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1 Introduction

MV-algebras were original introduced by Chang (1958) as algebraic struc-
tures of many-valued logic. Nowadays, this structure has been extended to BCK-
algebras, hoops, quasi-algebras, etc. In addition, Georgescu and lorgulescu (2001)
introduced pseudo MV-algebras, which is a non-commutative extension of MV-
algebras. Dvurecenskij and Zahiri (2019) defined EM V-algebras, which extended
the notions of MV-algebras.

Hajek (2013) defined the notion of BL-algebras. Particularly, let A be an BL-
algebra, forall z € A, if =~ = x, then A is an MV-algebra. Similarly, Liu (2020)
defined the notion of EBL-algebras.

The notion of derivations was defined by Leibniz-rule. Szasz (1975) defined
the notion of derivations on a lattice (L,V,A). In addition, Kolchin (1973) defined
differential algebra, which is an algebraic structure with a derivation. Differen-
tial algebra has many generalizations, such as fields (Ritt 1932), commutative
algebras (Singer 2009), non-commutative algebras (Guo and Keigher 2008) and
MV-algebras (Hamal 2019). Alshehri (2010) defined the notion of derivations on
MV-algebras A, which is a map d satisfying d(x©y) = (d(z) ©y) D (x@d(y)) for
all z,y € A. Torkzadeh and Abbasian (2013) introduced (©®, V)-derivations on
BL-algebras. Recently, Zhao, Gan and Yang (2024) introduced (®, V)-derivations
on MV-algebras. (®, V)-derivations are indispensable tools in algebraic systems.
The notion of (®, V)-derivations are helpful for studying algebraic structures and
properties in algebraic systems. In the following, we will further study the (®, V)-
derivations of EMV-algebras and EBL-algebras.

The paper is constructed as follows. In Section 2, we will introduce some
foundational notions and properties related to EMV-algebras and EBL-algebras.
In Section 3, we study (®, V)-derivations on EMV-algebras. In addition, we study
some lattice structures of (®, V)-derivations on EMV-algebras. In Section 4, we
introduce some important results of (®, V)-derivations on EBL-algebras. We also
prove that (®, V)-derivations preserves ideals and filters.

2 Preliminaries

In this section, we will introduce some notions and statements on EM V-algebras
and lattices which will be used in the following sections.

Definition 2.1. (Dvurecenskij and Zahiri 2019) An EMV-algebra is an algebra
(A, V, A, ®,0) of type (2, 2,2,0) satisfies the following conditions:

(EMVI) (A, V, A, 0) is a distributive lattice with lower bound 0;

(EMV2) (A, ®,0) is a commutative monoid;

(EMV3) for each m,n € I(A) such that m < n, there exists A\, () for each x €
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[m,n], and ([m,n],V, A\, ®, Amn(z), m,n) is a MV-algebra, where A, () =
min{z € [m,n]|z ® z = n} and I(A) is the set of all idempotent elements of A;
(EMV4) (A, V, A\, ®,0) has enough idempotent elements, that is, for each © € A,
there exists a € I(A) such that x < a.

We will denote A\, by A\, and denote the set of all idempotent elements of an
algebra A by I(A).

Proposition 2.1. (Dvurecenskij and Zahiri 2019) Let (A, V, A\, ®,0) be an EMV-
algebra. For all a € 1(A) such that each z,y € [0,al, the following properties
hold:

(1) Aala) = 0;

(2)a®x=a;

(3)x Oy = Aa(Aa(2) ® Aa(y));

(4) N\o(z) ®x = a;

(5) 2 © Na(w) = 0;

(6)zVy=(xOA(y) Sy

(7)xNy=120 A(x) DYy).

For all a € I(A) such that each =,y € [0, a], we will define a partial order <
on EMV-algebra (A, V, A, @, 0) as follows:

<y \(r)Bdy=a.
In addition, we shall denote 2° = a, 2! =z, ..., 2" = 2" ' ® 2.

Lemma 2.1. (Dvurecenskij and Zahiri 2019) Let A be an EMV-algebra. For all
x,y € |0, a], the following statements are equivalent:

1)z <y;

(2) Aa(z) By = a

(3)z® Aaly) =0

(4y=x®(yO Al(x));

(5) There is an element z € [0, a] such that v & z = y.

Lemma 2.2. (Dvurecenskij and Zahiri 2019) Let A be an EMV-algebra. For all
x,y, z € [0, al, the following statements hold:

(DIfxVy xdy€0,a,thenxy<zANy<z,y<zVy<zdy,

)z yNz)=(x0y) Az 2);

B)ro(yVz)=(@oy V(re =)

(4)x <y iff Aaly) < Nal2);

S)Ife <y thenx Nz<yNz;zVz2<yVz,z@®2<ydz;,x0z<y0®2;
(6)Ifr By=0 wehavex =y =0; Ifr ©y = a, we have x = y = a.
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Lemma 2.3. (Dvurecenskij and Zahiri 2019) Let A be an EMV-algebra. For all
x,y € [0, al, the following statements are equivalent:

(1) x € B(A);
2)rxdr=ux;
3)roOxr=uxa;

(4) \o(z) € B(A),
S)xdy=axVy;
(6)r Oy =1xANy.

Definition 2.2. (Dvurecenskij and Zahiri 2019) Let A be an EMV-algebra and 1
be a nonempty subset of A. I is called an ideal if for x,y € A, the following
conditions hold:

(1)0 e I;

2)xdyelforalx,yel;

(NIlfrel,yec Aandy < z, theny € 1.

Definition 2.3. (Cignoli, d’Ottaviano and Mundici 2000) Let A be a lattice and
be a nonempty subset of A. 1 is called a lattice ideal if for x,y € A, the following
conditions hold:

(1)0 e I;

(2)xNVyelforalz,yel;

3)Ifrel,yec Aandy < x, theny € I.

A subset [ of a poset A is called a downset if forallz € [,y € Aandy < z
implies y € I.

Definition 2.4. (Liu 2020) An EBL-algebra is an algebra (A,V,\,®,0) of type
(2,2,2,0) satisfying the following conditions:

(EBLI) (A,V, A, 0) is a distributive lattice with lower bound 0;

(EBL2) (A, ®,0) is a commutative semigroup;

(EBL3) for each m,n € I(A) such that m < n, there exists x 8y for each
z,y € [m,n], and ([m,n],V,\,®, ', m,n) is a BL-algebra, where © "= y =
V{z € Im,nllx © z < y} and I(A) is the set of all idempotent elements of A;
(EBLA4) (A,V,\,®,0) has enough idempotent elements, that is, for each x € A,
there exists a € 1(A) such that v < a.

Let (A, V, A, ®,0) be an EBL-algebra. For all a € I(A) such that each z,y €
[0, a], we define a binary relation < by z < y & % y = a. In addition, we
definer =2 50, 27%=(x 30) 30,277 =((r+ 20) 30) > 0and
denote 2° = a,2' =z, ..., 2" = 2" ' ® 2.

Proposition 2.2. (Liu 2020) Let (A,V, N, ®,0) be an EBL-algebra. For all a €
I(A) such that each x,y, z € [0, al, the following properties hold:
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(1)Ifx <y, theny * < x %

(2)z0y=0ffz <y

(3)ZL‘ S ‘,L‘ffa’. i ZL‘ia,'

Arxoy<zifr<y->z

S)eAhy=z0 (x5 y),
0)rOWNz)=(@OYA(rO2);r0(yVz)=(x0y)V(rOz2);
(7)If x € 1([0,a]), then x=~% = x:

(8)roy <y

Definition 2.5. (Liu 2020) Let A be an EBL-algebra and I be a nonempty subset
of A. I is called an ideal if for x,y € A, the following conditions hold:

(1)0 € I;

(2)yelandx <yimplyz € I;

(3) (x5 0) S yelforeachz,y €I, ac I(A).

Definition 2.6. (Liu 2020) Let A be an EBL-algebra and I’ be a nonempty subset
of A. F is called an filter if for x,y € A, the following conditions hold:

(1)x e Fandx < yimplyy € F;

(2)ifx,y € F,thenx ©y € F.

n—times

Denote N = {n > 1|n is an integer} by NV and denote z ©® x ®@ - - - x by z".

3 (®, V)-derivations on EMV-algebras

In this section, we will introduce some notions and results of (®, V)-derivations
on EMV-algebras, and characterize some classes of (®, V)-derivations on EM V-
algebras. In addition, we also give some properties of fixed point sets of (©,
V)-derivations. Finally, some lattice structures of (®, V)-derivations are charac-
terized.

Definition 3.1. Ler A be an EMV-algebra. For all a € I(A) such that each x,y €
[0,al, @ map d is called an (®, V)-derivation on A if it satisfies the following
condition:

dx ©y) = (d(z) ©y) Vv (z ©d(y)).

In the following, we shall denote an arbitrary idempotent element on an EM V-
algebra A by a.

For all z € [0, a], we define the identity map /d4(z) = z and the zero map
0a(z) = 0. Since [da(z O y) =20y =(z0y)V (rOy) = (Ida(z) Oy) V
(z © Ida(y)) and O4(z ®y) =0=0V0=(0a(z) ©y)V (04(y) © x), we get
that /d4 and 04 are (®, V)-derivations on A.
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Example 3.1. Let b € [0,a]. Forall x € |0, a], we define the map d,, : [0,a] —
[0,a] by dy :=bOx. Fromdy(x@y) =x0yob= ((z0b)Oy)V(zo (bOY)) =
(dp() ©y) V(x©@dy(y)), it follows that dy is an (®, V )-derivation, which is called
a principal (®, V)-derivation.

We will denote the set of all (®, V)-derivations on A by Der(A) and the set of
all principal (®, V)-derivations on A by PDer(A).

In the following proposition, we will give some important properties of (©®,
V)-derivations which be employed in this paper.

Proposition 3.1. Let A be an EMV-algebra and n € N. For all d €Der(A), the
following statements hold for all x,y € [0, a):

(1) d(0) = 0;
(2)d(x) ® A(x) = 2 @ d(A(x)) = 0;
(3)d(x) <z

(4) d(x) = d(x ) (z©

(5) d(Xa(z)) < Aa(z) <

(6)If d(x)Vd(y), d(z)od
d(x) ® d(y);

(7)d(z") = 2"t © d(z);

(8) (d(x))" < d(2");

(9) If I is a downset of A, we have d(I) C I, where d(I) = {d(z)|x € T};
(10) If y < z and d(x) = x, we have d(y) = y.

d(a)) and x ® d(a) < d(z);
Aa(d());
(y) € [0, a], then d(x)®d(y) < d(zOy) < d(x)Vvd(y) <

Proof. (1) By the notion of (®, V)-derivations, we have d(0) = d(0 ® 0) =
(d(0) ®0) v (0®d(0)) = 0.

(2) By (1) and Proposition 2.1 (5), we have 0 = d(0) = d(z ® A\, (x)) =
(d(z) ®Aa(2))V(x©d(Na(x))). It implies that d(x) © N\, (z) = 2@ d(Au(x)) = 0.

(3) From d(z) ® A\,(z) = 0, it implies that d(z) < = by Lemma 2.1.

(4)Wehave d(z) =d(x®a) = (d(z) ®a) V(x©d(a)) = d(z) V (z © d(a)).
It implies that z © d(a) < d(z).

(5) By (3), we have d(\,(z)) < Ai(z) and d(z) < . It implies that \,(z) <
Ao(d(x)) by Lemma 2.2 (4).

(6) By (3), we have d(z) ® d(y) < z ® d(y) and d(z) © d(y) < d(z) ©® y. So
d(x)@d(y) < (d(z)oy)V(x©d(y)) = d(x ®y). In addition, by Lemma 2.2 (1),
we have d(z) ®y < d(z) and x ® d(y) < d(y). Sod(x ®y) = (d(z) Oy) V (z ®
d(y)) < d(x) V d(y). Finally, by Lemma 2.2 (1) again, we have d(z) V d(y) <
d(z) ® d(y).

(7) In the following, we will make a mathematical induction for n:

(i) For n = 1, we have d(z!) = d(z) = a © d(z) = 27! © d(z);
(ii) For n = 2, we have d(2?) = d(z®x) = (d(z) ©z)V(x©d(x)) = z®d(z) =
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2?1 o d(x);
(iii) Assume that d(z™) = z"~! ® d(x) holds. We have d(z"™!) = d(z" ® z) =
(d(z")©z)V(z"©d(x)) = (2" odz)©oz) V(" ©d(x)) = 2" © d(z).
Hence, d(z") = 2"~ ® d(x) holds.

(8) By (3) and Lemma 2.2 (5), we have (d(z))"~! < z"~1. In addition, by (7),
we have (d(z))" = (d(z))" ! @ d(z) < 2"t ©d(z) = d(z").

(9) Let [ be a downset of A and y € d(I). There exists b € [ such that
y = d(b). By the notion of a downset, we have y = d(b) < b € I. Hence,
d(I) C I.

(10) Lety < zxand d(xz) = x. Wehave d(y) = d(zAy) = d(x® (N, (x)BYy))
A@)OO(2)EY)V (FOd(@)09)) = (10 (Ma(2)D9))V (20d () B1))
T® Ae(z)Dy) =x Ny =y0O

In the following proposition, we will prove that if d is an (®, V)-derivation on
EMV-algebra A, then d = I d 4 iff d is surjective.

Proposition 3.2. Let A be an EMV-algebra and d €Der(A). For all z,y € [0, al,
the following statements are equivalent:

(1) d=Id,;

(2)d(a) = a,

(3) d(b) = a for some b € [0, a;

(4) d is surjective;

(5) d satisfies that d(x @ y) = (d(z) & y) A (x & d(y)).

Proof. Clearly, (1) = (2) = (3) and (1) = (4) = (3) hold.
(2) = (1). Let d(a) = a. By Proposition 3.1 (10), we have d(z) = x. Hence,

(3) = (2) Let d(b) = a for some b € [0,a]. By Proposition 3.1 (3), we have
= d(b) < b. It implies that b = a. Hence, d(a) = a.

) = (5). Letd=Idy. Wehave d(z ®y) =2 dy = (2Dy) AN(zDy) =
(

(1

(d(z) Dy) A (z®d(y)).

(5) = (2). Let d satisfies that d(z © y) = (d(z) & y) A (v & d(y)). We have
d(a) = d(a ® a) = (d(a) ®a) A (e ©d(a)) = a.0

Proposition 3.3. Let A be an EMV-algebra and d €Der(A). For all x € [0, a], we
define a map d* on A by

0 ={ 4y, vz

Ifu € [0, a] such that u < d(a), then d* € Der(A).
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Proof. For all z, y € [0, a], we consider the following cases:
Case (i) If z = y = a, wehave d“(a ®a) = u = (u®a)V (a®u) =
(d*(a) ©a) V (a © d"(a));
Case (ii): If z # a and y # a, we have d“(z) = d(x), d“(y) = d(y) and x Oy # a.
It implies that
d"(x ®y)
=d(x ®y)
— (d(x) O 9) V (2 © d(y))
— (@) 0 y) V (= 0 d(y)).
Case (iii): If x # a and y = a, we have d"(z) = d(z) and d"*(y) = d"(a) = u <
d(a). It implies that z ® d"(a) < x ® d(a) < d(z) by Proposition 3.1 (4). So
d"(z ®y)
=d"(z ®a)
= d"(z)
= d(x)

Hence, d" € Der(A).O

Corolary 3.1. Let A be an EMV-algebra and w € [0,a). For all x € [0, al, we
define a map 1 d(;) on A by:

u, T =a,

1) = {

xr, T #a.
Then I d%) € Der(A).

Proof. We have /d, € Der(A) and v < a =Ids(a). It implies that / d(jt) €
Der(A) by Proposition 3.3.0

In the following, we will study the condition when an (®, V)-derivation on an

EMV-algebra A is isotone.

Definition 3.2. Let A be an EMV-algebra and d €Der(A). d is called isotone if
forall x,y € [0,a] such that x < y, it implies that d(z) < d(y).

By Definition 3.1, we have that /d4 and 04 are (®, V)-derivations on A. For
all x,y € [0,a] such that x < y, since Ids(z) = x < y = Ida(y) and 04(z) =
0 <0 =04(y), we get that the identity map Id 4 and the zero map 04 are isotone.

Remark 3.1. Let d be an (®, V)-derivation on EMV-algebra A. If it satisfies that
d(xVy) = d(z)Vd(y), then d is isotone. Indeed, forall xz,y € [0,al, ifv < y, there
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exists z € [0, a such thaty = xV z. It implies that d(y) = d(zV z) = d(z) Vd(z2).
That is, d(x) < d(y).

Proposition 3.4. Let A be an EMV-algebra. For all b € [0, al, we have principal
(®, V)-derivation dy, is isotone.

Proof. Let x,y € [0,a] such that + < y. By Lemma 2.2 (5), we have
dy(z) =bOx <b®y = dy(y). Hence, dj is isotone.O]

In the following proposition, we will show that if d is an (®, V)-derivation on
an EMV-algebra A with d(a) € B(A), then d is isotone iff d is principal.

Proposition 3.5. Let A be an EMV-algebra and d €Der(A) with d(a) € B(A).
For all z,y € [0, a], the following statements are equivalent:

(1) d is isotone;

(2) d(z) < d(a);
(3)d(z) = d(a) ® z;
(4) d(z Ay) = d(z) Ad(y);

(5)If d(z) v d(y) € [0,a], then d(x v y) = d(x) V d(y).

Proof. (1) = (2). It is obvious.
(2) = (3). Let d(z) < d(a). By Lemma 2.3 (6) and Proposition 3.1 (4), we have
d(z) < d(a) Nz =d(a) ®x < d(z) . Hence, d(z) = d(a) ® x
(3)= (4). Letd(z) = d(a) ® . By Lemma 2.2 (2), we have
d(z Ay)
=d(a) © (z Ay)
— (d(@) ©2) A (d(a) © 9)
=d(x) Nd(y).
4) = (1). Letd(z ANy) = d(z) ANd(y). If z < y, we have d(z) = d(z Ay) =
d(z) Ad(y) < d(y).
(3) = (5). Let d(z) = d(a) ® x. By Lemma 2.2 (3), we have
d(zx Vy)
=d(a) © (z Vy)
= (d(a) © z) V (d(a) © y)
=d(x) VvV d(y).
(5) = (1). Letd(x Vy) =d(z) Vd(y). If z <y, we have d(z) < d(z) Vd(y) =
d(z Vy)=d(y).0

Clearly, if d satisfies the condition in Proposition 3.5, then d is principal.

We will denote the set of all isotone (®, V)-derivations with d(a) € B(A) by
IDer(A).
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Corolary 3.2. Let A be an EMV-algebra. There exists a bijection between IDer(A)
and B(A).

Proof. For all d € IDer(A), we define a map f: IDer(A) — B(A) by f(d) =
d(a). In addition, for all b € [0,al, we also define a map g: B(A) — IDer(A)
by g(b) = d,. By Proposition 3.5, we have fg : b — dy(a) = b® a = b and
gf + d(z) = dyq(x) = d(a) © v = d(x). Hence, f is a bijection between
IDer(A) and B(A).O

Proposition 3.6. Let A be an EMV-algebra and d €Der(A). For all x,y € [0, a],
we have d € IDer(A) iff d(x © y) = d(z) ® d(y).

Proof. Let d € IDer(A). By Proposition 3.5, we have
d(z ©y)

=d(a) ® (zOy)

= (d(a) © ) © (d(a) © y)

=d(z) © d(y).
Conversely, we have d(a) = d(a) ® d(a). It implies that d(a) € B(A).
addition, by Lemma 2.2 (1), we have d(x) = d(z ® a) = d(x) ® d(a) < d(a). B
Proposition 3.5 again, we get that d is isotone. Hence, d € IDer(A).0

Corolary 3.3. Let A be an EMV-algebra and d € IDer(A). For all x € |0, a], we
have d*(z) = d(x).

Proof. By Proposition 3.5 (3) and Proposition 3.6, we have d(d(x)) = d(a) ®
d(z) =d(a®x) =d(z).0
Proposition 3.7. Let A be an EMV-algebra and d € IDer(A). Forall z,y € [0, al,
we have d(x) < y iff d(z) < d(y).

Proof. Let d(z) < y. Since d is isotone, we have d(d(z)) < d(y). In addi-
tion, by Corollary 3.3, we have d(d(x)) = d(z). Hence, d(x) < d(y). Conversely,
let d(x) < d(y). By Proposition 3.1 (3), we have d(z) < d(y) < y.O

Let A be an EMV-algebra and d €Der(A). We will denote the set of all fixed
point of d by Fixy(A). That is, Fixy(A)={z € A|d(x) = x}.

Proposition 3.8. Let A be an EMV-algebra and d €Der(A). Then Fixy(A) is a
downset.

Proof. By the notion of downset and Proposition 3.1 (10), we can get that
Fix,(A) is a downset.O

In the following proposition, we will study the relation between lattice ideals
and fixed point sets of (©®, V)-derivations on EMV-algebras.
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Proposition 3.9. Let A be an EMV-algebra. Forall x,y € |0, a| such that xV y €
0, al, if d €PDer(A), we have that Fix.(A) is a lattice ideal of A.

Proof. Let d €PDer(A). For all z € [0, al, there exists u € [0, a] such that
d(x) =u ® z. For all z,y € Fix4(A), we have d(z) = = and d(y) = y. It implies
thatd(zVy) =u®(xVy) = (vOx)V(u®y) =d(z)Vd(y) = xVy by Lemma
2.2 (3). So Fix,4(A) is closed under V. Hence, together with Fix;(A) is a downset,
we can get that Fix,(A) is a lattice ideal of A.O

We define some binary operations on Der(A). For d, d’ € Der(A), (dvVd')(z) =
dlx)vd (z), (dNd)(z) =d(x) Nd(z)forall z € A.

Proposition 3.10. Let A be an EMV-algebra. For all d,d" € Der(A), we have
(dVv d') € Der(A).

Proof. Let d,d’ € Der(A). For all z,y € A, by Lemma 2.2 (3), we have
(dvd)(zoy)
=dxzoy)vd(xoy)
= ((d(z) ©y) V(z ©d(y))) vV (d(z) ©y) V(z© d(y)))
= ((d(z)0y) Vv (d () y) Vv ((z©d(y)) Vv

= ((d(z) vd'(z) ©y) vV (z © (dy) vV d(y)))
= ((dvd)(z)©y)V(zo (dVd)(y)).
Hence, (d V d') € Der(A).O

Theorem 3.1. Let A be an EMV-algebra. For all x,y € [0,al], the following
statements hold:

(1) For all u,v € [0,al], we have d,, V d,, = d,py, and dy, N\ d,, = dypy;

(2) (PDer(A), V, A, 04, Idy) is a lattice;

(3) Forall d,d € IDer(A), we have dV d',d A d' € IDer(A);

(4) (IDer(A), V, N\, 04, Id4) is a lattice.

Proof. (1) Let u,v € [0, a]. For all x € [0, a], we have
(dy V dy)(z)
( )Vd ( )

Similary, we have

224



Tao Liu, Hongxing Liu

(2) By (1), we have that PDer(A) is closed under V and A. In addition, since
04, Id4 € PDer(A), so (PDer(A), V, A, 04, Id,) is a lattice.

(3)Let d,d" € IDer(A). For all z,y € [0, a], we have d(a),d'(a) € B(A). It
follows that (d V d’)(a) = d(a) V d'(a) € B(A) by Lemma 2.2 (3). Similarly,
(dNd')(a) € B(A). In addition, since d and d’ are isotone, we have that d VV d’
and d A d’ are isotone. Hence, d V d',d A d' € IDer(A).

(4) From (3), we have that IDer(A) is closed under V and A. In addition, by
04, Id4 € IDer(A), it implies that (IDer(A), V, A, 04, Id,) is a lattice.O

4 (®,V)-derivations on EBL-algebras

For an (®, V)-derivation d; on an EMV-algebra A;, we have d(z) < z for all
x € A;. But this property holds only for part y € As on an EBL-algebra A,. Let
dy € Der(A,). There exists z € [0, a| such that z < dy(2). In the following, we
will introduce some notions and results of (®, V)-derivations on EBL-algebras.

Definition 4.1. Let A be an EBL-algebra. Forall a € I(A) suchthat xz,y € [0, al,
a map d is called an (®, V)-derivation on A if it satisfies the following condition:

d(z ©y) = (d(x) ©y) V (x © d(y)).

We shall denote the set of all (®, V)-derivations on A by Der(A) and denote
an arbitrary idempotent element on an EBL-algebra A by a.

Proposition 4.1. Let A be an linearly ordered EBL-algebra and k € A. For all
x,y € A, we define a map d by

x, x<k,
d(x) =
0, x>k

If t ©y > kwhen x,y > k, then d € Der(A).

Proof. We will consider the following cases:
(i) For =, y<k, by Proposition 2.2 (8), we have
d(z ©y)
=(z0y)V(zoy)
= (d(z) ©y) vV (z © d(y)).
(i1) For z,y > k, since x ® y > k, we have
d(z ©y)
=0
=00y)V(r©0)
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= (d(z) ©y) V (z © d(y)).
(ii1) For x<k and y > k, by Proposition 2.2 (8) again, we have
d(x ©y)
=0y
=(zOy)V(re0)
= (d(z) ©y) V (z ©d(y)).
Hence, d € Der(A).O

In the following, we will give some different results than (©, V)-derivations in
section 3.

Proposition 4.2. Let A be an EBL-algebra and n € N. For all d €Der(A), the
following statements hold for all x,y € [0, a):

(1)Ifx <y, thend(x) <y ~%

(2)d(z) <a™™%

(3)Ifx®y—() then d(z) ©®y = 0;

(4) xr ®d(a) < d(x),

(5)If d(a) = a, then d(f([Uaa])) = 1([0, a]);

(6) d(z~) < (d(x))"*;

(7)If d(z) = a, then = = 0;

(8) d(a) = aiff v < d(x).

Proof. (1) By Proposition 2.2 (1) and (2), we have x © y=* = 0. So 0 =
d(0) =d(zoy?) = (d(z) Oy~ *)V(z©d(y~*)). Itimplies that d(z) ©y~* = 0.
That is, d(z) <y~

(2) It follows from (1).

(3) By Proposition 2.2 (2), we have x < y~“. In addition, by Proposition 2.2
(1), wehave x=7% <y~ . Sod(z) < y~* Thatis, d(z) ®y = 0.

(4) The proof is similar to Proposition 3.1 (4).

(5) By (4), we have x ®d(a) = r®a = x < d(z). In addition, if x € ([0, a]),
by Proposition 2.2 (7), we have d(z) < z. Hence, d(z) = «x for all z € I(|[0, a]).

(6) By (3) and Proposition 2.2 (1), we have x=~ % < (d(z)) * and d(z~%) <
x~ =% Hence, d(z~%) < (d(x))™".

(7) By (1) and Proposition 2.2 (1), we have x7* < a * =0. Sox™* = 0.

(8) Letd(a) = a. By (4), wehavex =20 a=20© d(a) < d(z). Conversely,
we have a < d(a). In addition, we have d(a) = d(a ® a) = (d(a) ® a) V (a ®
d(a)) = d(a) ® a. It follows that d(a) < a. Hence, d(a) = a.O

Proposition 4.3. Let A be an EBL-algebra and d be an (®, V)-derivation on A.
Ifd(a) € I1(]0,a]), then d(d(a)) = d(a).

Proof. By Proposition 4.2 (2) and Proposition 2.2 (7), we have d(d(a))
d(a). In addition, we have d(d(a)) = d(d(a) ® a) = (d(d(a)) ® a) V d(a)

IIA
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d(d(a)) V d(a). Tt implies that d(a) < d(d(a)). Hence, d(d(a)) = d(a) for all
d(a) € I(]0,a]).0

Definition 4.2. Let A be an EBL-algebra and d €Der(A). d is called isotone if
x <y forall x,y € [0,a)l, it implies that d(z) < d(y).

In the following, we will introduce some sufficient conditions for an isotone
(®, V)-derivation on an EBL-algebra A.

Proposition 4.4. Let A be an EBL-algebra and d be an (®, V)-derivation on A.
Forall x € [0,a], if v < d(x), then d is an isotone (®, V)-derivation on A.

Proof. Let z < y for some y € [0, a]. By Proposition 2.2 (5), we have

d(x)
=d(z Ay)
=d(y© (y = x)
= (dy)© (y =)V (yody = x)
<d(y)Vy
=d(y).0

There exist some isotone (®, V)-derivations on EBL-algebras which does not
satisfies © < d(z).

Example 4.1. The zero (®, V)-derivation 04 is isotone, but it does not satisfies
that x < d(x) for all x € [0, a]. Since x £ d(x) = 0 for all x # 0.

Theorem 4.1. Let A be an EBL-algebra and d be an (®, \V)-derivation on A. For
allz,y € [0,al, ifd(z) < x, we have d(x) = x iff d(xVy) = (zVd(y))A(d(x)Vy).

Proof. Let d(z) = z forall z € [0,a]. Thend(zVy) =xzVy = (zVy)A(zV
y) = (z Vd(y)) A (d(z) V y). Conversely, take y = z, we have d(z) = z V d(z).
It implies that x < d(x). Hence, we have d(x) = z.0

Definition 4.3. An EBL-algebra (A,V,\,®,0) with a (®, V)-derivation d is
called isotone if d is isotone.

In the following, we will give a classification of EBL-algebras with (®, V)-
derivations.

Proposition 4.5. Let A be an EBL-algebra and d be an (®, V)-derivation on A.
For all x € [0, al, the following statements hold:

(1) If v < d(x), then A is an isotone EBL-algebra,

(2)If d(z) < z, then A could be either an isotone EBL-algebra or not an isotone
EBL-algebra.
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Proof. (1) Let x < d(x). By Proposition 4.4, we have that A is an isotone
EBL-algebra.

(2) By Example 4.1, we have that zero (®, V)-derivation 04 is isotone which
satisfies that 0 = d(x) < z. Hence, A could be an isotone EBL-algebra. In ad-
dition, by Proposition 4.1, we have d € Der(A). But d is not isotone, there exists
0<y<k such that d(y) = y>0 = d(k). Hence, A could be not an isotone EBL-
algebra.O

Denote d(I) = {d(x)|z € I} by d(I) and denote d(F') = {d(x)|x € F} by
d(F).

Definition 4.4. Let d be an (®, V)-derivation on an EBL-algebra A and I be an
ideal of A. We say d preserves I if d(I) C I.

Definition 4.5. Let d be an (®, V)-derivation on an EBL-algebra A and F be an
filter of A. We say d preserves F if d(F') C F.

In the following, we will show that (®, V)-derivations preserve ideals and
filters.

Proposition 4.6. Let A be an EBL-algebra and I be an ideal of A. Forall x € I,
ifd(x) <z, thend(I) C I.

Proof. Let y € d(I). There exists b € I such that y = d(b). Since d(b) < b,
we have y = d(b) € I by Definition 2.5. Hence, d(I) C 1.0

Proposition 4.7. Let A be an EBL-algebra and F be an filter of A. Forall x € F,
ifx <d(zx), then d(F) C F.

Proof. For all y € d(F), there exists b € F such that y = d(b). Since
b < d(b), we have y = d(b) € F by Definition 2.6. That is, d(F') C F.O

5 Conclusion

In the paper, we generalized the notions of (®, VV)-derivations to EM V-algebras
and EBL-algebras. Some results on MV-algebras and BL-algebras are extended
to EMV-algebras and EBL-algebras. Let d; be an (®, V)-derivation on an EM V-
algebra A; and ds be an (®, V)-derivation on an EBL-algebra A,. For all z; €
[0, a1], xo € [0, as], we have d(x1) < xq and d(x) < x, 2, where a; and a, are
arbitrary idempotent elements of A; and A,, respectively. But there is no certain
partial order relationship between d(z3) and z,. Hence, (®, V)-derivations on
EBL-algebras are more complex.

In the following study, there is a valued topic can be studied: In Proposition
4.5, if there is no partial order relationship between d(z) and z, whether A is an
isotone EBL-algebra or not?
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