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Value distribution of meromorphic
functions whose differential polynomials
share a small function
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Abstract

In this article, we study the uniqueness of differential polynomials
P(f) = fIP(f1) and P[f] generated by meromorphic functions f
and g respectively sharing a small function. Our results generalises
the result due to Harina P. Waghamore and Husna V. [7].
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1 Introduction

Throughout this paper, we use the standard notations of the Nevanlinna Theory of
meromorphic function as explained in (see [8, 9, 10]). Let f and g be two non-
constant meromorphic functions defined in the open complex plane C. If for some
a € CU{o0}, f and g have the same set of a-points with the same multiplicities,
then we say that f and g share the value a counting multiplicities (CM) and if
we do not consider the multiplicities, then f and g are said to share the value a
ignoring multiplicites (IM). If a = oo, then the zeros of f — a means the poles of
f. A meromorphic function a = a(z) (# 0, o) is called a small function with
respect to f provided that T'(r,a) = S(r, f) asr — oo, r ¢ E, where E is a
set of positive real numbers with finite Lebesgue measure. If a = a(z) is a small
function, then we say that f and g share a IM (resp. CM) according to f — a and
g — a share 0 IM (resp. CM).

In 2008, Zhang and Lii [14] obtained the following result.

Theorem 1.1. be (see [14]) Let k, n be the positive integers, f be a non-constant
meromorphic function, and a (% 0,00) be a meromorphic function satisfying
T(r,a) = o{T(r, f)}, asr — oc. If f* and f*) share a IM and

(2k 4+ 6)O(00, f) +40(0, f) + 20214(0, f) > 2k + 12 — n,

or f* and f® share a CM and
(k +3)0(00, f) +20(0, f) + G2:4(0, ) > k +6 —n

then ™ = f,
In the same paper T. Zhang and W. Lii [14] asked the following question:
Question 1. What will happen if ™ and (f*))™ share a meromorphic function
a (# 0, 00) satisfying T'(r,a) = o{T'(r, f)} asr — o0 ?
In 2013, S. S. Bhoosnurmath and Kabbur [15] proved the following result.

Theorem 1.2. (see [15]) Let f be a non-constant meromorphic function and a (#
0, 00) be a meromorphic function satisfying T'(r,a) = of{T'(r, f)}, asr — oo. Let
P[] be a non-constant differential polynomial in f. If f and P|f| share a IM and

(2Q +6)0(co, f) + (2 + 3d(P))d(0, f) > 2Q + 2d(P) +d(P) + 7,
or if f and P[f] share a CM and
30(00, f) + (d(P) +1)5(0, f) > 4,
then f = P|[f].
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Banerjee and Majumder [16] considered the weighted sharing of f"and (f™)®)
and proved the following result.

Theorem 1.3. (see [16]) Let f be a non-constant meromorphic function, k, n, m €
N and [ be a non-negative integer. Suppose a (% 0, 00) be a meromorphic function
satisfying T'(r,a) = o{T(r, f)} as r — oo such that f" and (f™)* share (a, ).
Ifl > 2 and

(k+3)0(co, f)+ (k+4)0(0, f) > 2k + 7 —n,

orl=1and

(k+ g)@(oo,f) + (k+ g)@(o,f) > 2k +8 —n,

orl =0 and

(2k +6)O(o0, f) + 2k +7)O(0, f) > 4k + 13 — n,
then f = (f™)®),
In 2015, Kuldeep S. Charak and Banarasi Lal [17] proved the following result.
Theorem 1.4. (see [17]) Let | be a non-constant meromorphic function, n be a
positive integer and a (£ 0,00) be a meromorphic function satisfying T'(r,a) =
o{T(r, f)} as r — oo. Let P[f] be a non-constant differential polynomial in f.
Suppose f" and P|f| share (a,l) such that any one of the following holds.
(i) whenl > 2 and

(Q +3)O(o0, f) +20(0, f) + d(P)S(0, f) > Q + 5+ 2d(P) — d(P) — n,
(ii) when | = 1 and

(@ + D)0, 1) + 2600, ) + A(P)0, ) > Q +6 + 20(P) — d(P) ~n.
(iii) when | = 0 and
(2Q +6)O(o0, f) +40(0, f) +2d(P)5(0, f) > 2Q + 10 + 4d(P) — 2d(P) — n.
Then ™ = P[f].

In 2017, H. P. Waghamore and Husna V. [7] proved the following.
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Theorem 1.5. (see [7]) Let k (> 1), n (> 1), p (> 1) and m (> 0) be integers
and f and f; = f—uw, be two non-constant meromorphic functions and M| f] be a
differential monomial of degree dy; and weight 1"y and k is the highest derivative
in M[f]. Let P(2) = pmyn2™ " +. . .4+a,2"+. . .+ag, Gyin 7 0, be a polynomial
in z of degree m + n such that P(f) = f{P(f1). Also let a(z) (# 0,00) be a
small function with respect to f. Suppose P(f) — a and M|f] — a share (0,1).
Ifl > 2 and

(34 2X0)0(00, f) + p2dus (wp, f) + 2drr614£(0, f) > 20ns + 202 + 3 — p,

orl=1

(5 +22)800c. 1) + 300 )

(m+n)—3p

+ p120,5 (Wp, [) + 2dard11x(0, f) > 200 + po + 4+ 5 ;

orl =0and
(64+3X)O(00, f)+20(wp, f)+u20us(wp, f)+3dar0141(0, f) > 30 a+po+8+2(m-+n)—3p

then P(f) = M|f].

Question 2. What happens if differential monomial M [f] is replaced by differen-
tial polynomial P[f] in Theorem 1.5 ?

To answer the above question, we prove one Theorem which improves and gener-
alizes Theorem 1.5.

2 Some Definitions

Definition 2.1. For any constant a, we define the quantities

@(a,f)zl—mw.

B 7 )
éa, f)=1-— Tlirglo (r;afz}{)

Definition 2.2. (see [13]) We denote by Ny, (7“ fia> the counting function for

zeros of f — a with multiplicity < k, and by Nk) (r, ﬁ) the corresponding one
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for which multiplicity is not counted. Let N (r, ﬁ) be the counting function

for zeros of [ — a with multiplicity atleast k and N(k (r, ﬁ) the corresponding

one for which multiplicity is not counted. Set

Nk(r, ﬁ) = N(r, ﬁ) +N(2(r, %) + ... —I—N(k<r, ﬁ)

Definition 2.3. (see [19]) For two positive integers n, p we define ji,, = min{n,p}
and i, = p+ 1 — pp. Then it is clear that

Np(T,O; fn) = MpN;t;(r70; f)

Definition 2.4. (see [20]) Let z, be a zero of f — a of multiplicity p and a zero of
g — a of multiplicity q. We denote by N (1, a; f) the counting function of those a-

points of f and g where p > q > 1, by N ;3) (r,a; f) the counting function of those
a-points of f and g where p = q = 1 and by NS(T, a; f) the counting function of
those a-points of f and g where p = q > 2, each point in these counting functions

is counted only once. In the same way we can define N(r,a;g), Né) (r,a;9),
NE (7’, a; g)

Definition 2.5. (see [21]) Let k be a non-negative integer or infinity. For a €
C U {oo} we denote by Ey(a, f) the set of all a-points of f, where an a-point
of multiplicity m is counted m times if m < k and k + 1 times if m > k. If
Ex(a, f) = Ex(a, g), we say that f, g share the value a with weight k.

The definition implies that if f, g share a value a with weight k, then z, is an
a-point of f with multiplicity m (< k) if and only if it is an a-point of g with
multiplicity m (< k) and zy is an a-point of f with multiplicity m (> k) if and
only if it is an a-point of g with multiplicity n (> k), where m not necessarily
not equal to n. We write f, g share (a,k) to mean that f, g share the value a
with weight k. Clearly if f, g share (a, k) then f, g share (a, p) for all integers p,
0 < p < k. Also we note that f, g share a value a IM or CM if and only if f, g
share (a,0) or (a,0) respectively.

Definition 2.6. (see [1]) Suppose that f(z) is a meromorphic function in the com-

plex plane C and a(z) is a small function of f(z).Then the differential monomial
k

is defined by M|[f] = H( fU ))”” where n;,, - - - ,n;, are non-negative integers.
5=0

Definition 2.7. (see [1]) Suppose that f(z) is a meromorphic function in the com-
plex plane C and M,(f),--- , M, (f) be the differential monomials in f(z) of
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degree ny, - - -, ny, respectively. Then P|f]| = Z M, (f) is said to be differential
=0

=
poynomial in f(z) and n = max{ny,--- ,n,} the degree of P[f].

With the notion of weighted sharing of values Lahiri-Sarkar [11] improved the
result of Zhang [12]. In [13] Zhang extended the result of Lahiri-Sarkar [11] and
replaced the concept of value sharing by small function sharing.

3 Some Lemmas

Let F, GG be two non-constant meromorphic functions. We define ¢) as meromor-
phic function which is defined as follows.

F// 2F/ G// QG/
— [ = — — | = - . 1
v (F’ F—l) <G’ G—l) 1
Lemma 3.1. (see [1]) Let p, n be two positive integers. Then for ¢ > 0

Np(r, 0; f) < (n = ndp(0; f) + €)T(r, f).

Lemma 3.2. (see [2]) Let P[f] be a differential polynomial generated by non-
constant meromorphic function f. Then

N(r,00; P) < d(P)N(r,o00; f) 4+ (I'p — d(P))N(r,c0; f).

Lemma 3.3. (see [3, 4]) Let f be a meromorphic function and P|f] be a differ-
ential polynomial. Then

m(r, ;[(J; ])) < (@(P) ~ d(P)m(r. %) + S f).

Lemma 3.4. (see [5, 6]) Let P[f] be a differential polynomial generated by non-
constant meromorphic function f. Then

N<r, - f[ﬂ)) < (Tp — AP)N(r,00: 1) + (@(P) ~ d(P)N(r,0: ] 2+ 1)

+QN(r,0; f| > k+1) +d(P)N(r,0; f| < k) + S(r, f).
Lemma 3.5. (see [1]) For the differential polynomial P|f],
N(r,0; P[f]) < (Tp — d(P))N(r,00; f) + d(P)N(r,0; f)

+ (d(P) — d(P)) (m (r, %) + T(r, f)) + S(r, f).
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Lemma 3.6. (see [1]) Let j and p be two positive integers satisfying 7 > p + 1.
Let P|f] be a differential polynomial withTp > (k + 1)d(P) — (p + 1). Then

N(j+FP_d(P) (T’ 0; fd(P)) < N(j (7”, 0; P[f])

Lemma 3.7. (see [1]) Let j and p be two positive integers satisfying 7 > p + 1.
Let P[f] homogeneous differential polynomial withT'p > (k+ 1)d(P) — (p+ 1).
Then

Np(r7 07 P[.ﬂ) S Np+Fp7d(P) (’I“, 07 fd(P)) + (FP - C_l(P))N(T, 3 f) + S(T, f)

Lemma 3.8. (see [19]) Let F and G share (1,1). Then

Ni(r,1;F) < ——=N(r,00; F) + N(r,0;F)+ S(r, F) if 1>1,

and

Np(r,1;F) < N(r,00; F) + N(r,0; F) + S(r, F) if 1 =0.

Lemma 3.9. (see [19]) Let | be non-constant meromorphic function and a(z) be
a small function of f. Also, let F = PU) = LHPU) gpg G = @ If Fand G

shares (1,00), then one of the followingacases ho?ds.

(i) T(r) = Ny(r,0; F)+ No(r,0; G)+ N(r, 00; F)+N(r,00; G)+ N (r, 00; F)+
NL(n 05 G) + S(T)»

(ii) F = G,

(iii) FG = 1,

where T'(r) = maz{T(r,F), T(r,G)} and S(r) = {T(r)}, r € I, I is set of

infinite linear measure of r € (0, 00).

Lemma 3.10. Let f be a non-constant meromorphic function and a(z) be a small
P
function in f. Let us define F' = @ = 10 gng G = #. Then FG # 1.

Proof. On contrary, assume that F'G = 1i.e., P[f]fY P(f1) = a*. Then
N(r,0; f| = k+1) = 5(r, f)

Now applying Lemmas 3 and 4 and First fundamental Theorem of Nevanlinna,

349



Husna V. and Nagarjun V.

< (d(P) = d(P)|[T(r, ) = {N(r,0; f| < )

N(r,0; f| > k+ 1)}
(Tp = A(P)N(r,00: ) + (@(P) = d(P)N(r,0; f| = k + 1)
QN(r,0; f| > k +1) + d(P)N(r,0; f| < k) + S(r, f)
(d(P) — d(P)T(r, ) + d(P)N(r, 0 f| < )
Up — d(P)N(r,00: f) + S(r /)
r,f) + (Tp = d(P)N(r,00; PIfIfLP(f1)) + S(r, f)
) + N
)

~—~

—~
S

T

)
(Cp = d(P))N(r,00;a%) + S(r, )
+ S(r, f).

which is a contradiction. ]

INININ + IN + + +

ol al &l
—~ o~

P
P
P

=

ER=E=
/\:;/—\

=

4 Main Results

Theorem 4.1. Let k (> 1), n (> 1), p (> 1) and m (> 0) be integers and
fand fi = f — w, be two non-constant meromorphic functions and P|[f] be
a homogeneous differential polynomial of degree d(P) and weight I'p such that
Lp > (k+ 1)d(P) — 2, where k is the highest derivative in P[f]. Let P(z) =
Ui 2™+ o+ an2" + .+ G, Gmyn # 0, be a polynomial in z of degree
m + n such that P(f) = fIP(f1). Also let a(z) (£ 0,00) be a small function
with respect to f. Suppose P(f) — a and P[f] — a share (0,1).

(i) Ifl > 2 and

(Dp—d(P)+3)0(00; ) 120,505 /) +d(P)o 11y —ar) (0 f) > Tpbpiz+3—n—m.

(ii)orl = 1 and

(Pe —d(P) + 2)O(o0: ) + 50(0: 1) + 11ads (0: )
+ d(P)0osrp—ap)(0; f) > Tp + po +4 —n —m.
(iii) or | = 0 and
(2(T'p — d(P)) +6)O(00; f) +20(0; f) + p2dus (0; f) + d(P)d14r5—acp) (0; f)
4+ d(P)024rp—ap)(0; f) <2T'p + pip +8 —n —m,
then P(f) = P|f].
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Proof. Let I' = @ = ﬁ)P+andG = —f]. Then F' — 1 = Wand
G-1= %. Since P(f) and P[f] share (a, 1), it follows that /" and G share
(1,1) except the zeros and poles of a(z). Let v be defined as in equation (1). We
consider the following cases.

Case 1. When ¢ # 0. Then from (1) we have m(r,¢)) = S(r, f). By Nevanlinna
Second Fundamental Theorem we have,

T(r, F)+ T(r,G) < 2N(r, ) (%) £ (r L )

where N0< T, F,) denotes the counting function of the zeros of F’ which are not

zeros of F/(F'—1) and No( T, G,) denotes the counting function of the zeros of G’

which are not zeros of G(G — 1).
Subcase 1.1. When [ > 1. Then from (1) we have

N}E)(T, . 1) < N(T, %) + S(r, f)
T +S
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3)

Forl > 2

oN ( ! )+2N ( 1 >+N(2< 1 )
A L\ra-1 e\
L <

Thus from (3) we obtain

N(r, F1—1> +N(r, G1—1> < N(r, f) —l—N(Q(?“, %) —i—N(z(r, é)
N(r ) + 8o ) )
)

+N0<7’, é) + S(r, f).

From Lemma 3.7 and inequalities (2) and (4) we get

(n+m)T(r, f) < (Cp = d(P) + 3)N(r, ) + 2Ny (r, wp; [) + Nasrpar (r, 05 f47)
+S(r, f)
<{(Tp—d(P)+3) = (T'p — d(P) + 3)0(c0; f) + p12 — p120,3 (0; f)
+d(P) — d(P)dasrp—ap) (05 f) + €}T(r, f) + S(r, ).

1.e.,

(Lp—d(P)+3)0(00; f)+h20,;(0; f)+d(P)dayr,—ar)(0; f) < Tptpuat+3—n—m.
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which violates to the condition (i) of Theorem 4.1.
Subcase 1.2. Next, consider the case when [ = 1. First note that

— 1 1 1 1— 1—/7 1

N (. ) <oN(rm|F£0) < SN@F) +SN(r ), 6

i\np=g) SV E|F#0) s N B+ oNng) 6
when N (r,%‘F # O) denotes the zeros of F” that are not the zeros of F'. From

inequalities (1) and (5), we have

— 1 — 1 (2 1 — 1
2NL<T’F—1>+2NL<T’F—1>+NE<T’F—1 +N(T’G—1)
1
+

) (6)

Thus, from inequalities (2) and (6)

Vo) 7o ) £+ ol ) (o) + e

3T ) 100 (e )+ 50
+S(r, f).

From Lemma 3.6, (2) and (7), we have

(n+m)T(r 1) < (O = d(P)+ 3 )N £)+ 58 (5 1) + a0
+ Nayrpacey(r,0; f47) + S(r, f)
< {(re—d(P)+ 1) (0p —d(P) + D)Bl00: ) + 5~ 3600 )
o+ t2 = 120,5(0; f) + d(P) = d(P)8ssr—ar)(0; f) + €} T, )
+ S(r, f).

1.e.,

(Fp —d(P)+ z)@(oo; f)+ %@(0; f) + 120,5(0; f)

2
+d(P)basrp—ap)(0; f) <Tp+pe +4 —n—m,
)
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which violates to the condition (ii) of Theorem 4.1.
Subcase 1.3. When | = 0. Then, we have
1

. 1
NE)<T’F—1) G-1

o ) =)+t

and also from (1), we get

W) + ¥ () <30 ) + ME ()

N }3) <7",

)+ 50 1),

+ N T,G1_1>+S(7‘,f)
S]Vg(T’Fl— )+NL<T’F1—1)+N<T’G1—1)
+S(r, f)

< N(n, F)+N(2( ;)er( ( é)
+2NL< >+ <
+N0< >+N0( >

From Lemma 3.8, (3) and (6) we get

) %) + MQN,u;(rao; f)

+ Noyrpapy (1, 0; FA) + Ny paey (7, 05 F25)) + S(r, f)
<{@2(Tp—d(P))+6)— (2(I'r — d(P)) + 6)O(c0; [)

+2—20(0; f) + pa — p20p5(0; f)

+d(P) — d(P)d141p—ap)(0; f) + d(P)

— d(P)b21rp—ap)(0; f) + }T(r, f) + S(r, f).

(n+m)T(r, f) < (2(Tp - d(P)) + 6)N(r, f) + 2N

i.e.,

(2(p = d(P)) +6)O(00; f) 4+ 20(0; f) 4 p26,5(0; f) + d(P)d111p—ap) (0; f)
+ d(P)doirp—ap)(0; f) <20p+ s +8 —n—m
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which violates condition (iii) of Theorem 4.1.
Case 2. If H = 0. On integration of (1), we get

1 A

_ B.
G_1 F_1"

where A (# 0) and B are complex constants . Clearly, F' and G share (1, 00).
Also, by construction of F' and GG, F' and G share (00, 0). So, by Lemma 3.6 and
condition (2), we obtain

Ny(r,0; F) 4+ Ny(r,0;G) + N(r, F) + N(r,G) + Np(r, F) + N(r,G) + S(r)
< 1o Npy (7,05 f) + Noyrpaep(r; 0; f27) + (Tp — d(P) + 3)N(r, f) + S(r)
<{(Tp+p2+3)— (Tp—d(P) +3)O(c0; ) — p20p5(0; f)
— d(P)024rp—ap)(0; ) + €}

<T(r,F)+S(r),

where € > 0 is any small quantity. Hence from the case [ > 2 and Lemma 3.9
does not hold. Again in view of Lemma 3.10, we get F'G # 1. Therefore F' = G
ie., P(f) = P|f]. ]

S Conclusion

In this research article, we have proved one result by using the concepts of differ-
ential polynomials. In this paper, we have replaced the differential monomial by
differential polynomial and P(f) = fVP(f;) where f is a meromorphic function.
Thus, the result have been improved and generalizes the previous result obtained
in [7]. Finally, for further research we are posing a question What happens if
P(f) = fTP(f1) is replaced with P(f) = [fI P(f1)]*®) which shares “(0,1)” ?
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