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Some special cases on Stolarsky’s means

Cesare Palmisani®

Abstract

In this paper we observe that one-parameter Stolarsky’s means (SM) are deduced from
both the Mean Value Theorem for derivatives (MVTD) and the Mean Value Theorem
for definite integrals (MVTI), and we study their elementary properties as the parameter
varies. In the subfamily of SM having a natural number as parameter, we geometrically
interpret one of them in particular as a real elliptic cone. We link SM having the integer
power of a prime number as a parameter to classical means (i.e., harmonic mean,
geometric mean, arithmetic mean, power mean). Finally, from an extension of Flett's
Theorem (FT), we derive the expression of a new mean that is a upper bound of the
arithmetic mean.

Keywords: SM; MVTD; MVTI; FT.

2010 AMS subiject classification: 26A24; 15A06; 26D07.

* Department of Political Sciences — Federico Il University, Naples, Italy; cpalmisani@unina.it. Accepted
on October 10, 2024. Published on December 31, 2024. DOI:10.23755/rm.v53i0.1637.@Palmisani. This
paper is published under the CC-BY licence agreement.

139



C. Palmisani

1. Introduction
1.1 A look at the literature on Stolarsky's means

The literature on Stolarsky’s Means (SM) originates from three mathematicians and
statisticians: Otto Dunkel, Luigi Galvani and Renzo Cishani’. Dunkel [11] in 1909
studied a particular power mean

1
ai + -+ a;

y(x) = ( )x (x #0; a; ERy) (1)

n

which for x = 1 reduces to the arithmetic mean and for x = -1 coincides with the
harmonic mean. He shows that y(x) enjoys the following properties: a) it converges to
the geometric mean for x— 0, i.e., to

a1 see an

b) it tends, respectively, to a, for x—-c and to a,, for x—-co where a; = min a; and
a, = maxa; (i €{1,---,n}); c) it is continuous throughout R if we extend y(x) by
continuity in x = 0; d) it is increasing in R. On the other hand, Galvani [15], in 1929,
generalizes Dunkel's proof of the convergence of y(x) to the geometric mean for x— 0
by observing that if (a,,) is a subsequence of positive real numbers converging to some
Athen y(x)—>A4,i.e

_n
A=Y aqay

Moreover, he, dividing into n parts of equal amplitude h the interval [a; b], where
a,b€R,; a <b; h= b;a; n € N, and considering a4 , -+, a, as an arithmetic

n
progression of first term a and reason h through the position
a,=a;a,=a+h;;a,=a+n—-1)h

observes that the expression (1) of y(x), if rewritten in the following ways (x # 0)

<ax +(a+h)*++@+n- 1)h)x>1/x ~

n

T Both Galvani and Cisbani were students of Corrado Gini, a jurist, statistician and demographer
well known for “the famous inequality measure that bears his name and his work in the early days of
balanced sampling”. Galvani is also credited with contributions on the Theory of Sampling (Gini and
Galvani, 1929; Galvani (1951)). See the article by Matti Langel - Ives Tille". Corrado Gini, a pioneer in
balanced sampling and inequality theory METRON - International Journal of Statistics. 2011, vol. LXIX,
no. 1, pp. 45-65
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_(@Fh+ (@t W) R+ -+ (@ + (- DRF\ o
- b—a
for n — oo tends to
px+1 _ gx+1 1/x
box g\ l or x # —1
y(x) — fa tdt — (x+1)(b—a) f
b—-a b—a _q
Inb—1Ina forx =
Ultimately Galvani, from the formula
pX+1 _ gx+1 1/x
= -1
y(®) (x+1)(b—a)l (e #0.x# ~1) @)
forx — -1, for x — 0, at x = 1, 2 deduces the following four means, respectively:
L(a,b) = ——— (a # b); L(a,a) = 4
“ T b —Ing T EE A
b 1
1/bP\b—a
= 2= (5)
I(a,b) . (aa>
+b
Aa,b) == (6)

2+ ab + b?
AL ™

The first three means are known in the literature as the logarithmic mean L, the identical
mean |, and the arithmetic mean A, respectively, while the fourth mean, n;, is completely
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unknown and not used in Statistics. Cisbani* [10], in 1938, realizes that further
relationships can be obtained from Dunkel's formula (1) if the numbers a, , --+, a,, relate
not only in arithmetic progression but also in harmonic progression, quadratic

progression, ... More generally, Cisbani adopts the formula (af + ih)l/j g =
---,—1,0,1,2,...) to divide the interval into n parts and defines the expression
1 ] E 1/x
[EZ(al + ih)f] (G#0;, x+0) (8)
from which for n — o deduces the relationship
. 1
1 bJ x J
.= - - tidt (9)
y] [b] —al J;lj ]
which, when solved, gives the following means:
1
X
bx+j _ ax+j
— ——| =)
(F+1)wr-an
. .1
bl —al 17 .
inb-ma| &7

1
1 bb] bl—al
I F] (x =0)
el
Moreover, Cisbani in his article explores some possible forms that the formula (9) can
take, drawing up a double-entry (x,j) table in which he reports as many as 49 means.
One has to wait until 1975 for Galvani and Cisbani's formulas to be rediscovered (or
taken up again) by K.Stolarsky [47][48], who, after rewriting them as follows:

x% —y¢ =
ua) = [a(x—_y)] (a#0; a+ 1); u(a,B) (10)

B =y ]
a(xf —yF)

! Substantially, both Galvani and Cisbani, using the definition of Riemann integral, prove MVTI
in some special cases. They then in order to deduce MS go from the discrete to the continuous following
an inverse path to what will be done by later authors who either start from MVTD or MVTI.
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shows that for x # y, u(e, ) is strictly increasing with respect to both o and .
Subsequently, the strands of research on SM have differed. Some authors have focused
their attention on a particular SM, namely the logarithmic mean, which is also important
because it plays an important role in some engineering applications, such as the study
of conduction of heat in liquids flowing in pipes [2] and in statistics, in the calculation
of relative changes (or growth rates) [28][49]. In particular, Stolarsky [47] and Pittenger
[37] extend to three variables and n variables respectively the pair of inequalities

G<L<A (11)

already proven in two variables by B. Ostle and H. L. Terwilliger [34] (right side of
(12)) in 1957 and by B.C. Carlson [4] (the left side of (11)) in 1966 between the
geometric mean G, the logarithmic mean L and the arithmetic mean A. The inequality
(12) is important because it represents a refinement of the well-known inequality G < A
in that there is a third mean, the logarithmic mean L, which interpolates G and A.
Inequality (11) has been reproved many time (see also [44], [45] for other references).
Subsequently, Tung Po Lin in 1974 [27] found an interesting relationship between the
logarithmic mean L and the means of powers M, of parameter p:

1
xP + yP\p
Mp:( 2 )

(12)

establishing that

MO < L < M1/3 (13)

where My, M, /5 are respectively the power mean of parameter p = 0 and p = 1/3:

11\3
x3 + ys3

M0=\/x—;M1/3= 2

Subsequently, Peter R Mercer in 2017 [30] uses Cauchy's Theorem of Mean Value,
avoiding passages to the limit, to deduce the expression of the logarithmic mean (4), the
inequalities (9) and some inequalities by Tung-Po Lin in 1974 [27]; moreover, P.R.
Mercer in 2017 [30] also obtains the following refinement of (11):

1 2 (14)
A(a,b)Y3G(a,b)?? < L(a,b) < §A(a, b) + §G(a, b)
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Finally, G. Jameson and P.R. Mercer in 2019 [22] demonstrate inequalities (13) and
(14) with a single method. In detail, they first establish that the pair of inequalities in
the two variables a and b (9) is equivalent to thefollowing pair of inequalities in a
variable x

X —

1< 1( £ 1)
logx = 2 X

x1/2 <
and then they, using the power series of the hyperbolic functions sinh and cosh, achieve
the above inequalities. Some authors, in particular A. Witkowski in 2004 [50] and F. Qi
in 1998 [38] and in 2000 [39], have related SM to notions of monotonocity; others
authors, including F.Qi in 2002 [41]; A. Witkowski in 2006 [51]; J.Sandor in 2015[46];
J.Jaksetic, J. Pecaric, and A.U.Rehman in 2010 [23]; J.Pecaric and G.Rogia 2010 [36],
have linked SM to notion of log-convexity; instead the property of Schur-convexity of
SM was studied by Elezovic and J. Pec¢ari¢ in 2005 [12], F. Qi in 2005[40], K.Muraliand
and M. Nagaraja in 2016 [32]; Zhen-Hang Yang, Feng Qi in 2024 [52]. Some authors,
however, have investigated the relationships between Gini Means [16] and SM finding
profound analogies between the two types of means [22][33][5][1]. There has also been
an attempt to represent SM with power series by H.W. Gould and M. E. Mays 1984
[17]. SM have recently been used in Numerical Analysis to improve the convergence of
Newton's third-order Method by Herceg in 2013 [19], in Statistical Mechanics for the
Fokker-Plank operator by Heida in 2021 [18] and in Information Theory to define
divergence measures by Cerone and Dragomir in 2004 [7]. We first show that the link
of SM with classical means is not limited to correspondence with a few parameters as
seems to emerge from the literature, and we prove new formulas by elementary methods
by developing new notable products from the formula

b" —a"(n€N; a,b €R,,a < b)

We also characterize both from the perspective of Euclidean geometry and through the

methods of linear algebra the mean /a2+2b+b2 introduced by Galvani and Cisbani. We

also look for new ways to show that SM are between a minimum and a maximum value.
SM, as we will show later, are deduced from the MVTD (or MVTI) [38][43]. Flett's
Theorem (FT) represents the main extension of the MVTD. We will prove that it is
impossible to deduce SM from the FT but it will be permissible to do so from a particular
extension of it.
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1.2 Preliminaries

Let a and b be two fixed real numbers, with a < b. If the function f is continuous in
[a;b] and differentiable in ]a; b[, then the MVVTD states that there exists at least one n
Ssuch that ™
f(b) —f(a)
A 15
b U (15
If £ is invertible on Ja; b|[ then
n= ()"

1 lf(bz : ];(a)l (16)

If, on the other hand, g is continuous in [a;b], the MV TI asserts that there exists at
least n, € [a; b] such that

1 b
— | 9@ dx =g a7)

If g is invertible on [a;b] then
(18)

= _1—1 ’ d
n=9"" g4 ) 90 dx

In general  # 7, T, It is convenient to highlight the dependence of j and , on aand b
by making use of the notations n(a, b) and n.(a, b) [42].

Definition [4] A continuous function M: R? — R is said to be a mean of two numbers
aand b if and only if for any a,b, 1 € R,

M1) min{a, b} < M(a,b) < max{a, b}

M2) M(a,b) = M(b,a)

M3) M(Aa, Ab) = AM(a, b)

Let o be real different from 0 and 1. Applying MVTD to the function f(x) = x% we
have that there exists at least one n(a, b), with a < n(a, b) < b, such that*

8 Under the additional hypothesis that f is either strictly convex or strictly concave in [a;b] the
point i is unique [20]
™ We observe that
fO-1@ _“U@=f®]_f@=f® _ .
b—a  —(a-b) a-b =/
 We observe that if £ (x) = g(x) = e* theny =1, = In (%=) [25][29][25]

1t is known in general that if o > 1 then f(x) = x% is strictly convex at ]0; +oo[,, while if
O<a<1lthen 0<a <1 isstrictly concave in ]0; +oo[- Having fixed o we can take expression (1) as
uniquely determined.
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h® — g%
g O n(a,b)* 1
whence
h® — g% ﬁ
ne(@b) = = a)] (19)

The latter result is also obtained by applying the MVTI to the function g(x) = x%~1:

1 1 b% — a%

b x4 b
a—-1 — . . — . . — na—1
fax dx =g(.); 3— [a]a 9. o —— né~(a, b)

1
b—a
It is immediately seen that for n, (a, b) the properties M2 and M3 apply:

na(a, )_[a(b—a)] - —a(a—b)l _[a(a—b) _na( ;a)
1 1 1
[(b) — (A@)9|FT  [A%(a% — b|FT  [b% — g% a1
e D) =1="mr = | T laesa | T [a(b—a)
=/177a(a,b)

Further below we will also prove the M1 property. As a varies, we obtain an infinite
Sy =1{n,} family of means called Stolarsky means (one-parameter) in [42] or
generalized logarithmic means in [47] and [48]. Applying Cauchy's Mean Value
Theorem®s [26] [42] to the functions f(x) = x% g(x) =xf (a # B; 0 < a < b) in
the interval [a; b] there exists at least an 1 in ]a; b[ such that:

ba_aa_ana—l.ﬁ ba_aa
bB —bB  BnP-1" a bP —bh

= na—B

88 The Cauchy’s mean value theorem (for derivatives) is also known as Extended Mean-Value
Theorem
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*

whence™
1

ba_ a (ZT
Napla,b) = [gm] ’ (a #p) (20)

defined as Stolarky means' " relative to two parameters, ccand £, in two variables, a and
b. Furthermore, it is observed that ,,; (a, b) = n,(a, b).

2. Classical means deduced from SM. Trends and
properties of SM as the parameter a changes;

inequalities.
We will start this section by connecting the SM to the classic means right away.

2.1 Examples of classical means deduced from SM by

assigning the parameter o a particular value.

The classical means, i.e., the geometric mean, arithmetic mean, ... can be deduced by
applying MVVTD or MVTI to appropriate functions, or from the expression of n,(a, b)
by assigning a particular value to the parameter o or by performing on n,(a, b) a limit
operation, as illustrated in the following table 1:

Mean MVTD MVTI Parameter
Arithmetic A f(x) = x? gx) =x a=2
Geometric G flx) =x71 g(x) =x72 a=-1

Identical | f(x)=x-Inx gx) =Inx a-1
Logarithmic L f(x) =Inx glx) = % a—-0
Power mean f(x) = x1/? g(x) = x~1/2 a=1/2

™ The geometric meaning of the radical of n,, is as follows: it is the slope, divided by a., of the
secant line s the diagram of the function f(x) = x® at the points A(a; f(a)) = (a;a®); B(b; f(b) =
(b; b%)), or is the slope, divided by o, of the tangent line t to the diagram of the f(x) = x* at the point
C(na; f(no)) and parallel tos.

T Stolarsky [47][48] introduces them without deducing them from Cauchy's Theorem but
generalizing the logarithmic mean.

147



C. Palmisani

Table 1 A comparison between MVVTD and MVTI assigning a particular value
to the parameter a.

For example, for a = -1 we obtain the geometric mean

@b =[] 7= |- 28
O ) (b—a) (b—a)
_1-1/2
b—a 1 a2k
_(ab .b—a) (ab) l = Vab
for a = 2 we have the arithmetic mean
1
b?2—a?2-1 (b—a)(b+a) a+b
n.(a,b) =|=7—=| = =
2(b —a) 2(b—a) 2
For @ = 1/2 we generate the power mean
-2
1 _ 1 1 1
o[l (=)o)
T’l(a'b) = ) = 1 1 =
: (b 2 M [ (b—a)(bi+az> J
2
-2
) -17% 1 1\ ?
b—a 2 2 b2 + az
- T | “\"t 1) T(\"T 1 - 2
(b—a) (bz + az) bz + a2 b2 + a2

2

When performing some operations with the limits on n,(a, b) better to think n,(a, b)
as a function “exponential-power” f(a)9(® = 9(@nf(@) where

a a

b% —a
f(a) ) gla) =—
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and concern the functions b%; a® as exponential functions of base b and a respectively
and exponent o (a # 0; a # 1).

2.2 The Stolarsky mean 5, (a, b) tends to the logarithmic
mean L(a,b) for that o tends to 0

For a — 0 we have that n,(a, b) tends to the logarithmic mean L(a,b), i.e.
1

b% — q%* ja-1 a—»b

(lxl—I}?) Na(a,b) (lxl—rg [a(b —a) Ina —Inb (@b)
a a L
Indeed, the function [2 (b__aa)]“'l is presented as an exponential-power function f (a)9@®
where
h& — g%
f(a) TRk g(a) =——

From continuity in « = 0 of the exponential functions b%; a“ we have
lim(b* —a%*)=b"-a’=1-1=0
a—0

whence the limit

is of the type 0/0. Applying the Rule of Hospital to it and remembering that 0/0.

D b* = b%Inb; Da*= a%lna; Da = 1

we obtain
y b*Inb—a”lna 1-lnb—1-lna Inb—Ina
o 1-(b—a) b—a ~ b-a
Because
i () = 1
al—r>r(1) a — 1) T
then
1
a_ 4% qg=1 1 b%*—a®
lim [b_“ T lim eI @@ — i o @1 |e-a
a-0 la(b — a) a-0 a-0
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from which

Inb-1 - —
= e_ln(nb—ana) = eln(lng—ilna) = a—b >0
Ina—-Inb

2.3 The Stolarsky mean »,.(a, b) tends to the identic mean
I(a,b) for that o tends to 1

For a —» 1 we have that n,(a, b) tends to the identic mean I(a,b), i.e.

1

_ 1 (bb\b-a
(lxl_I)I} ne(a,b) = E(ﬁ) =1(a,b) >0

Indeed, thought of n,(a,b) still as an exponential-power function f(a)9®, and

observed that
b% — a“% b—a ( 1 )
= OO0
a—1

il pogn el pygpn Sl M

then the limit of the function f(a)9® occurs in the indeterminate form of the type 1%,
which we rewrite as follows

e WO
-a —
— \nlZ&=2 a(b—a)
lim e(“‘l) Na®-a)] = lime™ a-1
a—-1 a—1
ba_aa
n a(b—a)

Applying the L'Hospital Rule to the exponent e «-1 , which is of the type 0/0, we
have

[a(b —a)] b*Inb—a*Ina)[a(b—a)] - (b*—a*)(b—a)
b® — a% a?(b — a)?
1

which, properly simplified, leads to the formula

(b*Inb—a®lna)lalb —a)] - (b* —a®)(b—a) [b*Inb—a“lna 1

a(b —a)(b® — a%) b® — q% a

The latter, for & — 1, gives the expression

blnb—alna _lnbb—lnaa_ln(bb/aa)

= —1 = b /,aN\1/b—a _
- P P 1 =In(b"?/a%) 1
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Therefore, the limit of n,(a, b), for a« — 1, leads to

a 1/b-a —a
e[ln(bb/a ) —1] — eln(bb/aa)l/b . e_1 — % (bb/aa)l/b—a

2.4 The SM 5, b) lies between a and b
We show that for n,(a, b) M1 holds true, i.e.

lim n,(a,b) = a = min{a, b}; lirP ne(a,b) = b = max{a, b}
a—>—o0 a—+0oo

from which
1

ne(a,b) = [%]m 1)

Let's start with the left limit:
Reviewing as above the functions b%; a* as exponential functions of basis b and a
respectively and exponent o, and observing that

1 1

. a _ : a_—_n. 1 J— |y =1i —_—) =

Jm b= lim a®=0; lim ==0; lim g(a) hm(a—l) 0
a—>—0oo

1
: S P L (hY _ o). —
al—lgloof(a) B al—lgloob —a (b a®) a 0
we have that the limit of n,(a, b) = [f(2)]9? for a = —oo occurs of the type 0°.
Written the function as
ba_aa

In a(b—a)

e a-1

to the exponent, which is of the type oo/, the De L'Hospital Rule can be applied.
Similarly to the above we get

a
b%*Inb —a%*lna 1 a“(fl—alnb—lna) 1
lim ra — ga - = lim @ ——=
a—>—oo —_ aA—-—00
a (Gz = 1)

[24
(g) lnb_lna—%:lna

lim

SO
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having assumed, as done above, 0 < a < b, whence b/a >1 and lim (E)a =0.

- - - a—— a
Therefore, our limit is
eln a—q

i.e. the min{a, b}.

Finally, we prove that

1
lim [ b
a—lgloo a(b - a) B

a
Retracing the procedure used for the previous limit, placed t = (Z) , we have

(b)alnb Ina 1 (Inb)t-1
. a - . nb)t-lna
B lim “*~—F——--= lim ————
a—+o (2) _1 a t—+0o t-1

a

=Inb

from which
elnb =h
i.e. the max{a, b}.
It is also possible to provide a second proof, which does not employ the concept of a

limit, of the inequalities a < n, < b , applying the following proposition, stated and
proved in [24]

Proposition 1
If x>0,y>0andr>1then

r—1 r—1
ry" 1l < —y <rx 22)
If 0 <r < 1then
X" — yr
rx™l < <ry™?
xX—=y (23)

Indeed, a = y; b = x; a = r;if a > 1 then, from Proposition 1,

ba _ aa
aa® 1 < - < ab®1
from which
h%® — g%
a—1 a—1
a < 2(b—a) <b
whence
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1

b% — q% Ja-1 1
] < (b*Ha-1=p

1
a= (aa—l)a—l <Ng = [m

a< n,<b

Similarly, wereasonfor0 < a < 1.

2.5 Diagram of SM as the parameter o varies.

(24)

It is shown [47] that n, is increasing at o, from which it follows, by the Limit Theorem
of monotone functions, that a and b coincide with the lower and upper extremes,
respectively, of the codomain of n,(a,b). Furthermore, the following Stolarsky

inequality [47] holds
G(x,y) < L(x,y) <I(x,y) < Alx,y)

It follows from the above that n,(a, b), regarded as a function of the variable o alone,
has as its domain the set A = R — {0,1}; it is positive in A; it is continuous in A since it
is composed of continuous functions; it is increasing in A; in the plane ¢ —n admits
n =a and n = b as horizontal asymptotes; it has in « =0 and a = 1 eliminable

discontinuities and its codomain is between a and b (Fig 1):

a=0 a=1

Figure 1 In this figure, we illustrate the diagram of SM ), as parameter «

varies.
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Having said 77, the extension by continuity of \n, ina = 0 and a =1, then7, is
defined in R and sends R in ]a; b[.
From now on, we will no longer distinguish 1 from 7, and denote them both by the
notation n,(a, b) or simply n, .

3. Deduction of classical mean by MVTD##
We illustrate some cases below:

case: f(x) = x? (arithmetic mean of a and b)

b? —a® _(b—a)(b+a)_2_ _a+tb
b—a 7 b—a 4=
case: f(x) = i (geometric mean of a and b)
1
b-Inb—a-lna Inb? — Ina® bP\b-a
Py =lnn+1;T—1=lnn, lnﬁ -1

case: f(x) = x-Inx (identic mean of a and b)

b-lnb—a-lna_l ey In b? — In a® Ll ] pb\b-a .
b—a - T b—a = e

1

1 (bP\b-a

case: f(x) = Inx (logarithmic mean of a and b)

Because f'(n) = % we have

lnb—lna_l_—(lna—lnb)_l_ _a-b
b—a 1 —(a—0>b) _n’n_lna—lnb

case: f'(n) = ﬁﬁ (arithmetic mean of a,vVab,Vab, b)

Vb—va 1 Vb —+a _ 1 _x/EWE_J_.
b-a " 2fy (VoMb +Ve) 2/n 2 V7

1 Look in this regard at the following link:
https://demonstrations.wolfram.com/StolarskyApproximationsToPopularMeans/
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n:<\/3+\/5>2:a+2x/%+b

> 2 = A(a, \/J,\/E,b)

4. Deduction of classical means by MVTI

Applying the MVTI for g(x) = x, being g(n) = n, we obtain the arithmetic mean

1 P 1 [x21°
1= [ rar=5 5] -
a

1 (b—a)(b+a)_ _a+b
_b—al 2 l’

n=— = A(a, b)

Furthermore, if we place g(x) = x~2, we get g(n) = n~2, from which applying

MVTI we have
-2 1 b—z
n _b—ajax dx =
1 1 1 1 1
= | = _1b: —_ ) = —
b—a [=x"a b—a(a b) ab
n =vab = G(a,b)

The identical mean I(a,b) can be obtained by applying the MVTI to the function g(x) =
Inx:

1fbloz—l-l[l 12 =Inn;
b_aanx x =Inp; o—[x-Inx —xJg =Inp;

1
blnb—alna—(b—a)_l _ln(bb/aa) e pb\b—a T
b—a =mnn; h—a =Inn; In ne =Inn

1 1
pP\b-a 1 1 (bb\b-a
ln<ﬁ> +ln;=lnn;ln E<;> =Inn

1

1 (bP\b-a
I(a,b)znz;(—) =

aa

from which
1

1 11— 1
1 [(bP\-Ga-b) 1 |/b? a-b 1 40\a-b
?(F) e <F) _Z'<ﬁ)

For the logarithmic mean, we start with the function g(x) = i , whence
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1 fbld 11 . ]b_l_lnb—lna_l_ _ b-a
b—a axx_n'b—a nxa—n, b—a _n'n_lnb—lna

Finally, the mean power can be obtained from the function g(x) = x"1/2;

1 b 2
. 2 T
b—afax * \/_b—all/Z

2(Vb-va) 1 _<\/B+\/E>
2

b—a \/ﬁ' =
5. Some SM with natural n as parameter

As natural n varies, we consider the subfamily family T,, of SM given by
1

b = b — q™ n—-1
nn(a,b) = m]

From the well-known identity®Ss8
p*—a=(b—a)(b™ 1t +b"2a+ -+ ba™?% + a™* 1) (25)

we get

1
(b—a)(b™ 1+ b"2a+ -+ ba™?% + g )|n-1
nn(a' b) =
n(b —a)

1
(bn—laO + bn—Zal 4+ et blan—z + boan—1>ﬂ

n (26)

Expression (5) can be thought of as the root of index n-1 of an arithmetic mean of n

terms

Na(a,b) = "/A(@"1b0,am2b1, -, alh"2,a%b"1) @7)

from which the statistical significance of 7,, emerges more clearly.

85 Relation (25) is easily proved by induction. The second factor b™~1 + b 2q + -+ +

ba™?+a"*lisa homogeneous polynomial of degree n-1 in the variables a and b formed by n-1
terms of the type b *~Ja/ (j = 0,---,n — 1) in which the powers of b decreases from n-1 to 0 and the
powers of a increases from 0 to n-1.
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It is possible to obtain a further development of the difference between two powers
with integer exponent a™ — b™ , and thus another expression of n,,, inspired by [6]. In
fact, placing Q, = b — a, we have

nn-1
a®=(b+ Q)" = b" +nb""1Q, +—( T )b"_ZQS + -+ QF
whence
nn-—1

a®—b" = Q, (nb“‘1 + —( o1 )b""ZQO + -+ Q{)l"1>
and then

1

nbn—l + n(nZ!_ 1) le—ZQO + e + bO 61—1 n-

nn(a: b) = n

The latter relationship can also be related as an arithmetic mean of n terms:

n— nn-1
nn(a, b) = :/A (nbn_l’%bn_zQO r bOQSl_l)

Later we will see that the second factor of (25) can be appropriately factorized in some
special cases (when n is an integer power of 2, or 3, or 5, ..., p"(p prime number; h €
Z) and the SM can be characterized as classical means.

Earlier we provided as many as two demonstrations of the inequality (17) for every a
real number and different from 0 and 1. Relative to the case « = n € N, based on (25)
and inspired by [6] it is possible to provide a further demonstration that

a < ny(a,b) < b (vn e N). In fact, the following holds

Theorem 1 Let0 <a<b. Then

a<n,<b(¥ne€N)
Proof. We first prove the left-hand inequality, viz, i.e.

a <1, (Vn € N)
From (25) we derive that

b1 4 pn2g 4o 4 g1 > (n— 1)a™ ! (28)
whence

n-1 n-2,1 n-1 —
b +b" a4+ +a >(n D-a”‘l
n n
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therefore
1 1
— — — — 1 n—-1
Tn > (n = a”_l)n =a (n 1)n "= g emn(E)
n n
From
1 n—1
lim ( )=0; lim ln( >=ln1=0
n-o+o\n—1 n-+o n
we get

1 -

lim [a . e(m)ln(nTl)] =q-e’%=qg-1=a

n—+oo

whence the assertion is reached.

As for the proof of the second inequality, we immediately observe that
pn — g % b™ — g ﬁ

el <letea

n(b —a) n-—10h—a)

Since 0 <a < b, reasoning in a similar way as above, we arrive at the following
inequality

n-1 n-2,1 n-1 _ n-1
b +b"at+ - +a <(n-1b (29)

from which
p" —a™ (n—1)p" 1

G-Do-a- G- "

therefore
1
My < [b" =T =b (M€ N)

In the literature for the development of the difference of two powers b™ —a™ (0 < a <
b; n € N) only the formula (25) is known. We will show that b™ — a™, in the special
case wheren = p" (p prime number; h € N), can be written as a product of
homogeneous polynomials in a and b, all of positive sign, with a recursive relation.
We now characterize the development of b™ —a™ in the particular case where

n = p" (p prime number; h € N) as a product of homogeneous polynomials. The
following holds

Theorem 2 Let p be a prime number fixed in Nand h € N, then

h
h h
v —a' =] [0, (30)
i=0

where
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QO =:b —a (31)
p—1

Q; = Z a(zo—l—j)-pi‘lbj'zo"‘1 (1<i<h) (32)
j=0

Proof .
The relation (30) is true for h = 0. We admit that (30) is true for h (inductive hypothesis).

We observe that between the two differences of consecutive powers™™" (b”thl —

aph“) and (bph —~ aph) the following relationship exists:
p-1
ppttt g™t = (bl’h _ aph) Z a®@-1-D"p "
j=0

By inductive hypothesis

h
bph - aph = l_lQl

i=0

and being
p-1
Z a@-1-Np"piv" = Qpiq
j=0

then

h+1
h+1 h+1
Pt _ gp =| |
b a Q;
i=0

hence the assertion. We apply the previous result to characterize 7.

Corollary 1 Let p be a fixed prime number in N and n = p™ (h € N). Then

1
pp" — g -1 e [y—yh
Nph = p"(b — a) = HizlAi (1<i<h), (33)

Fkkk

In the sense that the exponents of p, that is, h and h+1, are consecutive natural numbers.

159



C. Palmisani

where
A; (a(p—l)-pi‘lbo’ a(p—Z)-p"‘lbl-p"‘l, " aob(p—l)-p"‘l) (34)

Proof.
We have

1

ppt — g1 v M, o,
-] T T
ot 1{1‘[? Q" ,1—[ A,

where the difference of powers pP" — aP" s developed as the product of h+1

homogeneous polynomials Q; in a and b, of which the first factor is (b-a) while the

remaining factors have degree (p — 1) - p* (1 < i < h) and are each formed by p terms:
h

h h | |
bP _ aP — Qi
i=0

Q=b—-a
p—1
Q; = Z a®-1-Np"tpjpt? (1<i<h)
j=0

4, (a7 0 DT g 07T (1 < i < h))

Corollary 2 Let p be a fixed prime number in N and h € N. Then

h
b_ph - a_ph = =0 Qi
" p"
where
Qp=b-a

p—1
0= ) I (1< i< w)
j=0
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Proof.
We proceed as in Theorem 2.

Corollary 3 Let p be a fixed prime number in N and h € N. Then the following identity
is valid

Proof.
By Corollary 2 we obtain

b_ph — a_ph _ph_l
T=p" = | Zph(b — )

h h
pr+1
= aphbph- P
L0
i=1 L

p"+1|G2P" (a, b) v"+1|GP"1(a, b)
N e N L CA) R e
i=1Ai i=1Ai

where

p—1

Q, = Z a® 1P pi T (1 < i < )
j=0
Ai(a(p_l)'pi_lbo, a(p_z)'pi_lbl'pi_l, " aob(p_l)'pi_l)(l <i< h))
and also
ph+1 h
@b =" |@@n-| | &
i=1

where

Hi(a(p_l)'pi_lbo,a(p_z)'pi_lbl'pi_l, ...,aOb(p_l)'pi_l)(l <i<h)
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6. Statistical significance of n,. (heN)

6.1 Statistical significance of »,

We can also reason for the case @ = 4 in the same way as for the previous cases, limiting
ourselves to applying only the general formula of SM:

P -at P (- @b+ b+ @
e e

774((11 b) = [

_[(@a+b)(a® + bz)'% _ [(a+b)(a® +b?) 3
- 4 | 4 l

[ ()

wi

= [4%(a,b) - C(a, D)3

ie.
ni(a,b) = 3\/AZ -C
where
a® + b?
C(a,b) a+b
is the contra-harmonic mean of a and b, with0 <a < b.
Otherwise
1 1
a+b)(a®+b>)3 [a+b a?+ b?3
l( )( )l — l . — 3\/A(a, b) . QM(aZ,bZ)
4 2 2
and so on.

We illustrate the formula

ni(a,b) = 3\/A2 -C
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in space ACn space, where A, C and n represent the three coordinate axes respectively.
We have (Fig. 2)

Figure 2 Geometric interpretation of , (Wolfram Alpha)

6.2 Statistical significance of ne
For ¢ = 8 we get

b8—a

(b —a)(b + a)(b* + a*)(b* + a*) 7
[ 8(b—a)

n8(a! b) [

= \/Az(a, b) - C(a,b) - QM2(a?, b?)
6.3 Statistical significance of »,.

We saw earlier that from the well-known formula concerning the difference of two
squares
b?2— a?=(b—a)(b+a)
one can also deduce the formulas
b* —a*=(b—a)(b+ a)(b? + a?)

b8 —a® = (b —a)(b+ a)(b?+ a?®)(b* + a*)

More generally, V h > 1, one can prove by induction the formula
2h

b2t g2t = (b — a)(a + b)(a® + b?) "'(azh_l + bZh—l) (35)

Itis true for h = 1;

1 1

b? —a?> =b? - a’?=b-a)(b+a)
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We admit that it is true for some h (inductive hypothesis) and prove that it is true for
h+1. We observe' T that the following decomposition applies:

2 2
b2h+1 _ a2h+1 _ (bzh) _ (azh) _ (bzh _ azh) . (bzh n azh)
For the inductive hypothesis, developing the first factor to the right of the second
equality gives:
b2 — a2 = (b —a)(a + b)(a? + b2) - (azh_1 + bzh_l) (azh + bzh)
From the above observation and taking into account that

2 2
Zh—l _ 21_2h—2 _ 2h—2 . Zh_l _ 21_2h—2 _ 2h—2
a =a =la i b =b =(b

is easily deduced by induction, Vh > 2, that
1
p2" — azhrh—1

nyn(a, b) = [m

= Zh_l\/Az (a,b) - C(a,b) - QM?(a?, b?) --- QM? (azh—z, bzh—Z)

or

= Zh_l\/A(a, b) - QM2 (a?,b?) - QM?(a?" 2, p2"?)

remarkable result that tells us that the Stolarsky means of parameter o equal to
2"(h = 2) can be written explicitly in terms of some classical means, more precisely
they can be traced to a radical having as its index 2" — 1, and as its radical a product in
which the powers of the averages of A, C and QM appear as factors, or only of A and

QM.
Developing the definition of SM based on (35) gives:
_"1(b—a)(a+b)(a® + b?) - (a?"" +b2" )
Tt = 27 (b — a)

B Zh‘l\/(a + b)(a? + b2) - (azh_1 + bzh_l)
- T

2 2
h oh 1.5k h+1 h oh 1.5h h+1
1 Indeed (bz ) _ p22h _ p2tah _ 2t (az ) — g22" = g2t _ g2
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2h-1|ra+ by (a%+b?\ [a*+b*\ [(a?""+p2"
- =) =)

= Zh_l\/A(a’ b) - QM2 (a?, b?) --- QM? (azh—z' bzh—z)

This formula is true, as we have seen, for h = 2. We admit that it is true for a certain
h € N and we show that it is also true for h +1. It suffices to observe that

(aZh—1)2 + (azh—1)2 _ gratty pa2htt _ g2 | ot

and that

h h Zh_l 2 Zh—l 2 2
o +p?_|(@) +(a*)

2 N 2

= om? (a®" ", p?")

or

2h
_ (a + b)z a + b2\ [(a*+b*\ [a? + b2
B 2 a+b 2 2

T (%5 ”)2 . ( * bz) . [<a2>2 u <b2>2] [(a”‘”f ¥ (bzh-Z)Zl

_ hj (a+b)(a? +b2) -+ (a2" " + b2" ™)

2 a+b 2

2h—1 h-2 h-2
= JAZ(a,b)-C(a,b)-QMZ(aZ,bZ)---QMZ(aZ ,b2"7%)

This formula is true, as we have seen, for h = 2. We admit that it is true for a certain
h € N and we show that it is also true for h +1. It suffices to observe that

(azh—1)2 + (azh—1)2 _ az.zh—1 + bz.zh—1 _ azh + bzh

and that

h h n-1)2 h-1)21
o[ (@)
2 2

= om? (a®" 7, p?")
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7. Statistical significance of 5_,,n_,andy_,.(hen)

The case where the parameter o is worth -2 deserves special attention because it allows
us to arrive at two interesting functional relationships, one between the harmonic mean
H and the geometric mean G and another between the geometric mean G and the
arithmetic mean A.
Let us begin with the first relationship. By positing @ = —2 in Stolarsky's general
1

pe_qgQ
means formula n,(a,b) = [a(b_a)
f(x) =x7%, or by applying the MVTI to the function g(x) = x~3 ) we have the
following functional relationship between the harmonic mean H and the geometric mean
G of two positive numbers a and b with a < b#+

n,= i/H(a, b) - G*(a, b)

]E ( or also by applying MVTD to the function

Indeed
1 1 1\/1  1N\13
b2 —q2]-2-1 (——_) (_+_)
e el - g
_1 1
(9G] [G+D 1
Z(b—a) 2 ab

whence the assertion being

2
H(a,b) =T 71 G(a,b) =Vab
a’p

We observe that you also have

3| 2 , 3|G4 3 |G
2= Jawp = [T 7

Instead, applying the MV TI to the function f(x) = x~3 is done as follows:

1 b
—3d — 3
b_aLx X n

HI The latter condition is necessary to be able to apply the MVTI.
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1 [x2]° ., 1 b?—a?
— =n 7 =n
b—al|-2 “ b—a -2
1 1 1 1,1 1
L P @, (E‘E)(E+E)= _3
b—a -2 " =2(b—a)
b—ays1 1 1 1
( ab )(B-I_E): 3 1 5+B=n—3. n? = 2 (ab)
2(b—a) " ab 2 ’ 1.1
a+b

N3 = /1%1 Yab = YH(a,b) - Y6%(a,b) = 62(a,b) - H(a, b)
a’h

Finally, applying MVTD to the function f(x) = x~2 we start from the following
relationship:

and continue as above.
The case a = —4 has strong similarities with the case « = —2. In fact, developing the

general formula of SM gives:

IR VD A A
(@ b) = [% _|& _12(29@’2; z
1 B
T et Ly (TR e L
—4(b —a) —4(b —a)

1

_[1 b—a 1 (1+1)<1+1)]_§_
4 ab b—a \b a/\b%2 a2/l

D2 = |(ab)-

AL

|~
|
ull
Uil =

1 1
=+ 7

1 1
atp/ \@ T2

= V6%(a,b) - H(a,b) - H(a? b?)

or
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_1 1
1 (a —b)(a+ b)(a®?+b?)] 5 . 2 2 715
: - [a bt — . ]
—4(b — a) a*b* a+b a?+ b?

_s|__Gab) 5| G@b)
~ JA@b)-A@@2,b?) ~ " |A(a,b) - Aa? b?)

For n = —2"(h € N) we have, reasoning by induction,

7’]_4(61, b) = l

h
N = 2 +1\/Gz(a, b) . H(a, b) . H(az,bz) H(azh—l’bzh—l)

or

2h41 G2+t (a,b)
== [ A(a,b)- A2, b?) — A(a?" ", b2

We observe that 2"*1 > 2" + 1, and being 2"*1 — 2" — 1 = 2" — 1 | we have that
M=+ 1)+ (2" - 1)
Whence

G(a,b) o G CL)
= a, .
T2t A(a,b) - A(a? b?) - A(a? ", b2 )

8. The mean x5,

Applying MVTD to the function f (x) = x3 we have

a?+ab+b?

3n%n = |7

b3-a3 (b—a)-(b?+ba+a?
=3 2, —
b—a ! b-a -

Instead, applying the MV TI to the function g(x) = x? gives [42]
1 1

b b 1 b-a /az+ab+b2
) 2 4 — 2. ) _ 2. . 2.
b—a faxdx Uy y— . T p—a 3 s 3

Or more simply by placing n = 3 in the expression of the n,,(a, b) we have

a? + ab + b?
ns(a,b) = —s

The radical that appears in the expression of n; always has meaning for every real a
and b. We show that the function

3

3
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p(a,b) = a®+ ab + b?
admits absolute minimum at the point (0;0), and thus
o(a,b) =a*+ab+b*=>0; ¢(0,0)=0

for every real a and b. We begin by determining any zeros of the partial prime
derivatives of ¢(a, b):
{(pa =2a+b

o, =a+2b Pa(00)=0¢,(00)=0

The only zero of the prime partial derivatives is O(0;0). We calculate the Hessian of
the function ¢(a, b) :

H(a, b) — Paa Pab

Ppa  Pop

The question arises as to whether n5 € ]a; b[. In the case where 0 < a < b,, the point
n5 is definitely internal to [a;b]. In fact,

a%+ ab + b? a?
/—3 > ’?=\/§Ia|=\/§a>a;

az+ab+b2< 3b2—|b|—b
3 3 T

We observe that, for each positive real a and b, with a < b, the inequality applies
0< A(al b) < 773(0'! b)

that is, the Stolarsky mean 75 of parameter @ = 3 is strictly greater than the arithmetic

mean A.
a+b> a? + ab + b2
2 3

S

In fact, if absurdly

then
a’® + 2ab + b? >a2+ab+b2

4 - 3

from which
3a? + 6ab + 3b? > 4a? + 4ab + 4b?

i.e.

a’?+2ab+b%><0
VS
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a’?+2ab+b?>=(a+b)*>0

The expression of 15 can be related to that of quadratic mean QM and geometric
mean G. Indeed

2 2 2 : i
sza +(\/6;_b) b oM(a.Ga ), b)

X124 et x2

n

where

QM(xl;”'ixn) = \/

is the quadratic mean of n real not necessarily positive terms x;, -+, x,,.

9. Geometric interpretation of
The mean n5 can be interpreted by Euclidean Geometry or by Linear Algebra.

9.1 Geometric interpretation using Euclidean
Geometry in space.

Recall [9] that, by a well-known result of Euclidean Geometry in space, the volume of
truncated square-based straight pyramid is

a? + ab + b?
3

where a, b, h are the edge of the upper base, the edge of the lower base and the height

of the truncated square-based straight pyramid, with a < b, respectively (Fig. 3).

/"-a___
4 |
Q>

h

Vtruncated square—based straight pyramid =

— L-".J

Figure 3 Truncated based straight pyramid

Comparing the radical of the n5(a, b) with the volume of the truncated straight pyramid
with a square base, one deduces the equality of the two expressions if and only if h = 1.
A similar expression is given for the volume for a straight cone having for its top base

a circle of radius r, for its top base a circle of radius R, with r < R, and for its height h
(Fig. 4):
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r?2 + 1R + R?
Vtruncated circle-based straight cone — 3 ‘T

In the latter case, the equality between the radicand of 7n;(a, b) and the volume of the
truncated straight cone is achieved by posing h = 1/m.

...................
...............
......

—

Figure 4 The truncated straight cone

In general, the expression of the truncated straight pyramid having A and B as the area
of the bases and h for height is given by

V=H(AB) h

where for heronian mean H(x,y) of two positive numbers x and y we define the
expression®sss

X+ Jxy+y
H(x,y)=f

similarly we reason for an interpretation in terms of heronian mean of the volume of
the truncated right cone having circles as its bases.

Ultimately, using the language of Euclidean Solid Geometry, ns(a, b) can be regarded
as the square root of the volume of a truncated straight pyramid with a square base of
height h = 1 or of the volume of the truncated right cone having circles as bases and
height h = 1/m.

Wanting to further emphasize the juxtaposition of the 7n;(a, b) with the basic concepts
of Euclidean Solid Geometry, it may be mentioned that the measurement of the volume
of a truncated straight pyramid with a square base is one of the oldest results in the
History of Mathematics as the instructions for determining it are found in the famous
Moscow mathematical papyrus written around 1890 BCE [31].

8885 In turn, the Heronian mean can be thought of as a particular weighted average of the
arithmetic mean and geometric mean of two positive numbers x and y:

2 x+y 1
H(x,y)=§' > +§w/xy
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9.2 Geometric interpretation of the 4,(, ) by linear
algebra

For simplicity, let us pose ns(a,b) = z,a=xeb =y. Then the previous formula

becomes
’xz + xy + y?
z= |—————
3

x2+xy+y*—322=0 (36)

from which

The surfaces generated by z (in blue) and the rooting (in purple) can thus be visualized
using Geogebra 3D (Fig. 5):

Figure 5 The surface z in blue and the rooting in purple (Geogebra 3D)
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Instead, (36) generates a two-pitch cone with vertex at O(0,0,0) (Fig. 6)

Geometric figure
infinite elliptic cone

Surface plot

I

I
i
{f

]
e

Wik
]
i

|
if

Figure 6 The infinite elliptic cone (Wolfram Alpha)

We think of the elements of R3 as points, and each point of R3 we identify with the
vector x of its coordinates, the origin of the reference system corresponds to the null
vector 0, while the coordinate axes are the straight lines generated by the ortho-normal
basis {e;,e,,es} , where e; =[1,0,0]7,e, = [0,1,0]7,e; = [0,0,1]7 are two-by-two

orthogonal verses.

Recall that a quadric is defined as the locus of points in R that satisfy the
following equation in the x,y,z coordinates: a,,x% + a,,y? + az3z? + 2a;,xy +

2a43XZ + 2a53y7Z + 2byx + 2b,y + 2b3z+c =0

and that it depends on the 10 coefficients a;;, a,,,ass, @12, a13,az3, by, by, bs, C.
Let's say xT = [x, y, z] the row vector formed by the variables Xx,y,z, A the symmetric

matrix” given by the coefficients of the second-degree terms,

A= |01 Az Qa3

asz; dzz dazz

ai; 4z a13]

Fekkkk

of A.
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b" = [b,, b,, b3] the row vector of the coefficients of the first-degree terms in x, y, z
and c the constant, the equation of the quadric can be written in a more compact form
as follows:

q(x) = xTAx +2b"x + ¢ (37)

g being the sum of the quadratic form " xT Ax ,of the linear form 2bTx and the
constant c. Comparing (36) with (37), the square of 75 looks like a quadric q(x),
where x = [x,y, z]T having

1 1/2 0
A=|(1/2 1 0|;b"=1[0,00];c=0
0 0 -3

The following block matrix is used to classify the quadric q arising from the
expression of 7,
_[A b
B= [bT (;]

whereby q(x) takes the form
q@) = [x* 11B|}|=2"Bz

where z is the vector obtained by adding the number 1 to x as the last component. B is
said to be the matrix associated with the polynomial g(x). Therefore

1 1/2 0 0
p_|1/2 1 00
0 0 =30
0O 0 0 0

It is immediately seen that det(A) = —9/4 # 0 whence rank(A) = 3. Moreover
rank(B) = 3 since det (B) = 0 being the fourth row (the fourth column) of B consisting
of all Os. It is concluded that q(x) is a real cone. Since b is the null vector the cone g(x)
already has its vertex in the origin of the Cartesian reference***** . To write the cone in
reduced form, we need to eliminate the second-degree term of “mixed” type xy that
appears in (37) by performing a rotation x = QX where Q is an orthogonal matrix with
determinant equal to 1. The matrix Q will have for columns the normalized eigenvectors
relative to the eigenvalues of A. To obtain det(Q) = 1 eventually we will change the sign

111 A quadratic form in two variables x and y is defined as a homogeneous polynomial of second

degree of the type
q(x,y) = ax? + 2bxy + cy? =[x Y] [Z lc)] [x Y]

HIH I fact, since b =0, the linear system Aw=Db corresponds to the homogeneous system Aw=0,
and since rank(A)=rank(A|B)=3 , the system Aw=0 admits as its only solution w = 0. Therefore, the
transformation x = X - w, which allows the elimination of any first-degree terms in the quadric
equation, is the translation of amplitude w = 0, i.e., the identical affine transformation x = X. A foregone
consideration because of the absence of linear terms in X, y and z in the equation of the quadric we are
studying.
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to the components of one of the columns of Q. For this purpose we determine the
eigenvalues of the real symmetric matrix AS8558 | We obtain

p(D) = -Al=0

i-1 —1
2
L1 o |70
2
0 0 A+3

Developing the determinant according to the third line gives:

1
A+ 3)[(/1—1)(/1 —1)—1] ~0
A+ 3)(/12—2,1+1—%) =0

(/1+3)(/12—2/1+Z>=0

w930

The eigenvalues then are all real, as we expected, and distinct™

Kk

“and are giVEII by
. 1.
A= _3’12_5’13_5

9.2.1 Eigenvectors and main axes of the quadric

We solve the system Al — A = 0 for the different eigenvalues found above.

1
(A-—Dx—=y=0

2
1
—5x+ A1-1Dy=0
(1+3)z=0
V, eigenspace related to the eigenvalue 4, = —3:

85588 The eigenvalues of a real symmetric matrix are real numbers.
****** Recall that given a real symmetric matrix A, distinct eigenvalues of A correspond to two-
by-two orthogonal eigenvectors.
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1
—4x—§y=0 {—8x—y=0;8x+y=0
1 B d—x—4y=0; x+4y=0

(-34+3)z=0;0-z=0

We step down the matrix of coefficients of the unknowns:
8 1 0 8 1 0

1 8 0|—|0 63 0

0 0 O 0O 0 O

The matrix of coefficients of unknowns has rank = 2. Therefore, the number of free
variables is 1 (= number of unknowns - matrix rank = 3-2). An arbitrary value K is
assigned to z.

{Bx +y=0
x+8y=0
y = —8x;
{x—64x=0; —-63x=0;x =0 ->y=0
z=k

By writing (0;0;k) = k(0;0;1) we have that the eigenvector for k = 1 corresponding to
the eigenvalue 4 = =3 is

v, = (0,0,1)
Therefore the eigenspace V; generated by 4, = % is the line of R3 passing through the
points

0 = (0,0,0); P, = (0,0,1).

V7, eigenspace related to the eigenvalue 4, = %:

( X2y =0ix+y=0
2 Ty T ATy =
2y =0 —xty=0x+y=0
1 — —
L <§+3)Z—0, z=0
Stepwise reduction of the matrix of coefficients of unknowns
— 1 1 -
7 770
1 1 1 1 0 1 1 0 1 1 0
—= —= 0|1 1 0]—-1]0 0 O]—1]0 0 1
2 2 1 oo looa looo
0 0 =
i 2.
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The coefficient matrix has rank 2. Therefore, the homogeneous system possesses only
one free variable. We assign y an arbitrary value k, y = k.

Since x = -y and z = 0 then we have (-y;y;0) = k(-1;1;0) from which the eigenvector
v, = (—1,1,0).
The eigenspace V, generated by the eigenvector v, is the line of R passing through
the points 0 = (0,0,0) and P, = (—1,1,0).
The V5 eigenspace related to the eigenvalue 1; = 3/2:

!

|

=
+

|
<

|
o

|
ol
+
.\<"<

1l

Stepwise reduction of the matrix of coefficients of unknowns:

1 -1 0 1 -1 0 1 -1 0
-1 1 0/—-|0 0 Of—-(0 0 1
0 0 1 0 0 1 0 0 O

The matrix, reduced to steps, has two nonzero rows, and therefore rank 2. The number
of free variables is 1. We assign y an arbitrary value, y = k. Since x =y and z = 0 then
(y;y;0) =k (1;1;0)
Eigenvector for k = 1:

v3 = (1I1l0)

The eigenspace V; generated by v; is the line of R® passing through the points 0 =
(0,0,0) and P; = (1,1,0).
Moreover, the space R? is direct sum of subspaces of R two by two orthogonal to
each other :

RE=V,®V, ®V,

We represent in R3 using Geogebra 3D the vectors {v,,v,, v} (Fig.7) from which the
eigenspaces generated by them can be deduced:
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Figure 7 Representation in R® dei vettori vi, v2 and vs.

Rotation matrix and reduced form of the quadric

The matrix S
0 -1 1
S=10 1 1]
1 0 O

having for columns the eigenvectors of A v, v,, vsfound above allows A to be
diagonalized but in general is not an orthogonal matrix, as we shall now verify:
Developing the determinant of S according to the third row gives:

0 -1 1 1
det() =0 1 1= (+1)-|1 1|=—2
1 0 O
Since det(S) = —2 # 0 then Sis invertible and its inverse is
0 0 1
1 1 0
st=|"2 2
1 1 0
2 2

We verify that the eigenvectors of A forming S, v;, v,, v3, are two by two orthogonal

v v, =0-(-1)+0-1+1-0=0
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v'v3=0-1+0-1+1-0=0
v, v3=(-1)"14+1-140:-0=-14+1=0
and that they are not all of unified standard:

lvill = 15 llvall = V2; llvsll = V2

not coincide with the identity matrix I:

0 -1 170 0 1 2 0 0 1 0 0
ssT=10 1 1|[-1 1 o|=|0 2 o|#I=(0 1 O
1 0 oft1 1 O 0 0 1 0 0 1

We normalize the eigenvectors v,, v,, v5 by dividing each eigenvector by its norm:

1 1
STl T | T el T = P T el -
0 0

The matrix S* formed by the orthonormal base {u,, u,,us} of R3:

0 1 1
V2 2
S*=0 1 1
V2 W2
1 0 0
is orthogonal:
T
2 V2 NN 1 1
det(S) = 1 1|=1-| 2 ‘/17_— =1
O %5 5 11 2
1 0 0 2 V2

11 A square matrix Q of order n is defined as orthogonal if QT Q = I, where | is the identity
matrix of order n. Since (QTQ)T = IT < QQT = I itis obtained that Q orthogonal if QT = I . It follows

from the definition that the orthogonal matrix Q admits inverse Q1 e Q=1 = Q7. Furthermore det(Q) =
+1 .
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but it does not have determinant equal to 1 and therefore is not a rotation matrix Q.
We change the sign of the third column of S* and obtain

o L _L
V2. W2
0=, L L
V2. V2
1 0 0

whence det(Q) = %+ % = 1. By means of the transformation x =QX we can eliminate

the mixed term in xy from equation (11). The subspaces of R3> generated by
1

vz
Trace of the rotation matrix Q and rotation angle

T
{uy, uy,u'5},, where u's = [— % 0] represent the principal axes.

0o ~ _L1
V2. W2
0=l, L 1L
V2. V2
1 0 0
T ()—0+i+0—i
race(Q) = 7 _\/5

From
cosf = l (Trace(Q) — 1) = 1(i — 1)
2 2\\2
obtained from Euler's Theorem, we derive the angle of rotation.

We show that a section of the cone q(x) is a real ellipse. We section the quadric Q by a
plane z = k, with k >0, the radical being nonnegative:

x> +xy+y?
2 =

We illustrate the case for k =1, i.e., cutting the quadric with a z = 1 plane yields the
conic (Fig. 8)

k

qdxy)=x*+xy+y*—3=0

Like the quadric studied above, q'(x,y) can also be written in a more compact form

q(x) = xTAx + 2bTx + (38)
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where

A=

1
2 ;b=1[0 0]7; ¢’ ==3(fork =1; ¢' = =3k in the general case)
1

N[~ R

is the matrix of the coefficients of the terms of the second degree and B’

1
1 > 0
B'=|1
> 1 0
0 0 -3
is the block matrix
, A b
B = [b’T c’]
Since
, 1 9
det(B') = (=3) (1 _Z) =—=#0

we can state that ' is nondegenerate conic having the center C in the origin O(0,0) and
b is the null vector. Also

AI

N+~ -
= N e

det(A) =1 1—3;&0
I =ITYT

from which rank(A) = 2 and rank(B) = 3. In the general case
x> +xy+y*—3k=0
the conic is nondegenerate if k # 0 since

o 9
det(B)—(—3k)(1—Z>——Zk<O(Vk¢O)

We determine the eigenvalues of the symmetric matrix A by considering its
characteristic polynomial
1

A-1 —=
1 1 3
py= A=A = 2 l=(a-1)2—==A2—22+1->= 2 —24+~
1 4 4 4

—3 A-1
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A=4-3=1
2+1
A=

1 3

M —E; /12—5

It is necessary to classify the conic. We define

I, =trace(A") = A + Ay; I, = det(A") = L1 A,; I3 = det(B') serve that rank(A") =
2 and rank(B") = 3 (Vk # 0), which is equivalent to saying that I, # 0; I3 # 0
Furthermore,

1 3 3 9

Being I; > 0; 1,15 < 0, the equation of the conic represents a real ellipse.

i
Pl
e

Figure 8 Representation of ellipse of equation x?+xy+y?-3=0

By a well-known theorem on the canonical form of a polynomial of the second degree,
the canonical form of the conic is then

MXP+ ,Y24+¢=0

1 3

—X*4+-Y24+6=0

> + > +C
from the formula

¢

Bl w

9
—gk =15 =det(A) ¢ =

we derive that
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¢ =-3k(Vk # 0)
Therefore, the equation of the conic can be written as

Ixe +§Y2 — 3k =0; X—2+Y—2= 3k
2 2 2 02
3
Dividing all the terms in the equation by —¢ we obtain
X? vy?
a + ﬁ =1(Vk#0)
that is, the equation of the ellipse in canonical form:
X? y?
? + ﬁ =1

where
a=V6k; b =V2k; k#0
For k = 1 we have the ellipse (Fig. 9)

X? vz
s t5=1
with the foci lying on the x-axis, having minor semi-axis equal to v/2; semi-major axis
equal to V6 ; semi focal distance equal to 2 and eccentricity j—g = g
2
eql 1

Figure 9 Representation of the ellipse of equation x%/6+y?/2=1 (Geogebra)

The matrix A" is diagonalized through the matrix formed by the eigenvectors relative to
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Indeed, the system
1
(ﬂ — 1)x + Ey =
1
E +(A- 1)y =0
for A4, =% gives the solution (x,y) = k(-1,1) while for A, =§ leads to the solution

(x,y) =k (1,1) and thus to the matrix, for k =1,

s [

o= wa=

formed by the eigenvectors

The matrix S' is not an orthogonal matrix. In fact det(S') = -2 although the vectors are
orthogonal to each other
wiw, =DM +MD)=-1+1=0

Being ||w, || = |lw,|l = V2, we have that the vectors
141 W3
u= , U=
llwl A

represent an orthonormal basis of R? and the subspaces of R? generated by each of them
are the lines to them, called the principal axes of the ellipse (Fig.10, Geogebra).
The matrix
0 = l— 1/V2 1/@]
/N2 12
is orthogonal since
1

1
det(Q’) = —5—2— =-1

But it is not a rotation matrix. By appropriately modifying Q' by changing the sign to

an element of Q"
0 = l— /N2 1/V2 l
/N2 -1/V2

we have that det(Q'") = 1. Whence Q’’ represents the rotation matrix sought.
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The transformation Z = Q'X allows the ellipse to be rotated 135° clockwise with
respect to the x-axis (Fig.11). In fact, posed
sin@ = —1/V2 ; cos8 =1/2
we have that tand =—1, from which 6 = 45° + 90° = 135° (or 45°

counterclockwise)

Figure 11 Representation of ellipses x?+xy+y2-3=0, x/6+y/2=1 and subspaces generated
by vectors u and v (Geogebra)
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In Figure 10 the ellipse in black corresponds to the equation of the conic written in
noncanonical form while the ellipse in blue represents the equation of the ellipse in

canonical form.
As k varies, we obtain the following family of ellipses (Fig. 12; Wolfram Alpha)

Contour plot

Figure 12 Family of ellipses obtained at the variation of k

10. A new mean »f originated from an extension of

Flett's theorem
One of the possible extensions of MVTD is the Flett's theorem [14][42] which, under
the assumptions of a function f derivable in [a,b], with a < b and , asserts the existence

of at least one & with a < £ < b such that

and one 1, with a < n < b such that
£1( )_f(b) - f()
W=——3_, 1
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We observe that it is not possible to generate Stolarsky's means by means of Flett's
theorem because the condition f'(a) = f'(b) is not verified for the function f(x) =
x% . Infact, aa®"! = ab®*~1 if, and only if, a = b against the fact that by hypothesis a
< b. Moreover, the function f(x) = x* does not even satisfy the assumption of the
Flett's theorem analogue for integral calculus, which states that if f is a function defined
and continuous in [a,b] and f(a) = f(b) then there exists Nor does the function satisfy the
assumption of the Flett's theorem analogue for integral calculus, which states that if f is
a function defined and continuous in [a,b] and f(a) = f(b) then there is at least one 7,
with a <n < b, such that

n
(n — a)f () f Q) dx

In fact, the condition f(a) = f(b), equivalent to the equality leading to the relationa =Db
against the fact that a < b by hypothesis, is not verified. However, there is an extension
of the Flett's theorem [42, p. 165] that removes the equality condition of the prime
derivatives on the extremes of the defining interval. It states that if f is derivable in [a,b],
there exists at least one &, with a < & < b, such that

f(é)—f(a)+1_f’(b)—f'(a)

E—a 2 b—a ¢-a)

(9=
We suppose f(x) = x* , the previous relationship becomes.

F—a* 1 ab? ! —qa*?

agth = E—a +§ b—a ¢-a)

For @ = 3 the above formula takes the following form:
E—a3 3 b2-a?
+_.

—a 2 b-—a
32 _(5—a)(§2+§a+a2)+3 (b—a)(b+a)
"= E—a 2 b—a

352 = (—a)

(f—a)

3£2 = §2+§a+a2+;(b+a)(§—a)
652 =28 +2&a+2a%+3(b+a)(é—a)
42 — (2a+3a+3b)E—2a? +3ab +3a% =0
42 —(5a+3b)E+3ab+a? =0
We assume A =4,B = —(5a + 3b),C = 3ab + a?, then the discriminant of the

second-degree equation in the unknown ¢& is
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A=[-(5a+3b)]?—4-4-(3ab+a?) =
= 25a? + 9b% + 30ab — 48ab — 16a? =
= 9a? — 18ab + 9b?

being a < b by assumption. Whence

(5a+3b)+3la—b| 5a+3b +3(b—a)
¢ = 8 - 8

which leads to two solutions

5a+3b+3b—3a 2a+6b a+3b
+ 8 ~ T8 4
5a+3b—-3b+3a 8a
o 3 = ? =a
The second solution is discarded because it coincides with a while the first is accepted

because it falls strictly between a and b. In fact,
4a a+3b 4b

a<b;4a<a+3b<4b;a=T< 2 <T=b
Therefore, the n3 assumes the form
F_a+3b
N3 = 4

where the letter F is intended to recall Flett's theorem. A simple geometric interpretation
can also be obtained for this mean by recourse to the notion of the area of a trapezoid
having the bases measuring a and 3b, respectively, and the height h equal to %.

We can observe that A(a, b) < n%(a,b). Infact, if by absurdity it were

nt < A(a,b) (0 <a<b)
we would have
a+3b < a+b
4 2
against the fact that we have assumed a < b. Therefore n% can also be regarded as a
particular weighted arithmetic mean with weights % and % :

F—A(a Sb)
773_ 2'2

;a+3b < 2a+42b;b<a
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11. Statistical significance of 4,.(h e v)
We note that for « = 9
b° —a® = (b — a)(a? + ab+b?) - (a® + a3b3 + b®)
for a =27
b?” —a?” = (b — a)(a® + ab+b?) - (a® + a®b3® + b®) - (a'® + a’b® + b'®)
fora = 81
b?” —a?’” = (b — a)(a? + ab+b?) - (a® + a®b>® + b®) - (a*® + a’b® + b'?®)
. (a54- + a27b27 + b54)
from which
no(a, b) = \/QM2(a, GM?(a, b),b) - QM2 (a3, GM? (a3, b3), b3)
n27(a,b) =
*/OM2(a, GM?(a, b), b) - QM2 (a3, GM? (a3, b3), b3) - QM2 (a®, GM?(a®, b°), b°)
ns1(a,b) = /QM2(a, GM2(a, b), b) - QM2 (a3, GM2(a3, b3), b3) -
S OM2(a®, GM2(a®, b?), b%) - QM2(a??, GM2(a?7,b?7), b27)

More generally, from the formula valid for every positive natural h:

= (b —a)(a® + ab+b?) - (a® + a*b> + b®) -~ (a2'3h'1 +a3" 7 p" T 4 b2'3h_1)
Reasoning by induction and assuming that the previous formula up to h is true, since
L L (b3h _ a3h) ) (a2-3h + a3t ¢ b2-3h)
we have that
3" = @ = (b - a)(@® + ab+b?) - (a?%" + a¥"b3" + b7")

Therefore, we obtain that n,»(a, b) admits the following expression

h_
’ 1\/QM2(a, GM2(a,b),b) - QMZ(a3h_1, GM? (a3h_1, b'3h_1), b3h_1)
result that tells us that the SM of parameter equal to a power of base 3 and positive

integer exponent can be traced back to the root of a monomial in which appear as factors
the square of the mean QM having as arguments appropriate powers of a, ab and b.
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12. Statistical significance of _;, n_o.n_s (heN)

For the case a = —3 we can repeat the steps of the case « = —2 and connectn_; to G
and H. We will simply apply the general formula of SM, proceeding similarly by MVTD

and MVTI:
1 1 1I\/1 1 1\1 %
@p = | G- Eratz)
-8\ & =13 —a)| —3(b—a)
b 1 1 1 3
—a 4
_ Car) Gz as*a2)
3(b—a)
1
3 4
= [(ab) m = i/GZ(Cl, b) ' H(az,ab,bz)
2T abtaz

From

=3 _ g3 = (a — b)(a? + ab + b?)

a3b3
we have also
1
(b—a)(a?+ab +Db?)] 4 ; 1
_ a3b? — [ sp3._ > |*
n-s(ab) = 3(b—a) @b a? + ab + b?
G°(a,b G?(a,b
IR T M I D
A(azﬁ abﬁbz) A(azﬂ Gz(ai b)’ bZ)

Being

o o (1Y 1 11y 111
-2 =(5) -(3) =G-) Gt @) -

_(1 1)(1+1+1) (1+ 1 +1>
“\b a/\b%2 ba a? b®  b3a3 a®
we obtain

n-o(a,b) = '\/G2(a,b) - H(a?,ab, b?) - H(a®, a3b3, b®)
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or
1
(b—a)(a*+ab+b*)| 10
_ a’b®
n-o(ab) = 9(b — a)
1
_[gop0. 3 . 3 10
a?+ab + b? a®+ a3b3 + b®
_" G'®(a,b) — G(ab) 10 G°(a,b)
~ |A(a?,ab,b?) - A(a® a3b3,b®) @ A(a?,ab,b?) - A(a®, a3b3,b®)

from which, more generally, reasoning by induction, we arrive at the following
formula valid for any natural h:

3hiq
n_sn(a,b) = \/Gz(a, b) - H(a?,ab, b2) --- H(a2(3h_1), (ab)3"™, b2(3h—1))

or

@n="" G
n_zn\Q, - A(a?,ab,b?) "-A(a2(3h‘1), (ab)3h_1, b2(3h—1))

Therefore. being 2-3" > 3"+ 1e2-3" — 3" — 1 = 3" — 1, we have also that
2:3"=3"+1)+ (3" -1), from which

G3h‘1(a, b)
A(a?, ab, b?) - A(a?(" ™), (ab)3"*, p2(" )

n_yn(a,b) = G(a,b) - j

13. Statistical significance of n.. (h e ¥
We have that

1

bsh _ ash sh—1
Tsh = 15h(p — ) =
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where the difference of powers ps" —as" s developed as the product of h+1
homogeneous Qi polynomials in a and b, of which the first factor is (b-a) while the
remaining factors have degree 4 - 5' (1 < i < h) and are each formed by 5 terms:

h

= 1_[ Q;
i=0

Q=b—a

4
0, = z a=DS RIS (1 < < hY)

j=0

ci-1 ci—-1 ci—-1 ci-1 ci-1 ci-1 ci—1 ci—-1 3
Ai(a“ PO 35 st 25t p2:siTt p1sipasitt j0 a5 )(1S1Sh))

14. SM with two-parameter a and B (a =2"g;he z) and classical

means
SM with two parameters

nap(ab) = [ ba_bﬁ] (@)

can also be traced back to classical averages. Let us illustrate the previous statement
with some examples.

Case: a=2p
1 1 1
B b?F —a?P|26-B [1 b?* —a?F]F  [bF +aP]B
Tap( @) =og T opr | T2 W obF | T | 2
Case: a=14p
1 1
B b?F —a?f2P-F [1 b*F —a*F]P
Napp(a,b) = a8 bﬁ—bﬁl _IZ' bﬁ—bﬁl
1
af +bB (af)’ + (bF)°PF
- = . -
= "/A(aP,bF) - QM (aF, bF)
Case: a = 8f
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L
af + b8 (@) + (0P)" (@®)"+ (b7)']"
2 2 2

1
_ ’3 bSB _ aSﬁ’ 7 B
ngp,p(a, b) = @ B _pF | T

= "/A(aP, bP) - QM (aP, bB) - QM2(a2P, b2F)

From
azh—Z_ﬁ — (aﬁ)zh_z; bzh—Z_ﬁ — (bﬁ)zh‘z
we have
r]zhﬁ,ﬁ(al b) =
(2"-1)e
= \/A(aﬁ,bﬁ) - QM2 (aP,bF) - QM2(a?P,b2B) - QM2(a?"*B,b2"*F)
Case: a=-2p0
5 5 1
_1 1 1 -3B
o | B b a1 () - ()
N-2pp(a,b) = 28 bF —af - (_§>' bB — ab
1
38
= |afbh
aP " bR
= "/G2(aP,bF) - H(aF, bF)
Case: a =—4p
1
1 12 1 \*]-58
N el N A (bTﬁ) _(aTB)
N-app(@b) = | Zpp =g =|(-3) "=t

1

_ (_ 1) _ (b%ﬁ - a%ﬁ) (biﬁ + aiﬁ) ~
- 4 bB — af
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_ (_l),(biﬁ_aiﬁ)(biﬁ+aiﬁ)(b%ﬁ+a%) 5B
4 P — aF

= */G2(aP, bP) - H(aP, bP) - H(a?F, b2F)

In the case that @ = —2"B(h € N) we have, by reasoning by induction,

(2h+1 B

-2hpp = )J G2(aP,bP) - H(aP,bP) - H(a?h,b?F) - H(a(?" )P, p(2" "))

Similarly for @ = 9
poB — g% =
= (b3F)* = (a®F)’ = (b3F — a®F)(bSP + b3Fb3F + boF)
= (b# — aP)(b? + bPbP + a9?F)(b%F + b3F b3k + bOF)
for a =278
b?7F — a?7F = (bF — aP)(a?f + aPbP+b?F) - (a%F + a®F D3P + bOF)
- (a'®f + a®Pp%F + p18F)
for a = 81p
b81E — q¥1F = (bF — aP)(a?f + aPbP+b?F) - (a%F + a®Fb3F + bOF)
- (a'®f + a®Pp%F + b18F) - (a5*F + a?7Fp?7F + po*F)

from which

Nop.p(a,b) = "\JQMZ(aF, GM2(aP, bF), aP) - QM2 (a%F, GM?(a%F, b3F), b3F)
And more generally

T]3h‘8"8 (a, b) =

_ (s"-1)s QM2(af,GM2(aP,bP),ab) - QMZ(a(3h_1)IB, GM? (a(3h_1)3, b(3h_1)ﬁ), b(?’h_l)ﬁ)

15. Economic significance of SM [8]

Let X be a subset of R". A function f : X — R is said to be homogeneous of degree r if

f(/'xlf ""jxn) = jrf(xli "'ﬂxn)
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where j is a positive constant and (jxy, ..., jx,) € X (Vx € X; x = (%1, ., X))

In Linear Algebra the set X, constant j, x are called the cone, scalar and vector of R",
respectively. The constant r can also be equal to 0. If r = 1 the f is said to be linearly
homogeneous. Consider an economy where a single good is produced in quantity Y
using capital K and labor L as the only factors of production. Both L and K are
considered positive. The main field of application in economics of linearly
homogeneous functions is given by the notion of aggregate production function, which
we will write in the form

Y =F(K,L)
that is, a production function is a relationship F between the inputs employed K and L

and the output Y. Let F be linearly homogeneous. Placed

J=z

we have

Y—lF(KL)—F<KL>—F<K1>
L L i\ L

By positing Y/L =y, K/L = k, we obtain the production function y = f(k) in intensive
form, that is, the output per unit of effective labor y is a function f of capital per unit of
effective labor k. Let us consider the Cobb-Douglas production function

Y = AK*L* ! (a € ]0;1])
meaning by A the state of technology. We observe that.
K a
Y = AK*LY'™% = AL (f) = ALk®
from which, dividing by L the first and last terms of the equalities above, we have
y = f(k) = Ak"(a €]0;1])
Ifweset A=1, f becomesy = f(k) = k*.

The Cobb-Douglas function written in intensive form k% can be thought of as a power
function of base k and exponent a.. It is usually assumed that F, in X, in addition to being
linearly homogeneous, is also of class C?, that is, F admits continuous prime and second
derivatives with respect to both variables K and L. To avoid running into problems with
the partial derivatives of F, it is usually convenient to consider the set X as an open set
of R". For f(k) one can repeat what has already been said for the power function
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x*(a # 0; a = 1) to verify that it satisfies the definition of Stolarsky averages. The
ratio y capital/labor is called labor productivity and is introduced to study the growth of
an economy. The assumption of linear homogeneity on F allows for constant returns to
scale. For example, in the particular case where both factors of production K and L are
doubled, output also doubles, i.e.

2Y = F(2K,2L)

16. Probabilistic significance of SM

We recall that a continuous random variable X is said to have a Uniform distribution
over the interval [a,b] if its density function is given by

1
f(x):{m foranSb
0 otherwise
The rt" moment of X is

br+1 _ aT+1

+00 b x"
U, = EX =f_ooxf(x)dx=fa b—adx=(r+1)(b—a) (reN)

from which we have that
b? — a? _b+a

— EX = =
”1 2b—a) 2
_px? - b3 —ad _b2+ab+a2

b=t = —a) 3

Comparing EX" and u, with the expressions of the formula (19) of SM and the formula
(7) of n3 , we can conclude that SM and Uniform distribution are closely linked.

17. Conclusions and final remarks

We have shown by elementary methods that for n = p" (p prime number; h € N) the
Stolarky means Nyh Can be traced explicitly to classical means and that for n = 3 the

Stolarky mean n5 can be interpreted as a real quadric. Both results form an ideal bridge
to the pioneering works published by the two Italian mathematicians and statisticians,
L. Galvani (1927) and R. Cisbani (1938) from which many authors have been inspired
to introduce and/or further explore Stolarky means. Interesting and a harbinger of further
research insights is our attempt to generate, in the n = 3. case, means of the type of SM
from an extension of Flett's Theorem, which in turn can be considered a mean-value
theorem. The formulas and considerations given in this paper are original, including the
steps to deduce by means of limits the elementary properties of classical means from
MVTD and MVTI and the inequalities obtained by applying identities contained in [6]
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and [24]. Finally, the connection of SM to Cobb-Douglas may lead to new
interpretations of some economic growth models with chaos in the future.
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