Uy = X — SZy55-cl(W4). This implies F)y C U, and Uy is soft SZ,s,-open set
over X and xz, ¢ SZ,ss-cl(Ua), implies N{SZys5s-cl(Ua) : Fa C Uy and Uy is
soft SZ,ss-open set over X} C Flj...... (1) But F4 is soft closed and every soft
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closed set is soft SZ s-closed. Therefore )y C N{SZys5-cl(Us) : Fa C Uy
and Uy is soft SZ,5-open set over X }........ (2) is always true. From (1) and (2),
Fy = 0{SZs5-cl(Uys) : F4 C Uq and Uy is soft SZ 55-open set over X }.

(3) = (4) Let FaN Hy # () and Hy is soft open. Let x, € Fy N Hy.
Then X — H 4 is a soft closed set not containing x.. By (3), there exists a soft
SZ,ss-open set Uy over X such that X — Hy C Uy and x, ¢ SZs,-cl(Uy). Put
Oy = X —5TZ55-cl(Uy), then O 4 is soft SZs55-open set over X, z. € F4NO4 and
SIg(;S—CKOA) C SIg5S—Cl(X—UA) = X—-U,y C Hy. Hence SIggs—Cl(OA) C Hyu.

(4) = (5) If FAN H4 # 0, where F4 is non empty and H 4 is soft closed, then
Fan(X —Ha) # 0 and (X — H,) is soft open. Therefore by (4), there exists soft
SZ,ss-open set L4 such that Fy N Ly # (and Ly C SZyss-cl(La) C X — Hy.

(5) = (1) Let F4 be a soft closed set such that x, ¢ Fy, then {x.} N F4 = ().
By (5), there exist disjoint soft open sets L 4 and M4 such that {z.} N L # () and
Fy C My, which implies z. € L4 and Iy C M 4. Hence, X is soft Z,5,-regular.

Theorem 4.3. If f : X — Y is soft continuous bijective, soft STys55-open function
and X is a soft regular space, then Y is soft L ,ss-regular.

Proof: Let F4 be a soft closed set over Y and y. ¢ Fa. Take y. = f(z.) for
some z. over X. Since f is soft continuous f~!(F4) is soft closed set over X such
that z. ¢ f~'(F4). Now X is soft regular, there exist disjoint soft open sets U,
and V4 such that z, € U, and f~!(F4) C Vy4. Thatis, y. = f(z.) € f(U4) and
Fy C f(Vy). Since f is soft SZ,s,-open function f(U,) and f(Vy4) are soft SZ,s,-
open sets over Y and f is bijective f(Ua) N f(Va) = f(UaNVa) = f(0) = 0.
Therefore, Y is soft Z,;,-regular.

Theorem 4.4. If f : X — Y is soft continuous surjective, strongly soft ST,s-
open (resp. quasi soft SL,ss-open) function and X is soft L,ss-regular space, then
Y is soft Lyss-regular (resp. soft regular).

Proof: Let F4 be a soft closed set over Y and y. ¢ F4. Take y. = f(z.) for
some . over X. Since f is soft continuous surjective f~'(F4) is soft closed set
over X and z. ¢ f~'(F4). Now since X is soft SZ,s,-regular, there exist disjoint
soft SZ,5,-open sets Uy and V4 such that z. € U4 and f~Y(Fa4) C V4. Thatis,
Ye = f(z.) € f(Ua) and Fy C f(Vy4). Since f is strongly soft SZ s,-open (resp.
quasi soft SZ,5,-open) and bijective, f(U,4) and f(V4) are disjoint soft SZs,-open
(resp. soft open) sets over Y. Therefore, Y is soft Z,s5-regular (resp. soft regular).

Theorem 4.5. If f : X — Y is soft SI,55-continuous, soft closed, injection and
Y is soft regular, then X is soft L,ss-regular.

Proof: Let F4 be a soft closed set over X and . ¢ F4. Since f is soft closed
injection f(F) is soft closed set over Y such that f(z.) ¢ f(Fa4). Now Y is
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soft regular, there exist disjoint soft open sets G4 and H 4 such that f(z.) € G4
and f(F4) C Ha. This implies z. € f~'(G4) and Fy C f~'(Hy). Since f
is soft SZ,ss-continuous, (G 4) and f~(H ) are soft SZ,s5s-open sets over X.
Further f~1(G4) N f~'(H4) = 0. Hence X is soft Zs,-regular.

Theorem 4.6. If f : X — Y is soft semi L,s,-continuous, soft semi-closed, injec-
tion and Y is soft semi-regular then X is soft L,ss-regular.

Proof: Let F'4 be a soft closed set over X and z. ¢ F4. Since f is soft semi-
closed injection f(F) is soft semi-closed set over Y such that f(x.) ¢ f(Fla).
Now Y is soft semi-regular, there exist disjoint soft semi-open sets G4 and H 4
such that f(z.) € G4 and f(F4) C Ha. This implies z. € f~1(G4) and Fy C
f7Y(Hy). Since f is soft semi Zys55-continuous f~*(G4) and f~'(H,) are soft
SZ,ss-open sets over X. Further f~1(G4) N f~'(H4) = 0. Hence X is soft
1Lgss-regular.

Theorem 4.7. If f : X — Y is strongly soft SL,;-continuous, soft closed, injec-
tion and Y is soft L,ss-regular then X is soft regular.

Proof: Let F4 be a soft closed set over X and =, ¢ F4. Since f is soft closed
injection f(F4) is soft closed set over Y such that f(z.) ¢ f(F4). Now Y is
soft Z,5s-regular, there exist disjoint soft SZ s,-open sets G4 and H 4 such that
f(x.) € G4 and f(F4) C Hy4. This implies x. € f~1(G4) and Fy C f~Y(Ha).
Since f is strongly soft SZ,ss-continuous f~'(G4) and f~'(H,) are soft open
sets over X . Further f~1(G4) N f~!(H4) = 0. Hence X is soft regular.

Theorem 4.8. If f : X — Y is soft ST 5s-irresolute, soft closed, injection and Y
is soft Lyss-regular then X is soft Lyss-regular.

Proof: Let F4 be a soft closed set over X and x. ¢ F4. Since f is soft
closed injection f(F)) is soft closed set over Y such that f(x.) ¢ f(F4). Now
Y is soft Z,5,-regular, there exist disjoint soft Z,s,-open sets G 4 and H 4 such that
f(x.) € G4 and f(F4) C Hy4. This implies x. € f~1(G4) and Fx C f~1(Ha).
Since f is soft SZ,ss-irresolute, f~*(G ) and f~'(H4) are soft SZ,s5-open sets
over X. Further f~!(G4) N f~!(H) = 0. Hence X is soft Z,ss-regular.

Corolary 4.1. If f : X — Y is perfectly soft S1,ss-continuous injective, soft
closed function and Y is soft L,ss-regular space, then X is soft regular.

Proof: Obvious, because every perfectly soft SZ,5,-continuous is strongly soft
SZ,ss-continuous.

Theorem 4.9. If f : X — Y is perfectly soft S1,5s-continuous injective, soft
closed function and Y is soft L,ss-regular space, then X is soft ultra regular.
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Proof: Let F4 be a soft closed set over X and x, ¢ F4. Since f is soft closed
injective, f(F4) is soft closed over Y such that f(x.) ¢ f(Fa). By soft Z,-
regularity over Y, there exist disjoint soft SZ,s,-open sets U4 and V4 such that
f(x.) €Uaand f(F4) C V. Thatis x, € f~(Ua) and Fy C f~1(V4). Since f
is perfectly soft SZ,s.-continuous, f~(U,) and f~(Vy4) are disjoint soft clopen
sets over X. Therefore, X is soft ultra regular.

Theorem 4.10. If f : X — Y is totally soft continuous bijective, soft SL,ss-open
function and X is soft clopen-regular space, then Y is soft Lss-regular.

Proof: Let F4 be a soft closed set over Y and y. ¢ F4. Take y. = f(z.) for
some soft point z,, over X. Since f is totally soft continuous bijective, f~!(F,) is
soft clopen over X such that x. ¢ f~1(F4). By soft clopen-regularity of X, there
exist disjoint soft open sets U4 and V such that z, € Ua and f~}(F4) C Va.
That is y. = f(z.) € f(Ua) and Fy C f(V4). Since f is soft SZ,s,-open
bijective f(U,) and f(V4) are disjoint soft SZ s,-open sets over Y. Therefore, Y’
is soft Z,ss-regular.

Theorem 4.11. If f : X — Y is completely soft continuous injective, soft SI,s-
open function and X is almost soft regular space, then Y is soft Lss-regular.

Proof: Let F4 be a soft closed set over Y and y. ¢ Fa. Take y. = f(z.)
for some soft point z. over X. Since f is completely soft continuous, f~1(F4)
is soft regular open over X such that z. ¢ f~!(F,4). By almost soft regularity
over X, there exist disjoint soft open sets U4 and V), such that z. € U, and
f7Y(F4) C V4. Thatis y. = f(z.) € f(Ua) and Fy C f(Va4). Since f is soft
SZ,ss-open and injective, f(Uy4) and f(V4) are disjoint soft SZ,s,-open sets over
Y. Therefore, Y is soft Z,s,-regular.

S5 Conclusion
We concluded that using the above separation axioms concepts on soft SZs-
closed sets in the ideal soft topological space may extended to Urysohn Theorem

and then we will prove extension theorem. This findings would assist the budding
researchers to engage in the future research in the real life applications.
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