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Abstract

Artificial intelligence (Al), since its inception, has had two major sub-
fields, namely: logical reasoning and machine learning. Despite this,
the interactions between these two fields have been relatively limited.
In this paper, we highlight the need for closer integration of logi-
cal reasoning and machine learning. In our approach, logical reason-
ing tools such as probabilistic modal logic, are employed to provide
qualitative feedback on the extracted descriptive metadata. The log-
ical system we consider emerges from combining of S5 modal logic
with the formulas of the infinite-valued Lukasiewicz logic and the
unary modality P that describes the behaviour of probability func-
tions. The result is a well-motivated system of probabilistic modal
logic, that defines a probability distribution over possible worlds of
the truth value of metadata extracted from precision medicine ap-
proach to Alzheimer’s disease articles through machine learning sys-
tems. By incorporating symbolic reasoning, we bridge the gap be-
tween the speed and efficiency of quantitative techniques and the need
for precise, verifiable metadata in high-stakes environments such as
medical research.
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1 Introduction

Symbolic and sub-symbolic represent the two main branches of artificial in-
telligence (AI). Al has experienced rapid growth in recent years, thanks to the
availability of powerful hardware, specific development platforms, and above all
a massive amount of data. This rapid growth would never have been possible
without a rigorous symbolic models based on articulated logical-mathematical
systems [1, 2]. Logic and technology intertwine at all levels, from the lowest
hardware level, governed by Boolean circuits and arithmetical operations in the
stack memory; through the structure of assignment, sequencing, branching and
iteration operations defining modern high-level programming languages; up to
the equivalent abstract formulations of recursive definitions for algorithms [3]].
Alongside logic, the branch of mathematics that plays a fundamental role in Al
and data science today is undoubtedly statistics, and probability is the backbone of
statistical inference and machine learning. For this reason, one of the central ques-
tions in data mining and Al concerns probabilistic logic learning, which involves
the integration of relational or logical representations with probabilistic reasoning
mechanisms and machine learning principles.
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IC
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Figure 1: Probabilistic Logic Learning as the intersection of the three domains.

In this paper, we investigate the intersection of logic, probability, and machine
learning by developing a symbolic approach based on probabilistic modal logic
to qualitatively optimise the analysis of data extracted through machine learning
systems [4]. Our approach aims to improve the consistency, accuracy, and com-
pleteness of the extracted data, ensuring higher data quality in critical applica-
tions. It is no coincidence that in recent years, the attention of computer scientists
has shifted toward a complex and multidimensional concept: data quality [5].
Data quality is a multidimensional concept encompassing consistency, freshness,
completeness, and accuracy of the data as a non-exhaustive list of dimensions to
characterize data fitness-of-use [6]. However, even if in the era of Big Data data
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quality has become more important than ever, the symbolic approaches that have
been developed about data quality (and especially data veracity) are not many
[7, 18, 9]. Data we investigate is specific data: metadateﬂ Metadata contain in-
formation needed to understand and use the data effectivelyﬂ In particular, in
the context of scientific research, metadata play an essential, ubiquitous yet of-
ten invisible role because they are one of the key players in the delicate task of
information sharing. Information sharing is one of the cornerstones of modern sci-
ence. Modern science is a shared system of theories and practices that define the
very character of scientific research and metadata work is intimately part of sci-
entific work. Metadata are integral to the production of scientific knowledge and
consequently “any scientific research based in the digital world will inevitably
be interacting with metadata” [11]. If these aspects are important for scientific
research in general, they become crucial for medical research and, in particular,
in the emerging approach of precision medicine [12]. Precision medicine takes
care of the patient at all stages of the treatment process, taking into account their
specificity and uniqueness, through intervention methods designed exclusively for
their situation, also with a view to increasingly effective prevention. Based on
the above, it is clear that: i) sharing high-data quality is essential in precision
medicine; ii) sharing high-quality data is useless if good metadata is not linked
with it. In particular, we analyze descriptive metadata extracted from precision
medicine approach to Alzheimer’s disease articles [13] through machine learn-
ing systemﬂ Alzheimer’s disease [16] is the most common form of dementia
and its rapid advancement worldwide represents a threat to the global healthcare
systenﬂ Having good descriptive metadata associated with specific Alzheimer’s
disease articles means being able to rely on all the scientific results of previous
research and help other researchers to perform new, up-to research. More in de-
tail, we describe a logical system that allows a general approach for reasoning
about metadata. The system emerges from combining of S5 modal logic with the
formulas of the infinite-valued Lukasiewicz logic and the unary modality P that
describes the behaviour of probability functions. The result is a well-motivated
system of probabilistic modal logic that defines a probability distribution over
possible worlds of the truth value of metadata extracted through machine learning
systems.

2Metadata is a pillar in data science. In general, “metadata is a means by which the complexity of
an object is represented in a simple form” [10].

3Assuming a minimal definition of information as “data + semantics”, trust on extracted infor-
mation can be identified with the result of a consistency assessment between data, metadata and
digital documents.

4On recent applications of artificial intelligence in healthcare see [14} [15].

>“The prevalence of this disorder has been expected to quadrupole by 2050, thereby exerting a
tremendous economic pressure on medical sector, worldwide” [13].



S. Cuconato

2 Lukasiewicz Logic, Modal Logic and Probability

In this section, we present the formal basis of our probabilistic modal logic and
how this logic can be applied to metadata extractiorﬂ In particular, the present
paper builds upon the recent work of Corsi et al. [23]. The propositional logicﬂ]
on which our approach is grounded is the [0-1]-valued Lukasiewicz calculus [24].
Fukasiewicz infinite-valued logic L is axiomatized as followﬂ

(L1)¢ = (¥ = ¢); (1)
(L2)(¢ = ) = (¥ = p) = (¥ = p)); 2)
(L3)(=¢ = —) = (¢ = ¢); 3)
(L) (0 = ¢) = ) = (¢ = ¢) = ). (4)

L is a form of fuzzy logic with an algebraic semantics (MV-algebras) featuring
structures defined as follows:

A= (A ® A1) (5)

where A is a nonempty set, & is a binary operation on A, while — a unary
operation on A, and 1 is a constantﬂ Therefore, a formulas of Lukasiewicz logic
can be regarded as terms in the language of MV-algebras [0, 1]:

[071] = ([07 1]7@7_'71) (6)
where [0, 1] denotes the real unit interval, and for all a,b € [0,1], a & b =
min{1l,a + b} and ~a = 1 — a.
Naturally, as shown [19] the notion of theorem (- ¢) and deductive from a
theory (T'+ ¢) are defined as usual in algebric logic.
Theorem 2.1. For every finite set of formulas 7" U ¢ in the Lukasiewicz logic

language, T' + ¢ iff for every evaluation v into [0, 1] that maps all ¢» € T to 1,
v(g) = 1 as well.

The intersection between modal logic [17, [18] fuzzy logic [19] is scientifically interesting from
both theoretical [20} 21]] and applied perspectives [22].

"The age of logic exceeds two millennia. Aristotle was the first to understand logic as the ground
of all science. In the past two centuries, logic has forged a privileged link with mathematics,
while in recent decades, starting from the work of A. Turing, logic is at the centre of research in
computer science.

80bviously, to this set of axioms must be added modus ponens as inference rule.

°An algebra with this signature is an MV-algebra if and only if (A, ®, 1) forms a commutative
monoid, and the following equations are satisfied: ——z = x; 7(-z @ y) Dy = ~(-y d z) D x.

10
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. through extension of the evalutations v on [0, 1] presents not only a strong
disjunction @ and negation —, but also a week disjunction V, an implication —
and a strong non-indemponent conjunction & :

(¢ @ ¢) = min{l,v(¢) + v(¥)}; )
v(=¢) =1 —v(9); ®)

v(¢ Ap) = min{(v(¢),v(¥)}; ©)
v(@&y) = maz{0,v(9) + v(¢) — 1}; (10)
v V) = maz{v(9),v(¥)}; (11)
v(d = ) = min{l —v(¢) +v(¢), 1}. (12)

Given the following logical preliminaries, we can now introduce modal logic.
Modal logic ML is an extension of classical logic PL. The language of standard
modal logic consist of a set of propositional variables Var, plus addition of a
modal operator O and its dual & = —0O-. The set Fm(MJL) of formulas of ML
is defined according to the following grammar:

¢u=pl|-¢|oVe|De (13)

where p € Var. Historically, there are two schools of thought of mathe-
matical semantics of modal language [25]]. The first, developed by J. McKinsey
and A. Tarski [26]], is called algebraic semantics because semantics interprets
modalities on Boolean algebras with operators. The second, was developed by
S. Kripke [27] is called relational semantics because it uses relational structures,
commonly called Kripke models.

Definition 2.1. A Kripke model for the logic S5 is a relational structure

K =W, R {ve}wew) (14)

where

1. W is a non-empty set of worlds;
2. R C W x W is the accessibility relation;

3. {vw }wew is a classical evaluation v, : Var — {0, 1}

11
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As usual, for a formula ¢ and an extraction w we denote by the truth-value of
¢ in KC at w. Given a formulas ¢ and for a atomic modal formulas C¢ we have:

16 llic,w= vu(8) (15)

| B¢ ||xc.o= 1 iff for each w' € W, wRw" implies v,/ (¢) = 1 (16)

The system S5 is defined via modus ponens and necessitation and the follow-
ing axiomﬂ

(C'PL)Axioms for classical propositional logic; (17)
(K)B(¢ = ¥) = (H¢ — TOy); (18)
(T)0¢ — ¢ (19)

(4)0¢ — DO (20)

(B)¢p — OO, 21

In recent years, several efforts have been made by the fuzzy logic commu-
nity to extend modal logic from the classical to the many-valued setting, with a
primarily semantic-based approach. For example, in [28], P. H4jek introduced
a generalization of modal logic S5 to the Lukasiewicz many-valued framework
by defining its relational semantics using Kripke-like models of the form K =
(W, R, {vy }wew ), where W is a nonempty set, R C W x W is the total rela-
tion on W, and for each w € W, v,, evaluates Lukasiewicz (non-modal) formulas
within the standard M V-algebra m corresponding to their truth-functions, while
the truth value of a modal formula Oy at w € W is determined as follows:

I 8¢ [lcw= inf{vw () | wRw'} = inf{vw (@) | w" € W} (22)

We will refer to the class of such models as M?, where ¢ stands for total. Hjek
demonstrates that the following Hilbert-style calculus, denoted by S5L, is sound
and complete with respect to the aforementioned class of relational models M".
This calculus is based on a language that extends that of Lukasiewicz logic by a
unary modality O and its dual & = —0O-, and includes the following axioms:

10Tn an S5 system, the accessibility relation is characterized as Euclidean, meaning that if a world
s is accessible to worlds ¢ and u, then ¢ and u are accessible to each other: VsViVu(sRt AsRu —
tRu).

12
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(O1)Dp — ¢ (23)
(O2)8(Y = ¢) = (¥ = By); (24)
(O3)B(¢ V) = (¢ v Dy); (25)
(C1)O(p&yp) = Cp&yp; (26)
(M P) the modus ponens rule; (27)
(NO) the necessitation rule: from ¢ infer Oy. (28)

Since extending L. by the law of excluded middle,
(LEM) ¢V ¢,

yields classical logic, adding the axiom ¢ V —¢ to S5L results in the classical
modal logic S5. Moreover, similar to the classical case, S5HL is not only sound
and complete with respect to the class M" of Kripke models (W, R, {vy bwew)
where R = W x W, but also with respect to the class M" of Kripke models
(W, R, {vy }wew), where R C W x W is an equivalence relation, i.e., reflexive,
symmetric, and transitive.

Definition 2.2. M?" is the class of models (W, R, {vy }wew), where W is
nonempty, R is an equivalence relation on W, and forallw € W, v,, isa [0, 1] MV™
evaluation of Eukasiewicz formulag']

Lemma 2.1. The classes M" and M" have the same tautologies.

Proof. Since every total relation on any set IV is an equivalence relation, if ¢ is
a tautology of M?, then ¢ is also a tautology of M, i.e., MY C M!. Con-
versely, assume that ¢ is not a tautology of M". That is, suppose there exists
K = (W, R, {vy }wew) € M" and a world w € W such that || ¢ ||x.,< 1. Since
R is an equivalence relation, the restriction of R to R[w| = {w’ € W | wRw'} is
total. Now, take W' = R[w], R = W' x W', and for all w* € W', v, is defined
asin K. Let K' = (W', R, {vyu}-en)- Since w € W', it follows by induction
that || ¢ ||xc.w< 1. Therefore, ¢ is not a tautology of M" and M* C M". O

Given these general logical preliminaries, three specific clarifications related
to our application domain are now necessary. The first, is that given our appli-
cation domain, we do not use simple propositional formulas p but formulas on
metadata (or metadata propositions) m. These formulas behave in the same way
as propositional formulas, and if a formula on metadata ¢ is compound, then ¢ is
computed by truth-functionality using classical connectiveﬂ

"If ¢ is any formula in the language of S5t, K = (W, R, {vy }wew) € MY, and w € W, the
truth value of ¢ in K at w, denoted |||k, is defined as usual.
12Metadata propositions follow the principles of truthmaker semantics [29] 30].

13
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Therefore, we can replace the set F'm (ML) of formulas of ML with the
following grammar

¢pu=m|=¢|pVe|De (29)

where m € Var. The second clarification is still about our domain of appli-
cation, we do not speak of possible worlds but of possible extractions, which we
denote with e and . Mathematically, there is no difference between the concept
of world and that of extraction. Finally, the third clarification concerns the fact
that the classical evaluation v,, is replaced by v.. As usual, v, also assigns a truth
value to each metadata variable in each possible extraction. Therefore we can
replace K with

K= (E7 Ra {Ue}eEE) (30)

where

1. F is a non-empty set of metadata extractions;
2. R C E x FE is the accessibility relation;

3. {Ve}eck is a classical evaluation v, : Var — {0, 1}.

In this way, for a formula ¢ and an extraction e we denote by the truth-value
of ¢ in IC at e. Given a formulas ¢ and for a atomic modal formulas C¢ we have:

I llge= ve() 31

| D¢ ||z .= Liff for each ¢’ € F, eRe’ implies v (¢) = 1 (32)

The last operator we need to introduce is the one specific to probability. Let
A(¢) be the set of extractions (worlds) where ¢ is true, a probability model P for
a countable space E of possible extractions assigns a probability P(e) to each ex-
traction, such that 0 < P(e) < land ) _, P(e) = 1. Given a probability model,
the probability of a logical formula ¢ is the total probability of all extractions in
which ¢ is true:

P(¢)= > Ple) (33)

e€A(¢)

Thus, we can define the belief functions and the possibility and necessity mea-
sures as follows.

Definition 2.3. A belief function on a boolean algebra A is a [0, 1]-valued map
B : A —[0,1] satisfying:

14
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(B1) B(T)=1, B(l)=0; (34)

(\/ 1/11> > Z Z 1)*'B </\ zpj) ,forneN.  (35)
i=1 JC{1,...,n}: JjeJ
|T|=i
Definition 2.4. A possibility measure on a Boolean algebra A is a map II :
A — [0, 1] such that

(IT1) TI(T) = 1,II(L) = 0; (36)

(I12) II(2)1 V g) = max {II(¢1), I(e)q)} for all ¢,y € A. 37)

Definition 2.5. A necessity measure is the dual notion of a possibility measure,
anditisamap N : A — [0, 1]

(N1)N(T)=1,N(L)=0; (38)
(N2) N(¢y A thg) = min {N (1), N (1))} for all ¢y, 9 € A. (39)

3 Probabilistic Modal Logic and Metadata

Based on the above, we have a unified logical system combining the language
of Lukasiewicz logic L, the language of modal logic S5 L5 with in addition the
unary modality P Lgp. This logical system for reasoning about metadata is fo-
cuses on the following classed of formulas:

Logics for Metadata

T

CF > CMF PMF

T, LAV, = a, ¢ P

¢, 7, N, 9V Y D¢, ¢ — Oy, D(Be A ) P(¢), P(¢ — D)

15
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where

CF is the set of classical formulas;

CMF is the set of classical modal formulas;

PMF is the set of probabilistic modal formulas;

the blue arrow represents the fact that CMF is an extension of C

the red arrow represents the fact that PMF is obtained starting from

CMKE"}

* the green arrow shows some example for each class of formulas.

Finally, let us define a semantics for the language £, = CF U CMF U PMF
containing all the sets of formulas defined above.
Definition 3.1. An S5 probability model is a tuple

M = (Ea R7 {Ue}eEEa {pe}eGE) (40)

where

1. F is a non-empty set of metadata extractions;
2. (E, R,{v¢}eck) is a standard S5-Kripke model;

3. Forall e € £, p, 1s a probabilistic distribution on £.

We define the truth-value of ¢ in S at e (denoted || ¢ ||r1) in CF and CMF
as follows:

If p € CF, then || ¢ [|pme= ve(9); (41)

If ¢ € CMF and ¢ = 09, then || ¢ pe=] O¢ [|age= inf {|| ¢ [[}rrer | eRe N
(42)
Of course, if ¢ € CMF and is compound, then || ¢ ||y, is computed as usual
by truth-functionality using classical connectives.
Instead, if ¢ € PMF (and ¢ is atomic) the situation is more articulated

BTherefore, by definition, CF C CMN.

“More in detail, in PMF atomic probabilistic modal formulas are all those in the form P(¢) for
¢ € CMF, while “composed probabilistic formulas are defined by composing atomic ones with
connectives of the Lukasiewicz language” [26].

BSFor any ¢ € CMF | || ¢ ||m..€ {0,1}.

16
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16 lane=l P@) llane= D {pele) 11l o= 11 (43)

For example, if ¢ = P(1) and ¢ is an atomic PMF formula, with i) € CF,
then

I P@) late= D _Ape(@) [ ¢ o= 13 =Y {pe(¢) [ve(w) =1} @4

To put it differently, || P(¢)) || . is the probability of ) computed in e.

4 An Application Case

In this section, we show with a precise example how our system allows us a
logical-probabilistic approach to reasoning about metadata. More in detail, from
a point of view of possible worlds, we represent an S5 Kripke frame (W, R) on
five possible worlds as found in Figure 2[}

Figure 2: An S5 kripke frame (W, R) on five possible worlds.

On the contrary, from a point of view of possible extractions, each extraction
must be understood as an actual extraction by a machine learning-based system.
As we specified in section 1. metadata we are analysing is descriptive metadata
extracted from precision medicine approach to Alzheimer’s disease articles. In
particular, the first medical article concerns the need to identify “reliable blood-
based biomarkers for Alzheimer’s disease (AD) that are tied to the biological
ATN (amyloid, tau and neurodegeneration) framework as well as clinical assess-
ment and progression” [15], while the second medical article is about “the largest
metabolome investigation of dementia to date” [16]]. Both extractions are focused

16Compared to when ¢ € CMF, if ¢ € PMF and is compound, then || ¢ ||, is computed by
truth-functionality using Lukasiewicz connectives.
"The following figure and part of the example is taken from [23].

17
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on three specific descriptive metadata: title (m;), journal (ms), and keywords

(m3

Example 4.1. Let us consider a language with three metadata m,, mq, ms and
the following S5 Kripke model.
Let the evaluations v, be as follows:

€1 ): my, Mg, M3 (45)
€2 }: my, 7Mg, M3 (46)
es = —my, my, —mg 47)
€4 |= my, 22, M3 (48)
es = —my, “mg, mg (49)

€1

The advantages of this representation compared to Fig. 2 is twofold: i) it is
possible to immediately associate correctly metadata extracted in each extraction;
and ii) it is quicker to trace full extractions such as extraction e;, from empty ones
such as e;. Table 1. gives a summary of all heading levels.

8For example, if metadata title is correctly extracted then m; expresses a true metadata proposi-
tion, while if metadata journal ms is not correctly extracted then mo expresses a false metadata
proposition.
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Probability distributions | e; | ex | e3 | eq4 | es
D1 5 | 15| 1/5|1/5]1/5
Do 173 11/3|1/3] 0 0
D3 O |1/141/412] 0
D4 O | 173 0 |1/3]1/3
D5 1/4 1 1/4| 0 | 1/4 | 1/4

Table 1: Probability distributions

Given, let M = (E,R,{e1,...,e5},{p1,...,ps}) and ¢ = my V mg. Its
models are eq, ey, e4. Then, for every ¢ = 1,...,5, it is simple to compute ||
P(¢) ||me; as pi(er) + pi(e2) + pi(esq). For instance, || P(¢) ||pe,= 3/5 and
H P(¢> ||M,e4: 2/3

If instead ¢ = m3 — (my A my), its models are ey, e3, e4, 5. Then, for every
i=1,...,5,itis simple to compute || P(¢) ||rm.e as pi(er) + pi(es) + pi(es) +
pi(es). For instance, || P(¢) ||me,= 4/5and || P(¢) || pm.en= 2/3.

Let us now consider the following formula P(0¢). In order to compute ||
P(0¢) || m,e;» we first need to notice that the models of O¢, are e4 and e5. In fact,
foralls = 1,2, 3, e;Rey and ey # ¢. Therefore, forallz =1,...,5.

| P(B9) [[m.e;= piles) + pie = 5) (50)
Thus, || P(O9) [|ste.= 2/5, || P(99) [ ame;= 0, [| P(O9) || sses= 1/

5 Discussion, Conclusion and Future Work

Logical reasoning and machine learning “have been the two foundational pil-
lars of artificial intelligence since its inception, and yet, until recently the interac-
tions between these two fields have been relatively limited” [[15]. In this paper, we
initiated a new line of research that aims at investigating new symbolic approaches
for Al applied to automatic metadata extraction. The study of automatic metadata
extraction has led to the development of various techniques and approaches, re-
sulting in numerous tools and frameworks. However, several critical issues arise,
particularly concerning the limitations in the reference literature. The first critical
issue relates to the fact that two distinct approaches to automatic metadata genera-
tion are commonly observed in the scientific literature: on one hand, research into
techniques for extracting information from digital resources; on the other hand,
software development for content creation. These two streams are often addressed
separately, but their integration could significantly improve automatic metadata

YNote that, forall i = 1,...,5, || P(3®) ||rm.e; <|| P(®) |r.e;-

19
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generation and extraction, enabling the production of electronic documents rich
in embedded metadata. The second critical issue with the prevailing approaches in
the literature is that they are largely based on quantitative and sub-symbolic meth-
odﬂ While these methods have proven effective for large-scale data processing,
they often lack a rigorous framework for ensuring the consistency, correctness,
and completeness of the extracted metadata. These are qualitative aspects that
are crucial in fields like scientific research, where metadata is not just an acces-
sory but a foundation for the integrity of information sharing. The absence of
qualitative methods — defined here as the systematic use of symbolic logic and
formal systems — leaves a gap in the ability to verify the coherence and relia-
bility of metadata. Such symbolic approaches could provide a robust framework
for addressing these criticalities, offering tools to check for logical consistency
and correctness in a way that purely quantitative methods cannot. By incorpo-
rating symbolic reasoning, we bridge the gap between the speed and efficiency of
quantitative techniques and the need for precise, verifiable metadata in high-stakes
environments such as medical research. In details, in this paper we have devel-
oped a symbolic approach based on probabilistic modal logic for reasoning about
metadata extracted from Alzheimer’s disease articles through machine learning-
based systems. Our system emerges from combining of S5 modal logic with the
formulas of the infinite-valued Lukasiewicz logic and the unary modality P that
describes the behaviour of probability functions. The result is a well-motivated
system of probabilistic modal logic that defines a probability distribution over
possible extractions (worlds) of the truth value of metadata extracted through ma-
chine learning systems. In this way, our logical system can provide an innovative
tool to support data mining. On the basis of these reflections, two future directions
can be identified. The first aims to strengthen the connection between logical rea-
soning and machine learning: i) by combining machine learning and symbolic
solvers to enable logical reasoning in machine learning systems for metadata ex-
traction; and i) by applying other areas of mathematics like combinatorics on
words [32], algebraic-lattices based logic [33]], Jaskowski—Fitch natural deduction
proofs [34] or topological interpretation of modal logic [35] to assess metadata
quality and veracity. The second line of research delves into applying probabilis-
tic modal logic to address data uncertainty in Al [36]. In conclusion, if we merely
accept the solutions offered by Al passively, we risk losing our ability to reason
independently and develop innovative ideas [37]. Reflecting on the quality of the
data is a crucial first step in ensuring that we don’t blindly accept what Al offers.
In a world increasingly dominated by automation, it is essential for humans to
continue questioning and challenging the outcomes generated by Al.

20With the exception of a few studies that, however, focus strictly on taxonomy, the Q-Codes, and
its vocabulary [31].
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