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Abstract

Considering the distinctive generalization of the Gronwall-Bellman
inequality, in this paper we innovates new dynamical inequalities on
time scale. These inequalities will be acted a profound tools for study-
ing qualitative properties such as uniqueness, existence, stability and
asymptotic behavior of solutions of dynamic equations on time scale.
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A Nonlinear Generalizations of Dynamic Inequalities on Time Scales

1 Introduction

Inequalities play pivoted role in the development of mathematics and sci-
ences. Most of the inequalities have been acting as an extensive aid for the
study of the qualitative properties of solutions of differential and integral equa-
tions. Consequently over the years many such new inequalities have been re-
vealed, which are determined by uncontested applications. For example, see
(1;2; 3;5; 10; 11; 13; 17) and the references therein.

In the analysis of some dynamic differential and dynamic integral equations,
existing inequalities are inadequate. Thus, it is necessary to have some new in-
equalities in order to study these equations.

In this paper, we have established nonlinear dynamic inequalities on time
scales and their applications. We generalized some crucial inequalities by mak-
ing use of well-known Young’s inequality. Here we have used certain analytical
techniques to develop nonlinear dynamic inequalities on time scales. Our work is
refinements and generality of existing results. Few applications of our are given
to find importance of our work. It is an interesting and important techniques study
differential and integral equations. Section 2 includes basic definitions, results
and preliminaries which are useful for our main results. In Section 3, we are es-
tablishing some generalizations and variants of the inequalities established by A.
A. El-Deeb (6). In Section 4, we present some applications of our main results.
In particular, we discuss the boundedness behavior of solutions of a nonlinear
dynamic equation on time scales.

2 Preliminaries

In this section, we are presenting some basic concepts on time scales which
are required to set up our main result. Let R be the set of real numbers, R
represents the set of positive real numbers, Z represents the set of integers. T,
time scale has a topology that it inherits from standard topology on real numbers
R and Ty = [tg,00) N'T.

Suppose ¢ : T — T is defined as

o) :=inf{zx eT:z >t}

and ¢ is called as forward jump operator and the backward jump operator p : T —
T is defined as

p(t):=sup{x e T:z <t}

Let inf () =sup T and sup @ =inf T, where () is the empty set. We say that
a point t € T is left dense if p(t) = ¢ and right dense if ¢(f) = ¢, where inf
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T <t <supT. A function h : T — R is said to be a right dense continuous
(rd-continuous) function if h is continuous at right dense points and at left dense
points in T, left-sided limit exist and is finite. C,4(T) denotes the set of all such
rd-continuous functions.

Let 1(t) and v(t) be forward and backward graininess function on a time scale
and are defined as p(t) := ¢(t) — t and v(t) = t — p(t) respectively.

Given a time scale T we introduce sets T", T, and T% as follows: If T has
left scattered maximum ¢;, then T® = T — {¢;}, otherwise T" = T. If T has
right scattered minimum t¢5, then T = T — {¢,}, otherwise T* = T.Finally
T = T*NT,. We will give the definition of the generalized exponential function
and its derivatives. We say that p : T — R is regressive provided 1+ u(t)p(t) # 0,
for all t € T" R be set of all regressive and rd-continuous functions. We define the
set R of all positive regressive elements of Rby RT = {p € R : 1+ pu(t)p(t) >
0,Vt € T}. If p € R, then we define the exponential function by

where £, (2) is the cylinder transformation, which is defined by

Log(1+hz)
{QT, h+#0

n(2) = z, h=0.

Lemma 2.1. [(12), Young’s Inequality] If x > 0,y > Oand%Jr% = 1lwithp > 1,
then

Q=

x%yﬁ +

IR
=

with equality holds if and only if x = y.

Lemma 2.2. Let ty € T and k : T x T® — R be continuous at (t,t), where
t > tgandt € T". Let k®(t,.) be rd-continuous on [ty,o(t)]. If for any € > 0,
there exist a neighborhood U of t, independent of T € [ty, o(t)], such that

[E(a(t), 7) = k(s,7)] = k2 (t, 7)o (1), s]| < elo(t) — s,

forall s € U.
If k* represent the derivative of k with respect to the first variable, then

0= [ k.o,

to

vields

FA() = / KA 7)AT + k(o(t), 7).

to
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Note 2.1. If T=R, then

o(t) = () = 0, F2(1) = £ (1), / f(H) At = / F(t)dt

and if T = 7, then

b b—1
o) =+ 1,lt) = 1120 = A1), [ F0180 =Y F(0)

Lemma 2.3. Let u,b € C,qand a € R™. Then
u”(t) < a(t)u(t) +b(t),t > to,t € T,

vields

u(t) < ulto)eq(t,to) + /t eq(t,o(T)b(T) AT, t > to, t € T,

to

Lemma 2.4. Ifp,q € Rand a,b,c € T, then
1. ey(t,to) = Llandey(t,s) = 1.

2. ep(o(t),5) = (1+ p(t)p(t))ey(t, 5).

IfT =R, then
ealt, to) = cxp ( /t ta(s)ds)

IfT = Z, then 0
caltte) = [ (1+a(s).

3 Main Results

In this section, we state and prove inequalities

ey

2)

3)

“4)

Theorem 3.1. Suppose that u(t), a(t),b(t), z(t),y(t) € Crq(To, Ry ) and h(t, s),
he(t,s) € Crg(Ty x To,R,). Let I, m,n be real numbers such that | > m >

0, I > n > 0. Iful(t) satisfies the inequality

W) < alt) + b(#) / (s)u™(s) + y(s)u™(s) + h(t, )| A,

to
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forallt € Ty, then

ult) < [a0) 4 000) [ eult, 618,

to

forallt € Ty, where and p are

ule) =000 (o0 + o0
and
p@):ﬂw{?@uy+é%@]+y@)F%£b%?qn]+

Proof. Define a function 7(t) as

(1) = / [2(s)u™(s) + y($)u"(s) + ht, 5)] As,

to

for all t € T. Then we have 7(¢) > 0 non decreasing function on Ty with
7(to) = 0 and (5) can be written as

ul(t) < a(t) 4+ b(t)7(t),

forall t € Ty. From (10) and using lemma 2.1, we find

[ —

3

u™(t) < ?

o~ ‘

for all t € T,. Correspondingly, we get

alt) + Zb(t)r(t),

l—n
u™(t) < l + l

~| 3

for all t € Ty. Now differentiating (9), we find

2(t) = x(t)u™(t) + y(t)u(t) + h(p(t),t) + / ho(t, s)As,

to
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A Nonlinear Generalizations of Dynamic Inequalities on Time Scales

forallt € T.
Now applying lemma 2.2 and using inequalities (11), (12), we obtain

T2 (t) <b(t) Tx(t) + Ty(t)} 7(t) + x(t) {Ta(t) Z_Tm} +
¢ (14)
y(t) {Z_T + —a(t)] + h(o(t),t) +/t h2(t, s) s,
2t) < T(t)u(t) + v(t). (15)

for all t € Ty, where u(t) and p(t) are given by (3.3) and (3.4) respectively. Now
a suitable application of lemma 2.3 to (15) with 7(¢y) = 0, we have

w0 < [ et o(s)plo)s (16)

to
Finally, (6) follows from (10) and (16). L]

Remark 3.1. If T = R and h(t,s) = 0 in theorem 5 and using relation (1) and
(3), then we obtain [(14), theorem 1 part(a,)].

Remark 3.2. If T = Z and h(t,s) = 0 in theorem 5 and using relation (2) and
(4), then we obtain discrete analogue [(14), theorem 3 part(cy)].

Remark 3.3. If m = [ and n = 1, then the theorem 5 reduces to the theorem 3.4
of (6).
Corolary 3.1. Letu(t), z(t), y(t), b(t), h(t, s), h>(t, s), 1, m, n be defined as same

as in theorem 5 and ¢ € C,q(Ty, R, ) be a non decresing function on Tq. If u'(t)
satisfies the inequality

t

ul(t) < c(t) + b(t)/ [z(s)u™(s) +y(s)u™(s) + h(t, s)|As, (17)

to

forallt € Ty, then

wlt) S D+ 50) [ 00006510 (18)

to
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forallt € Ty, where p1(t) and p,(t) are defined as

m—I n—I
1 (t) = bit) [m c l(t)x(t) N nc (lt)y(s)] (19)
and
pr(t) =)o)+ T et | 4 5+
¢ (20)
h(o(t),t)cH(t) + / hA(t, s)c 7! (s) As.
to
Proof. Since ¢ € C,4(Ty, R, ) is non decreasing function, from (17) we find,
u(t)}l v et (12"
— + b(t t —
] <renn [ e (5 .
+ ()" 7H(s) (%) +c7(s)h(t, s)} As,
forall ¢ € T. By the theorem 5, we deduce that
t
ut) <O +0) [ et ()1, 22)
to
where 111 and p; are given by (19) and (20). This completes the proof [l

Theorem 3.2. Let u(t), x(t), y(t), a(t), b(t), h(t, s), h>(t,s),l,m,n be defined as
same as in theorem 5 and d € C,4(To, R.). If u'(t) satisfies the inequality
t
d(0) < alt) +5(0) [ Bl S[alu"(5) 4yl (s) 4 d(5)] s (2
to

forallt € Ty, then

1
1

u(t) < [a(t) +b(t)/ eus (1, gb(s))pg(s)ﬁs} , (24)

to

for allt € Ty where s and py are defined as

(25)
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and

(26)
forallte Ty
Proof. Define a function 7, (t) as
t
n(0) = [ b)) s ()]s @D
to

forall t € Ty. Then 74 (to) = 0 and 7, (¢) > 0. Then as in the proof of theorem (5)
from (23) we see that inequalities (11) and (12) holds for ;. On differentiating
(27) and applying lemma 2.2. we obtain

T (8) = h((), ) [x()u™ () + y(t)u" (1) + ()] +

/ Bt ) [e(s)u™ (s) + y(s)u” (s) + d(s)] Aos, 28)

to
for all t € Ty. From lemma (2.2) and using (11) and (12) in (28), we obtain,
#0) <h(60).0) |20 S+ Tato) + Fa0m))
oyt (Z‘T” + a(t) + "ol (t)) ¥ d(t)] "

/t: ho(t, s) [x(S) (Z_Tm 4 ?a(s) N ?b(s)ﬁ@)) N (29)
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The inequality (29) gives
n2(0) <[ n(oto), 0 o) (ot + i)
+ /t: B2 (t, 5)b(s) (?x(s) + %y@)) As] 0 (t)
(000 [« ("5 + ao)

) (S Fatt)) + )|+ -
[ s oo (S5 4 at )+
y(s) <Z_T” + %@)) + d(s)} As.

(1) < 1 On(0) + ) a1

for all t € Ty where p5(t) and 15(t) are given by (25) and (26) respectively. By
(31), lemma 2.3 and with 74 (¢y) = 0, we obtain

ni < [ eyt 6())pals) s, 32

forallt € T,.
Making use of the (32) in u'(t) < a(t) + b(t)7(t), we get the inequality (24). [

Corolary 3.2. Let u(t), z(t),y(t),a(t),d(t),b(t), h(t,s), h>(t,s),l,m,n be de-
fined as same as in theorem 6 and c(t) be defined as same as in corollaty 5. If

ul(t) < J(t) + b(t)/t h(t,s)[xz(s)u™(s) +y(s)u™(s) + d(s)|As (33)
forallt € Ty, then

ult) < e(®)[1 4 b(t) / s (1, 6(5))s () A, (34)

forallt € Ty, where 3 and ps are defined as
mla(t) e ly(t)

13(t) = h(o(t), 1) [b(t)(mc T >]+
/t: B (L 5)b(s) <mc;nlb(5) + ncl ly(S)>AS

(35)
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and

forallte T

Proof. Since ¢ € C,.q(Ty, R ) is non decreasing function, from (17), we write

{%Y <1+ b{t)h(t, s) /t: {cml(t)b(@ <%>m+

N (36)
y(s)c"(s) (%) + c_l(s)d(s)] As,
for all t € T. By theorem (6), we have
u(t) K 1
% < [1 + b(t) /to €3 (t7 ¢(S>>p3(3)AS] by (37)

where, 113(t) and v3(t) are given by (35) and (??) respectively for all ¢ € T. This
completes the proof ]

Theorem 3.3. Let u(t), z(t),y(t),a(t),b(t), h(t,s), h>(t,s) be defined as same
as in theorem 5, |, m be constant such thatl > m > 0and d € C,4(To xR, R,),
such that

0 < d(t,a) — d(t, B) < §(t, B)(a — B) (38)

forallt € Tyand o > 0,5 > 0, where 6 € Crq(To x Ry Ry). If

ul(t) < a(t) + b(t) /t [d(s,u™(s)) + h(t, s)] As, (39)

to

forallt € Ty, then

~l=

u(t) < [a(t) + b(t) / ot 8(5)), pa(5) 28] (40)

to
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forallt € Ty, where p3(t) and p3(t) are defined as

a(t) = 6 (t, Z_Tm + ?a(t)) Zh() (1)

and
l—m m t A
Proof. Suppose that
n(t) = [ (dls.um(s) + it ) B, @)

to

for all t € T. Then from (39), we get

u™(t) < [a(t) + b)) T (1) 7. (44)
By lemma 2.1 and the inequality (44), we obtain

um(t) < [Z_Tm + Talt) + ?b(t)n(t)] (45)

From (43), (45), (39) and lemma 2.2, we deduce that

2 (t) < 5(t, il + %a(t)) %b(t)Tg(t)—i-

72 (1) < ps(t)ma(t) + ps(t), (46)

for all t € T, where p3(t) and p3(t) are given by (41) and (42) respectively. From
(46) and lemma 2.3 with 75(¢y) = 0, we obtain

) = [ eunlt o))ps(s) 55, @)

to

for all t € Ty. Using (47) in u'(t) < a(t) + b(t)m»(t), we obtain (40). O
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Theorem 3.4. Let u(t),a(t),b(t), h(t,s), h>(t,s) be defined as same as in theo-
rem 5, l,m be constants such that | > m > 0 and d € C,4(Typ x R, Ry) and
A € C(Ty,Ry) be a strictly increasing function with \(ty) = 0 such that

0<d(t,a)—d(t,p) <t BN a—p), (48)
forallt € Tgand o, B > 0 where 6 € Cq(Tog x Ry, R, ) and
A aB) = AT a)AT(B), (49)

forall o, 3 € Ty where A=\ is the inverse of \. If u'(t) satisfies inequality

W) < alt) + b(t)o /t (s, w(s)) + h(t, )] A, (50)
forall t € Ty, then
ult) < a0) +30) (0. 06D n(e) 5 51
forallt € Ty, where yus(t) and ps(t) are defined as,
15(t) = 5(t, Z_Tm + %(t)) A (@) (52)
and
ps(t) = d(t, Z_Tm + %(z)) +R(6(t), 1) + /t thA(t, $)As.  (53)
Proof. Let

m(t) = / [d(s,u™(s)) + h(t, s)] As. (54)

to

Then by lemma 2.1, we deduce that

ul(t) < a(t) + b(t)A(1a(1)), (55)

() < [l —m  ma(t) mb(t)

Tt A1) ], (56)
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ﬁ%ﬂ:ﬂ@Mﬁ”+h@@J%ﬁ/h%@@A&

to

T (t) < ps(t)2(t) + ps(2),

forallt € Ty
where p5 and 75 are given by (52) and (53) respectively.
From the inequality (49)and lemma (2.3), we get

n(t) < / ity (£ 3(3))pa(s) s,

to

forallt € Ty
The inequality(51) follows from (55) and (59).
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4 Applications

In this section, we present some applications of our main results. In particular,
we discuss the boundedness behavior of solutions of a nonlinear dynamic equation
on time scales.

Example 4.1. Consider the following dynamic integral equation:

W) = Q) / "I(s, u(s), ht, $)) s, ulto) = alto) = 0, 60)

to
forallt € Ty, where Q € Crq(Tog X R,R) and T’ € C,4(Ty x R?, R) satisfying
€2(, 7)| < alt) +b(t)|4], (61)

and

IL® f.9)] < d(s,[f™]) + 9, (62)
where a,b,d € C,4(To, R, )
wlt) < [a(0) + 000 [ €uult,6()p5) 51 )

forallt € Ty, where I, m, us, p3 are given by the theorem 3.3. From (60) and by
the assumption (61) and (62), we have

\wm—mm/r@wwuwmmu

to

W(1) §Q(t,/t ID(s, u(s), h(t, 5))As)),

[u' ()] < la(t)] + Ib(t)l/t [ld(s, u™(s))] + h(t, 5)]As, (64)

forallt € Ty. By theorem 3.3 and (64) yields

1
l .

mwgmww@/uww@mmmﬂ (65)

to

Note that each function of the right hand side of (65) is known. Therefore if t is
fix, then solution u(t) is bounded.
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Example 4.2. Consider the following dynamic equation on time scales:
()2() = Ot (1), ht, )), t € To, (66)
with initial condition j(to) = C'1, where © € Cra(Ty x R3,R).
Theorem 4.1. Assume that
O(t,5(t), h(t, s))| < h(t, s)[x(t)j™ (8) + y(£)j" () + d(D)] (67)

where j7'r7y7d € Crd<T07R+)7 h(t75)7 hA<t7 8) € Crd(TO X T07R+>' If.] is a
solution of dynamic equation (66), then

~I=

it <0+ / et 6(5))pa() A, (68)

to
forallt € Ty, where |, m,n, us and py are given by theorem 3.2.

Proof. Clearly, the solution j of dynamic equation (66) with initial condition
1 . . . . . .
j(to) = C'7, satisfies the equivalent dynamic integral equation on time scales

jlt)=C + /t @(s,j(s), h(t, s))As, (69)

to

1
l

for all ¢t € T, with initial condition j(ty) = C
assumption (67), we have

. In fact from (69) and by using

Jl =10+ / O (s, j(s). h(t,5)) s,

to

171 (t)] < |C|+/t 1©(s,4(s), h(t, s))As|,

7' < |C] +/ h(t, s)[x(s)[5™ (s)] + d(s)]7"(s)| + d(s)]|,  (70)

to

with initial condition j(t,) = C'7. Then a suitable application of Theorem 3.2
with a(t) = C and b(t) = 1 to (70), gives (68). O

Example 4.3. Consider the following dynamic integral equation on time scales:

#0 = (v, [ Wiopas) e, an

to

where ® € C,q(To x R2R) and ¥ € C,q(Ty x R).
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Theorem 4.2. Assume that

‘CI)(t) (t,j(t), /t \If(s,j(s))A:s) ’ < alt) + (1)

to

[wsi| o

to

(W (t, 5 (@) < alt)j™(t) +y(t)j"(t) + h(t, s), (73)

where j? T,Y,a, b € Crd(T07 R+>, h‘(t7 S)? hA<t7 S) € Crd(TO X TO; RJr) If] is
solution of dynamic equation (71), then

o~

J(t) < {aoﬁ) +o00) [ eu<t,¢<s>>p<sms] , %)

to
forallt € Ty, where I, m,n, pwand p(t) are given by theorem 5.
Proof. In fact from (71) and by using assumption (72) and (73) we have
t
0 = [0 (e0, [ s enas),
to

7(O] < a(t) +b(1)

/t:ws,j(s)ms

0] < alt) + b(t) / (s, 3(s))] s

0] < a0 +000) [ [w<s>|jm<s>| Lyl ()] + A, sﬂ ps.  (5)

to

An application of theorem 5 to (75) we get (74). U

5 Conclusion

In this paper, we begin with review of nonlinear dynamic inequalities on time
scales and their applications. We generalize nonlinear dynamic inequalities using
Young’s inequality and lemma 2.3. Our work includes several nonlinear dynamic
inequalities on time scales . we have obtained new nonlinear dynamic inequalities.
Our results are refinements and generality of some existing results in (6). Many
existing results in the literature are reduced to the special case of our results when
m = n = 1. Some applications to dynamic equations are provided. The findings
of this study can be utilized in the analysis of dynamic equations. It is an interest-
ing and new problems that upcoming researchers can develop similar inequalities
for in their future research work, about differential and integral equations.
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