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A Nonlinear Generalizations of Dynamic Inequalities on Time Scales

1 Introduction
Inequalities play pivoted role in the development of mathematics and sci-

ences. Most of the inequalities have been acting as an extensive aid for the
study of the qualitative properties of solutions of differential and integral equa-
tions. Consequently over the years many such new inequalities have been re-
vealed, which are determined by uncontested applications. For example, see
(1; 2; 3; 5; 10; 11; 13; 17) and the references therein.

In the analysis of some dynamic differential and dynamic integral equations,
existing inequalities are inadequate. Thus, it is necessary to have some new in-
equalities in order to study these equations.

In this paper, we have established nonlinear dynamic inequalities on time
scales and their applications. We generalized some crucial inequalities by mak-
ing use of well-known Young’s inequality. Here we have used certain analytical
techniques to develop nonlinear dynamic inequalities on time scales. Our work is
refinements and generality of existing results. Few applications of our are given
to find importance of our work. It is an interesting and important techniques study
differential and integral equations. Section 2 includes basic definitions, results
and preliminaries which are useful for our main results. In Section 3, we are es-
tablishing some generalizations and variants of the inequalities established by A.
A. El-Deeb (6). In Section 4, we present some applications of our main results.
In particular, we discuss the boundedness behavior of solutions of a nonlinear
dynamic equation on time scales.

2 Preliminaries
In this section, we are presenting some basic concepts on time scales which

are required to set up our main result. Let R be the set of real numbers, R+

represents the set of positive real numbers, Z represents the set of integers. T,
time scale has a topology that it inherits from standard topology on real numbers
R and T0 = [t0,∞) ∩ T.

Suppose ϕ : T → T is defined as

ϕ(t) := inf {x ∈ T : x > t}

and ϕ is called as forward jump operator and the backward jump operator ρ : T →
T is defined as

ρ(t) := sup {x ∈ T : x < t}.

Let inf ∅ =sup T and sup ∅ =inf T, where ∅ is the empty set. We say that
a point t ∈ T is left dense if ρ(t) = t and right dense if ϕ(t) = t, where inf
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T < t < sup T. A function h : T → R is said to be a right dense continuous
(rd-continuous) function if h is continuous at right dense points and at left dense
points in T, left-sided limit exist and is finite. Crd(T) denotes the set of all such
rd-continuous functions.

Let µ(t) and ν(t) be forward and backward graininess function on a time scale
and are defined as µ(t) := ϕ(t)− t and ν(t) = t− ρ(t) respectively.

Given a time scale T we introduce sets Tκ,Tκ and Tκ
κ as follows: If T has

left scattered maximum t1, then Tκ = T − {t1}, otherwise Tκ = T. If T has
right scattered minimum t2, then Tκ = T − {t2}, otherwise Tκ = T.Finally
Tκ

κ = Tκ ∩Tκ. We will give the definition of the generalized exponential function
and its derivatives. We say that p : T → R is regressive provided 1+µ(t)p(t) ̸= 0,
for all t ∈ Tκ,R be set of all regressive and rd-continuous functions. We define the
set R+ of all positive regressive elements of R by R+ = {p ∈ R : 1+µ(t)ρ(t) >
0,∀t ∈ T}. If p ∈ R, then we define the exponential function by

where ξh(z) is the cylinder transformation, which is defined by

ξh(z) =

{
Log(1+hz)

h
, h ̸= 0

z, h = 0.

Lemma 2.1. [(12), Young’s Inequality] If x ≥ 0, y ≥ 0 and 1
p
+ 1

q
= 1 with p > 1,

then

x
1
py

1
q ≤ x

p
+
y

q

with equality holds if and only if x = y.

Lemma 2.2. Let t0 ∈ Tκ and k : T × Tκ → R be continuous at (t, t), where
t > t0 and t ∈ Tκ. Let k△(t, .) be rd-continuous on [t0, σ(t)]. If for any ϵ > 0,
there exist a neighborhood U of t, independent of τ ∈ [t0, σ(t)], such that

|[k(σ(t), τ)− k(s, τ)]− k△(t, τ)[σ(t), s]| ≤ ϵ|σ(t)− s|,

for all s ∈ U.
If k△ represent the derivative of k with respect to the first variable, then

f(t) =

∫ t

t0

k(t, τ)△τ,

yields

f△(t) =

∫ t

t0

k△(t, τ)△τ + k(σ(t), τ).
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Note 2.1. If T=R, then

ϕ(t) = t, µ(t) = 0, f△(t) = f
′
(t),

∫ b

a

f(t)△t =
∫ b

a

f(t)dt (1)

and if T = Z, then

ϕ(t) = t+ 1, µ(t) = 1, f△(t) = △f(t),
∫ b

a

f(t)△t =
b−1∑
t=a

f(t)dt. (2)

Lemma 2.3. Let u, b ∈ Crd and a ∈ R+. Then

u△(t) ≤ a(t)u(t) + b(t), t ≥ t0, t ∈ Tk,

yields

u(t) ≤ u(t0)ea(t, t0) +

∫ t

t0

ea(t, σ(τ))b(τ)△τ, t ≥ t0, t ∈ Tk.

Lemma 2.4. If p,q,∈ R and a, b, c ∈ T, then

1. ep(t, t0) = 1 and e0(t, s) = 1.

2. ep(σ(t), s) = (1 + µ(t)p(t))ep(t, s).

If T = R, then

ea(t, t0) = exp

(∫ t

t0

a(s)ds

)
(3)

If T = Z, then

ea(t, t0) =
t−1∏
s=t0

(1 + a(s)) . (4)

3 Main Results
In this section, we state and prove inequalities

Theorem 3.1. Suppose that u(t), a(t), b(t), x(t), y(t) ∈ Crd(T0,R+) and h(t, s),
h△(t, s) ∈ Crd(T0 × T0,R+). Let l,m, n be real numbers such that l > m >
0, l > n > 0. If ul(t) satisfies the inequality

ul(t) ≤ a(t) + b(t)

∫ t

t0

[x(s)um(s) + y(s)un(s) + h(t, s)]△s, (5)
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for all t ∈ T0, then

u(t) ≤ [a(t) + b(t)

∫ t

t0

eµ(t, ϕ(s))ρ(s)△s)]
1
l , (6)

for all t ∈ T0, where µ and ρ are

µ(t) = b(t)

(
m

l
x(t) +

n

l
y(t)

)
(7)

and

ρ(t) =x(t)

[
m

l
a(t) +

l −m

l

]
+ y(t)

[
l − n

l
+
n

l
a(t)

]
+

h(ϕ(t), t) +

∫ t

t0

h△(t, s)△s.
(8)

Proof. Define a function τ(t) as

τ(t) =

∫ t

t0

[x(s)um(s) + y(s)un(s) + h(t, s)]△s, (9)

for all t ∈ T0. Then we have τ(t) ≥ 0 non decreasing function on T0 with
τ(t0) = 0 and (5) can be written as

ul(t) ≤ a(t) + b(t)τ(t), (10)

for all t ∈ T0. From (10) and using lemma 2.1, we find

um(t) ≤ l −m

l
+
m

l
a(t) +

m

l
b(t)τ(t), (11)

for all t ∈ T0. Correspondingly, we get

un(t) ≤ l − n

l
+
n

l
a(t) +

n

l
b(t)τ(t), (12)

for all t ∈ T0. Now differentiating (9), we find

τ△(t) = x(t)um(t) + y(t)un(t) + h(ϕ(t), t) +

∫ t

t0

h△(t, s)△s, (13)
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for all t ∈ T0.
Now applying lemma 2.2 and using inequalities (11), (12), we obtain

τ△(t) ≤x(t)
[
l −m

l
+
m

l
a(t) +

m

l
b(t)τ(t)

]
+

y(t)

[
l − n

l
+
n

l
a(t) +

n

l
b(t)τ(t)

]
+ h(ϕ(t), t) +

∫ t

t0

h△(t, s)△s,

τ△(t) ≤b(t)
[
m

l
x(t) +

n

l
y(t)

]
τ(t) + x(t)

[
m

l
a(t) +

l −m

l

]
+

y(t)

[
l − n

l
+
n

l
a(t)

]
+ h(σ(t), t) +

∫ t

t0

h△(t, s)△s,
(14)

τ△(t) ≤ τ(t)µ(t) + ν(t). (15)

for all t ∈ T0, where µ(t) and ρ(t) are given by (3.3) and (3.4) respectively. Now
a suitable application of lemma 2.3 to (15) with τ(t0) = 0, we have

τ(t) ≤
∫ t

t0

eµ(t, ϕ(s))ρ(s)△s. (16)

Finally, (6) follows from (10) and (16).

Remark 3.1. If T = R and h(t, s) = 0 in theorem 5 and using relation (1) and
(3), then we obtain [(14), theorem 1 part(a1)].

Remark 3.2. If T = Z and h(t, s) = 0 in theorem 5 and using relation (2) and
(4), then we obtain discrete analogue [(14), theorem 3 part(c1)].

Remark 3.3. If m = l and n = 1, then the theorem 5 reduces to the theorem 3.4
of (6).

Corolary 3.1. Let u(t), x(t), y(t), b(t), h(t, s), h△(t, s), l,m, n be defined as same
as in theorem 5 and c ∈ Crd(T0,R+) be a non decresing function on T0. If ul(t)
satisfies the inequality

ul(t) ≤ cl(t) + b(t)

∫ t

t0

[x(s)um(s) + y(s)un(s) + h(t, s)]△s, (17)

for all t ∈ T0, then

u(t) ≤ c(t)[1 + b(t)

∫ t

t0

eµ1(t, ϕ(s))ρ1(s)△s]
1
l , (18)
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for all t ∈ T0, where µ1(t) and ρ1(t) are defined as

µ1(t) = b(t)

[
m cm−l(t)x(t)

l
+
ncn−l(t)y(s)

l

]
(19)

and

ρ1(t) =c
m−l(t)x(t)

[
m

l
+
m− l

l

]
+ cn−l(t)y(t)

[
l − n

l
+
n

l

]
+

h(ϕ(t), t)c−l(t) +

∫ t

t0

h△(t, s)c−l(s)△s.
(20)

Proof. Since c ∈ Crd(T0,R+) is non decreasing function, from (17) we find,[
u(t)

c(t)

]l
≤1 + b(t)

∫ t

t0

[
cm−l(t)x(s)

(
u(t)

c(t)

)m

+ y(s)cn−l(s)

(
u(t)

c(t)

)n

+ c−l(s)h(t, s)

]
△s,

(21)

for all t ∈ T0. By the theorem 5, we deduce that

u(t) ≤ c(t)[1 + b(t)

∫ t

t0

eµ1(t, ϕ(s))ρ1(s)△s]
1
l , (22)

where µ1 and ρ1 are given by (19) and (20). This completes the proof

Theorem 3.2. Let u(t), x(t), y(t), a(t), b(t), h(t, s), h△(t, s), l,m, n be defined as
same as in theorem 5 and d ∈ Crd(T0,R+). If ul(t) satisfies the inequality

ul(t) ≤ a(t) + b(t)

∫ t

t0

h(t, s)
[
x(s)um(s) + y(s)un(s) + d(s)

]
△s, (23)

for all t ∈ T0, then

u(t) ≤
[
a(t) + b(t)

∫ t

t0

eµ2(t, ϕ(s))ρ2(s)△s
] 1

l , (24)

for all t ∈ T0 where µ2 and ρ2 are defined as

µ2(t) =h(ϕ(t), t)

[
b(t)

(
m

l
x(t) +

n

l
y(t)

)]
+∫ t

t0

h△(t, s)b(s)
(m
l
x(s) +

n

l
y(s)

)
△s

(25)
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and

ρ2(t) = h(ϕ(t), t)

[
x(t)

(
l −m

l
+
m

l
a(t)

)
+ y(t)

(
l − n

l
+
n

l
a(t)

)
+ d(t)

]
+∫ t

t0

k△(t, s)

[
x(s)

(
l −m

l
+
m

l
a(s)

)
+ y(s)

(
l − n

l
+
n

l
a(s)

)
+ d(s)

]
△s,

(26)

for all t ∈ T0

Proof. Define a function τ1(t) as

τ1(t) =

∫ t

t0

h(t, s)
[
x(s)um(s) + y(s)un(s) + d(s)

]
△s, (27)

for all t ∈ T0. Then τ1(t0) = 0 and τ1(t) ≥ 0. Then as in the proof of theorem (5)
from (23) we see that inequalities (11) and (12) holds for τ1. On differentiating
(27) and applying lemma 2.2. we obtain

τ△1 (t) = h(ϕ(t), t)
[
x(t)um(t) + y(t)un(t) + d(t)

]
+∫ t

t0

h△(t, s)
[
x(s)um(s) + y(s)ur(s) + d(s)

]
△s, (28)

for all t ∈ T0. From lemma (2.2) and using (11) and (12) in (28), we obtain,

τ△1 (t) ≤h(ϕ(t), t)
[
x(t)

(
l −m

l
+
m

l
a(t) +

m

l
b(t)τ1(t)

)
+ y(t)

(
l − n

l
+
n

l
a(t) +

n

l
b(t)τ1(t)

)
+ d(t)

]
+∫ t

t0

h△(t, s)

[
x(s)

(
l −m

l
+
m

l
a(s) +

m

l
b(s)τ1(s)

)
+

y(s)

(
l − n

l
+
n

l
a(s) +

n

l
b(s)τ1(s)

)
+ d(s)

]
△s.

(29)
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The inequality (29) gives

τ1
△(t) ≤

[
h(ϕ(t), t)

[
b(t)

(
m

l
x(t) +

n

l
y(t)

)]
+

∫ t

t0

h△(t, s)b(s)

(
m

l
x(s) +

n

l
y(s)

)
△s

]
ν1(t)

+ h(ϕ(t), t)

[
x(t)

(
l −m

l
+
m

l
a(t)

)
+ y(t)

(
l − n

l
+
n

l
a(t)

)
+ d(t)

]
+∫ t

t0

h△(t, s)

[
x(s)

(
l −m

l
+
m

l
a(s)

)
+

y(s)

(
l − n

l
+
n

l
a(s)

)
+ d(s)

]
△s.

(30)

τ△1 (t) ≤ µ2(t)τ1(t) + ρ2(t) (31)

for all t ∈ T0 where µ2(t) and ν2(t) are given by (25) and (26) respectively. By
(31), lemma 2.3 and with τ1(t0) = 0, we obtain

τ1(t) ≤
∫ t

t0

eµ2(t, ϕ(s))ρ2(s)△s, (32)

for all t ∈ T0.
Making use of the (32) in ul(t) ≤ a(t)+ b(t)τ1(t), we get the inequality (24).

Corolary 3.2. Let u(t), x(t), y(t), a(t), d(t), b(t), h(t, s), h△(t, s), l,m, n be de-
fined as same as in theorem 6 and c(t) be defined as same as in corollaty 5. If

ul(t) ≤ cl(t) + b(t)

∫ t

t0

h(t, s)[x(s)um(s) + y(s)un(s) + d(s)]△s (33)

for all t ∈ T0, then

u(t) ≤ c(t)[1 + b(t)

∫ t

t0

eµ3(t, ϕ(s))ρ3(s)△s]
1
l , (34)

for all t ∈ T0, where µ3 and ρ3 are defined as

µ3(t) = h(ϕ(t), t)

[
b(t)

(
mcm−lx(t)

l
+
ncn−ly(t)

l

)]
+∫ t

t0

h△(t, s)b(s)

(
mcm−l

l
b(s) +

ncn−l

l
y(s)

)
△s

(35)
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and

ν3(t) =h(ϕ(t), t)

[
b(t)cm−l(t)

(
l −m

l
+
m

l

)
+

y(t)cn−l(t)

(
l − n

l
+
n

l

)
+ d(t)

]
+∫ t

t0

h△(t, s)

[
x(s)cm−l(t)

(
l −m

l
+
m

l

)
+

y(s)cn−l(t)

(
l − n

l
+
n

l

)
+ d(s)c−l(t)

]
△s,

for all t ∈ T0

Proof. Since c ∈ Crd(T0,R+) is non decreasing function, from (17), we write[
u(t)

c(t)

]l
≤1 + b(t)h(t, s)

∫ t

t0

[
cm−l(t)b(s)

(
u(t)

c(t)

)m

+

y(s)cn−l(s)

(
u(t)

c(t)

)n

+ c−l(s)d(s)

]
△s,

(36)

for all t ∈ T0. By theorem (6), we have

u(t)

c(t)
≤ [1 + b(t)

∫ t

t0

eµ3(t, ϕ(s))ρ3(s)△s]
1
l , (37)

where, µ3(t) and ν3(t) are given by (35) and (??) respectively for all t ∈ T0. This
completes the proof

Theorem 3.3. Let u(t), x(t), y(t), a(t), b(t), h(t, s), h△(t, s) be defined as same
as in theorem 5, l,m be constant such that l > m > 0 and d ∈ Crd(T0×R+,R+),
such that

0 ≤ d(t, α)− d(t, β) ≤ δ(t, β)(α− β) (38)

for all t ∈ T0 and α ≥ 0, β ≥ 0, where δ ∈ Crd(T0 × R+,R+). If

ul(t) ≤ a(t) + b(t)

∫ t

t0

[
d(s, um(s)) + h(t, s)

]
△s, (39)

for all t ∈ T0, then

u(t) ≤
[
a(t) + b(t)

∫ t

t0

eµ3(t, ϕ(s)), ρ3(s)△s
] 1

l , (40)
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for all t ∈ T0, where µ3(t) and ρ3(t) are defined as

µ3(t) = δ

(
t,
l −m

l
+
m

l
a(t)

)
m

l
b(t) (41)

and

ρ3(t) = d

(
t,
l −m

l
+
m

l
a(t)

)
+ h(ϕ(t), t) +

∫ t

t0

h△(t, s)△s. (42)

Proof. Suppose that

τ2(t) =

∫ t

t0

(
d(s, um(s)) + h(t, s)

)
△s, (43)

for all t ∈ T0. Then from (39), we get

u(t) ≤
[
a(t) + b(t)τ2(t)

] 1
l ,

um(t) ≤
[
a(t) + b(t)τ2(t)

]m
l (1)

l−m
l . (44)

By lemma 2.1 and the inequality (44), we obtain

um(t) ≤
[
l −m

l
+
m

l
a(t) +

m

l
b(t)τ2(t)

]
(45)

From (43), (45), (39) and lemma 2.2, we deduce that

τ2
△(t) ≤ δ

(
t,
l −m

l
+
m

l
a(t)

)
m

l
b(t)τ2(t)+

d

(
t,
l −m

l
+
m

l
a(t)

)
+ h(ϕ(t), t) +

∫ t

t0

h△(t, s)△s,

τ2
△(t) ≤ µ3(t)τ2(t) + ρ3(t), (46)

for all t ∈ T0 where µ3(t) and ρ3(t) are given by (41) and (42) respectively. From
(46) and lemma 2.3 with τ2(t0) = 0, we obtain

τ2(t) =

∫ t

t0

eµ3(t, ϕ(s))ρ3(s)△s, (47)

for all t ∈ T0. Using (47) in ul(t) ≤ a(t) + b(t)τ2(t), we obtain (40).
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Theorem 3.4. Let u(t), a(t), b(t), h(t, s), h△(t, s) be defined as same as in theo-
rem 5, l,m be constants such that l > m > 0 and d ∈ Crd(T0 × R+,R+) and
λ ∈ C(T0,R+) be a strictly increasing function with λ(t0) = 0 such that

0 ≤ d(t, α)− d(t, β) ≤ δ(t, β)λ−1(α− β), (48)

for all t ∈ T0 and α, β ≥ 0 where δ ∈ Crd(T0 × R+,R+) and

λ−1(αβ) = λ−1(α)λ−1(β), (49)

for all α, β ∈ T0 where λ−1 is the inverse of λ. If ul(t) satisfies inequality

ul(t) ≤ a(t) + b(t)ϕ

∫ t

t0

[
d(s, um(s)) + h(t, s)

]
△s, (50)

for all t ∈ T0, then

u(t) ≤ a(t) + b(t)

∫ t

t0

eµ5(t, ϕ(s))ρ5(s)△s, (51)

for all t ∈ T0 , where µ5(t) and ρ5(t) are defined as,

µ5(t) = δ

(
t,
l −m

l
+
m

l
a(t)

)
λ−1

(
nb(t)

l

)
(52)

and

ρ5(t) = d

(
t,
l −m

l
+
m

l
a(t)

)
+ h(ϕ(t), t) +

∫ t

t0

h△(t, s)△s. (53)

Proof. Let

τ2(t) =

∫ t

t0

[
d(s, um(s)) + h(t, s)

]
△s. (54)

Then by lemma 2.1, we deduce that

ul(t) ≤ a(t) + b(t)λ(τ2(t)), (55)

um(t) ≤
[
l −m

l
+
ma(t)

l
+
mb(t)

l
λ(τ2(t))

]
, (56)
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τ2
△(t) = d(t, um(t)) + h(ϕ(t), t) +

∫ t

t0

h△(t, s)△s, (57)

τ2
△(t) ≤d

(
t,
l −m

l
+
ma(t)

l
+
mb(t)

l
λ(τ2(t))

)
+

h(ϕ(t), t) +

∫ t

t0

h△(t, s)△s,

τ2
△(t) ≤ d

(
t,
l −m

l
+
ma(t)

l
+
mb(t)

l
λ(τ2(t))

)
−

d

(
t,
l −m

l
+
ma(t)

l

)
+ d

(
t,
l −m

l
+
ma(t)

l

)
+ h(ϕ(t), t) +

∫ t

t0

h△(t, s)△s,

τ2
△(t) ≤ δ

(
t,
l −m

l
+
m

l
a(t)

)
λ−1

(
m

l
b(t)λ(τ2(t))

)
+

d

(
t,
l −m

l
+
m

l
a(t)

)
+ h(ϕ(t), t) +

∫ t

t0

h△(t, s)△s

τ2
△(t) ≤ δ

(
t,
l −m

l
+
m

l
a(t)

)
λ−1

(
m

l
a(t)

)
λ(τ2(t))+

d

(
t,
l −m

l
+
m

l
a(t)

)
+ h(ϕ(t), t) +

∫ t

t0

h△(t, s)△s,

τ2
△(t) ≤ µ5(t)τ2(t) + ρ5(t), (58)

for all t ∈ T0

where µ5 and τ5 are given by (52) and (53) respectively.
From the inequality (49)and lemma (2.3), we get

τ2(t) ≤
∫ t

t0

eµ5(t)(t, ϕ(s))ρ5(s)△s, (59)

for all t ∈ T0

The inequality(51) follows from (55) and (59).
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4 Applications
In this section, we present some applications of our main results. In particular,

we discuss the boundedness behavior of solutions of a nonlinear dynamic equation
on time scales.

Example 4.1. Consider the following dynamic integral equation:

ul(t) = Ω(t,

∫ t

t0

Γ(s, u(s), h(t, s))△s, u(t0) = a(t0) = 0, (60)

for all t ∈ T0, where Ω ∈ Crd(T0 × R,R) and Γ ∈ Crd(T0 × R2,R) satisfying

|Ω(t, j)| ≤ a(t) + b(t)|j|, (61)

and

|Γ(t, f, g)| ≤ d(s, |fm|) + g, (62)

where a, b, d ∈ Crd(T0,R+)

u(t) ≤ [a(t) + b(t)

∫ t

t0

eµ3(t, ϕ(s))ρ3(s)△s]
1
l , (63)

for all t ∈ T0, where l,m, µ3, ρ3 are given by the theorem 3.3. From (60) and by
the assumption (61) and (62), we have

|ul(t)| = |Ω(t,
∫ t

t0

Γ(s, u(s), h(t, s))△s|,

ul(t) ≤ Ω(t,

∫ t

t0

|Γ(s, u(s), h(t, s))△s|),

|ul(t)| ≤ |a(t)|+ |b(t)|
∫ t

t0

[|d(s, um(s))|+ h(t, s)]△s, (64)

for all t ∈ T0. By theorem 3.3 and (64) yields

u(t) ≤ [a(t) + b(t)

∫ t

t0

µ3(t, ϕ(s))ρ3(s)△s]
1
l . (65)

Note that each function of the right hand side of (65) is known. Therefore if t is
fix, then solution u(t) is bounded.
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Example 4.2. Consider the following dynamic equation on time scales:

(jl)△(t) = Θ(t, j(t), h(t, s)), t ∈ T0, (66)

with initial condition j(t0) = C
1
l , where Θ ∈ Crd(T0 × R3,R).

Theorem 4.1. Assume that

|Θ(t, j(t), h(t, s))| ≤ h(t, s)[x(t)jm(t) + y(t)jn(t) + d(t)] (67)

where j, x, y, d ∈ Crd(T0,R+), h(t, s), h
△(t, s) ∈ Crd(T0 × T0,R+). If j is a

solution of dynamic equation (66), then

j(t) ≤ [C +

∫ t

t0

eµ2(t, ϕ(s))ρ2(s)△s]
1
l , (68)

for all t ∈ T0, where l,m, n, µ2 and ρ2 are given by theorem 3.2.

Proof. Clearly, the solution j of dynamic equation (66) with initial condition
j(t0) = C

1
l , satisfies the equivalent dynamic integral equation on time scales

jl(t) = C +

∫ t

t0

Θ
(
s, j(s), h(t, s)

)
△s, (69)

for all t ∈ T0 with initial condition j(t0) = C
1
l . In fact from (69) and by using

assumption (67), we have

|jl(t)| = |C +

∫ t

t0

Θ
(
s, j(s), h(t, s)

)
△s|,

|jl(t)| ≤ |C|+
∫ t

t0

|Θ
(
s, j(s), h(t, s)

)
△s|,

|jl(t)| ≤ |C|+
∫ t

t0

h(t, s)
[
x(s)|jm(s)|+ d(s)|jn(s)|+ d(s)

]
|, (70)

with initial condition j(t0) = C
1
l . Then a suitable application of Theorem 3.2

with a(t) = C and b(t) = 1 to (70), gives (68).

Example 4.3. Consider the following dynamic integral equation on time scales:

jl(t) = Φ

(
t, j(t),

∫ t

t0

Ψ(s, j(s))△s
)
, t ∈ T0 (71)

where Φ ∈ Crd(T0 × R2,R) and Ψ ∈ Crd(T0 × R).
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Theorem 4.2. Assume that∣∣∣∣Φ(t)(t, j(t),∫ t

t0

Ψ(s, j(s))△s
) ∣∣∣∣ ≤ a(t) + b(t)

∣∣∣∣ ∫ t

t0

Ψ(s, j(s))

∣∣∣∣, (72)

and

|Ψ(t, j(t))| ≤ a(t)jm(t) + y(t)jn(t) + h(t, s), (73)

where j, x, y, a, b ∈ Crd(T0,R+), h(t, s), h
△(t, s) ∈ Crd(T0 × T0,R+). If j is

solution of dynamic equation (71), then

j(t) ≤
[
a(t) + b(t)

∫ t

t0

eµ(t, ϕ(s))ρ(s)△s
] 1

l

, (74)

for all t ∈ T0, where l,m, n, µ and ρ(t) are given by theorem 5.

Proof. In fact from (71) and by using assumption (72) and (73) we have

|jl(t)| =
∣∣∣∣Φ(

t, j(t),

∫ t

t0

Ψ(s, j(s))△s
) ∣∣∣∣

|jl(t)| ≤ a(t) + b(t)

∣∣∣∣ ∫ t

t0

ψ(s, j(s))△s
∣∣∣∣

|jl(t)| ≤ a(t) + b(t)

∫ t

t0

|ψ(s, j(s))|△s

|jl(t)| ≤ a(t) + b(t)

∫ t

t0

[
x(s)|jm(s)|+ y(s)|jn(s)|+ h(t, s)

]
△s. (75)

An application of theorem 5 to (75) we get (74).

5 Conclusion
In this paper, we begin with review of nonlinear dynamic inequalities on time

scales and their applications. We generalize nonlinear dynamic inequalities using
Young’s inequality and lemma 2.3. Our work includes several nonlinear dynamic
inequalities on time scales . we have obtained new nonlinear dynamic inequalities.
Our results are refinements and generality of some existing results in (6). Many
existing results in the literature are reduced to the special case of our results when
m = n = 1. Some applications to dynamic equations are provided. The findings
of this study can be utilized in the analysis of dynamic equations. It is an interest-
ing and new problems that upcoming researchers can develop similar inequalities
for in their future research work, about differential and integral equations.
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