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Abstract

Topological index is sometimes also known as graph theoretic index,
is a numerical invariant of a graph, the topological indices are clas-
sified on degree and distance based concepts. The status o(u) of a
vertex u € V(G) is defined as the sum of its distances between each
other vertex in V(G) of the graph G. Ramane and Yalnaik defined the
distance based topological indices such as first and second status con-
nectivity indices. In this article bounds for the first and second status
connectivity indices of middle graph of a graph are established and
further status connectivity indices of middle graph of certain graphs
are computed.
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1 Introduction

Let G={V, E} be a graph of order n and size m. The edge is formed by
joining any two vertices. A vertex degree u denoted by deg(u) and is defined
as the number of edges that are incident on it. The length of the shortest path
connecting the any two vertices u and v in G is the distance between the vertices
u and v and it is denoted by d(u, v). The eccentricity of a vertex u is defined as
e(u) = max{d(u,v)|v € V(G)}. The diameter of G is the maximum distance
between any two vertices and it is denoted by diam(G).

Topological index also known as molecular descriptors, play a vital role in
the fields including chemical engineering, material science, chemistry and so on.
Topological indices are classified on degree and distance based concepts. Oldest
degree based index were introduced by Gutman and Trinajsti¢ [1] in 1972 and the
oldest distance based index was introduced by Weiner [14] in 1947 while working
on the paraffin boiling point. The Wiener index of graph G is defined as

W(G) = Z d(u,v)

uweE(G)

The status [4] of a vertex u € V/(G) is defined as the sum of its distances
between each other vertex in V(G) and it is denoted by o (u).

i.e,o(u) = Z d(u,v)

veV(Q)

Status connectivity indices were defined by Ramane and Yalnaik [11]

ie,SiI(G) = Y o)+ o)

weE(G)

and

weE(G)

S1(G) and S3(G) are the first and second status connectivity indices respec-
tivity.

For details on status connectivity indices see [7, 10, 11, 12].

Hamada and Yoshimura introduced the middle graph M(G) concept [2]. M(G)
is the graph whose vertex set is V' (G) U E(G) and is defined as, two vertices are
connected in M(G) if and only if either they are adjacent edges in G or one vertex
of G and the other is an edge incident with it and for related work on indices and
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graph valued functions can be found in [6, 8, 9]. In this article status connectivity
indices for middle graph of connected graph are established. Throughout this
paper we consider graph which are simple and connected. For undefined terms
related to graph theory, we refer the book [5].

Definition 1.1. /3] The friendship graph F,, obtained by connecting n copies of
triangles with a common vertex, which is a universal vertex for the graph.

Definition 1.2. [13] The cycle C,, is converted into a graph called the n-sunlet
graph S,, by adding n - pendant edges to each vertices of C,,.

The following remarks are immidiately used in theorem
Remark 1: S;(G) < S1(M(G))

Remark 2: S5(G) < S2(M(G))

Status connectivity index of the graph increase, when new edges or new ver-
tices are added to the graph. by the definition of middle graph, edges are consider
as vertices. So, number of vertices and edges are more than the graph G hence,
Status connectivity index of middle graph is more than the graph.

Remark 3: S M (K ,) < S1(M(P,)),n >3
Remark 4: SoM (K, ,) < 3 So(M(P,)), n >

Status of the vertex is increase along with distance. If status of the vertex
increase then, status connectivity index graph also increase. The middle graph
of star graph has the diam = 3 but, in middle graph of path graph the diameter
always diam > 3 so, status connectivity index of middle graph of star graph is
always less than or equal to middle graph of path.

2 Bounds for status connectivity indices of middle
graph

Theorem 2.1. Let G be a connected graph of order n > 3 then,

(n —1)[(14n — 18)] + [(n? — 3n + 2)](3n — 4) < S1(M(Q)) <
n(2n® —3n* 4+ 1) + 2nm(n — 2)(n — 1)

and

(n — 1)[(24n? — 62n + 40)] + 1[n? — 3n + 2](3n — 4)? < S (M(G)) <
n*(n —1)*[(n®* = 1) + (nm — 2m)]

equality for lower bound holds, when G=K, ; where g=n-1, n > 1 and equality
for upper bound holds, when G= K,,.
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Figure 1: Star graph K 4 and their middle graph M (K 4).

Proof . For the equality part of the lower bound, let G= K, , be the star graph
with n vertices m edges. M (K ,) be the middle graph of star graph having n+m
vertices and ”ﬂ# edges, it can be verified from the figure 1, then,

Status of the vertices having different degree in M (K ;) is as follows

Vertex having degree 1,

o(u) = Z d(u,v)
veV(M(K1,q))
= on—7

Vertex having the degree n,

ow) = D duv)
VeV (M(K1 q))
= 3n—4

Vertex having the degree n-1,

o(u) = Z d(u,v)
veV(M(Ki,q))

= 3n—3

The edge set of M (K ,) is partitioned as,
Ey = (wv|[deg(u) = n,deg(v) = 1)),|E1| =n — 1.
Ey = (uwv|[deg(u) = n — 1,deg(v) = n]), |E2| =n — 1.
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B3 = (uwv|[deg(u) = n,deg(v) = n]), |Fs| = 3[n* — 3n + 2].

by definition,
S1(M(Ky,)) = Y. [o(w) +o(v)

weB(M(K,,))

= Y (Gn-T+3n—4)+ Y (3n—3+3n—4)
+ > (3n—4+3n—4)

= (nui 1;(871 —11)+(n—1)(6n—7)
—i—%[nz —3n + 2](6n — 8)

= (n—1)(14n —18) + (n* — 3n + 2)(3n — 4) (1)

and
S2(M(Ky,)) = > lo(wo(v)

weE(M(K1,q))

= ) Gn-7Bn-4+ > (Bn-3)(3n-4)+

uUEEl(G) uUEEQ(G)
> Bn—4)@Bn-4)
uveE3(G)
= (n—1)(15n* — 41n + 28) + (n — 1)(9n* — 21n + 12)

1
+§[n2 — 3n + 2](3n — 4)*

= (n—1)(24n? — 62n + 40) + %[(ﬁ —3n+2)
(3n — 4)2. )

Equality For the upper bounds, let G= K,, be the complete graph with n ver-
tices and m edges. M(K,) be the middle graph of complete graph having n+m
vertices and nm edges. Status of vertex of M(K,) which having degree n-1 is
n? — 1 and status of the vertex of M (K, )which having the degee 2(n-1) is n* —n.
The edge set of M (K,) is partitioned as,

Ey = (uvldeg(u) = n — 1,deg(v) = 2n — 2), |Ey| = n(n — 1),
Ey = (uvldeg(u) = deg(v) = 2n — 2), |Ey| = nm — 2m.
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by definition,
SUM(KL) = ) lo(u)+o(v)]
weE(M(Ky))
= Z (n* —1+4+n*—n)+ Z (n* —n) + (n* —n)
= nn—12n*—n—1)+mn —2)2n(n — 1))
= n(2n® —3n®+ 1)+ 2nm(n — 2)(n — 1) (3)

Se(M(K,) = Y lo(u)o(v)

weE(M(Ky))
= Y D Y ) )
= n(n—1((n*—-1)(n*—-n)) + (nm —2m)n*(n — 1)
= n*(n—1)*(n*—1)+ (nm — 2m)). 4)

For Lower bounds, G only has a minimum number of edges if it is a tree.
M(G) has least number of edges if G = T. M(T) has minimum number of edges
compared to every other graph M(G).

Status connectivity index is decreases when number of vertices or edges are
deleted from the graph.
by Remark (3) and (4),

Jfrom equation (1)
S (M(GQ)) = (n— 1)[(14n — 18)] + (n* — 3n + 2)(3n — 4) (5)

Jfrom equation (2)
So(M(G)) = (n — 1)[(24n* — 62n + 40)] + %(n2 —3n+2)(3n—4)*  (6)

For upper bounds, G has maximum number of edges if and only if G is com-
plete graph, M(G) has maximum number of edges if and only if G = K,,. When
additional edges or vertices are joined to the graph, the graph’s status connectiv-
ity index extends and comparing to other middle graph of G, M (K,,) has maxi-
mum number of edges.

Therefore,
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51(M(G)) < S1(M(Ky))
S2(M(G)) < S2(M(Ky))
from equation (3)
S1(M(G)) < n(2n® = 3n* + 1) + 2nm(n — 2)(n — 1) @)
from equation (4)
S2(M(G)) < n*(n = 1)*[(n* — 1) + (nm — 2m)) ®)

Hence, from the equation (5), (6), (7) and (8) the status connectivity indices of the
middle graph will be,

(n —1)[(14n — 18)] + [(n? — 3n + 2)](3n — 4) < S1(M(Q)) <
n(2n® — 3n* + 1) + 2nm(n — 2)(n — 1)

and

(n — 1)[(24n? — 62n + 40)] + 1[n? — 3n + 2](3n — 4)? < S (M(G)) <
n%(n —1)*[(n®> — 1) + (nm — 2m)].

3 Status connectivity indices of middle graph of some
class of graphs

Theorem 3.1. Letr C,, be the cycle graph then,
S1(M(Cy)) =2n(n*+ 2n — 1) + m(n® + n)

and

SQ(M(Cn)) — n(n2+3n;2)(n2+n) + m(ni—&—n)’

Proof. Let C,, be the cycle graph with n vertices and m edges. M (C,,) be the
middle graph of the C,, has 2n vertices, 2n+m edges.
Status of vertex of M (C,,) having the degree 2 is

o(v) = Z d(u,v)

weV (M (Ky))
= 1+24+34+4+--+(n—-1)+(2n—-1)
n%+3n — 2

2
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Status of the vertex of M (C,,) having the degree 4 is

olv) = > du,v)
weV (M (Kyn))
= 1+2+3+---+n
n®+n

2

The edge set of M (C,,) is partitioned as,
Ey = (uv|deg(u) = 4, deg(v) = 2), |E1| = 2n
Ey = (uvldeg(u) = deg(v) = 4), |Es| = m.

by definition,
SI(M(Cr)) = > lo(w) +o(v)
weE(M(Ch))
2 _ 2 2
_ Z <n +Zn 2_i_n(n2—|r1))+ Z <n —|—n)+<n ;—n
wve uve Eo
= 2n(n*+2n — 1) +m(n* +n).
and
S:(M(Ca)) = D [o(u)o(v)]
weE(M(Chr))
2 3 -9 2 2 2
uwve Fy uv€ Fay
nn?*+3n—2)(n*+n)  m(n*+n)
B 2 - 4

Theorem 3.2. Let K, , be the complete bipartite graph then,
S1(M(Kpq)) = 2m(n® 4+ 3n —5) + m(% — 1)(n* + 2n — 4)
and

So(M(Kpq) = Z(n* 4+ 4n+6)(n* +2n —4) + 2(% — 1)(n® + 2n — 4)%
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Proof. Let K, ,, p = q with n=(p+q) vertices and m=(pq) edges and M (K, ,) be
the middle graph of complete bipartite graph. Status of vertex of M (K, ,) having

degree 3 is ™ +;‘” S and status of the vertex of M (K, ) having the degree n is

n24+2n—4
5 -

The edge set of M (K, ,)
By = (uwvldeg(u) = 3, de
Ey = (uv|deg(u) = de

partitioned as,
9(v) = n), |Ex| = 2m
g(v) = n), | Eao| =m(5 - 1).

by definition,

Si(M(Kpyg)) = Y [o(u) + o)
weE((M(Kp,q)))
n?+4n—6 n?>+2n—4 n?>+2n—4
N
uwve€Fy uv€E FEo
+nQ + 2n — 4)
2
= 2m(n*+3n—5)+ m(g —1)(n*+2n — 4)

and

S (M(Kpy)) = Y. lo(wo(v)]

weE((M(Kp,q)))

_ Z (n2—|—4n—6)<n2+2n—4)+ Z <n2+zn_4)

2 2
weF1(G) weEF2(G)
n®+2n—4
()
- %(n2+4n+6)(n2 Y on—4)+ %(g —1)(n? + 2n — 4)2.

Theorem 3.3. Let F), be the friendship graph where n is number of triangles then,

S1(M(F,)) = 271(16712 + 72n — 28)
and
So(M(F,)) = 2n(64n + 377n? — 300n + 57)

Proof. Let M(F,) be the middle graph of friendship graph, status of vertex
of M (F,) which having degree 2 is 8 + 13(n — 1), status of the vertex of M (F,,)
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Figure 2: Friendship graph F; and their middle graph M (F).

having degree 2n is 2n + 6n, status of vertex of M (F,) having degree 2n+2 is
6 + 8(n — 1) and status of vertex of M (F,,) having degree 4 is 6 + 13(n — 1), it
can be verified from the figure 2.
The edge set of M (F,,) is partitioned as,

Ey = (uvldeg(u) = 2,deg(v) = 4), |E1| = 2n

Ey = (uwv|deg(u) = 2,deg(v) = 2n + 2), |Es| = 2n
E3 = (uv|deg(u) = 4, deg(v) = 2n + 2), |E3| = 2n
Ey = (uwv|deg(u) = deg(v) = 2n +2), |E4| = n(2n — 1)
E5 = (uwv|deg(u) = 2n + 2,deg(v) = 2n), |E5| = 2n.
by definition,
S1(M(F,))
= Z o(u) + o(v)
w€E(M(Fy))
= ) (B8+13(n—1)+6+13n—13)+ Y (8+13n—13)+ (6 +8n — 8)
uveFk uve ko
+ ) (6+13(n—1)+6+8n—1)+ > (6+8n—8)+(6+8n—8)
uwveE3 uveFy
+ ) (6+8(n—1)+8n)
uwveEs

= 2n(26n — 12) +2n(2ln —7) + 2n(21n — 9) + n(2n — 1)(16n — 4)
+2n(16n — 2)
= 2n[8n® + 78n — 29]

316



Status Connectivity indices of Middle graph

and

weE(M(Fy))

= D (8+13n—13)(6+13n—13)+ Y (8+33n—13)(6+8n —8)

uve uv€ Fay

+ ) (6+13(n—1)(6+8n—1)+ Y (6+8n—8)(6+8n—8)

uve k3 uveEly

+ ) (6+8(n—1))(8n)

uveEbs

= 2n(13n —5)(13n — 7) + 2n(13n — 5)(8n — 2) 4+ 2n(13n — 7)(8n — 2) +
n(2n — 1)(8n — 2)* + 2n(6 + 8(n — 1))(8n)

= 2n[32n° + 409n* — 310n + 58].

O
Illustration 1: Let M (F») be the middle graph of friendship graph Fs.
From the figure 2, V(M (F,)) = {v1, va, v3, V4, U5, €1, €9, €3, €4, €5, €6 }-
From the definition of status of the vertex,
o(v1) =21 = o(vg) = o(vs) = o(v3)
o(ez) =19 = o(eg)
o(er) =14 =o(e3) = o(ey) = o(es)
o(v3) = 16 )
S1(M(Fy)) = > o(w)+o(v)
weE(M(Fy))
= [o(v1) +o(e2)] + [o(v2) + o(e2)] + [o(e1) + o(e2)] + [o(e3) + o(e2)]
+lo(e1) +o(e3)] + [o(er) + o(eq)] + [o(e1) + a(es)] + [o(es) + o(es)]
+lo(es) + o(eq)] + [o(e1) + o(vs)] + [o(e3) + o(vs)] + [o(vs) + o(eq)]
+o(vs) +o(es)] + [o(ea) + o(es)] + [o(ea) + ales)] + [o(es) + o(es)]
+lo(vy) +0(eq)] + [o(e5) + o(vs)] + [o(vs) + o(eg)] + [0(v5) + o(e6)]
+lo(v1) + o(er)] + [o(va) + o(e3)]
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Substitute the values from the equation (9) we get,
S{M(Fy)) = 720 (10)

From the Theorem 3.3
S (M(F,)) =2n(16n* + 72n — 28),
Putn =2

Si(M(Fy) = 2(2)(16(2%) + 72(2) — 28)
Si(M(Fy)) = T720. (11)

The equation (10) and (11) are equal.
Hence the result.

Theorem 3.4. For S, n > 3 be the Sunlet graph having 2n vertices and 2n edges
then,

n[14n? + 55n — 15]  ifnis even ,
S1(M(Sn)) =
n[l4n? + 55n — 16]  ifnisodd .

7n® 4 55nt + 28n3 — BAn2 4 100 ifn is even,
Sa(M(Sn)) =
7n® + 55n* + 3nd — 68n% + 2n  ifnis odd.

Proof. M(S,) be the middle graph of sunlet graph has 4n vertices and 7n

edges.
If n is even then, status of vertex of M (.S,,) which havmg degree 3isn?+ n -1,
status of the vertex of M (S,,) having the degree lisn?+1 n 4, status of vertex
of M(S,) which having degree 4 is n* + $n — 2 and status of vertex of M(S,,)
which having degree 6 is n* + gn, it can be verified from the figure 3.

If n is odd then, the status of vertex which having degree 3 is n? + n — 3
status of the vertex of M (S,,) whlch havmg the degree 1 is n® + 1 n -3 status of
vertex which having degree 4 is n* + n -3 and status of vertex of M ( ) which
having degree 6 is n? + gn +
We partition edge set of M (S,

|| \./l\)h—l
IS
W =

E1 (wv|deg(u) = 6,deg(v) 3), |E1| = 2n
= (uv|deg(u) = 4,deg(v) = 3), |E2| =n
= (uv|deg(u) = 1,deg(v) = 4), |E3| =n

E4 = (uv|deg(u) = 4,deg(v) = 6), |Ey4| = 2n
= (uv|deg(u) = deg(v) = 6), |E5| = n.
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S4 M(S4)
Figure 3: Sunlet graph S, and their middle graph M (S,).

by definition,

S1(M(Sn))

= Y (e o)

ww€FE(M(Sn))
M2+9n—2 2n%2+5m M2 +9In—2 2n2+9n—4
Dt Y )
uveFq uv€ FBo
M2 +9n—2 2m2P+1m—28 M2+9n—4  2n%2+5m
+) ) Y — )
uve k3 uvely

Z (2n2 +5n n 2n? + 5n)
weEs 2 2
= 2n(2n* +13n —6) +n(2n* +9n —3) +n(2n* + Tn — 1) +
2n(2n® + Tn — 2) + n(2n* + 5n)
= n[l4n® + 55n — 15|
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S1(M(Sn))

= Z o(u) +o(v)

ww€E(M(Sn))
N 2 2 2 2
uveFq uve FEo
22 +9In—5 2n2+17mn—9 M2+9n—5 2n2+5m+1
> - D> -
2 2 2 2
uve b3 uwveFy
M2 4+5n+1 2n2+5n+1
> +
2 2
uveFs

= 2n(2n* +13n —7) +n(2n* + 9n — 4) + n(2n* + Tn — 1) + 2n(2n* + Tn — 2)
+n(2n® +5n + 1)
= n[l4n® + 55n — 16).

and
S2(M(S))

= Y, (ow+o)

wv€eE(M(Sn))

(2n? 4+ 9n — 2)(2n? + 5n) (2n? +9n — 2)(2n? + 9n — 4)

> oy :

wveFEq 4 uvElsy 4

(2n% +9n —2)(2n% + 17n — 8) (2n? + 9n — 4)(2n* + 5n)
> > .
uve b3 4 uvEFy 4
Z (2n® + 5n)(2n* + 5n)
4

uveE s

_ 2n(2n2 +9n —42)(an + 5n) N n(Zn2 +9n — 22(2n2 +9n —4)
2n? +9n —2)(2n? +17n — 8 2n2 +9n —4)(2n? + 5
L l2nt+9n )in+ n—8  , (2n°+9n 4)(n+ n)
(2n? + 5n)(2n* + 5n)
+n 1
254

= 7n’ +55n" + ?n?’ — %Tﬂ + 10n.
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Illustration 2: Let M (.S4) be the middle graph of Sunlet graph Sy. From the

{Ula V2, U3, V4, Vs, Vg, U7, U, €1, €2, €3, €4, €5, €6, €7, 68}'

From the definition of status of the vertex,
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Substitute the values from the equation (12) we get,
S1(M(Sy)) = 1716 (13)

From the Theorem 3 4

Putn = 4

S1(M(Sy)) = 4(14(4%) + 55(4) — 15)
S1(M(Ss)) = 1716 (14)

The equation (13) and (14) are equal.
Hence the result.

Theorem 3.5. Let T be the tree with n vertices and diam(T)=3 then,

Sy (M(T)) =25k + 28k + 10 + ¥72(8k + 4)
and
So(M(T))= 52k> + 82k> + 50k + 12 + (k* — 2k)[4k> + 4k + 1].

Proof. T be the tree obtained by joining equal number of pendent edges to
both end vertices of path Py. M (T') be the middle graph of tree contaning 4n ver-
tices and 7n edges, k be the pendent vertices of the tree. Status of vertex which
having degree 1 is 6k + 3, status of the vertex which having the degree g + 2 s
4k + 2 ,status of vertex which having degree g + 1 is 4k + 3 and status of vertex
which having degree k+2 is 3k + 2.

The edge set of M (T) is partitioned as,
Ei = (uv|deg(u) = 1,deg(v) = £ +2),

| =k

Ey = (uv|deg(u) = Z+ 2, deg(v ) E+1), |Bsl =k

= (wv|deg(u) = % 4+ 1,deg(v) = k +2), |E5| = 2

Ey = (uv|deg(u) = + 2,deg(v) =k +2), |E4| =k
( (u) =

Es = (uv|deg(u

deg(v) = £ +2), |E5| = B2

by definition,
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S1(M(T))
= Y (ew+ow)
weE(M(T))
= > (6k+3+4k+2)+ > (4k+2+4k+3)+ Y (4k+3
wveE, uv€ Fa uveFls3
+3k+2)+ ) (4k+243k+2)+ Y (dk+2+4k+2)
uvEFy uwv€ Es5
k? — 2k
= k(10k+5)+k(8k+5) +2(Tk+5) + k(Tk +4) + 1
(8k +4)
2
—2
= 25k* + 28k +10 + i k(Sk: +4).
and
So(M(T))
= > (o(wo(w)
weE(M(T))
= ) 206k+3)(2k+ 1)+ Y 22k+1)(4k+3)+ Y [(4k+3)
uwv€ Fy uv€ Fay uv€E k3
(Bk+2)]+ > 22k +1)(3k+2)+ > (2(2k +1))(2(2k + 1))
uve by uveFEs5

= k(6k+3)(4k +2) + k(4k + 2)(4k + 3) + 2(4k + 3)(3k + 2)

2 _

k? — 2k
+k(4k +2)(3k + 2) + [2(2k + 1))?
= B52K° + 82K% 4+ 50k + 12 + (k* — 2k)(4k* + 4k + 1).

4 Conclusions

In the present research work bounds for first and second status connectivity
indices of middle graph are obtained. Futher, first and second status connectivity
indices for middle graph of some class of graphs like cycle, complete bipartite,
friendship graph, sunlet graph and tree of diameter 3 are established. For future
research work, one can calculate the results on status connectivity indices of iter-
ated middle graph of graph and other class of graphs including tree of diameter
greater than 3.
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