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Small weak hyperfields in hadronic mechanics

Thomas Vougiouklis”

Abstract

It was in mid 90es when Professor R. M. Santilli realized, for the first time, that his
innovating theories can be appropriate expressed by multi-valued systems. At that time
the largest class of hyper-structures, the Hy-structures, based on the weak properties, were
introduced and studied deeply. The extremely large number of weak hyper-structures
defined on the same set can be reduced by demanding a lot of properties. Therefore,
whenever the Santilli’s Hadronic Mechanics need special elements satisfying a number
of properties then the class of the Hy-structures is the appropriate one. The first Hy-
structures in Hadronic Mechanics, introduced in 1996, are called e-hyper-structures. The
main question in this theory proposed by Santilli is: What are the hyper-numbers? Hyper-
numbers or Hy-numbers are called the elements of any Hy-field and they are important in
representation theory, as well. In this presentation we give some constructions and
properties on minimal Hy-fields.
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1. Introduction to Hy-structures

The hyper-structures were introduced by F.Marty in 1934 [13] when he first defined
the hypergoup as a set equipped with an associative and reproductive hyper-operation.
We deal with the largest class of hyper-structures called Hy-structures, introduced in 1990
[17], [29], [30]. These satisfy the weak axioms where the non-empty intersection replaces
equality. Basic definitions [2], [4], [5], [6], [10], [11], [12], [21], [23], [24], [25], [26],
[30], [31], [32], [34], [43], [51]:

A set H equipped with, at least, one hyper-operation: -: HxH—>P(H)-{J}, is called
hyper-structure, we write (H,-). The () is weak associative, if (xy)znx(yz)=J, Vx,y,zeH
and weak commutative if xynyx=d, Vx,yeH. The (H,-) is an Hy-semigroup if it is weak
associative, and it is an Hy-group if it is reproductive Hy-semigroup: xH=Hx=H, ¥xeH.

Similarly, more complicated hyper-structures can be defined: (R,+,) is Hy-ring if (+)
and (-) are weak associative, the reproduction axiom is valid for (+) and (-) is weak
distributive with respect to (+):

X(y+2)N(Xy+xz)=d, (X+y)zn(xztyz)=d, VX\y,zeR.

Let (R,+,) be Hy-ring, (M,+) is a weak commutative Hy-group and there exists an external
hyper-operation - : RxM—P(M): (a,x)—ax such that, Va,beR and ¥x,yeM, we have

a(xty)n(ax+ay) = J, (atb)xn(ax+bx) =, (ab)xna(bx) = I,

then M is an Hy-module over F. In the case that we have an Hy-field F, defined later,
instead of the Hy-ring R, then the Hy-vector space, is obtained.
In an Hy-semigroup (H,-), the powers are defined by

hi={h}, h’=h-h... h"=h°h°...°h,

where (°) is the n-ary circle hope: take the union of hyper-products n times, with all
possible patterns of parentheses on them. An (H,-) is a cyclic of period s, if there is a
generator h and the minimum natural s, such that

H =h'oh?U...uhs,

Analogously, cyclicity for the infinite period is defined. If there are h and s, the minimum
one, such that H=h®, then we say that the (H,-), is a single-power cyclic of period s.

For more definitions and applications on Hy-structures one can see books and papers
as [1], [2], [4], [3], [6], [11], [12], [22], [30], [32], [34], [38], [43], [49].

Let (H,-), (H,*) be Hy-semigroups on H. (-) is called smaller than (*), if there is an

fe Aut(H,*) such that xycf(x*y), Vx,yeH,

then we say that (H,*) contains (H,-). If (H,) is a classical structure then it the basic
structure, and (H,*) is called Hp-structure. Minimal is called an Hy-group if it contains no
other Hy-group on the same set.
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Theorem 1.1 (The Little Theorem). Greater hyper-operations than the ones which are
weak associative or weak commutative, are also weak associative or weak commutative,
respectively.

This Theorem leads to a partial order on Hy-structures and reveal the enormous number
of defined on the same set. The problem of enumeration of hyper-structures, is complicate
in Hy-structures because we have great numbers. The Little Theorem, transfer the problem
into finding the minimal, up to isomorphisms, Hy-structures. For example, the number of
Hv-groups with three elements, up to isomorphism, is 1.026.462, there are 7.926 abelian.

Interesting large classes of Hy-structures, are the following [25], [26], [30], [31], [41]:
Definition 1.2 An Hy-structure is called very-thin if all hyper-operations are operations
except one, were all results are singletons except one, which is a set with more elements.
Definition 1.3 Let (G,-) groupoid, then VPG, P=J, we define the P-hyper-operations:

P: xPy= (xP)yux(Py), Vx,y€G,
(G,P) is a P-hyper-structure. If (G,-) semigroup, then xPy=xPy, (G,P) is semi-hypergroup.

A generalization of P-hyper-operation, used in Lie Santilli’s theory, is the following:
Let (G,-) be abelian group and PG, we define the Pe-hyper-operation (xp) by

{ xxpy = X-P-y = {x-h-y|heP} if x=e and c=e
X-y if x=e or y=e
The hyper-structure (G,xp) is an abelian Hy-group.

Hyper-products on any type of ordinary matrices can be defined [10], [21], [54], [55].
Definition 1.4 Let A=(ai;) e Mmxn, mxn matrix and s,te N, 1<s<m, 1<t<n. Denote st a map

S_t: men—)Msxt: A—)AS_t:(Qu),

where gij:{ai+l<s,j+m| 1<i<s, 1<<t, kA eN, itxks<m, j+At<n}.
(@) Let A=(ai;) e Mmxn, B=(bij) € Muxv, S=min(m,u), t=min(n,v). The helix-sum, is

(‘B: menXMuxv%P(Msxt): (A,B)—)AC‘BB:As_t‘l'BS_t:(gu)'l'(Du)C Msxt,

where (ai))+( bij)= {(ci)= (ai+bi) | aijea; and bijebi}.
(b) Let A=(aij) € Mmxn, B=(bij) € Muxv, S=min(n,u). The helix-product, is

®: MmxnxMuxv =>P(Mmxv): (A,B)—>A®B=Ams-Bsv=(ai;)-(bij)c Mmxv,
where (ai)-(bi)= {(ci)=(Zaiby) | aijeaij and bijebi}.

The helix-sum is commutative, the helix-product is weak associative.

The helix-Lie Algebra is defined as well. We study the matrices Mmxn Where m<n,
since we have analogous cases if m>n. Several classes appropriate in helix-operations are
defined. For example: Let A=(aij)eMmxn and s,teN, 1<s<m, 1<t<n. We call A S-helix
matrix of type sxt, if Ast has diagonal entries elements. An S-helix A, is an So-helix matrix
if, moreover, aii... amm #0. The set of S-helix matrices A=(aij) € Mmxn, is closed under the
helix-product. It has st left scalar unit lc. The So-helix matrices X have inverses X
lce XXX 1eX.
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2. Fundamental relations

The main tool to study the hyper-structures is the, so called, fundamental relation. In
1970 M. Koskas [30] introduced in classical hypergroups the relation B and its transitive
closure B*. This relation connects the hyperstructures with the corresponding classical
structures and is defined in Hy-groups as well. T. Vougiouklis [11], [27], [29], [30], [31],
[52] introduced, and gave new proofs, the analogous relations y* and €*, which are
defined, in Hy-rings and Hy-vector spaces, respectively. He also named the relations p*,
v* and &*, fundamental since they play crutial role mainly in representation theory.
Definition 2.1 The fundamental relations p*, y*, and €* are defined in Hy-groups, Hy-
rings, and Hy-vector spaces, respectively, as the smallest equivalences so that the quotient
would be group, ring, and vector spaces, respectively.

Let (G,-) be group and R a partition in G, then (G/R,-) is Hy-group, so (G/R,-)/p* is a
group, the fundamental. The classes of (G/R,-)/B* are a union of the R-classes.

The main theorems, and a way to find the fundamental classes, are the following:

(1) Let (H,-) be Hy-group and denote U the set of finite products in H. Define the relation
B in H setting xPy if {X,y}cu, where ueU. Then, B* is transitive closure of p.

(2) Let (R,+,-) be Hy-ring, denote U the set of finite polynomials in R. Define the relation
v in R setting xyy if {x,y}cu, where ueU. Then, y* is transitive closure of y.

(3) Let (M,+) be Hy-vector space over the Hy-field (F,+,-), denote U the set of expressions
in M. Define ¢ in M setting xey if {x,y}cu, ueU. Then, €* is transitive closure of e.

We present a proof for the second of the above theorems, for the Hy-rings, and the rest
are analogous [11], [29], [30], [33], [39], [50], [52]:

Theorem 2.2 Let (R,+,-) be an Hy-ring. Denote by U the set of all finite polynomials of
elements of R. We define the relation y in R as follows:

xyy if {x,y}cu, where ueU.

Then, the relation y* is the transitive closure of .

Proof. Let y the transitive closure of y, denote y(a) the class of a. First, we prove that the
quotient R/y is a ring.

In R/y the sum (@) and the product (®) are defined in the usual manner:

v(@)@y(b)={y(c):cex(a)+y(b)}, y(@)®y(b)={y(d):dey(a)x(b)}, vabeR.
Take a'ey(a), b'ey(b). Then, we have
a'va if 3Xy,....xm+1 With X1=a’, Xm+1=a and ug,...,umeU: {XiXi+1}cui, i=1,...,m,
b'yb if 3yi,...,yne1 With y1=b', yne1=b and va,...,vneU: {y;yj+1}cvj, j=1,...,n.
From the above, we obtain
{Xi,Xi+1}ryicuitvi, i=1,....m-1, Xme1+{yj,Yj+1}cUm+vj, j=1,...,n.

The sums ui+vi=ti, i=1,...,m-1 and Um+Vj=tm+j-1, j=1,...,n, are polynomials, so, tkeU,
Vke{l,...,m+n-1}.
Now, pick up elements zi,...,zm+n Such that
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ZieXityi, i=1,...,n and Zm+jE€Xm+1tYj+1, j=1,...,1,

therefore, we obtain {zx,zk+1}ctk, k=1,...,m+n-1.

Thus, every element z;exi+y1=a'+b’ isy equivalent to every Zm+ne€Xm+1tyns1=a+b. Thus,
y(a)@y(b) is a singleton so we can write y(a)®y(b)=y(c), Vcey(a)+y(b).

In a similar way, we prove that y(a)ey(b)=y(d), Vdey(a)-y(b).

The weak associativity and the weak distributivity on R give that the associativity and the
distributivity are valid for the quotient R/y*. Therefore, R/y* is a ring.

Let o equivalence with R/c ring. Then, o(a)®c(b) and o(a)®c(b) are singletons, so
Va,beR, we have o(a)®c(b)=c(c), Vceo(a)+o(b), and o(a)®c(b)=c(d), Vdeo(a)-c(b).
Thus, o(a)®c(b)=c(a+b)=c(A+B), o(a)®c(b)=c(ab)=c(A-B), Va,beR, Acc(a), Bco(b).
By induction, extend it on sums and products. So YueU, we have o(x)=c(u), VXeu. So,
xey(a) implies xeo(a), VxeR. But o is transitively closed, thus: xey(x) implies xeo(a).
That means that vy is the smallest equivalence in R such that R/yisaring, so, y =v*. =

An element is called single if its fundamental class is singleton, so if p*(s)={s}.

Denote Sk the set of singles. If Sh#J, then we can answer to the hard problem, which
is to find the fundamental classes. There is the following [11], [30], [42], [56]:
Theorem 2.3 Let (H,-) be Hy-group and seSp#J. Let acH, take a veH such that seav,
then p*(a)={heH: hv=s}, the core of H is wn={ueH:us=s}={ueH:su=s}. Moreover,
sx=p*(sx) and xs=p*(xs), VxeH.

The fundamental relations are used for general definitions.

Definition 2.4 An Hy-ring (R,+,-) is called Hy-field if R/y* is a field. In sequence the Hy-
vector space is defined. The elements of an Hy-field are called hyper-numbers or Hy-
numbers.

Definition 2.5 Let (L,+) Hyv-vector space on (F,+,), :F—>F/y*, or={xeF:p(x)=0}, 0 zero
of F/y*. Let oL core of ¢":L—L/e*, 0 zero of L/e*. Take the bracket hyper-operation:

[, ]: LxL—>P(L): (xX,y)—>[x.y],
then L is an Hy-Lie algebra over F if the following axioms are satisfied:
(L1) [AaxatAaXz,YIN(a[Xs,y]+A2[X2,y]) # &
[x,Ay1tAay2l X Y] HA2[X,y2]) # D, VX,X1,X2,Y,Y1,Y2€Ll, VA, AoeF
(L2) [xX]noL#d, VxelL
(L3) (x.Iy.zll+ly.[zX]]*[z.[x.ylDnow = &, ¥xyeL.

Theorem 2.6 Let (H,-) be Hy-group, H/B* fundamental group. If H/B* is not commutative
or not cyclic, then (H,-) is not weak commutative or cyclic, respectively.

Proof. Straightforward since if (H,-) is weak commutative or cyclic, then its fundamental
group H/B* is commutative or cyclic, respectively. =

The uniting elements method, introduced by Corsini & VVougiouklis in 1989, [3], [30],
is the following: Let G be structure and a no-valid property d, described by equations.
Take the partition in G setting in the same class, all pairs of elements that cause the non-
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validity of d. The quotient by this partition G/d is an Hy-structure. Then, quotient out G/d
by B*, is a stricter structure (G/d)/p* for which the property d is valid.
Theorem 2.7 Let (R,+,") be ring, F={f1,..., fm, fm+1,..., fmen} System of equations on R
consisting of subsystems Fm={f1,...,fm} and Fn={fm+1,...,fm+n}. Let o, om the equivalence
relations defined by uniting elements using F and Fn, respectively, and o, the equivalence
on Fnon thering Rm= (R/om)/y*. Then (R/c)/y* = (Rm/on)/y*.

Motivation for F. Marty to introduce the hypergroup was the quotient of a group by
any not normal subgroup. Motivation to introduce the weak hyper-group, or Hy-group, is
the quotient of a group by any partition of the group. Thus, we summarize:

Motivation for hyper-structures.
The quotient of a group by any invariant subgroup is a group.
The quotient of a group by any subgroup is a hypergroup.
The quotient of a group by any partition is an Hy-group.

3. Representation Theory. Small Hy-fields

The representations of Hy-groups, can be considered either by Hy-matrices [24], [29],
[30], [36], [38], [46], [47], [49] or by generalized permutations [28].
Definition 3.1 Hy-matrix is called a matrix with entries elements of Hy-ring or Hy-field.
The hyper-product of Hy-matrices A=(aij) and B=(bjj), of type mxn and nxr, respectively,
is a set of mxr Hy-matrices, defined in a usual manner:

AB = (ai)-(bij) = {C=(ci) | cije@Zaicbii },
where (@) is the n-ary circle hyper-sum.

The representation problem by Hy-matrices is the following:
Definition 3.2 Let (H,-) be Hy-group, (R,+,-) Hy-ring and Mr={(aij) | aijeR}, then any

T:H->Mg: h—>T(h) with T(hih))T(h)T(h2)£D, YhyhoeH,

is called Hy-matrix representation. If the T(h:h2)cT(h1)T(h.), is valid, then T is called
inclusion representation, if the T(hih2)=T(h1)T(h2), is valid then T is called good
representation. If T is one to one and good, then it is a faithful representation.

Theorem 3.3 A necessary condition in order to have an inclusion representation T of an
Hv-group (H,-) by nxn Hy-matrices over the Hy-ring (R,+, -) is the following:

For all p*(x), xeH there are elements ajjeH, i,je{1,...,n} such that

T(B*(@)) = {A=(ay) | a'jey*(ay), ije{L,...n}}.
Thus, every inclusion representation T:H—>Mgr: ar—> T(a)=(aij) induces a homomorphic
representation T* of H/B* over R/y* by setting T*(B*(a))=[y*(ai;)], Vp*(a) e H/B*, where
the element y*(aij)eR/y* is the ij entry of the matrix T*(B*(a)).
The representation problem is simplified in cases such as if the H,-rings have scalars 0
and 1, and they are used as singleton entries.
The representation problem by generalized permutations, is described as follows [28]:
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Definitions 3.4 Let X be a set, then a map f:X—>P(X)—{J}, is a generalized permutation
of X if it is reproductive: Uxexf(X)=f(X)=X. Denote by Mx the set of all generalized
permutations on X. For an Hy-group (X,-) and aeX, the generalized permutation fa
defined by fa(x)=ax is called inner. Arrow of f is any (x,y) e X? with yef(x). The f.eMx
contains fieMx, if fi(X)cf2(x), VYxeX, we write ficfo. If, moreover, fi1=f,, then f1 is a
proper sub-generalized permutation of f>. An feMx is called minimal if it has no proper
sub-generalized permutation. Denote Mx the set of all minimal generalized permutations
of Mx. The converse f of a generalized permutation f is obtained by reversing arrows:
f(x)={zeX: f(z)>x}. We call associated to fe Mx the generalized permutation f-f.
Theorem 3.5 Let fe Mx, then fe Mx if, and only if, the following condition is valid: if
a=b and f(a)~f(b)=J, then f(a)=f(b) and f(a) is singleton. If fe Mx then, fe Mx. If fe Mx
then, (fof)(x)={y e X:f(y)=f(x)}.

We summarize the representation theory of Hy-groups by Hy-matrices saying that the
problem has two steps: First, find small Hy-fields and second, find appropriate Hy-
matrices. We focus on small Hy-fields which can be applied in Hadronic Mechanics.
These are the small non-degenerate Hy-fields, which in isotheory, are:

(@) very-thin minimal, (b) weak commutative, (c) 0 and 1, scalars.
Definition 3.6 We call raised very-thin the Hy-fields which are obtained enlarging one
result of a ring adding one element, such that the fundamental structure is a field.

Combining the uniting elements procedure with the raise theory we can obtain stricter
structures or hyperstructures [3], [35], [36], [44], [46], [50], [51]. So, raising operations
or hyper-operations we can obtain more strict structures as we can see in the following.
Theorem 3.7 In the ring of integers (Z,+,-), fix an m>1. We raise in the product the result
0-m by 0@m={0,m}, the rest results are the same. Then (Z,+,®) becomes Hy-ring, with
finite fundamental ring:  (Z,+,®)/v* = (Zm,+,").

If m=p, prime, then (Z,+,®) is raised very-thin Hy-field, with finite fundamental field.
Raising a-b of fixed a,beZ-{0,1}, setting a®b={a-b,a-b+m}, we have the same result,
moreover, (Z,+,®) is raised very-thin Hy-field, where 0 and 1 are scalars.

Proof. Sums and products which contain more than one element are the ones which have
O®m. Adding to O®m the 1, several times, we have modm equivalence classes. On the
other side, if add or multiply elements of the same class the results remain in one class,
the class of the representatives. Thus, the y*-classes form a ring isomorphic to (Zm,*,-).
The rest of the proof is straightforward. Notice, that we can transfer the generalized raised
case if we consider the expression a®b-a-b = {0,m}. =

Theorem 3.8 In the ring (Zn,+,-), with n=ms we raise in the product the result 0-m by
0®@m={0,m} and the rest results are the same. Then, (Zn,+,®)y* = (Zm,*,").

If m=p, prime, then (Zn,+,®) is raised very-thin Hy-field.

Raising a-b of fixed a,beZy-{0,1}, setting a®b={a-b,a-b+m}, we have the same result,
(Zn,*+,®) is raised very-thin Hy-field, where 0 and 1, are scalars.

All Hy-fields obtained from a field raising any sum or product, are degenerate:
Theorem 3.9 In a field (F,+,-), we raise only the product of a-b, by a®b={a-b,c}, c#a-b.
Then we obtain the degenerate minimal very-thin Hy-field (F,+®)/y*={0}.
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Proof. Take any xe F—{0}, then from a®b={ab,c}, we obtain (a®b)-ab={0,c-ab} and then
(x(c-ab) 1)®((a®b)-ab)={0,x} so, Oyx, xe F-{0} or, every X is in the fundamental class of
0. Thus, (F,+,)y*={0}. m
Theorem 3.10 In a field (F,+,), we raise only the sum of a+b, by a®b={a+b,c}, c#atb.
Then we obtain the degenerate, minimal very-thin, Hy-field (F,®,-)/y*={0}.
Proof. Take any xeF—{0}, then from a®b={a+b,c}, we obtain (a®b)-(a+b)={0,c-(atb)}
and then [x(c-(a+b))*]-[(a®b)-(a+b)]={0,x}, so, Oyx, xeF—{0} or, every x is in the
fundamental class of 0. Thus, (F,®,")/y*={0}. m
We present some ‘small” Hy-fields.
Constructions 3.11 On rings (Zs,+,") and (Zs,+,") we define all multiplicative Hy-fields
with non-degenerate fundamental field and, moreover they are,
(@) very-thin minimal, (b) weak commutative, (c) 0 and 1, scalars.
. On (Z4,+,") the isomorphic cases are: 203={0,2}, 3®2={0,2}.
Fundamental classes: [0]={0,2}, [1]={1,3}, and (Z4,+®)/y*=(Z2,+,").
1. On (Zs,*,), the isomorphic cases are:
(i) 2®3={0,3}, 2®4={2,5}, 3®4={0,3}, 3©5={0,3}, 485={2,5}
Fundamental classes: [0]={0,3}, [1]={1,4}, [2]={2,5}, and (Zs,+,®)/y*=(Z3,+,").
(ii) 203={0,2} or 2®3={0,4}, 294={0,2} or {2,4}, 205={0,4} or 2©5={2,4},
3®4={0,2} or 3©4={0,4}, 3®5={3,5}, 495={0,2} or {2,4}.
Fundamental classes: [0]={0,2,4}, [1]={1,3,5} and (Zs,+,®)/y*= (Z2,+,").
We can also define the analogous cases for the rings (Zo,*,), and (Z1o,+,").
We present examples on the topic [44], [47], [49], [50], [51]:
Example 3.12 Take the 2x2 upper triangular Hy-matrices on the above Hy-field (Z4,+,®)
of the case that only 293={0,2} is a hyperproduct:

I=E11+E22, a=Eu+E1+E2, b=Eu+2E12+E2», C=E11+3E1n+E2,
d=E11+3E2, e=E11+E12+3E2, f=E11+2E1>+3E2,, g=E11+3E12+3E2,
then, for X={l,a,b,c,d,e,f,g}, we obtain the following multiplicative table:

® |l |a|b|c|d|je| f]|g
Il ]Ja|blc|d]e]| f]lg
ala|b | c |l |g|d|e]|f
b|b| c I a |df|eg|df]|eg
clc| | a|b|e | f|g]|d
d|d|]e | f|lg I a|b|c
ele| f|lg|d]|c I a | b
f|f|lg|d]e]|lbjac]|lb]ac
glg|d|]e| fla|b]c]|b

The (X,®) is weak commutative Hy-group with fundamental classes 1={l,b}, a={a,c},
d={d,f}, e={e,g}, and fundamental group isomorphic to (Z>xZ,+).

Example 3.13 Consider the 2x2 upper triangular Hy-matrices on the Hy-field (Z4,+,®)
where only 3®2={0,2} is hyper-product:
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a=E11+E2, a1=E11+E12+E2, a:=E11+2E12+E2, a3=E11+3E12+E2,
b=E11+3E22, b1=E11+E12+3E22, 02=E11+2E12+3E2, b3=E11+3E12+3E2,
Cc=3E11+E22, ¢1=3E11+E12+E2, C2=3E11+2E12+E2, C3=3E11+3E12+E2,
d=3E11+3E2, d1=3E11+E12+3E2, d2=3E11+2E12+3E2, d3=3E11+3E12+3E2,
then, for X={a,a1,a2,as,b,b1,bz,bs,c,c1,c2,c3,d,d1,d2,d3}, we obtain the multiplicative table.

® |a|a| a |as|b|bi| b2 |bs|c|ci| c2 |c3|d|di| d2 |ds
a a ai ay az b b1 bz b3 C C1 C2 C3 d d1 dz d3
air | a1 | a as a b3 b by b, | ¢c1 | C2 C3 c ds d d1 d;
a | & az a ai bz b3 b b1 C2 C3 C C1 dz d3 d d1
as | as a aj az b1 bz b3 b C3 Cc C1 C2 d1 dz ds d
b b b1 b, b3 a a1 a as d dx dz ds c C1 C2 C3
bl b1 bz b3 b as a a1 az d1 dz d3 d C3 C C1 C2
bz bz b3 b b1 do as a ai dz d3 d d1 Co C3 C C1
b3 b3 b b1 bz a1 az as a d3 d d1 dz C1 Co C3 C
clclec|ce|ci|d|ds|ddy|di|a|as|aa |al|b|bs]| bb| b
C1 C1 (o C1,C3 | C2 d3 dz d1,d3 d ai a di,az | a2 b3 bz bl,b3 b
C2 Co C1 C,C2 C3 dz d1 d,dz d3 az di a,a2 as bz b1 b,bz b3
C3 C3 Co C1,C3 C d1 d d1,d3 dz as do di,as a b1 b b1,b3 bz
d d d3 d,dz d1 C C3 c,C2 C1 b b3 b,bz b1 a as a,az ai
dl d1 d d1,d3 dz C3 C2 C1,C3 C b1 b bl,b3 bz as do ai,as a
dz dz d1 d,dz d3 Co C1 c,C2 C3 bz b1 b,bz b3 ar ai a,az as
d3 d3 dz d1,d3 d C1 C C1,C3 C2 b3 bz bl,b3 b ai a ai,as ay

(X,®) is weak commutative Hy-group, fundamental classes: a={a,a>}, ai={ai,as},
b={b,b.}, b1={b1,bs}, c={c,c.}, ci={c1,c3}, d={d,d-}, di={d1,ds}, with table as the above
example. In (X,®) there is unit a, and every element has unique double inverse. The cz is
right inverse to ¢ and ¢z, because aeccz, acczC2. The dz is right inverse to d and dz, because
aeddy, aed2dz. (X,®) is not cyclic, since, from Theorem 2.6, (X,®) is not cyclic.

4. Santilli’s iso-theory and e-hyper-structures

The Hy-structures have applications in mathematics and other sciences, as well. These
range from biomathematics -conchology, inheritance- and hadronic physics or on leptons,
to mention but a few. The hyper-structure theory is related to fuzzy theory; consequently,
hyper-structures can be widely applicable in linguistic, sociology, production and
industry, too [1], [6], [7], [11], [37], [39], [52], [53], [56].

In ‘The Santilli’s theory ‘invasion’ in hyperstructures’ [40], there is a description on
how Santilli’s theories effect in hyper-structures and how new theories in Mathematics
appeared by Santilli’s pioneer research. In 1996 Santilli & Vougiouklis [19], point out
that in physics the most interesting hyper-structures are the e-hyperstructures.
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The Lie-Santilli theory on isotopies was born in 1970’s to solve Hadronic Mechanics

problems. Santilli proposed a ‘lifting’of the n-dimensional trivial unit matrix of a normal
theory into a nowhere singular, symmetric, real-valued, positive-defined, n-dimensional
new matrix. The original theory is reconstructed such as to admit the new matrix as left
and right unit [11], [14], [15], [16], [17], [18], [19], [37], [45], [48].
Definition 4.1 According to Santilli’s iso-theory on a field F=(F,+,-), a general isofield
F=F(3,F,%X) is defined to be a field with elements a=ax1, called isonumbers, where acF,
and 1 is positive-defined outside F, with two operations + and X where F is the sum with
unit 0, and X is a new multiplication

4 X b:= axTxb, with 1=T", v3, beF (i)
called iso-multiplication, for which 1 is the left and right unit of F,
1xa=ax1=3a,vaceF (i)
called iso-unit. The rest properties of a field are reformulated analogously.

In order to transfer this theory into the hyper-structure case we generalize only the new
product X from (i), replacing with a hyper-product including the old one. There is a
general construction on this direction [9], [14], [15], [20], [33], [45], [46]:

Definition 4.2 General enlargement. On a field F and its isofield F=F(3,F,X) replace in
the results of the iso-product

4 X b= axTxb, with 1 =T
the T by a set Hap={T,&1,%2,...}, &1,%2,... €F, containing T, va X b for which 4,b«{0,1},

R1,%2,...€F-{0,1}. If one of 3, b, or both, is equal to 0 or 1, then Ha={T}. Therefore, the
new iso-hyper-operation is

4 R b = axHapxb= ax{T R1,%2,...} xb, Va,beF  (iii)
F=F(a,F,%X) becomes very-thin isoH,-field. The elements of £ are called isoH,-numbers
or isonumbers.

Important hyper-products are if only for few (a,b) the result enlarged, even more, the

extra elements &;, are only few. Thus, if there exists only one pair (a,b) for which
AR b=ax{T&}Ixb, vabeF

and the rest are ordinary, then we have a very-thin isoHy-field.

The assumption Ha={T X1,%2,...}, d or b, is equal to 0 or 1, and i, are not 0 or 1, give
that the isoHy-field has a scalar absorbing 0, a scalar 1, and VaeF, has one inverse.

The isofields corresponding to hyperstructures, introduced by Santilli & Vougiouklis
in 1999, are called e-hyperfields. [9], [11], [14], [19], [33], [35], [40], [41], [42].
Definitions 4.3 A hyper-structure (H,-) is called e-hyper-structure if contains a unique
scalar unit e, and every element x, has a, not unique, inverse x*: eex-xnx1x.
A triad (F,+,-), with (+) operation, (-) hyper-operation, is called e-hyper-field if: (F,+) is
abelian group; (-) weak associative; (-) weak distributive to (+); 0 absorbing: 0-x=x-0=0,
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vxeF; 1 scalar: 1-x=x-1=x, VxeF; and VYxeF there is unique inverse x*: 1ex-x1x?1x.
The elements of F are called e-hyper-numbers. If 1=x-x1=x7.x, then (F,+,") is strong.
Definition 4.4 The Main e-Construction. Given a group (G,-), e unit, define in G, a large
number of hyper-operations (®) as follows:

X®y={Xy, 91, 92,...}, VX,yeG-{e}, 091, g2,...€G-{e}

01, 02,... are not the same for all pairs (x,y). (G,®) is an Hy-group, it is an Hy-group which
contains the (G,-). (G,®) is an e-hypergroup. Moreover, if for all x,y such that xy=e, we
have x®y=xy, then (G,®) becomes a strong e-hypergroup.

The proof is immediate since we enlarge the results of the group by putting elements
from G applying the Little Theorem. Moreover, the unit e is a unique scalar and VxeG,
there is a unique inverse x?, such that 1ex-x*~xt.x. Finally, if we have 1=x-x'=x71.x
then the hyper-structure (G,®) is a strong e-hypergroup.

Remark that the main e-construction gives an extremely large number of e-hyper-

operations.
Example 4.5 Consider the quaternion group Q={1,-1, i-i, j,-j, k,-k} with i*=j?=k?=-1,
ij=k, jk=i, ki=j. Denote i={i,-i}, ={j,-j}, k={k,-k}, we may define a large number (*)
hyper-operations by enlarging few products. For example, we set (-1)+k=k, k=*i=] and
i#j=Kk, then (Q,*) is a strong e-hyper-group.

5. Applications in Lie-Santilli’s admissibility

A new field in hyper-mathematics comes from Santilli’s theory of admissibility. One
can transfer Santilli’s admissibility, either using ordinary matrices and a hyper-operation
on them, or using hyper-matrices and ordinary operations. The Lie-Santilli admissibility
in Hy-structures is defined as follows [1], [7], [8], [9], [11], [19], [20], [42], [43], [48]:

Definition 5.1 Let L be Hy-vector space on F, ¢:F—F/y*, canonical, or={xeF:¢(x)=0},
0 zero of F/y*, oL core of ¢":L—L/e*, 0 zero of L/e*. Take any R,ScL, then, a Lie-Santilli
admissible hyperalgebra is obtained by taking the Lie-bracket which is hyper-operation:

[, Irs: LxL—P(L): [X,Y]rs= (XR)y—(yS)x= {xry-ysx re R,seS}
Special cases: (a) Take only S, so, [X,y]s=xy-ySx. (b) Take only R, so, [X,y]r=XRy-yX.

On non square matrices we can define hyper-admissibility, as well:
Definition 5.2 Let (L=Mmxn,*+) be Hy-vector space of mxn Hy-matrices on the Hy-field
(F,+,)); o:F—F/y*, canonical map; or={xeF:@(x)=0}, 0 the zero of F/y*. Similarly, let
oL core of ¢":L—L/e* and 0 zero of L/e*. Take two subsets R,ScL, then, a Santilli’s Lie-
admissible hyperalgebra is obtained by taking the hyper-operation Lie bracket:

[, ]rs: LxL—P(L): [X,y]rs=XR'y—yS.

Notice that  [X,y]rs=XR'y-ySx={xr'y-ysx | reR and seS}.
Special cases, but not degenerate, are the ‘small’ and ‘strict’ ones:
(a) R={e} then [X,y]rs = xy—yS'x = {xy-ysx | seS}
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(b) S={e} then [Xy]rs = XRYy-yx = {xr'y-yx|reR}
(¢c) R={ry,r2} and S={s1,s2} then

[X,Y]rs=XR'y—ySXx={xr1ty—ysi'x, Xri'y—ysa'x, Xr2'y—ys1'x, Xr2'y—ys;'x}

Definition 5.3 The P-hope. Consider isofield F=F(3,+,X) with isonumbers a=ax1, acF,
and 1 is positive-defined element outside F, with operations F , X, where F the sum with
conventional unit 0, and X the iso-product

AaXb:= axTxb, with 1=T*, vabeF.
Take P={Tp1,....ps}, P1..., PscF-{0,1}, and define the isoP-H.-field, F=F(3,%,%p),
where the hyper-operation Xp is defined by:
axP7xb = {axh*xb|h*ePr} if 4#1 and b=1
a SZP BZ:
axT xb if a=1orb=1
Special ‘small’ case: P ={T,p}, so P contains only one p except T. Remark that we can

take this small case on rings to obtain isoP-Hy-fields. We can see this in the following:
Example 5.4 For, Zi0= Z10(3,F,X), and if we take P={2,7}, then we have the table

X |0]|1]2 |3 |4 |5 |6 |7 |83
0 |00 |0 | DO |O|D [O]D D O
i /0|12 |3 |4|5 |67 8|29
2 (0|2 (8|2 |6|0|4]|8 |2]|36%6
3 |03 |2 |38/ 4 |05|6 |27 |8 45
4 |0 |4 |6 | 4 |2|0 [8]|]6 |42
5 |0 |5]|0|05]0 |05]0]05]0 |05
6 |0 |6 |4 | 6 |80 2|4 |68
Z |07 8|27 |6 |05|4 |38 2|16
8 |0 |82 |8 |4]|0 |6]2 |8) 4
9 |05 |6 |49 |2 |05]8 |16 |4 |27

The fundamental classes are (0)={0,5}, (1)={1.6}, (2)={2,7}, (3)={3.8}, (4)={4.9}
and the multiplicative table of them is the following:
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x 10 @) (2) ©) (4)
© | © | (0 (©) (©) ()
Q) [ 0 | 1).2) | (2).(4) | .1 | 4.3
2 1) | (2.4 (3 2) )
ORNOREOIORINE) (©) (4)
4 10 (4.0 1) (4) )

Consequently, Zi0=Z10(3,F,X), is an Hy-field.

All biological structures, including cells, viruses and living organisms, are irreversible
over time because they are born, grow and die. Santilli introduced in 1994 [16], [17], [18],
the representation of biological structures via multivalued, Lie-admissible formulations
on a 3-dimensional Euclidean space. They have genounits, hyperunits, who correspond
the product of generic non-singular quantities, classical hyper-products, are equally
multivalued, yet defined in our 3-dimensional Euclidean space. The introduced classical
hyper-fields, are sets of multi-valued elements, products and units which verify the
axioms of numeric fields. The hyperstructure representation in biological structures was
initiated by T. Vougiouklis in 1999 [35], [37], with the lifting of the classical hyper-
structures to Vougiouklis Hy-structures which are formulated via hyper-operations which
are weak associative, weak commutative and so on. The advantages of lifting the classical
hyper-structures to VVougiouklis Hy-structures are several [7], [8], [9], [16], [20], [40],
[41], [45], [48]. The main advantage is a large increase of the representational capabilities
which is necessary for a representation of biological structures such as the DNA.

In the transition from Lie theory to Lie-admissible theory, we must specify an element
S on the right and an element R to the left. In hyper-structure realization we can use as S
and R, sets instead of elements. But in this case, we have hyper-operations of constant
length and the living organisms are not the case. Therefore, Santilli & Vougiouklis
suggest the use of the special case of the main e-construction to face the problem.
Therefore, as the Living Organism Construction the Main e-Construction is applied.

6. Conclusions

When applied sciences ask from mathematics models to express a new theory, one has
to search on the existing mathematics if there is an appropriate theory. If there is not any,
then the mathematicians try to create a new one to obey the axioms which are required.
The hyper-structures offer models in multivalued problems as the ones appeared in real
life. The largest class of hyperstructures, called Hy-structures, can offer to Lie-Santilli
theory some of the models needed, because they define a huge number of Hy-structures
defined on the same set. The appropriate Hy-fields, obtained by the Main e-Construction,
can answer to the basic question of Santilli’s isotheory, which is: What are the hyper-
numbers? The reason is that the Main e-Construction can enlarge every single result with
the needed elements.
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