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Abstract

The paper provides a study of pseudo MV-algebras with n-roots. We
outline their main properties and establish that the class of MV-algebras
with n-roots forms a variety. Then, we introduce the concept of a
strict n-root to classify the class of pseudo MV-algebras with n-root
and demonstrate an equivalence between this variety and the class
of n-divisible unital /-groups. Finally, we find a relationship between
strongly atomless pseudo MV-algebra and strict pseudo M V-algebras.
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1 Introduction

MV-algebras, as algebraic models for infinite-valued logic, have been pivotal
in the study of root theories such as square roots and n-roots. Building on the
foundational work of Chang [Chang, 1958, 1959] and Mundici [Mundici, 1986],
who established their equivalence with /-groups, the research has extended to
pseudo MV-algebras, non-commutative generalizations that enrich the algebraic
framework for non-classical logics. The study of n-roots in pseudo MV-algebras
addresses unique challenges arising from non-commutative operations, offering
deeper insights into algebraic structures and their connections to divisibility and
atomicity.

In MV-algebras, n-roots generalize square roots, revealing decompositions
into Boolean algebras and strict MV-algebras, and establishing links with n-divisible
(-groups. Pseudo MV-algebras, however, introduce non-commutative operations
(¢6 and ®), necessitating a redefinition of roots to accommodate asymmetry. For
instance, weak square roots in pseudo MV-algebras satisfy existence and order-
compatibility conditions, while strict square roots impose additional idempotent
constraints on the root of zero, linking to strongly atomless properties .

Due to the non-commutativity of operations in pseudo MV-algebras, the re-
search methods for the nth roots of MV-algebras cannot be directly applied. As
a result, issues such as the rationality of the definition of n-roots in pseudo MV-
algebras, the conditions for their existence, the determination of their uniqueness,
and their interaction with filters, ideals, and homomorphic mappings have not
been effectively solved.

In fact, the research on the nth roots of pseudo MV-algebras holds signifi-
cant theoretical value and practical significance. From a theoretical perspective,
clarifying the properties of n-roots is conducive to further revealing the non-
commutative structural characteristics of pseudo MV-algebras, improving the el-
ement classification theory of pseudo MV-algebras, and providing a key link for
constructing a more complete non-commutative many valued logical algebra sys-
tem. From an application perspective, in non-commutative fuzzy reasoning sys-
tems based on pseudo MV-algebras, n-roots can be used to describe the “detailed
splitting” and “inverse operation” of proposition truth values, providing a new
algebraic tool for handling the iterative calculation of truth values in complex rea-
soning scenarios.

These roots interact deeply with the algebraic structure:
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e Decomposition: Similar to MV-algebras, pseudo MV-algebras with n-roots
can decompose into a Boolean algebra and a strict pseudo MV-algebra, a
result rooted in the categorical equivalence with ¢-groups and the properties
of normal prime ideals.

e Divisibility: The existence of strict n-roots corresponds to the n-divisibility
of the underlying ¢-group, ensuring unique root extraction and structural
simplicity.

The main goals of this paper are to provide a study on pseudo MV-algebra
with n-roots and present their main properties:

e Define n-roots and weak n-roots that in the case of MV-algebras coincide.
e Present strict n-roots on the pseudo MV-algebras.

e Decompose n-roots into two parts, one as the identity on the Boolean part
and one as a strict pseudo MV-algebras.

e Study strongly atomless and find their relationship with strict pseudo MV-
algebras.

e Represent n-roots by addition in unital /-groups on representable symmetric
pseudo MV-algebras.

2 Preliminaries

In this section, we will review several definitions and fundamental statements
that will serve as the foundation for the subsequent content of this paper. For
more details about pseudo M V-algebras, we refer to [Dvurecenskij, 2001a,b, 2002,
Georgescu and lorgulescu, 2001].

Definition 2.1. [Georgescu and lorgulescu, 2001] A pseudo MV-algebra is an
algebra (M; ®, —,~,0,1) of type (2,1,1,0,0) such that the following axioms
hold for all x,y,z € M,

Az ®(ydz)=(xdy)® 2

(A2) r & 0=06qz ==z,

A)xl=1®x=1,

(A4) 1~ =1~ =0,

(A5) (2~ @ y‘)N (@~ ®y™),

(A6)z B (2~ Oy)=yd Y~ 0r)=(z0y )dy=(yOr )&,
A7)z @ (x~ ®y)=(dYy~) Oy,
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(A8) (z7)~ =z,
where

rOy=Hy dr )"
If the operation & is commutative, equivalently, ® is commutative, then M is an
MV-algebra, and of course x= = x~ for each v € M. We denote it by x' := z~.
For more about MV-algebras, see [Cignoli et al., 2013].
It is well-known that every pseudo MV-algebra is a bounded distributive lattice
[Georgescu and lorgulescu, 2001 ], where axiom (A6) defines x \V y and (A7) de-
scribes x N y.

An algebra (G; V, A, +, —, 0) is said to be a lattice-ordered group or ¢-group if
(1) (G; v, A) forms a lattice, (2) (G;+, —, 0) is a group, and (3) the group opera-
tion + is order-preserving. In an ¢-group GG, we use G to denote {w € G : 0 <
w}. Additionally, for any z € G, we define the positive part z* := z VV 0 and the
negative part z~ := —z V 0. A strong unit of GG is an /-group, and it is equipped
with a fixed strong unit denoted as u € G.

If (G;V, A, +,—,0) is an {-group, given 0 < u, we define an interval [0, u] :=
{z € G|0 < = < u}. The interval [0, u| can be converted into a pseudo MV-
algebra I'(G, u) = ([0, u]; B, —, ~,0,u) as follows: By = (z+y) Au, xOYy =
(x—u+y)V0, 2~ =u—zandz™ = —x +u, x,y € [0,ul.

Conversely, due to the principal result [Dvurecenskij, 2002], every pseudo
MV-algebra is isomorphic to I'(G, u) for some unital /-group (G, ). The unital
(-group (G, u) is unique up to isomorphism of unital /-groups. Moreover, the
category of unital /-groups is categorical equivalent to the category of pseudo
MV-algebras.

Let UG be the category of unital /-groups whose objects are unital ¢-groups
(G,u) and morphisms between objects are ¢-group homomorphisms preserving
fixed strong units. We denote by PMYV the category of pseudo MV-algebras
whose objects are pseudo MV-algebras and morphisms are homomorphisms of
pseudo MV-algebras. Consider the functor I' : /G — P.MYV which is defined as
follows

ING,u) = (T(G,u);®, —,~,0,u),

and if h : (G,u) — (H,v) is a morphism, then I'(h) is the restriction of h
onto the interval [0, u]. On the other side, there is a functor from the category
of PMYV to UG sending a pseudo MV-algebra M to a unital /-group (G, u) such
that M = I'(G, u) which is denoted by ¥ : PMV — UG. If ¢ : M7 — M is
a morphism of pseudo MV-algebras, then ¥ (¢) is unique extension of ¢ onto a
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morphism of unital /-groups. It is possible to show that if ¢ : M; — M, is an
injective (surjective) homomorphism, so is W(¢).

Theorem 2.1. [Dvurecenskij, 2002] The composite functors I' o W and W o I’
are naturally equivalent to the identity functors of PMY and UG, respectively.
Therefore, the categories PMY and UG are categorically equivalent.

A pseudo MV-algebra M is said to be symmetricif x~ = x~ foreachz € M.
We underline that if M is symmetric, then & is not necessarily commutative. In
every pseudo MV-algebra M, we can define a partial operation + in the follow-
ing form: = + y is defined in M if z < y~, equivalently y < z7, equivalently
y ® z = 0, and in either case, we set x + y := = & y, see [DvureCenskij, 2002].
We note that if M = I'(G, u), then + is the restriction of the group addition of the
group G to the interval [0, u].

For any integer n > 0 and any « € M, we can define
0.z =0, andnz=(n—-1)xdz, n#l,

0x =0, andnx = (n— Dz +z, n#1,

assuming (n— 1)z and (n—1)x+x are defined in M. An element = € M is called
a Boolean element if & x = x. The set B(M) denotes the set of all Boolean
elements of M, which is a Boolean algebra and a subalgebra of M.

In what follows, we will assume usually that M is such that 0 # 1.

If that (M; &, —,~,0,1) is pseudo MV-algebra, for each a € B(M), the
interval ([0,al;®,”*,~*,0,a) is a pseudo MV-algebra, where 2= = 2~ A a
and ™ = 2™ A a, and the mapping ¢, : M — M, := [0,a] defined by
¢a(x) =a Nz, x € M, is a surjective homomorphism of pseudo MV-algebras.

In each pseudo MV-algebra (M; @, —, ~,0, 1), we define two additional bi-
nary operations — and ~» by

rT=y=a Py, x~y =ydbax.

Proposition 2.1. [Dvurecenskij, 2001a, Georgescu and lorgulescu, 2001 ] In any
pseudo MV-algebra (M ; @, —, ~, 0, 1), the following properties hold forall x,y, = €
M:

(Hrxo(x—y)=cANy<y, and (r~y) Oz=xANy <y.
2zVvy=@=y)~vy=(~y 2y=@—=y ~y=(@~y =y
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3oy wz=y—=(r—=2)and (xQy)~ z=1x~ (y~ z2).

(4)x— (z0y)=(r—=>0)Vyandz~ (y©x) = (x~ 0)Vuy.

(S)x = (y~z) =y~ (z—2)
O)rOy<z<i=y<r—rz<=r<y~ 2
(7NNxhy=z20(x—y) =y (y—=r)=y~r)0y=(r~y O

8 —(yNz)=(x =y A(x—=2)andz~ (YAz)=(x~y) A~ 2).
(9)z — (yAz) = (x = y)O((xAy) — 2) and x ~ (YAz) = (x ~ y)V(x ~ z).
(10) (xNy) = z=(x = 2)V(y = z) and (x \y) ~ z = ((xAy) ~ 2) O (z ~
Y)-

(I11)Ifx<y, theny —>z<z—zandy~ 2z <z~ 2.

A non-empty subset I of a pseudo MV-algebra M is called an ideal if (1) for
eachy € M, y < x € I implies that y € [; (2) [ is closed under &. An
ideal I of M is said to be (i) prime if x Ay € [ implies x € [ ory € I; (i)
normal if t @I = I @ « forany x € M, where x & I := {x ®ili € I} and
I @&z = {i®xli € [}. Werecall that an ideal [ is normal if and only if given
x,y € M,x®y~ € [if and only if y~ © = € I. We note that the kernel of any
homomorphism of pseudo MV-algebras is a normal ideal.

A one-to-one relationship exists between congruences and normal ideals of a
pseudo MV-algbera, [Georgescu and lorgulescu, 2001]. If I is a normal of pseudo
MV-algebra, then the relation ~;, defined by z ~; yifandonly if t©y~, yOx~ €
I, is a congruence, and M /I = {x/I : « € M} and z/I is the equivalence class
containing .

v/IDy/l=@xoy)/I, (x/I)" =z /I, (x/1)” =27/, (0/I)~ =1/I.

Conversely, if 6 is a congruence on M, then Iy = {x € M|z ~ 0} is a normal
ideal such that ~7,=~.

A pseudo MV-algebra M is said to be representable if M is a subdirect product
of a system of linearly ordered pseudo MV-algebras. By ([Dvurecenskij, 2001b],
Prop, 6.9), M is representable if and only if a* = {x € M|z Aa = 0} is a normal
ideal of M for each a € M. Moreover, M = I'(G, u) is representable iff G is a
representable /-group, see ([Dvurecenskij, 2001b], Prop, 6.9).

Proposition 2.2. [Cignoli R L, 2013] For each element x, y of representable
pseudo MV-algebra (M ; ®, —,~,0,1) and each i, j € N with the property i+j =
n, we have ' ® y? < ™V y".

Proof. Since each representable pseudo MV-algebra is a subdirect product of a
family of linearly ordered M V-algebra, it suffices to prove it only for the linearly
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ordered case. Assume that M is a chain and z,y € M. If v < y, then 2% ® 3
Yyt =y < 2"V y" and similarly, if y < x, then 2' © 3/ < 2V = "
"V y".

LIIAIA

3 n-roots on pseudo MV-algebras

Definition 3.1. [Hohle, 1995] Let M be an MV-algebra and n > 1 be an integer.
A unary operation v : M — M is called an n'* root or simply an n-root, if it
fulfills (R1) and (R2) for all z € M:
(RD7r(2)" =r(2) ©...0r(z) =2

S

-~

(R2) w" < z implies that w < r(z) for each w € M.
If n = 2, a 2-root is simply a square root.

Definition 3.2. Let (M;®, —,~,0,1) be a pseudo MV-algebra. A mapping r :
M — M is said to be an n-root if it satisfies the following conditions:
(Sql)forallx € M, r(x)® ... Or(x) =1z;

-

(Sq2) for each x,y € M, y"* < x implies y < r(z);

(Sq3) for each x € M, r(z~) = r(xz) = r(0) and r(z ) = r(z) ~ r(0);

and a weak n-root if it satisfies only (Sql) and (Sq2). If n = 2, a 2-root is simply
a square root.

A pseudo MV-algebra (M; @, —, ~,0, 1) has n-roots (weak n-roots) if there
exists an n-root (weak n-root) » on M. Sometimes, one writes Y™ for n-roots

r(z).

A standard n-root is an n-root (weak n-root) r satisfying the following addi-
tional condition:
(Sq4) forall z € M, r(x) ©r(0) = r(0) © r(x).

For each m € N and each z € M, we define r°(z) = =z, r'(z) = r(z) and
() = 7o r™ (@) = r(r (o)), m > 1,

Remark 3.1. (i) Any weak n-root v : M — M is a one-to-one map. If r(x) =
r(y), then x = r(z)" =r(y)" = v.

(ii) If 1 and ry are two weak n-roots on a pseudo MV - algebra M, then ri = r,.
By (8q2), for each x € M, ri(z)" < x implies r1(x) < ro(x). In a similar way,
ro(x) < ri(x). That is, r1 = ro.

(iii) If r is a weak n-root on a pseudo MV-algebra M, then r(x) ® r(y) = r(y) ®
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r(z) implies that t ®y —ny Indeed, x©y = (r(z))"© (r(y))"™ = (r(
(r)©r) o)™ = (r@)" oy or@) o ()" = (r(z)
r(z) © (r(y) Or(z) ©r(y) © (ry))"* = (r(z)" o (r(y) O r(x) © (r(y) ©
r@@)ory)?=...=r@) o @) =you

Proposition 3.1. Let r be an n-root on a pseudo MV-algebra (M; ®,—, ,0,1).
For each x,y € M, we have:

(1)x<zVr0) <r(z)andr(z) ©x=xOr(z).

(2) x <y implies that r(z) < r(y

(3)x Ny <r(x)®r(y), r(y) ©r(x). Furthermore ,if b is a Boolean element of
M such that r(0) > b, then b = 0.

(4)x <r(@@")<r(@)andr(zex)"=r(x)"Or(z)" =z 0
(S)(xAz™)"V(xAxz™)" <r(0).

(6)r(x) Ar(y) =r(z Ay).

(7) r(x) — r(y) < r(x — y) and r(x) ~ r(y) < r(x ~ y). Moreover,
r(z) ©r(y) <r(xOy)forall x,y € M ifand only if r(z) — r(y) = r(x — y)
and r(x) ~ r(y) = r(z~ y).

&) r(zVvy)=r@)Vrly). '

(9) If M is representable, r(x)' ©r(y)! < xzVyforalli,j € Nsuchthati+j=n
andy' Ny < r(0).

(10)r(z ©y) < (r(x) ©r(y)) Vr(0), and r(z™) = r(z)™ V r(0) forallm € N,
and r(y") =y V r(0). Consequently, y = r(y"™) forall v(0) < y € M.

(11)r(x &) > (r(z) ©r(0)) & (y)

(12) For each m,n € N withn < m, r™(z)"" = r™ ¥ (z).

(13) r(y) = max{z A (z"' = y)}.

(14)y = r(y) if and only if r(y) € B(M).

(15) For each idempotent element a € B(M), the map r, : [0, a] — [0, a] sending
x to r(x) ® a is an n-root on the pseudo MV-algebra [0, a).

Proof. (1) x < r(x) follows from (Sql). On the other hand, 7(0)" =0 <z, b
(Sq2), 7(0) < r(x). Hence,xz = r(x)" < r(z). Foreach x € M, r(x )
r(x) Or@)" =r(@)" or(r) =z 0 r(x).

(2) From (Sq2) and r(z)" = x < y, we have r(x) < r(y).

(3) When n = 2, it holds.(see [Dvurecenskij and Zahiri, 2022]) By (2), x ANy =
rixAy)" <r(xAy)or(xAy) <r(x)©r(y). Choose b € B(M) such that
r(0) > b. Then, by (Sql), b =b" < r(0)" = 0.

(4) ™ < 2™ and (Sq2) imply that x < r(z™). The second part follows from (Sq1):
Indeed, r(z @ )" =z @ =1r(x)" ©r(x)".

(5) Wehave (z Az )" < (zAz7 ) =(z A2 )0 (zAz) <zOx =0.
Similarly, (z A 2™)" < (z Az™)? < z G a2~ =0, n > 2. Thus by (Sq2),
z Az, x ANz~ <r(0).

(6) From (2) and x Ay < z,y, we have that 7(z A y) < r(z) Ar(y). Iif n = 2,

©

<
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r@Ay)? = (r(@) ©r() A(r(x) O r) A (rly) © r(@) A (rly) © ry)) =
r(@)? A (r(x) © r(y)) A(r(y) ©r(z) Ar(y)* < r(x)? Ar(y)* = x Ay, assume
the formula is true for some positive integer k — 1: (r(z) Ar(y))* < r(z)*1 A
r(y)*~1 = 2 A 'y. Show the formula is true for n = k: (r(z) Ar(y))" = (r(z) A

r) e (r@) Ary) < (@) Ayt © (r(z) Ar(y) = r(y)* A
(r(@)*ory) A @)t or(x)) Ar(x)* <2 Ay. By mathematical induction,
the formula (r(z) Ar(y))™ < x Ay is true for all positive integers n. So by (Sq2),
r(z) Ar(y) < r(x Ay). Thus, r(z) Ar(y) =r(x Ay).

(7) Letz,y € M. Then

5
T
M

=r(zAy)" O (r(z) Ar(y))

r(z) — r(y))" " (by Prop 2.1(1))
r@Ay)" T @r(z) @ (r(z) = r(y)"!

=r(zAy)" " Or(r) @ (r(r) = r(y))
(r(a) = r(y)"

<.

<rAy)" Tt or(r) o (r(r) = r(y))

<r(x Ay Or(y)

<r(y)"ory)

From Proposition 2.1 (10), it follows that (r(z) — r(y))" < (zAy) »y <z —y
and so by (Sql), 7(z) — r(y) < r(x — y).

Now, let 7(z) ® 7(y) < r(z © y) forall z,y € M. Then r(z) ©® r(z — y) <
r(z ® (r — y)) < r(y) which entails 7(z — y) < r(z) — r(y). Therefore,
r(x —y) =r(@) = ry).

Conversely, let r(x — y) = r(z) — r(y) for all z,y € M. Then from
([Georgescu and Iorgulescu, 2001], Prop 1.13), it follows that r(z) — r(x ©y) =
r(@— (xoy))=r@ Vy) =r(y)andsor(z) ©r(y) < r(zOy).

Similarly, we can prove the relations with ~.
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(8) By part (6) and (Sq3), we have

r(zVy)=r(((xt > 0)A(y = 0)~0)=r(zx—0)A(y —0))~ r0)
—0)~7(0)) V (r(y = 0) ~ r(0)) (by Prop 2.1(10))

T
x—0)~0)Vr(ly—0)~0) (by Prop 2.1(2))

(9) We know that r(z)" ® r(y)? < r(z)"Vr(y)" = zVy. Inaddition, (y Ay')" <
(yAy')? <y Ay =0andsoby(Sq2),y Ay <r(0).
(10) By (6), (7) and (Sq3), we have

rzoy) =r(((zoy))7) =r(((z0y) = 0)~0)

=7((y = (x—=0)~0) =r(y = (z = 0)) ~r(0)

< (r(y) = r(x — 0)) ~ r(0) (by (7) and Prop 2.1(11))

= (r(y) = (r(z) = (0))) ~ r(0)

= ((r(x) ©r(y)) = r(0)) ~ r(0)

= (r(x) ®r(y)) v r(0). (by Prop 2.1(2))
Also,

r(z™) < (r(z) @ r(@™ 1)) v r(0)

< (r(@) © ((r(z) © r(@™?)) v r(0))) vV (0)

= (r(@) © (r(@) @ r(@™ %)) V (r(z) ©1(0))) v r(0)

=(r(x)® (r(z) ©r@@™2) vr0) <...=r()"™Vr0)
For m = n, r(z™) < r(xz)” vV r(0) = z vV r(0). By part (4), z, 7(0) < r(z™), so
z V r(0) < r(z"). Therefore, r(z™) = x V r(0).
AD By (7), r(z@y) = r((2™)” @y) = (@™ = y) > r(z™) = r(y) = (r@@) ~

1) = 1) = (10) & 1(0)) & 7(3) = (1(2) © 1(0)7) & ().
(12) Choose m € N. We have r™(z)" = r(r™ (z))" = r™ 1(z). If n = 2, then
@) = (7 (@) = (7 @) = ()
" —rmk()fralll<k<m

()" =
(13) Since r(y)" = y, w get ( ) <r(y)"~' — y. Hence
1

r(y) =ry) A (r(y)"

For each x € M,

/\
8

~—

~—

sy e{zA@ ! wy):ze M}

(@A@" = y))" = (@AE" = y)" T oeAE"T 2 y) <2"TeE™T s y) <y

so by (Sq2), ("' — y) < r(y). Therefore, r(y) = max{z A (2"t — y) : x €
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(14) If r(y) € B(M), then by (Sql), y = r(y)" = r(y) € B(M). Conversely,
suppose that 7(y) = y. Theny = r(y)" < r(y) = y. r(y) = r(y)", and so
r(y) € B(M).

(15) Due to ([Georgescu and Iorgulescu, 2001], Pro 4.3), we have r,(x) = r(x) A
a=a®r(x)=r(r)®a z €0,a]. Since r,(z)" = (a@r(x))* =a"Or(x)" =
a ®r(x), conditions (Sq1) and (Sq2) are clear. Since the mapping ¢ : M — |0, a]
defined by 1,(x) = z A a, x € M, is a homomorphism of pseudo MV-algebras,
(Sg3) holds. 0

Proposition 3.2. Let r be a weak n-root on a pseudo MV-algebra. The following
statements hold:

(1) x is a Boolean element if and only if r(x) = x & r(0) if and only if r(x) =
r(0) & .

(2) If a,b € M, a < b, then r([a,b]) = [r(a),r(b)]. In particular r(M) =
[r(0), 1].

(3) (r(0) = 0)" = (r(0) ~ 0)" € B(M).

Proof. First, we claim that

r(n.y) =y®r0)=r0)dy, Yy € M.

Check
rny) =r(((y™)")") =r((y™)") = r(0)
= ((r(y™)") v r(0)) = r(0) = (y~ Vr(0)) = r(0)  (by (10)
=y~ = r(0) A (r(0) = 7(0)) =y~ = r(0) =y &r(0),
riny) =r(((y7)")") =r((y7)") ~r(0
= ((r(y7)") v r(0)) ~r(0) = (y~ Vr(0)) ~r(0)  (by (10))
=y~ ~r(0) A (r(0) ~7(0)) =y~ ~r(0) =7(0) S y.

(1) If x € B(M), we can yield r(z) = = ® r(0) =
r(z) = x @& r(0), we can r(n.z) = = & r(0) = r(
n.x =xand x € B(M).

(2) Let a,b € M with a < b be given. By Proposition 3.1 (2), r([a,b]) C
[r(a),r(b)]. Let r(a) < y < r(b). We have y > r(a) > r(0), y = y VvV r(0)
and by (10), y = r(y"). From a = r(a)” < y™ < r(b)" = b it follows that
y = r(y") € r([a,b]). Consequently, r([a,b]) = [r(a),r(b)]. As a special case,
we have r(M) = r([0,1]) = [r(0),7(1)] = [r(0), 1].

(3) We show that (r(0) — 0)" € B(M). By (1), it suffices to prove that r((r(0) —
0)") = (r(0) — 0)" & r(0). By (10), r((r(0) — 0)") = (r(0) — 0) V r(0). On
the other hand, (r(0) — 0)" & r(0) = (r(0)7)" & r(0) = r(0)~ vV r(0) (see
[Georgescu and Torgulescu, 2001]). It follows that (r(0) — 0)" € B(M). Ina
similar way, we can show that (7(0) ~ 0)" € B(M). N

r(0) @& x. Conversely, let
x), since r is one-to-one,
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Proposition 3.3. Let r be a weak n-root on a pseudo MV-algebra. The following
statements are equivalent:

(1) ris an n-root on M.

(2)r(x) ©r(x™) < r(0).
(3) r(z™) ©r(z) < r(0).
(4)r(x7) =r(z) = r(0).
(5) r(x~) = r(z) ~ r(0).

Proof. Simlarly to Proposition 3.1 (7), for a weak n-root r, we always have
r(z) = r(0) <r(z = 0)=r(z")and r(x) ~ r(0) < r(zx~ 0) =r(z™).
Letr(z)©r(z~) < r(0). Itimplies r(z~) < r(x) — r(0). Hence r(x) — r(0) =
r(z~). Conversely r(z~) < r(xz) — r(0) implies that r(z) © r(z~) < r(0).
This proves that (1)-(5) are equivalent. O

Proposition 3.4. Let r be an n-root on a pseudo MV-algebra (M ; &, —,~,0,1).
The following properties hold for x € M:

(1)z <zVr)=r(") <r(x),

r(z7)" Vr@™)” < n(r(z)”) =a <z Vvr0) =r(") < r(z). Moreover,
x € B(M) iffr(z) =z Vr(0).

(2)r(z) < (z®r(0))A(r(0)® ).

(3)r(z™)" @r(0)=r(x)=r0)dr(x)".

(4)zdr(z)=r()dz,cer(0) =r(0) .

Proof. (1) By Proposition 3.1 (1) and (4), we have z < x V r(0) < r(z) and
z < r(z"). Also,by part (10) from this proposition, r(z") = r(z)" V r(0) =
x V r(0), so we have equation (1). Hence, if z € M \ B(M), then 2™ # x, thus
r(0) V z < r(z). Otherwise, if 7(0) V x = r(x), then r(z) = r(2") = z V r(0),
that is 2™ = x. Moreover, x € B(M) if and only if r(x) = r(0) V z (since r is a
one-to-one map).

By Proposition 3.1 (1), replacing = with = and ™, we have = < r(z~) and
z~ < r(z™) which imply that 7(z7)~ V r(z™)” < z. Also, n.(r(z7)~) =
(r(z7)™)~ = (27)~ = x. In a similar way, = n.(r(z"~)~). Therefore, we have
).

(2) According to the definition of an n-root, r(x) = max{z € M|z" < x}. We
claim that x ®r(0) is an upper bound for (z). Indeed, set S := {z € M|z" < 0}.
If z € M such that z” < z,then 2" ® =~ = 0 and 2z~ ® z" = 0 which means
ez )< lO(Er)=2"0z" =0and (z”02)" < (2~ O2) O =
™ Oz =0,thusz™ ©z z0x~ € S. It follows that 2~ ® z, z®x~ < r(0) and
hence,

z<zVz=z®d (2~ ©z) <zdr0),
z<zazVz=(z0z )dz<r(0)d .
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Since 7 () is the greatest element of S, we conclude that (2) holds.
(3) Due to (1) and (2), r(z~)~ <z and r(z) < r(0) & =. Then

r(0) @ r(z”)” =r(0) @ (r(z) = r(0))”
=7(0) @ (r(x)” ®r(0))~
=r(0) @ (r(0)” ©r(x))
=r(0)Vr(z) =r(z). (by Prop 3.1(2))

In a similar way, r(z) = r(z™~)~ @ r(0). Hence, (3) is established.
4) ) By (1) and 3), x = n.(r(z)")~ = n.(r(z™)) ", r(x) = r(z™)” @ r(0) =
r(0) @ r(z~)~. It follows that

z@r(x)=nr(”)” &r

D
=
—~
= [
=

(ii) Foreachx € M,z & r(0) = r(0) & x. O

Similarly to the definition of the n-root of a pseudo M V-algebra, we can define
an n-root of an individual element of a pseudo MV-algebra. Let m € N. We called
an element x € M has an m-root if there exists a € M satisfies (Sql) and (Sq2),
that is ™ = x and y™ < x implies that y < a. The condition (Sq2) implies that if
x has an m-root, then it is unique, so that, we can denote it by 1/ for simplicity.
Clearly, if r is an m-root on M, then each element of M has an m-root, indeed,

W =r(x).

Theorem 3.1. Suppose that M is a pseudo MV-algebra with an n-root r, and m
and p are natural numbers such that n = mp. If x € M satisfies the condition
r(0) < r(z)P, then x has an m-root, §/x = r(z)P.

Proof. Let mp = n. Consider the map v : M — M defined by v(x) = r(z)? for
all z € M. So, v(z)™ = r(x)™ = r(z)" = x. In addition, if y € M such that
y™ < x, then y" < aP, whence y < r(x?). By Proposition 3.1(10),

r(z?) = r(z)? Vr(0) = v(z) vV r(0).

Suppose that 7(0) < r(z)? for some z € M. Theny < v(z) V r(0) = v(x), that
is, v satisfies (Sq2), so {/x = v(z). O
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Proposition 3.5. Let f : My — M, be a homomorphism of pseudo MV-algebras
and r be an n-root on My. Then 7 : Im(f) — Im(f), defined by 7(f(z)) =
f(r(x)) for all x € My, is an n-root on Im(f).

)" = fr(@)") = f(x).
f(z). By Proposition 3.1(8) and (10),
(x), whence

Proof. (i) For each r € M, we have f(r(x
(ii) Let x,y € M;, be such that f(y)"

<
r(y"Vaz)=ry")Vr(z)=(yVr)Vvr

T(f (@) =7(f()" vV f(z)) = 7(f(y" V z))
= f(r(y"Vz))=flry") Vvr(z)) by Proposition 3.1(8)
= f((yvr(0) Vr(z)) by Proposition 3.1(10)
= (f) vV f(r(0)) Vv fr(z))
= ([ vV F(r(0))) V7 (f(2)).
(x)). Hence (Sq2) holds.

That is, f(y) < 7(f(z en
(if) We have (f(2)) = F(r(z))™ = f(r(x)") = f(r(z) = r(0)) = f(r(x)) —
f(r(0)) = 7(f(x)) — 7(f(0)). Similarly for the second equality, that is,(Sq3)
holds.

(iv) We show 7 : Im(f) — Im(f) is well-defined. Indeed, if f(x) = f(y),
then f(r(x)) and f(r(y)) are n-roots of f(z) = f(y). Parts (i) and (ii) imply that
F(r(@)" = f(@) = J(y) and so f(r(x)) < f(r(y)). In similar way, f(r(y)) <
f(r(z)). Thus, 7 : Im(f) — Im(f) sending f(z) to f(r(z)) is a correctly
defined n-root. [

Corolary 3.1. Let I be a normal ideal of a pseudo MV-algebra (M ; @, —, ~,0, 1)
with an n-root r. Then:

(1) The mapping r; : M /I — M/I defined by ri(x/1) = r(x)/I is an n-root on
M/I.

(2) Foreachx,y € M, ifrOy~, y©z~ € I, thenr(z)©Or(y)~, r(y)oOr(z)” € 1.

Proof. The proof of part (1) follows from Proposition 3.5.
(2) Letx,y € M suchthatz ©®y—,y @z~ € I. Then x/I = y/I and so by (i),
r(z)/1 = r(y)/I which means r(z) ® r(y)~, r(y) ©r(z)” € I. O

Theorem 3.2. Let r be an n-root on a pseudo MV-algebra (M;V, A\, ®,0). Then
M is a Boolean algebra if and only if r(0) = 0.

Proof. Let r(0) = 0 and = € M. By Proposition 3.3(2), we have = < r(z") =
r(0) Va <r(zx) <r(0) ®x = z which implies that r(z) = r(2™) and so z = z"
(since r is one-to-one). That is M = B(M) is a Boolean algebra.

Conversely, let M be a Boolean algebra. Then 7(0)" = r(0) and (0)" = 0
Therefore, r(0) = 0. O
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Let (M;®,—,~,0,1) be a pseudo MV-algebra with an n-root r and [ be a
normal ideal of M. An ideal I of M is called r-invariant if r(I) C I.

Proposition 3.6. Let (M; ®, —, ~,0,1) be a pseudo MV-algebra with an n-root r
and I be a normal ideal of M. Then I is r-invariant if and only if I is a Boolean
ideal of M.

Proof. Suppose that [ is an r-invariant normal ideal of M. By Corollary 3.1,
rr: M/I — M/Iisann-rooton M/I. Since r;(0/1) = r(0)/I = 0/I, Theorem
3.2 implies that M /I is a Boolean algebra and so / is a Boolean ideal of M.
Conversely, let I be a Boolean ideal of M. Then M /I is a Boolean algebra and
rr . M/I — M]/I is the identity map on M /I. Hence for each x € I, we have
r(z)/I =ri(z/])=x/] =0/I,thatis r(x) € I. Therefore, I is r-invariant. []

Remark 3.2. Let (M;®, —,~,0,1) be a pseudo MV-algebra and a € B(M) \
{0,1}. Set b := a~. Then [0, a| and [0, b] are proper subsets of M. Consider the
pseudo MV-algebras ([0, al;®,”*,~*,0,a) and ([0,b];®,7*,~*,0,b). The map
@ M — [0,a] x [0,b] sending x € M to (x A a,x Ab) is an isomorphism of
pseudo MV-algebras [see [Georgescu and lorgulescu, 2001], page 23]. Hence,
each pseudo MV-algebra with the non-empty set B(M) \ {0,1} is not directly
indecomposable. Now, let r be an n-root on M. By Proposition 3.1(15), r, and
are n-roots on the pseudo MV-algebras |0, a] and [0, b], respectively. Therefore, in
this case, M has a decomposition of pseudo MV-algebras with n-roots.

Belohlavek in [B€lohlavek, 2003] showed that the class of all commutative
residuated lattices with square roots is a variety. Consequently, the class of MV-
algebra with square roots is also a variety. The following theorem shows that the
class of pseudo MV-algebra with n-roots is a variety, too.

Theorem 3.3. The class of all pseudo MV-algebras with n-roots is a variety. The
same is true for the class of pseudo MV-algebras with weak n-roots.

Proof. Let V be the class of all pseudo MV-algebras (M; &, —, ~, 0, 1) such that
there is an n-root on M. Consider the class W of algebras of type (M; @, —, ~
,1,0, 1) satisfying the identities (A1)-(A8) and the following additional three iden-
tities:

(D r(z)" = ;

Q)ry"Va)Ny=y;

B)r(z~) =r(x) = r(0) and r(z~) = r(z) ~ r(0).

First, suppose that M & V. There exists an n-root r on M. We show that
(M;&®,—,~,r,0,1) belongs to W. We only need to show (2). Foreach z,y € M
by Proposition 3.1(8) and 3.1(1), 7(y" V x) = r(y") V r(z) > y V r(x) and so
r(y" Vx) ANy =y. Hence (M;®, —,~,r,0,1) € W.
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Conversely, let (M; @, —, ~,r,0, 1) belong to W. Clearly by (A1)-(A8), (M; ®, —,
~,0,1) is a pseudo MV-algebra. Let y" < z. Thenby (2), y = r(y" V) Ay =
r(z) A y which means y < r(z). From (3), we get (Sq3). Hence, (M;®, —, ~
,0,1) is a pseudo MV-algebra with the n-root r. That is, (M;®, —,~,0,1) € V.
Therefore , V' is a variety.

Using equations (1)-(2), we can prove that the class of pseudo MV-algebras with
weak n-roots is a variety, too. ]

Theorem 3.4. (1) Let M, and M be two pseudo MV-algebras and ry : My — M,
andry : My — My be two n-roots. If f : My, — My is a homomorphism of pseudo
MV-algebras, then f preserves n-roots if and only if Im(f) is closed under r,.
(2)If f . My — M, is an isomorphism and ry is a (weak) n-root on M, then
ro = for o f~tisa(weak) n-root on M.

Proof. (1) («<=) Suppose that Im( f) is closed under 5. Then 7| 1m(s) : Im(f) —
Im(f) is an n-root on the pseudo MV-algebra Im(f). Since by Proposition 3.5,
the map 7 : Im(f) — Im(f) defined by 7(f(x)) = f(ri(x)),z € My, is an
n-root, then 7 = 75 which implies that ro(f(x)) = 7(f(z)) = f(ri(x)) for all
x € M.

(=) Let f preserve n-roots. For each f(x) € Im(f), we have r(f(x)) =
f(ri(x)) € Im(f). Therefore, Im(f) is closed under 7.

(2) (Sql): Let z € M. Then ro(2)" = f(ri(f71(2)" = f(ri(f712)") =
F(f7H(2) = =

(Sq2): Let z,y € My and y" < z. Then f~'(z)" < f~!(z), so that, f~'(z) <
ri(f7(x)) and y < f(r1(f7'(2))) = ra(2).

(Sq3): Let z € My, so m2(0) = f(r1(0)), and ro(x™) = f(ri(f(z))) =
Fr(f7H @) = f(r1(0)) = ra(z) — r2(0). O

Theorem 3.5. Let (M;®, —,~,0,1) be a pseudo MV-algebra with an n-root r.
Then the structure ([r(0),1];W,", %, r(0),1) is a pseudo MV-algebra, where for
givenr(z),r(y) € r(M),

r@@)¥r(y) =r(x®y), r(x) =r(z)” ®r(0), r(x)" =r)” &r0).
Furthermore, the pseudo MV-algebras(M; ©, —, ~, 0, 1)and([r(0), 1]; &, *,7(0),
1) are isomorphic, and the restriction of r onto r(M) is an n-root on r(M).
Proof. (i) First, we note that r is one-to-one, so by Proposition 3.2(2), the opera-

tions W,” and * are well-defined, and [r(0), 1] is closed under these operations. We
verify conditions (A1)-(A8). Let x,y, z € M be given.

(1

r(@) W (r(y) Wr(z)) =r(@z)Wry©2) =rlz® (y © 2))
=r((z®y)) Wr(z) = (r(x) Or(y)) gr(z).
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Q) r(x)yWr0)=r(z®0)=r(z)=r(0dz) =r0)wWr(z).
Brix)yr(l)=r(zel)=r(1)=r(l®x)=r(1) Yr(x).

4 1"=1&r0)=0a&r(0)=r(0). Similarly, 1* = r(0).

(5) For each x € M, by Proposition 3.4 (3) the following identities hold:

r(z) =r(z)” @&r(0)=r0)®r(x)” =r()~ r0)=r(x~0)=rz"),

r(z) =r(x)” ®&r0)=r(x) - r0)=r(x = 0)=r(z"). (b)

It follows that (r(z)")* = r(z7)" = r(z™™) = r(x) and (r(z)*) = r(z™) =
r(z~7) = r(z).
(6) From (a) and (b) deduce that

(r(x)wry)) = (@) wry) =r(@ ey )7) =r(@"ey™)7).

A similar calculus shows that (r(z)* Wr(y)*) = r((z~ @& y~)~). Hence (r(z)* &
r(y)?) = (r(z) Wr(y))".

(7) Letu@uv := (v'Wu')* for all, u,v € [r(0), 1]. Then from (a) and (b) it follows
that

r(x)or(y) = (rly) wr(@)) =y )wr(@))"
=r(y Wa ) =r((y Wz )7)=r(xz0y).

Similarly to (6), we can prove (A6) and (A7) hold. Therefore, ([r(0), 1];W,”, %,
r(0), 1) is a pseudo MV-algebra.

(ii) Consider the mapping f : M — [r(0), 1] defined by f(z) = r(x). Clearly,
f(z) € Im(f) = [r(0),1]. By (a) and (b), for each z € M, f(z)* = r(z)* =
r(z~) = f(z~) and f(z) = r(z) = r(z~) = f(z~). In addition, for each
z,y € M, f(x) W fly) = r(z)Wr(y) = r(z @y) = f(zWy), and f(0) = r(0),
f (1) = r(1) = 1. Therefore, f is an isomorphism. Hence, M is 1som0rph1c to
Im(r), and using Theorem 3.2 (2) for each z € M, we have f(r(f~(f(z)))) =
f(r(z)) = r(r(x)), is an n-root on (M) = [r(0), 1]. O

4 Strict n-roots and n-strict MV-algebras

In this section, we present an important class of pseudo M V-algebra with strict
n-root.

Definition 4.1. An n-root r: M — M on a pseudo MV-algebra (M;®, —, ~
,0,1) is said to be strict if r(0)"~! = r(0)~ = r(0)™.

A pseudo MV-algebra possessing a strict n-root is said to be an n-strict pseudo
MV-algebra.
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Theorem 4.1. Let (M;®, —,~,0, 1) be a totally ordered symmetric pseudo MV-
algebra with an n-root v : M — M and let (G, u) be its related unital (-group.
Ifr(0) = 0, then r = Idy. If r(0) > 0, for each element x € M, the element
(x + (n—1)u)/n exists in M, and r(z) = (x + (n — 1)u)/n for x € M, where
+ denotes the group addition in G.

Proof. Since M = TI'(G,u), we have G is also totally ordered, so it enjoys unique
extraction of roots.

(1) If r(0) = 0, by Theorem 3.2, M is the Boolean algebra {0, 1}, and r = Id,.

(2) Assume that 7(0) # 0. For each x € M, we have two cases:

(i) Ifx # 0,thenz = r(x)" = (nr(x)—(n—1)u)V0 = (nr(x)—(n—1)u) because
M is totally ordered. Then x = nr(z) — (n — )uand z + (n — 1)u = nr(z).
The unique extraction of roots property implies that the element (z + (n — 1)u)/n
exists in M. Hence, for each z € M \ {0}, r(z) = (x + (n — 1)u)/n.

() If z = 0, then 0 = 7(0)" = (nr(0) — (n — 1)u) V O entails that (nr(0) —
(n —1)u) < 0. That is nr(0) < (n — 1)u, On the other hand, if y € M, we have
y" < 0if and only if ny < (n — 1)u. By (Sq2), ny < (n — 1)u implies that
y < r(0). Thatis r(0) = maz{z € M : nz < (n — 1)u}. Also, if g € G be such
that ng < (n — 1)u, then g € G~ implies that ¢ < r(0) and from g € Gt we get
g <ng < (n—1)u,thatis g = [0,u] = M which means g < r(0). Hence

r(0) = max{z € G:nz < (n— 1)u}. (©)
By Proposition 3.2, (r(0)7)" € B(M), so (r(0)~)" = 0 or (r(0)~)" = 1 (since
M is totally ordered). If (r(0)7)™ = 1, then r(0)~ = 1 entails that r(0) = 0, but
this is excluded. If (7(0) ™)™ = 0 ,then nr(z) = (n—1)uentails nr(0) > (n—1)u,

so by (c), nr(0) = u. In this case, 7(0) = (0 + (n — 1)u)/n. O

Theorem 4.2. (Representation of n-strict MV-algebras) Let M = T'(G,u) be a
representation symmetric pseudo MV-algebra with a strict n-root r, where (G, u)
is a unital (-group. Then (x + (n — 1)u)/n exists for each x € M, and

r(z) =
where + denotes the group addition in G.

Proof. Assume that X is the set of all normal prime ideals P # M of M. The
set X is non-empty because M is representable. We note that also G is repre-
sentable. Consider the embedding ¢ : M — My := IlpcxM/P defined by
o(x) = (z/P)pex. We have r(0) > 0.

(1) For each P € X we have r(0) ¢ P(since r is strict, and u = n.r(0)), conse-
quently, 7(0)/P # 0/P, and rp(xz/P) = r(x)/P. Hence, we have

rp(z/P)" " =r(@)""/P =r(z)” /P = (r(z)/P)” = rp(z/P)".

r+(n—1)u
n

, e M,
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Hence, 7p is an n-root on the totally ordered pseudo MV-algebra M /P and rp is
strict.

(2) By Proposition 3.4, the homomorphism 7p o ¢ : M — M/P includes
a strict n-root tp : M/P — M/P defined by tp(z/P) = r(z)/P. Let P
be the (-ideal (i.e. a normal convex /¢-subgroup of GG) of GG generated by P.
Then I'(G/P, u/P) is totally ordered, symmetric pseudo MV-algebra such that
M/P = T(G/P,u/P). Since M/P is totally ordered,(1) implies that M /P is
not a Boolean algebra and so by Theorem 4.1,

r(@)/P = ty(x/P) = (x/P +p (n—1u/P)/n,

where +p denotes the group addition in the unital (-group (G /P, u/P) = U(M/P).
If wesett((z/P)pex) = (tp(x/P))pex, t is an n-root on My and r is the restric-
tion of £ on M.

(3) Consider the unital ¢-group V(ITpex M/P) = Il pex (¥(M/P)). Due to The-
orem 2.1, the functor ¥ : PMV — UG includes an ¢-group homomorphism
U(p) : (G,u) — V([Ipex M/ P) preserving the strong unit that is injective. Re-
call that p(g) = V(p)(g) forall g € M. We have p(r(z)) = (r(z)/P)p € X =
(tp(z/P))pex = ((x/P +p (n—1)u/P)/n)pex. Also,

(/P +p (n = u/P)pex = ((x +p (n — 1)u)/P)pex.
(4) By(3),
p(nr(z)) = np(r(z)) = n¥e(r(z)) = ((z+(n=1)u)/P)pex = p(z+(n-1)u).
entails that nr(z) = (z-+(n—1)u) and consequently, r(x) = (z-+(n—1)u)/n. [

We introduce the following notions. Let X be a non-empty subset of partially
ordered set (P, <). We defined T X := {a € Plx < a for some z € P} and
1 X :={a € Pla <z for somex € P}.

Theorem 4.3. Let s : M — M be a strict n-root on a pseudo MV-algebra
(M;®, —,~,0,1). The following statements hold:

(1) For each x € M, s(z)~ V s(z)~ < s(0) and s(0) & s(z) = s(x) & s(0) = 1.
(2) For each b € B(M), s(0) < b < 1 implies that b = 1, consequently, ({
s(0)U 1 s(0))NB(M) = {0, 1} and if M is not proper, then B(M)Ns(M) = {1}.
(3) Forall x,y € M, s(x) = (s(z) © s(y)) = s(y) = s(z) ~ (s(y) ©® s(x)).

Proof. (1) For each x € M, we have s(0) < s(x) and so s(z)” < s(0)” =
s(0)" ! and s(z)~ < s(0)~ = s(0)""!. Due to [[Georgescu and lorgulescu,
2001]. Prop.1.9], thus s(x) & s(0)" ! = s(0)" ' @& s(z) = 1. Then 1 = s(z) &
s(0)" ! < s(x) @ 5(0), and so s(x) & s(0) = 1.
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(2) Let b € B(M) such that s(0) < b < 1. First we note that if 0 # 1, then
s(0) < b (otherwise, by Proposition 3.1 (14), 0 = s(0)" = ™ = 0). Then b~ <
s(0)” =s(0)" Tandso b~ = (b7)? < s(0)" 1 ©s(0)" ! = s(0)"©s(0)" 2 =0
which implies that b = 1. Therefore, by Proposition 3.1 (3), ({ s(0)U 1 s(0)) N
B(M) ={0,1}. Clearly, 1 = s(1) € B(M)Ns(M). Now, letb € B(M)Ns(M).
Then by (1), b~ < s(0),s0b = 1.

(3) By Proposition 2.1 (4), we have

s(x) = (s(z) © 5(y)) = s(x)” V s(y), s(x) ~ (s(y) © s(x)) = s(2)™ V s(y).

By (1), s(z)” V s(z)~ < s(0) < s(y). So we have s(z) — (s(z) ® s(y)) =
s(y) = s(z) ~ (s(y) ® s(z)) forall x,y € M. O

Theorem 4.4. For each n-root of a representable symmetric pseudo MV-algebra
(M;&®,—,~,0,1) =T'(G, u), the following statements hold:

(1) n. r(O r(0) @ r(0) and it is a Boolean element of M.

(2) r(0) =0o0rr(0) ®r(0) = u.

(3) 7(0) > 0, then 7(0)? # 0.

(4) 7(0) > 0, then r(0)"~* ® r(0) = u. In addition, r(0)"~ > 0.

(5) M ={0,1} or M is n-strict.

Proof. (1) By Proposition 3.1 (2), we have
n.r(0) < r(n.r(0)) =r0) & r(0) <n.r(0) and r(0) < r(n.r(0)).

It follows that (n.r(0)) = n.r(0) = n.r(0) V r(0). By Proposition 3.4 (1),
n.r(0) € B(M). Therefore, r(0) & r(0) = 0 if and only if (0) = 0.

(2) By (1), 7(0) ® r(0) = 0 or (0) & r(0) = u. Moreover, r(0) ® r(0) = 0 if and

only if 7(0) = 0.

(3) For n = 2, the proof is straightforward (refer to [Dvurecenskij and Zahiri,

2023]). Let n > 3. Since r(0) # 0, by(2), r(0) & r(0) = 1 and so 7(0)~ < r(0).

(i) Foreachy € M\ {0}, 0 <y = r(y)" = (nr(y) — (n — 1)u) V 0 and

soy = nr(y) — (n — 1)u entails that nr(y) = y + (n — 1)u, whence r(y) =

(y + (n = Du)/n.

(i) We claim that (0)? > 0, otherwise, 7(0)*> = 0 consequently, r(0) < r(0)".

Thus, r(0) = r(0)~ or equivalently, 2rr(0) = w, thatis 7(0) = u/2 € G. It

follows that r(u/2) = (u/2 + (n — )u)/n = ((2n — 1)u)/2n. So, —u/2n =

((2n — 1)u)/2n — v € G which implies u/2n, u/n, (n — 1)u/n € G. From

((n — Du/n)™ = (n(n — u/n — (n — 1)u)/n = 0 and (Sq2) it follows that

(n — 1)u/n < r(0) = u/2 which is a contradiction. Therefore, 7(0)" # 0 which

implies that r(0)? = 2r(0) — u.

(4) Sety = r(0)"* @ r(0). First, we will show that 7(y) = 1. By (2), y & r(0) =
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r(0)" @ r(0)®r(0) =1,s0r(y) = y & r(0) = 1, and Proposition 3.2 implies
that y € B(M). On the other hand M is a chain and 0 < r(0) <y € B(M), thus
y = 1. Hence, it suffices to prove that 7(y) = 1 (note that u = 1).

r(0)" @ r(0))

r(r(0)" ") @ (r(r(0)) ®r(0)7), (by Theorem 3.12)

— (r(r(0))"" v r(0)) ® (r(r(0)) ®r(0)7).(by Prop3.4 (10))

Since r(0) # 0, by part (1) in the proof of (iii), we have

r(r(0)) ®r(0)” = (T(O) i Szn —Du u+ (u— r(O))) V0

(n—1Du— (n—1)r(0)

= - \YA)
_ (n—1u _n(” — r(0). (since 7(0) < u),
F(r(0))" " v r(0) = (r(o) Hn ”“)n_l v r(0)
_ ((n _ O+ EL" —Du_ 2)u) VOV (0)
) ((n — 1)r(0) + (n ;1)% i — 2)u) OV O)
- (0 = Y g
IR ORI
_ (- 1)5(()) 1 (since r(0) < u).

It follows that

(n—1)r(0) +u - (n—1u— (n—1)r(0)
((n —1)r(0) +u N (n—1u—(n— 1)7’(0)) A

n

r(y) =

N n
= (nu/n) ANu = u.
7(0)"~1 = 0 implies that (0) = r(0)"~! @ r(0) = u = r(u), so 0 = u which is

absurd. It follows that, r(0)"~! > 0.
(5) Consider a = r(0)"~! @ r(0). According to (4),a € M,soa =0ora = 1.
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From 7(0) < a = 0 and Theorem we get that r = Idy, and M is a Boolean
algebra, so M = {0,1}. Moreover, if a = 1, then r(0)"~! > r(0)~. Whence
r(0)"~! = r(0)~ which means r is a strict n-root. Note that, in each n-root, we
always have 7(0)"~! < r(0)". O

Theorem 4.5. For each n-root of a representable symmetric pseudo MV-algebra
(M;®,—,~,0,1) = I'(G,u) and for all i € {1,2,...,n— 1}, 7(0)" & r(0) €
B(M).

Proof. 1f r(0) = 0, then by Theorem 3.2, r = Idy; and M = B(M). So the
proof is evident. Now, let 7(0) # 0. Consider the symbols and notations in the
proof of Theorem 4.2. Foreach P € Y, rp : M/(PN M) — M/(PN M) is
an n-root on a representation symmetric pseudo MV-algebra M /(P N M), so by
Theorem (4), rp(0/P)" ! & r,(0/P) = 0 or rp(0/P)" ' & rp(0/P) = u/P.
In each case, rp(0/P)" ® rp(0/P) € B(M) forall : € {1,2,...,n — 1}. Let
i€{l,2,...,n— 1} be given.

(e ero) = (22O O e (O
= (FO ey @ (e @
= (o oer @ (p(m)pey ®
= (rp( ) () pey € BT r(@/Pu/P)
4
Hence r(0)! & r(0) € B(M). O

Lemma 4.1. Let r be an n-root on a represention symmetric pseudo MV-algebra
(M;&®,—,~,0,1). Then r(0)~ = r(0)~, and there exists a unique idempotent
element v € B(M) such that u \V/ r(0)"t = r(0)~ = r(0)™.

Proof. Let u := (n — 1).r(0)~ ® r(0)~ be an n-root. By Proposition 4.5, u €
B(M) and we have
wVr0)" = ((r(0)" )" o T(O)_) @ r(0) by Proposition 3.1(10)
=7r(0)”vr(0)" =r(0)",
since r(0)™ = 0 which yields 7(0)"~! < r 0) . In a similar way, using Proposi-

<
tion 4.5, we can show that u \ r(0) = r(0)~
Now, let v € B(M) such that v V 7(0)"~! = r(0) — 0. Then we have

(V)" ="t v ("2 er0) V...V (ver0)"?) vr0)* !
=" vt =vvr0)" !t =7(0)".
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On the other hand, by Proposition 3.1 (10), v\V7(0) = r(v") = r(v), so r(v)" 1 =
7(0)~. In a similar way, r(u)"~! = r(0)~. It follows that u = v. O

Theorem 4.6. Letr : M — M be an n-root on a pseudo MV-algebra (M ; ®, —, ~
,0,1). Then M satisfies only one of the following statements:

(1) The pseudo MV-algebra M is a Boolean algebra.

(2) The pseudo MV-algebra M is a strict pseudo MV-algebra.

(3) There exist MV-algebra M, and My such that M, is a Boolean algebra, M, is
an n-strict MV-algebra, and M = M, x Ms. In addition, this representation for
M is unique up to isomorphic.

Proof. Due to Proposition 3.2, the element @ = r(0)" ' & r(0) and b = (n —
1).r(0)~ ® r(0)~ are Boolean elements, b = a~ = a™. We have three cases.
Case 1. If a = 0, then 0 = 7(0), so by Theorem 3.2, M is a Boolean algebra.
Case 2. If a = 1, then 7(0)~ < r(0)"~*. Hence, r(0)~ = r(0)"!, r is a strict
n-root.

Case 3. If 0 < a < 1, then consider the pseudo MV-algebras ([0, b]; ®,7°,~*, 0, b)
and ([0, a]; ®,7*,~*, 0, a). By Proposition 3.1 (15), they have n-root r, : [0, a] —
[0,a] and 7y, : [0,0] — [0, b], defined by r,(x) = r(x) A a and ,(y) = r(y) A b for
all z € [0,a] and y € [0, b].

r(0) =bAr(0)=0cr0)=((n—1)r0)")©r0)” ©@r(0)=0.
74(0) = r(0) Aa = r(0) A (r(0)" ' @ r(0)) = r(0).

So by Theorem 3.2 [0, b] is a Boolean algebra, and from Lemma 4.5, we have[0, a]
is an n-strict pseudo MV-algebra.

In addition, by Remark 3.2, M = [0, a] x [0, b].

Now, we prove the second part of (3), which is the uniqueness of the direct prod-
uct. Let M =, M, x M, where M, is a Boolean algebra and M, is a strict pseudo
MV-algebra. Let 0; and 05 (1; and 15) be the least (greatest) elements of M, and
M,, respectively. Consider the n-square root s; : M; — M, (i — 1,2) (by the as-
sumption, s; : Idyy, and s, is strict). Clearly, s := (s1, s9) : My x My — M x Mo,
defined by s(z1, x2) = (s1(x1), s2(x2)), is an n-root on M; x M. Also,

5(01,02) = (01,02) = (s1(01), $2(02)) — (01,02) = (0; — 01, $2(0) — 02)
= (11, 82(02) — 02) = (11,02) V (01, s2(02) — 02)
= (11,09) V (01, 82(0)" ") = (11,02) V (04, 89(02))" "
= (11,09) V (51(01), 52(02))" " = (14, 02) V 5(01, 09)" .
Hence, (11, 0,) satisfies the conditions of Lemma 4.5 which means ¢~'(1y,05)
satisfies the conditions, too. Lemma 4.5 implies that @‘1(11, 02) = b and, conse-

quently, [0, b] = [(01, 02), (11, 02)] = M. Also,b™ = @71(11, OQ)N = @71(01, ]_2),
SO [O, CL] = [(01, 02), (01, 12)] = MQ. ]
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Theorem 4.7. Each n-root r of a representation symmetric pseudo MV-algebra
M =T'(G,u) satisfies the following equality:

(xANa)+ (n—1)a

r(z) =(x Ab)V ,x €M,
where b =1(0)"® (n—1)r(0)~, a =r(0)®r(0)""', and + is the group addition
in G. Moreover, a # 1, the interal |0, a] is n-divisible.

Proof. According to the proof of Theorem 4.5, M; = [0, 0] is a Boolean algebra
with n-root 1, My = [0, al is an n-strict pseudo MV-algebra with an n-root r,
where 71 (x) = r(z) ©® band r2(y) = r(y) © a forall z € M; and y € M,. The
mapping f : My x My — M, defined by f(x,y) = x V y. is an isomorphism. By
Proposition 3.4, 7(2) = f((r1,72)(z,y)) is an n-root on M, where f(z,y) = z.
Clearly, z = z Aband y = z A a. This implies that 7 = r. It follows that for each
z € M, we have

r(z) =7(2) = f((ri,m2)(z Ab,z ANa)) = f(ri(z Ab),ma(z Aa))
=ri(zAb) Vry(zAa)
=(zAb)Vry(zAa)

(zNa)+ (n— 1)a.

=(zAb)V

Note that, My = {z € M : 2 < a} = {z € G : 0 < z < a} =I'(G,a).
Therefore, the formula for  can be obtained if we know 7(0). [

Corolary 4.1. Suppose that r is an n-root on MV-algebra M = (I',u). Then for

Proof. Set p = n/m. Define v: M — M by v(z) = r(z)P. According to the
proof of Theorem 4.7, we have r(z) = r1(2 Ab) V ra(2 Aa)P. Duetoa A b = 0,
we have (r1(z Ab) Vra(z Aa))? = ri(z AD)P V ry(z A a)P. In view of the fact
19 i8 a strict n-root and Corollary 3.1, vy : My — M, defined by vy(2) = ro(2)P,
z € Moy, is a strict m-root and v9(2) = (2 — (m — 1)u)/m. Hence, ro(z A a)P =
vo(z ANa)= ((zAa)+ (m —1)a)/mforall z € M. We have

r(z)? = (ri(zAb)Vra(z Aa))’ =11(2 Ab)P Vra(z Aa)’
= (zAD)PVra(zAa) = (2Ab)VryzAa)P
= (

P ARV (zAa)+(m—1)a.

m
The identity map is an m-root on M, since M, is a Boolean algebra. On the
other hand, since Ms is n-strict and m|n, by Corollary 3.1, the mapping (z +
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(m —1)a)/m, z € My, is an m-root on M,. Similar to the proof of Theorem 4.7,
T(x) = (x Ab)V ((z Va)+ (m — 1)a)/m is an m-root on M. Clearly, 7 = v.
Therefore, M has an m-root. O

Similar to [[Belluce, 1992], Page 16], we defined a strongly atomless pseudo
MV-algebra. It is a pseudo MV-algebra M such that for each non-zero element
x € M\ {0}, there exists a normal prime ideal P such that x ¢ P and x/P
is not an atom of M/P. Clearly, each strongly atomless pseudo MV-algebra is
representable.

Lemma 4.2. [Dvurecenskij and Zahiri, 2022] In each representable pseudo MV-
algebra (M;®, —, ~,0, 1), the following conditions are equivalent:

(1) M is strongly atomless.

(2) For each x € M \ {0} there exists y € M such that0 <y < zandy N (x ®
y~) #0.

(3) For each x € M \ {0} there exists y € M such that0 <y < zandy A (y~ ®

x) # 0.

Proposition 4.1. Let (M;®, —,~,0,1) be a representable pseudo MV-algebra.
If M is n-strict, then it is strongly atomless.

Proof. Assume M = I'(G,u), where (G, u) is a unital /-group. Let r : M — M
be a strict n-root. Due to Theorem 4.1, 7(z) = (z + (n — 1)u)/n foreach z € M.
According to Lemma 4.7, we need to prove that for each = € M \ {0}, there is
y € Msuchthat 0 < y < zandy A (z ©®y~) # 0. If |M| = 1, then M = {0}
and the proof is clear. Let | M| > 2. Choose = € M \ {0}.

() If x = 1, then choose y € M \ B(M) such that 0 < y < x (since M is strict,
by Theorem 4.5, M is not a Boolean algebra and so we can find such an element ).
Then y A (z®y~) = yAy~ > 0, since y is not a Boolean element (see [Georgescu
and lorgulescu, 2001]).

(2) Let z € M \ {0, 1} such that € B(M). By Proposition 3.4, r(z) = = V r(0)
and r(z7) = = V r(0). Sety := r(xz~)~. From relation 3.6(i), we know that
0 <y<ua Ify=20,thenr(z”) =1 = r(1) and so x = 0, which is a
contradiction. If y = x, in view of Proposition 3.3 (1), z= V r(0) = r(z~) = 2~
Thus, 7(0) < 2z~ and z < r(0)~ = 7(0)"~! imply that

r=2z0z<r0)" tor0)"t=r0)"or0)"*=0e7r0)""2=0.
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This contraction to our assumption. Thus, 0 < y < x. From x € B(M ), we have

yAoy ) =r@@ )" AlAr(@T)) =r@@)” Ar(a)
= (zAr(0)7) Az vr(0)
(@ Az Ar(0)V (zAr(0)” Ar(0)

=x Ar(0)~ Ar(0), (x € B(M),z Nz~ =0)

=2 Ar(0)" 1 Ar(0), (7 is n-strict)

=z Ar(0)""
We claim that z A r(0)"~! # 0. Otherwise, since © € B(M), (O) < z~ and so
z < r(0)” =r(0). It follows that z = z ©® < r(0)"~* ® r(0)"~* = 0 which is
absurd.

(3)If x € M\ B(M), then similarly to (2), we can show that 0 < r(z7)~ < z.
Note that by Proposition 3.1 (1), zV7(0) < r(z). Sety := r(z~)~. We will show
that

O#yAN(zoy )=r@ ) Alxor(z")).
By Theorem 4.2,
r(z7)=((z7)+(n—1Nu)/n=(u—z+(n—1u)/n=(nu—=z)/n=u—z/n.

(i) Given p € G such that p/n exists, then p/n + u = (p + nu)/n. Indeed,

n(p/n+u) = n(p/n) + nu = p + nu,

(
so p/n 4+ u = (p + nu)/n (G enjoys unique extraction of roots). Then
n(p/n —u) =n(p/n) — nu = p — nu.
(p

and hence p/n — u = (p — nu)/n.

(ii) For every p € G, if p/n exists, then (—p)/n exists, and (—p)/n = —p/n,
since n(p/n) = p. Thus, —p = n(—p/n).

(iii) Given a € M, in the /-group G by (i), we have

r(a”)” =u— ((nu—a)/n)u+ (a —nu)/n = (a —nu+nu)/n = a/n.
That is, a/n exists and belongs to M. Also,

rx )" AN(xor(z™)=x/nA((x+r(z7) —u)V0)

(
=z/nA((r+u—z/n—u)V0)
=z/nA(x—z/n)=x/nA(x+(—x/n))
=z/nA(x+(—z)/n)=x/nA(n—1z/n=2x/n.
Since z # 0, if we choose y = r(x™)~, theny A (x ©® y~) = x/n # 0. O
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5 Discussion and Conclusion

This paper aims to extend the concept of square roots in pseudo MV-algebras
of [Dvurecenskij and Zahiri, 2022] and to achieve this goal, it is necessary to
introduce the notion of n-roots. The research systematically explores the proper-
ties, classifications, and connections with related algebraic structures of n-roots
in pseudo MV-algebras, providing a solid foundation for the development of non-
commutative algebraic logic. First, the paper clarifies the definitions of n-roots
and weak n-roots, proving that weak n-roots are injective and unique, while n-
roots need to satisfy additional conditions related to inverse operations. It is re-
vealed through the decomposition theorem that pseudo MV-algebras with n-roots
can be decomposed into a Boolean algebra and a strict pseudo MV-algebra, a re-
sult based on the categorical equivalence between pseudo MV-algebras and unital
(-groups as well as the properties of normal prime ideals. Moreover, Boolean
algebras are successfully characterized among MV-algebras by using n-roots.

In the study of strict n-roots, the paper provides a comprehensive character-
ization of each strict n-root. It is demonstrated that every MV-algebra with a
strict n-root can be described by a unital n-divisible ¢-group, and strict n-roots
are detailedly characterized. Additionally, the paper establishes a connection be-
tween n-strict pseudo MV-algebras and strongly atomless pseudo MV-algebras,
proving that in the variety of MV-algebras with n-roots, the concepts of n-strict
MV-algebras and strongly atomless MV-algebras coincide. Compared with the
square roots defined on pseudo MV-algebras, the n-th roots investigated in this
paper exhibit a higher degree of generality. Furthermore, the paper verifies that
the class of pseudo MV-algebras with n-roots forms a variety, and discusses prop-
erties such as the preservation of n-roots under homomorphic mappings and the
n-root invariance of ideals. These findings not only improve the element classi-
fication theory of pseudo MV-algebras but also provide a new algebraic tool for
handling the “detailed splitting” and "inverse operation” of proposition truth val-
ues in non-commutative fuzzy reasoning systems, which is of great significance
for applications in fuzzy systems, quantum logic, and ordered algebraic structures.

Future research will focus on fully characterizing these n-roots, further ex-
ploring the interplay of divisibility, atomicity, and logical completeness in non-
classical algebraic models, and promoting the practical application of pseudo M V-
algebras with n-roots in more fields.
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