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Generalization of intuitionistic fuzzy
n-normed spaces via 1)-extensions
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Abstract

The aim of this paper is to study the generalization of intuitionis-
tic fuzzy normed spaces to intuitionistic fuzzy n-normed spaces. In
this framework, we discuss intuitionistic fuzzy n-continuity and intu-
itionistic fuzzy n-boundedness. Furthermore, we introduce the intu-
itionistic fuzzy ¢)-n-normed space, which generalizes the intuitionis-
tic fuzzy n-normed space. Several results and properties in this new
set-up are also presented and analyzed.
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1 Introduction

The theory of fuzzy sets was first introduced by Zadeh (16) in 1965. Follow-
ing Zadeh’s pioneering work, many researchers have extended the concept into
various branches of mathematics, leading to new theories such as fuzzy group the-
ory, fuzzy differential equations, fuzzy topology, and fuzzy normed spaces (13),
among others. In particular, the study of fuzzy normed spaces and their general-
izations has attracted significant attention.

Atanassov (3) introduced the concept of intuitionistic fuzzy sets, which was
further developed by Coker (4). Park (12) proposed the notion of intuitionistic
fuzzy metric spaces, and Saadati and Park (13) introduced intuitionistic fuzzy
normed spaces. In many situations where classical norms are inadequate, the
framework of intuitionistic fuzzy norms proves to be more suitable. Extensive
research has been conducted in this area, as seen in (7), (10), (11), (13).

More recently, M. Mursaleen (9) defined the structure of intuitionistic fuzzy 2-
normed spaces and studied foundational results analogous to those in normed lin-
ear spaces. In this paper, we investigate continuity and boundedness within intu-
itionistic fuzzy 2-normed spaces. Additionally, T.K. Samanta and Sumit Mohinta
(14) introduced intuitionistic fuzzy -normed spaces and examined continuity and
boundedness in that framework. Building upon these ideas, we introduce the no-
tion of intuitionistic fuzzy 1)-n-normed spaces, which generalizes intuitionistic
fuzzy n-normed spaces. This new framework provides a more flexible approach
for handling situations where classical norms or n-norms may be insufficient due
to inherent inexactness.

2 Preliminaries

We recall some notations and basic definitions used in this paper.

Definition 2.1. (15) A binary operation  : [0,1] x [0,1] — [0, 1] is said to be a
continuous t-norm if it satisfies the following conditions:

(a) * is associative and commutative;
(b)
(¢) ax1=aforalla€[0,1];
(d)

Example 2.1. Two typical examples of continuous t-norms are

* 1S continuous,

a*b < c¢*dwhenevera < candb < d for each a,b,c,d € |0, 1].

a*xb=ab and ax*b=min{a,b}.
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Definition 2.2. (15) A binary operation < : [0,1] x [0, 1] — [0, 1] is said to be a
continuous t-conorm if it satisfies the following conditions:

(a) © is associative and commutative;
(b) < is continuous;
(¢) a0 =aforallac[0,1];
(d) aob < codwhenevera < candb < d for each a,b,c,d € [0,1].
Example 2.2. Two typical examples of continuous t-conorms are
aob=min{a+b,1} and a b= max{a,b}.

Definition 2.3. (13) The five-tuple (V, i, v, %, ©) is said to be an intuitionistic fuzzy
normed space (for short, IFNS) if V is a vector space over F € {R,C}, x is a
continuous t-norm, < is a continuous t-conorm, and [, v are fuzzy sets on V X
(0, 00) satisfying the following conditions. For every x,y € V and s,t > 0,

z,t) +v(r,t) <1;

x,t) = lifand only if v = 0;
az,t) = p(x, 1) for each a # 0;

(z,t) % p(y, s) < ple +y,t + s);

i
wu(x,-) : (0,00) — [0, 1] is continuous;

)
(f)
(9) limyyoo pt(, ¢) = 1 and limy_o pu(z, t) = 0;
(h) v(x,t) < 1;
) v(x,t) = 0ifand only if © = 0;

)

v(ax,t) = v(z, ) for each o # 0;
(k) v(z,t)ov(y,s) >v(x+y,t+s);
(1) v(z,-): (0,00) — [0, 1] is continuous;

(m) limy_o v(z,t) = 0 and limy_,o v(x,t) = 1.

In this case (,v) is called an intuitionistic fuzzy norm.
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Example 2.3. Let (V.|| - ||) be normed space over F. Denote a x b = ab and

aob = min{a+b,1},Va,b € [0,1] and let o and vy be fuzzy sets on V x (0, 00)
t

defined as follows pig(x,t) = Tl vo(z,t) = M forallt € RY. Then

(V, o, Vo, *,©) is an intuitionistic fuzzy normed space over F € {R, C}.

Definition 2.4. (9) Let V be a real vector space of dimension d, where n < d <
00. An m-norm on V' is a function

Iyl s VT — R,

which satisfies, for every x1,xs,...,xn,y; € V and a € R:

(a) ||z1,x2,...,2,|| = 0ifand only if x1, x4, . .., x, are linearly dependent;
(b) ||x1,x2, ..., x| is invariant under permutation of its arguments;
(¢) l|axy, za, ..., xa|| = |a |21, 22, .. . 20|
(d) [|z1 +y1, 22, .. szl < lz1, 2o, x| 4 [y, @2, - o T
The pair (V, |-, -,...,||) is then called an n-normed space.

Definition 2.5. (9) The five-tuple (V, j1, v, *,¢) is said to be an intuitionistic fuzzy
2-normed space (for short, IF 2-NS) if V is a vector space over F € {R,C}, x
is a continuous t-norm, ¢ is a continuous t-conorm, and [,V are fuzzy sets on
V x-- xV x (0,00) satisfying the following conditions. For every x,y,z € V
and s,t > 0,

(a) p(z,y,t) +v(z,y,t) < 1;

(0) w(z,y,t) >

(¢) p(z,y,t) = 1if and only if x and y are linearly dependent;
(@) plaz, ,) = p(z,y, ) for each a £ 0;

() u(z,y,t)*p(w,z,5) < pla,y+z,t+s);

(f) w(z,y,-):(0,00) — [0, 1] is continuous;

(9) limy_yoo po(z,y,t) = 1 and limy_,o pu(x,y,t) = 0;

(h) p(z,y,t) = ply, =,1);

(1) v(z,y,t) <1;
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(7) v(z,y,t) = 0if and only if x and y are linearly dependent;
(k) v(az,y,t) =v(zx,y, ﬁ)for each o # 0;
) vz, y,t)ov(x,z,s) > v(z,y+2,t+s);
(m) v(z,y,-):(0,00) = [0, 1] is continuous;
) limyyo0 (2, y,t) = 0 and limy_yo v(z,y,t) = 1,
(0) v(z,y,t) = vy, 1).

In this case (11, V) is called an intuitionistic fuzzy 2-norm on V. We denote it by
(:ua I/)Z-

Definition 2.6. (9) The five-tuple (V, u, v, *, ) is said to be an intuitionistic fuzzy
n-normed space (for short, IF n-NS) if V' is a vector space over F € {R,C}, xisa
continuous t-norm, < is a continuous t-conorm, and [, v are fuzzy setson 'V x - - - X
V' x (0, 00) satisfying the following conditions. For every x1,2s, ..., xp,y, 2 €V
and s,t > 0,

T1, Ty Ty t) F (21, 20, o, Tp, 1) < 1

L1, X9,y ...y Tp,t) > 05

T1,Tay ..., Tn,t) = Lifand only if vy, xs, ..., x, are linearly dependent;
QT1, Ty ooy Ty t) = w21, 9, - .., Ty, ) for each o # 0;

|

() p(zy, e, ..., Tp1,y,t) % (1,29, ...,Tpn_1,2,5)
< p(wy, oy Tty + 2,6+ S);

(f) w(xy,za, ... 2, ) : (0,00) — [0, 1] is continuous;

(9) limy_yoo pu(m1, 22, ..., 20, t) = Land limy_yo (21, 29, ..., 2y, t) = 0;

(h) p(xy,xo,...,xp,t) is invariant under permutation of Ty, xa, . .., Ty,

(1) v(zy, 22y ... T t) < 1;

(7) v(zy, 29, ...,2,,t) = 0ifand only if xq, xs, . . ., T, are linearly dependent;
(k) v(axy,xg, ..., xn,t) = v(T1,Ta,. .., Ty, ﬁ)for each o # 0;

(1) v(zy, e, ..., 2y 1,y,t)ov(T1,20,..., 2y 1,2,5)

>v(xy, 29, ..o, Tpo1, Yy + 2, +8);
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(m) v(xy,x,...,2n,-) : (0,00) = [0, 1] is continuous;
(n) lmy oo v(x1, 29, ..., 2n,t) = 0 and limy_,gv(xq1, 29, ..., 2, t) = 1,
(o) v(zy, e, ..., Ty, t) is invariant under permutation of x1, T, ..., T,

In this case (u, V), is called an intuitionistic fuzzy n-norm on V. We denote it by
(44, V)

Example 2.4. (9) Let (V,||-, -, . .., ‘||) be an n-normed space over IF and let axb =
aband a ©b =min{a + b, 1}, for all a, b € [0, 1]. For everyt > 0, consider
( " t
L1, X2y -3 Tn, ) = )
HATL, T2 t—l-H.fL'l,xz,...,an
|x1, 2o, ..y 2y |
V(T1, T, ..., Tn,t) = .
( 12 ) t—i—Hml,xQ,...,an

Then (V, p, v, %, ©) is an intuitionistic fuzzy n-normed space.

Example 2.5. (9) Let (V, ||, -||) be a 2-normed space over F and let axb = ab and

aob=min{a+b,1}, forall a,b € [0,1] and every t > 0, consider u(x,y,t) =
t |z, y|l o

———— v(x,y,t) = —————. Then (V, p,v,*,©) is an intuitionistic fuzzy

t+ [z, yl| t+ [z, yll

2-normed space.

Definition 2.7. (9) Let (V, u, v, *, <) be an intuitionistic fuzzy n-normed space and
letr € (0,1), t > 0and x € V. The set

B(z,r,t) ={y eV :ply—x,29,...,25,t) > 1—r, v(y—x,29,...,2,,t) <1},

Vo, ...,x, € V is called the open ball with center x and radius r with respect
to t.

Definition 2.8. (9) Let (V, i1, v, *, <) be an intuitionistic fuzzy n-normed space. A
set U C V is said to be an open set if each of its points is the centre of some
open ball contained in U. The open set in an intuitionistic fuzzy n-normed space
(V, p, v, %,0) is denoted by U.

Definition 2.9. (9) Let (V, j1, v, *,©) be an intuitionistic fuzzy n-normed space. A
sequence {x,} in V is said to be Cauchy if for each r > 0 and each t > 0, there
exists ng € N such that

p(xy — Ty oy ooy, t) > 1 =1 and v(x, — Ty, Toy ooy T, t) <1

foralln,m > ng and for all x5, ... ,x, € V.
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Definition 2.10. (9) Let (V| j1, v, *, ©) be an intuitionistic fuzzy n-normed space. A
sequence {xy} is said to be convergent to L € V with respect to the intuitionistic
fuzzy n-norm (p, v),, if for every € > 0 and t > 0, there exists ko € N such that

(g — Lyxg, ... xp,t) >1—€ and v(xg — L,xo,...,x,,1) <€
forall k > ko and for all xo, ..., x, € V.

Definition 2.11. (/4) Let 1) be a function defined on the real field R into itself
satisfying the following properties;

(a) Y(—=t) =(t) forallt € R

b) ¥(1) =

c) v is strictly increasing and continuous on (0, 00)
)

(d) limg—o () = 0 and lim,_, () = 0.
20&2”’

Example 2.6. (14) Consider (o) = |a|;¥(a) = |aP,p € RY; () = FIESE
n € N*. The function 1 allows us to generalize fuzzy metric and normed space.

(
(

Definition 2.12. (14) The five-tuple (V, p, v, *,9) is said to be an intuitionistic
fuzzy Y-normed space if V is a vector space over F € {R,C}, x is a continuous
t-norm, ¢ is a continuous t-conorm and [, v are fuzzy sets on V x (0, 00) satisfying
the following conditions. For every x,y € V and s,t > 0,

(a) p(x,t) +v(z,t) < 1;

(0) p(z,t) >0,

(¢) p(z,t) =1ifand only if x =0

(d) p(aw,t) = p(w, i) for each o # 0;
(e

(@, t) = p(y, s) < plx +y,t+ s);
w(z,-) : (0,00) — [0,1] is continuous;

9) limy oo pu(z,t) = 1 and limy_,o p(x, t) = 0;

v(aw,t) = v(z, ;i) for each a # 0;
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(k) vz, t)ov(y,s) >v(z+y,t+s);
(1) v(z,-):(0,00) = |0, 1] is continuous;
(m) limyoo v(z,t) = 0 and limy_,o v(z,t) = 1.

In this case (u, v) is called an intuitionistic fuzzy 1\-norm.

3 Intuitionistic fuzzy n-normed space

Theorem 3.1. In an intuitionistic fuzzy n-normed space (V, i, v, , ),

if {2, }°2, =W 1 and {y,}°o2, =W gy then {x,, + y,}°°, is convergent to
x + y. In other words, if (V, ju, v, %,©) is an intuitionistic fuzzy n-normed space,
then the addition is continuous in (V, i, v, *, ).

Theorem 3.2. In an intuitionistic fuzzy n-normed space (V, ju, v, , ),

if A, A € RY, N\, = Nasn — oo and {r,}22, =W 2 asn — oo, then
A\, 32, =W Na. In other words, if (V, i, v, *,0) is an IF-n-NS, then the
scalar multiplication is continuous in (V, pi, v, %, ).

Proof. The proofs of Theorems 3.1 and 3.2 follow directly from the definitions.
]

Lemma 3.1. Let {z,,}>° | =) xasn — oo in an intuitionistic fuzzy n-normed
space (V, p, v, *,0). Then for everyt > 0 as n — oo,

(T, ko, .. Ty t) = p(x, 29, .. 2y, ),

V(Tp, Ty .. Ty, t) = v(x, 2oy Tp, 1), (1)

forall xs,...,x, €V.

Proof. Let {x,}5, =W zasn — oo in (V, u,v,*,0). Then for t > 0,
Vk € N*, we have

(T T2y - oy Ty 1) :u(a:n—w%—:c,xg,...,xn,%ﬂjtkk—ﬁ)
2M(xn_xax%“-axna%ﬂ)*M(xax%"'axna%)
— s (e, 2o, ., T, 25), (n — 00)
:u(x,xg,...,xn,kk—ﬁ).
So,
lim, (T, Ty ooy Ty ) > u(:t,x27...,:vn,kk—Jf1), (k=1,2,...).
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Letting k — 400 yields
lim, , p(zn, o, ..., xn,t) > p(x, 2o, ..., Ty, t). 2)
On the other hand, for all £ € N*,
M(I—In,$2,~--7xn7%ﬂ)—>1>k¢“>07 (n — 00).

So there exists /N such that

u(m—:cn,xg,...,:cn,k%l)>#, (Vn > N).
Thus, for all n > N and t > 0, we have
(T Ty oy Ty ) % P < (T, oy Ty ) ¥ (T — Ty Ty Ty )
< u(:z:,xg,...,xmt—l—k%l).
Hence,
iMoot (T, o, - . o, T,y 1) * k_f-l <@, g, ), (B=1,2,.00).
Letting k — 400 yields
Iy, o0t (T oy« ooy Ty 1) < g, 39, ... 2, 1), 3)
From (2) and (3), we conclude that
nh_}lgo (T, o, .. Ty, t) = p(x, o, . .., Ty, t).
Similarly, one obtains
nh_}n()lo V(Tp, Toy .o T, t) = v(T, 29, . .., Ty, t).
The proof is completed. ]

Theorem 3.3. In an intuitionistic fuzzy n-normed space (V, ju, v, *,9), the map-

pings
p,v: V" x (0,00) = [0,1]

are continuous.
Proof. Let (z1,%9,...,0,_1) € V"1, x € Vandt > 0 with

(xg)7$17x27---7$n—17tj) — (ZL‘,Il,I'Q,...,QTn_l,t) asj—>oo
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in V™ x (0,00). Then 2 —Wn 3 as j - coin V, and tj +>tasj — ooin
(0, 00).

Thus, for every 0 > 0 such that 6 < min{%, 1}, there exists jo € N such that
forall j > jo,t —0 <t; <t+9,

M(x_xg%xlv"'uxnflu(s) > 1 _67
vie —aW ay, x,_q,0) <. 4)

Hence, for all j > j,, we see from (4) that

u(x;j),xl, ey T, t) > ,u(xg),xl, cey Tpo1,t—0)
= pw(zV) —x vz xy,. . Ty, 6+t — 20)
> pu(zV) — @ wy, . g, 0) k@, xy, . Ty, E— 20)
> (1—=0)xu(x,z1,...,x5-1,t — 26),
and similarly,
V(xff),ml, ce X1, t) < V(wﬁlj),a:l, cey Ty, t—0)
V(atg) — T4 T,T,..., Ty 1, 0 +1—20)
S V(ff,(f) —flf,ll?l,...,an_l,é)Oy(x,xl,...,l'n_l,t— 25)
<dov(r,r1,..., Ty 1,t —20).

Thus, for all j > 7,
M(Iﬁg)7$1, Ce 7.’,Un_1,tj> Z (1 - 5) * M('T’l‘17 et 71;”_1’{: - 26)’

v(aW xy, . T, tj) < dov(x, T, .., Tpo1,t — 20).

This shows that

lim, , p(zW 2y, 2,1, ty) > (1= 8) % p(z,21,... 20 1,t —20), (5)

—J

mj_ml/(x;j),xl, ce X1, ty) < dov(x, Xy, ..., Lo, t — 20). (6)

Letting 0 — 0™ in (5) and (6), we get

h_mj—x)o/L(xglj)axl? s 7xn717tj) > ILL(QZ,SCl, s 7xn*17t>7
mjﬁooy(:rg),xl, ce X1, ty) S v(x,xy, .o, T, T).
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On the other hand, applying Lemma 3.1 for IF-n-NS, we obtain

M(mg)amlv"'axn—latj) S /‘L(xg)7$17"'7xn—l7t+6)
— M<x7$17"'7xn717t+5)7
V(xg),xl, ey T, ) > V(xff),xl, ey Ty, t—0)
— v(x,z1,...,xy_1,t —0).
Hence,
my—)ooﬂ’(l'g)axh s 7l'n—17tj) < M(ﬂf,l‘l, ce sy T, 6)7 (7)
h_mjﬁooy(q:g),xl, e T, ty) > (T 2y, g, E = 6). 8)

Letting 0 — 0" in (7) and (8), it follows that

Ty oo (2W) 2y, 1, ) < @, e, 20, t),
h_mjﬁooy(x%j%xla s 7xn—17tj> 2 V(Iwrb s 7xn—17t)'

Combining the above inequalities, we conclude that

lim p(xW, 2y, w1, ) = (2, @y, . T, t),
j—o0
lim U(xg),xl, ce X, ) = V(X x, L T, ).
j—00
Therefore, the mappings p, v : V™ x (0,00) — [0, 1] are continuous. O

Definition 3.1. A linear operator
T:(V,p,v,x,0) — (Vi V) *,0)

is said to be intuitionistic fuzzy n-bounded (shortly, IF-n-B) if there exist constants
h,k € R\ {0} such that

,U,(Txlv X255 Tny t) > M(hxb L2y oy Ty t)

and
V(Twy, o, ... 20, t) < v(kry,xo,. .., 2p,t)

for every nonzero x1, s, ...,x, €V and for every t > Q.

Theorem 3.4. Suppose that (V, i, v,*,0) and (V, /', V', *,0) are intuitionistic
fuzzy n-normed spaces over I with

(@) 1>a>c>0and1>b>c>0impliesaxb>c,
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(b)) 0<a<c<land0<b<c<limpliesaob<c

If linear operators T, Ty, Ty : (V,p,v,%,0) — (V, ', V', %,0) are (IF-n-B) intu-
itionistic fuzzy n-bounded, then Ty + Ty and T (¢ € ) are also IF-n-B.

Proof. Since the linear operators T, Ty, Ty : (V, p, v, %,0) — (V, ', v/, %,0) are
IF-n-B, there exist ky, ko, hq, ho € R™ such that

for every nonzero z1, o, ..., x, € V and for every ¢t > 0.
Put h = max{hq, ho} and k = max{ky, k2}. Then for every 1, s, ..., 2, €
V', we have

//((Tl + 1)z, X9, ..., Ty, t) = ,u/(Tlxl + Towq, X9, ..., Ty, t)
> 1 (T, o, . .., Ty, E 1 (Toxy, o, . . ., T, )
> p(hazy, oy .o T, 5) % pu(howy, T2, T, 5)
= (21, 2, o Ty ) ¥ (T, T2, Ty )
> (@1, T, Ty 55) % (@1, 22, T, 5)
> (@1, o, - Ty 57)
= u(3hxy, x9, ..., Xy, t)

Similarly, we obtain
I/l<(T1 + To)xy, X9, ..y Ty, t) < v(3kxy, Toy ..o, Xy, 1),
Hence 7T + T5 is IF-n-B. Analogous reasoning shows that ¢7" is [F-n-B. [

Definition 3.2. A linear operator T : (V,p,v,%,0) — (V, ', v, *,0) is said
to be intuitionistic fuzzy n-continuous (shortly, IF-n-C) at a point x1 € V if
xgm) — W g1 as m — oo in (V, p, v, *,0) implies that Txgm) ) T as
m — oo in (V, ', v, %,0).

An operator T' is said to be IF-n-C if it is intuitionistic fuzzy n-continuous
everywhere in V.

Definition 3.3. A map T : (V, i, v, %,0) — (V, i, V', %, 0) is said to be intuition-
istic fuzzy n-continuous (shortly, IF-n-C) at a point 1, € V if, for any given
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€ > 0and a € (0,1), there exist 6 = 6(a,€) > 0and = [(a,€) € (0,1) such
that for all x1 €'V,

p(ry — 10, T2, ..., Ty, 0) > 0 = ,u/(T:cl —Tx10,%2, ..., Ty, €) >
v(xy — X109, T2, ..., Ty, 0) <1 = = y/(Txl—Txl,o,:cQ,...,:L'n,e) <1l-o.
Remark 3.1. The above definitions (3.2) and (3.3) are equivalent.

Theorem 3.5. Suppose that (V, ju,v,*,0) and (V, /', V', *,0) are intuitionistic
fuzzy n-normed spaces over F. If linear operators T\, Ty : (V, u, v, *,0) —
(V, wov o) are IF-n-C, then ¢ 11 + cT5 is IF-n-C for all scalars c¢1,cy € F.

Proof. Let a:Y") — W g as m — oo in (V, p, v, *,0). Since T} and T} are
IF-n-C, we have

Tlx(fn) — O Ty szgm) W) e asm — oo

in (V,i', v, %,0). By Theorems 3.1 and 3.2 (continuity of addition and scalar
multiplication in IF-n-NS), we get for all ¢y, ¢y € F:

clTlx(lm) + CQTgxgm) VI Tixy + cTyzy  asm — 00,
which gives
(ClTl + CQTQ)I'gm) _)(N Y )n (ClTl + CQTQ)Q?l as m — oQ.

Hence, c¢1'T1 + c515 is intuitionistic fuzzy n-continuous. OJ

Definition 3.4. A linear operator T : (V,p,v,%,0) — (V, i, V', *,0) is said to
be strongly intuitionistic fuzzy n-continuous at a point x; € V' if, for any given
€ > 0, there exists § = 0(¢) > 0 such that

p(Tey —Txrg, T2, ..., Tpy€) > p(T1 — T10, T2, - ., T, 0),

v (Tajl - Txl,Oa L2y -5 Ty 6) < I/(xl — 21,0, 225 -+ -y Ty 5)7
forall xy, ..., x, €V.

A linear operator T is said to be strongly IF-n-C if it is strongly IF-n-C at
each point of V.

Definition 3.5. A linear operator T : (V, i, v,%,0) — (V, 1, V', %,0) is said to
be strongly intuitionistic fuzzy n-continuous at a point x1 o € V' if, for any given
€ > 0, there exists § = 0(€) > 0 such that

,u/(Tazl — 110,22, ..., Ty, €) > (X1 — T10, T2y ..., Tp,0),

1/(T$1 —Tx10,29,...,%Tn,€) < V(1 — 210, T2 ..., Ty, 0),
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forall xy,...,x, €V.

A linear operator T is said to be strongly IF-n-C if it is strongly IF-n-C at
every point of V.

Theorem 3.6. A linear operator T : (V, v, *,0) — (V', ', V', %,0) is strongly
IF-n-C, then it is IF-n-C, but the converse is not necessarily true.

Proof. Let a linear operator T : (V, y, v, %,0) — (V', i, v/, %, 0) be strongly IF-
n-C. Let z1 € V. Then for any given ¢ > 0, there exists d(¢) > 0 such that for
allzy € Vandall zg,...,2, €V,

M/(Tl'l - T'xl,Oa L2, ...,Tn, E) Z ,u(gjl —X1,0, L2y, Tn, 5)7
I/I(Txl —T10,%2,...,%n,€) < V(T1 — T10,%2,...,%n,0).

Let {z{™} be a sequence in V such that {z{™} —®)= 2, ;. Then for all
Ty ..., Ty € Vandt > 0,
lim M(:;;Y”’ — 210,%2,..., Ly, t) =1, lim V(mgm) — T10,T2y ..., Ty, 1) = 0.
m—0o0 m—0o0

By the strong IF-n-C property, we have for all m,
ul(Txgm) —T10,Tay ..y Ty €) > u(xgm) — T10,T2, .., Tp,0),
I/I(Txgm) —Tx10,To, .. Ty, €) < u(xgm) — T10,T2, -+, Tp,0),
which implies

lim ul(ngm) —Tx10,22,...,%n,€) =1,
m—ro0

lim V/<Tx§m) —Tx10,22,...,%n,€) =0.
m—0o0

Hence, Txgm) NN Tz in (V', ', V', *,0). Therefore, T is IF-n-C.

Conversely, there exist operators which are IF-n-C but not strongly 1F-n-C,
showing that the converse is not true.

Example 3.1. Let (V = R, ||-,...,||) be an n-normed space over F. Define
a* b =min{a, b} and a © b = max{a, b} forall a,b € [0, 1].
Let p, v, 1!, V' be fuzzy sets on V™ x (0, 00) defined by

( t) !
‘7:7"'7'1.7747 = b
AN t 1 (1, )]
|zt .. x|
V(T1,..., Ty, t) = )
(71 ) t4 a1, .., |
t
"T1,..., 70, t) = ,
Him )= R, o
k”'rl? 7xn||

Vg, ..o, o, t) =
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forallt > 0andk > 0.

Define a mapping T -V — V by T(Y) = %for allY € V. Let Yy € V,
and let {Yy} be a sequence in V such that {Y},} — Y} in the intuitionistic fuzzy
n-norm sense, that is, for all t > 0,

lim w(Yy — Yo, 22,...,2p,t) =1 and lim v(Y, — Yy, z9,...,2,,t) = 0.
k—oo k—o0

Then, for all t > 0,

t

"TY. —TY, ceey Ty, t) =
,LL( k 0y L2, y Ly ) t—i-k“TYk_T}/Osz?’xn”

— 1,

and

k|TY),, — TY; ey T
V(TY, — TYy, 29, ..., T, t) = 1TV}, 0, T2y - -+ Ty |

= — 0
t+k|TY, —TYy, 2o, ... w7

as k — oo. Hence, T is IF-n-C.
However, to check strong IF-n-C, let € > 0 be given. Then

W(TY —TYy, @y, Tn,€) > u(Y — Yo, 29,...,2,,0)
would require

o T, 1+ Y7
= kI, [|Y: — Yo, ||polynomial terms of Y;, Yy 4|

Taking the infimum over all Y #Yj yields 6, = 0, which is impossible.
Hence, T is IF-n-C but not strongly IF-n-C.

]

Theorem 3.7. Let (V, j1, v, ,0) and (V, ii', V', %, o) be intuitionistic fuzzy n-normed
spaces (IF-n-NS), and let T : (V, i, v, %,0) — (V, /', V', *, ) be a linear opera-
tor. Then the following conditions are equivalent:

(a) T is intuitionistic fuzzy n-bounded (IF-n-B).
(b) There exist constants h,k € R — {0} such that

;L,(Txl, co,Txp, t) > p(hay, ... ha,, t),
V(Txy, ..., Tan,t) < vikay, ... kxg,t),

forall x,...,x, €V (nonzero) and t > (.

(¢) T is intuitionistic fuzzy n-continuous at some point xoy € V.
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(d) T is intuitionistic fuzzy n-continuous (IF-n-C) everywhere.
Proof. (a) < (b): The result follows directly from the definition of IF-n-B.

(¢) < (d): Suppose T is intuitionistic fuzzy n-continuous at some point z €
V. Let {x$§>};°:1 — zo in (V,p,v,%,0) fori = 1,...,n. By the properties of
IF-n-NS, we have

() _ g,) 4+ 20 — T as n — o0.

(M) — 2y, ... 2l

n

Since T’ is linear, it follows that

Tz — 2y, 2™ —2) +a0) = T, .. 2™y = T(a),

n n

which shows that 7" is IF-n-C. The converse is obvious.

(a) < (d): This follows from the generalization of results in (9) and the
definitions of IF-n-B and IF-n-C. [

Definition 3.6. Let (V, p, v, %,0) be an intuitionistic fuzzy n-normed space. A
subset D of V is said to be compact if any sequence in D has a subsequence
converging to an element of D in the sense of (i, v),-convergence.

Theorem 3.8. Let T : (Vi puy, 11, %,0) — (Va, lia, 12, %, ©) be a mapping and let
D be a compact subset of V. If T' is intuitionistic fuzzy n-continuous (IF-n-C) on
VA, then T'(D) is a compact subset of V5.
Proof. Let {y,} be a sequence in T'(D). Then for each n there exists x,, € D
such that T'(z,,) = y,.

Since D is compact, there exists a subsequence {z,, } of {x,} and an element
o € D such that

{xnk} _>(M1’Vl)n Zo in (‘/lalulayh*?o)'
Since 7' is intuitionistic fuzzy n-continuous at x(, by Definition (3.2),

{zn, } e g0 = T{xn,,} —y(n2,v2)n T(xo).

Hence, the corresponding subsequence {y,,, } of {y, } converges to yo = T'(x)
€ T(D), which shows that 7'(D) is compact in V5. O
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4 Intuitionistic fuzzy )-n-normed space

Definition 4.1. The five-tuple (V, u, v, x, ) is said to be an intuitionistic fuzzy -
n-normed space, if V is a vector space over F € {R, C}, * is a continuous t-norm,
o is a continuous t-conorm, and i, v are fuzzy sets on V" x (0, 00) satisfying the
following conditions. For every x1,%s,...,%,, 2 € Vandt,s > 0,

(a) M(Ila"'7xn7t)+V(x17-‘-7xn7t) S 1;

(b) w(xy, ...,y t) >0;

(¢) w(xy,...,xn,t) = Lifand only if 1, xo, . .., x, are linearly dependent;

(d) plazy,xe, ..., xn,t) = p(xy, 2o, . .., Ty, @)for each o # 0;

() p(z,. . xn_1,y,t)*p(z1, ..., 2n1,2,8) < p(x1,. ., Tn_1,y+2,t+S8);

(f) w(xy,...,zpn,-): (0,00) = [0,1] is continuous;

(9) limy oo pi(1, ..., 2y, t) = Land limy_yo (1, ..., x,,t) =0;

(h) @y, Ty Ty oo Ty t) = (1,0 Ty o Ty o, Ty, T) (Symme-
try);

v(Ty, .., T, t) < 15

v(xy,...,xn,t) =0ifand only if x4, ..., x, are linearly dependent;

67

(
(

viawy, ke, ..., Ty, t) = v(Xy, Tay ..o, Ty, ﬁ)for each a # 0;
(1, .. Tpo,ys ) ov(xy, .o Tp1,2,8) > v(T1, .., Tp1, Y+ 2, +S);
(

v(xy, ..., xp,-) 1 (0,00) = [0, 1] is continuous;

limy oo v(21, ..., 2y, t) = 0 and limy_o (21, ..., 25, 1) = 1;

—~
o~
~— Y N~ o ~—  ~—

V(X1 Ty Ty Ty ) = V(X0 Ty Ty, Ty, ) (Symme-
try).
In this case (i, V), is called an intuitionistic fuzzy 1¥-n-normon'V'.

Definition 4.2. Let (V) j1, v, %, ©) be an intuitionistic fuzzy 1)-n-normed space. A
sequence {xy} is said to be convergent fo x € V with respect to the intuitionistic
fuzzy v-n-norm (u, v), if for every r € (0,1) and t > 0, there exists ko € N such
that

ey —x 29, .. Ty, t) >1—r and v(zg —x,29,...,2,,t) <T

forallk > kyand all z», ..., x, € V.
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Definition 4.3. Let (V, i, v, %,©) be an intuitionistic fuzzy 1-n-normed space. A
sequence {xy} inV is said to be Cauchy if for every r € (0,1) and t > 0, there
exists ko € N such that

(e — Tmy oy .o Ty, t) > 1 =1 and v(Tg — Ty, Toy ooy Ty, t) <71
forall k,m > koandall x,,...,x, €V.

Definition 4.4. Let (V, i, v, %, ©) be an intuitionistic fuzzy 1-n-normed space, 1 €
(0,1), t > 0, and x € V. The set

B(z,r,t)={y eV :puly—x,x9,...,2n,t) > 1=1, v(y—x,29,...,2,,t) <71}

, Vo, ..., x, € V is called the open ball with center x and radius r with respect
tot.

Definition 4.5. Let (V, i, v, %,©) be an intuitionistic fuzzy 1-n-normed space. A
set U C V is said to be open if each of its points is the center of some open ball
contained in U. The collection of all open sets in (V, pu, v, *,©) is denoted by U.

Theorem 4.1. Let (V, i, v, %,©) be an intuitionistic fuzzy 1-n-normed space. A
sequence {x} converges to x € V if and only if

pley — x 29, ... 2y, t) > 1 and v(zg —x,29,...,2,,t) >0 ask — oo,
forall xq,...,x, € Vandt > 0.

Proof. Fix t > 0. Suppose {z} converges to z in the intuitionistic fuzzy -n-
normed space (V, i, v, x,¢). Then for a given r € (0, 1), there exists an integer
ko € N such that

pley — x, 29, .. 2y, t) >1—1r and v(xg —x,29,...,2,,t) <7

forall k > ko and all xo, ..., 2, € V. Thus, 1 — p(xy — z,x9,...,2,,t) < rand
v(xg — x,x9,. .., Ty, t) < 1, which implies

p(ey —x,x,. .. 2y, t) > 1 and v(xg —x,29,...,2,,t) >0 ask — co.
Conversely, if for each ¢ > 0,
pley —x, 29, ..., xp,t) > 1 and v(xg —x,29,...,2,,t) =0 ask — oo,
then for every r € (0, 1), there exists an integer kg such that
1 —pu(rgy — 2,29, ... 20, t) <7 and v(zg —x,29,...,T,,t) <T
for all k > kg and all 25, ..., x, € V. Hence,
ey —x xe, .. 2y, t) >1—1r and v(xg —x,29,...,0,,t) <7,

which shows that {z;} converges to x in (V, i, v, %, ©). O
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Theorem 4.2. The limit is unique for a convergent sequence {xy} in an intuition-
istic fuzzy \V-n-normed space (V, i, v, %, ).

Proof. Letlimy_,, xx = x and limy_,,, x5 = y. Then

lim p(xy —x,29,...,2,,t) =1, lim v(ry —x,29,...,2,,t) =0,
k—o0 k—oo

and
im p(xg —y,z2,...,x5,t) =1,  lim v(xg —y,z2,...,2,,t) =0,
k—o0 k—oo

forall xo,...,2, € Vandt > 0.
Now, for any s,¢ > 0,

vt —y,To, ..., Tp,s+1) =v(r —ap + 2K — Y, 22, ..., Tp, S+ 1)

v

V(T — g, Ta,y ..o Ty, S) O V(T — Y, T, ..., Ty, T).
Taking the limit as k — oo, we get
v(r —y,x9,...,T,,s+1)=0 = x=uy.

Hence, the limit of a convergent sequence in an intuitionistic fuzzy -n-
normed space is unique. 0

Theorem 4.3. In an intuitionistic fuzzy -n-normed space (V, u,v,*,9), every
convergent sequence is a Cauchy sequence.

Proof. Let {z} be a convergent sequence in (V, i, v, x, ) with limy_,, xx = .
Letr € (0,1) and s,t > 0. Then there exists an integer ko € N such that

ey —x, e, ...y, 8) >1—1r and v(xg —x,29,...,2,,5) <1 Vk > k.

For k,p € N, we have

W(Thap — Ty Tay oo, Ty S+ 1)

= W(Thyp — T+ T — Tp, T, ..., Ty, S+ 1)

> Ty — T, Tay ooy Ty S) * (T — Ty Tay o, Ty, T)
= W(Tpsp — T, Tay oo, Ty, S) ¥ (T — T, Tay ., Ty, T)

>(1—=r)yx(1—7")>1—1", Vk > ko, Since, by choosing r’ % r’ > r.

Similarly,
V(Tpyp — Thy Ty ooy Ty S + 1)
=V(Thgp — T+ X — Tp, Tay .., Ty, S+ 1)
< V(Tpip — T, Ty ..., T,y S) O V(T — Tp, Tay .., Ty, )
=V(Thip — T, T2, ..., T, S) OV(T — T, Ta, ..., Tp,1T)

<r'or' <r, Vk> kg, Since, by choosing 1’ or' < r.
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Hence, {z;} is a Cauchy sequence in the intuitionistic fuzzy 1)-n-normed
space (V, p, v, *,0). ]

Theorem 4.4. In an intuitionistic fuzzy 1V-n-normed space (V,u,v,*,0), a se-
quence {x} is a Cauchy sequence if and only if

U(Thtp — Ty Toy oo, Ty, t) = 1 and  v(xpyp — Tk, o, ..., Ty, t) =0
ask — oo, forall xy, ..., x, € Vandt > 0.

Proof. Fix t > 0. Suppose {z}} is a Cauchy sequence in the intuitionistic fuzzy
Y-n-normed space (V, i, v, %,¢). Then, for a given € (0, 1), there exists an
integer ko € N such that

W(Thgp — Ty oy ..o Ty, t) > 1 —1  and  v(Tpyp — T, Toy .., Ty, t) <7
forall k > kg and all 2o, ...,x, € V. Thus,
W(Thgp — Ty T2y o oo, Ty t) — Land v(Tpqp — T, Tay ..., Ty, t) — 0 @S bk — 00.
Conversely, if for each ¢ > 0,
W(Thgp — Ty Tay ..., Ty, t) = Land v(Tpqp — T, Tay ..., Ty, t) = 0as k — 00,

then for every r € (0, 1), there exists an integer ky € N such that

1 — (@ — Ty T2y -+ o, Ty t) < 7 and V(Tpoip — T, T, - ., T, t) < 17V > K.
Hence,

W(Thtp — Ty Ty oo o, Ty t) > 1 =1 and  v(Tgip — T, Tay ..., Ty, ) < T
which shows that {x} is a Cauchy sequence in (V, u, v, %, ©). O

Definition 4.6. An intuitionistic fuzzy \-n-normed space (V, pi, v, *,9) is said to
be complete if every Cauchy sequence in (V, i1, v, *, ) is convergent.

Theorem 4.5. Let (V, i, v, %,©) be an intuitionistic fuzzy 1-n-normed space. A
sufficient condition for (V, i, v, %, ©) to be complete is that every Cauchy sequence
in (V, pu, v, *,0) has a convergent subsequence.

Proof. Let {x;} be a Cauchy sequence in (V/ j, v, *, ¢), and let {x, } be a subse-
quence of {x;} that convergesto xz € V. Let s, > 0 and r € (0,1).
Since {z}} is Cauchy, there exists an integer ko € N such that

p(Tp — Tpy, T2, oo Ty 8) > 1—rand v(wp —ap;, T2, ..., T, 8) <71, VR, § > K.
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Also, since {x;, } converges to x, we have

Ty, — 2,29, ..., 2y, t) > 1 —rand v(zy, —2,22,...,25,1) <7, Vj > k.
Now,
p(xy —x, o,y .., Ty S+ 1)
= p(Tp — T, + T, — 2, T2, ..., Ty, 5+ 1)
2M(xk—l'kjax%---,xnas)*ﬂ(l’kj _x7x27"'7xn7t)

>(1—=r)yx(1—7")>1—1", Vk > ko, Since, by choosing r’ * 1’ > r.

Similarly,
v(xg —x, 29, ..., Tp, S+ 1)
= V(T — Tp; + T, — T, Ta, ..., Ty, S+ 1)
<v(rp — Tk, Ty, T, S) O V(T — T, Xa,y ., T, 1)

<7’ or’' <r, Vk> kg, Since, by choosing 7’ o7’ < r.

Hence, {x;} converges to x in (V, u, v, *,¢). Therefore, the intuitionistic fuzzy
Y-n-normed space (V, i, v, *,¢) is complete. ]

Remark 4.1. Straightforwardly, we get the results (3.1),(3.2),(3.1), (3.3), (3.4),
(3.5), (3.6), (3.7), (3.8) are also holds in IF)-n-NS.

Theorem 4.6. Every intuitionistic fuzzy )-n-normed space is an intuitionistic
fuzzy n-normed space, but the converse is not true.

Proof. Let (V, i, v, %, ) be an intuitionistic fuzzy ¢)-n-normed space. By the def-
inition of a ¢-n-normed space, take 1)(«r) = |«|. Then the definition of an in-
tuitionistic fuzzy n-normed space is satisfied, so (V, i, v, %, ) is an intuitionistic
fuzzy n-normed space.

Conversely, let (V, u, v, *,©) be an intuitionistic fuzzy n-normed space. If
(a) # |, then the definition of an intuitionistic fuzzy )-n-normed space is not
satisfied. Therefore, a general intuitionistic fuzzy n-normed space is not neces-
sarily a ¢)-n-normed space. [

S Conclusion
In this paper, we have successfully extended the concept of intuitionistic fuzzy

normed spaces to the framework of intuitionistic fuzzy n-normed spaces. We have
explored key properties such as intuitionistic fuzzy n-continuity and n-boundedness,
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providing a foundation for further analysis in these spaces. Moreover, the intro-
duction of intuitionistic fuzzy 1¥-n-normed spaces has allowed us to generalize
the existing structure of n-normed spaces and examine their convergence, Cauchy
sequences, and completeness. The results obtained in this study offer a compre-
hensive understanding of these generalized spaces and pave the way for future re-
search in fixed point theory, functional analysis, and applications involving fuzzy
and intuitionistic fuzzy structures.
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