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Abstract

The main goal of this work is to present GG z-metric space, a new
generalization of G-metric space. A comparison between the classes
of G-metric spaces, GG P-metric spaces, (G,-metric spaces, generalized
Gy-metric spaces, and G*-metric spaces and the class of G'z-metric
spaces is also presented. We examine a few fundamental aspects of
this newly defined abstract space. Proving the Banach contraction
principle and the fixed point result for (¢, ¢)-contractive mapping in
the context of G z-metric spaces is the paper’s secondary goal.
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1 Introduction

Gabhler (1) proposed the idea of 2-metric space, which is an extension of the fa-
mous concept of metric space (X,d). Various writers have demonstrated that there
is no relation between the two functions. For example, Ha et al. (2) demonstrate
that the 2-metric does not necessarily need to be continuous. Dhage (3) introduced
the concept of D-metric space, a new class of generalized metric space, in 1992.
Most of the assertions about the basic topological structure of D-metric space
were later proved inappropriate by Mustafa and Sims (4), Naidu et al. ((5; 6)).
Therefore, Mustafa and Sims (7) created a more suitable concept, known as G-
metric space. (7) Let A be a non-empty set and G : A x A x A — [0,00) be a
function satisfying:

G1) G(C,m,9) = 0if ¢ =y = 0;
G2) 0 < G(( ¢, n), forall (,n € Awith ¢ # n;

AA/—\/—\

G3) G(C,Con) < G(C,m, ), forall €, € Awith d # 1
G4) G((,n,Y) = G((,9,n) = G(n,9,() = - - - (symmetric in all three variables);
(G5) G(¢,n,9) < G(C, a,a)+G(a,n, V), forall {,n,v,a € A, (rectangle inequality).

The pair (A, G) is a G-metric space, and the function G is referred to as a gen-

eralized metric or a G-metric on A. Assume that the set of real numbers is A,
define G : A x Ax A—[0,00) as

G(Cﬂ]ﬂ?) - |C_7]|+’77_19|+|19_<|7 for all CaﬁvﬁEA'

G is therefore a G-metric on A.

(8;9; 10; 11; 12; 13; 15; 14; 16) has more results and more information in

G-metric spaces. As a generalisation of partial metric space (17) and G-metric
space, Zand and Nezhad (18) presented GG P-metric space in 2011. (18) Let A
be a non-empty set. Let G : A x A x A — [0,00) be a function such that the
following conditions hold:
(Gpl) C=n=7ifG((,n,J) =
(Gp2) G(C. ¢, Q) <G () <
(Gp3) G(¢,n,¥) = G((,0,m) =
(Gyd) G(Con, ) < G(Ca,a) +
Then, the function G is called a
metric space.

Later, in 2013, Parvaneh ez al. (19) discovered that (G,2) makes G P-metric
spaces symmetric. Because those G-metric spaces are nonsymmetric, G P-metric
spaces do not generalize them (see Example 1, (7)). Parvaneh et al. (19) redefined
G P-metric space in light of this by modifying the inequality (G,2) to read as
follows:

(Gp2') G(C,¢,¢) < GG ¢n) < G(¢n, D), forall ¢,n,9 € Awithn # 9.

G( ) 7C) G(Uﬂ?ﬂ?) = G(ﬁ,ﬁ,ﬁ),

G((,n, 1), forall (,n,9 € A,

G (77, ,¢) = -+ - (symmetric in all three variables);
(a,n,9) — G(a,a,a), forall (,n,9,a € A.

G
GP- memc on A, and the pair (A, G) is a GP-
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(18) Let A = [0, 00) and define amap G : A x A x A — [0, 00) by setting
G(¢,n,9) = max{(,n,9}, forall {,n,v € A.

Consequently, (A, G) is a G P-metric space but not a G-metric space since G(1,1,1) =
1 #0,i.e., (G1) does not hold.

Further details about GG P-metric spaces are provided in papers (20; 21; 22;
23; 24; 25; 26; 27; 28). By merging the ideas of GG-metric spaces and b-metric
spaces(30), Aghajani et al. introduced the notion of GG,-metric spaces in (29) as
follows: (29) Let s > 1 be a real number and let A be a non-empty set. Let
G:AxAxA— [0,00) be afunction such that:

(Gpl) G(¢m,0) = 0if ( =n=1;

(Gy2) 0 < G((,¢,m), forall (,n € A with ¢ # n;

(Gy3) G((,¢,n) <G(¢,n,0), forall (,n,v € A with ¥ # n;

(Gpd) G((,n,Y) = G((,Y,n) = G(n,9,() = --- (symmetric in all three variables);
(Gy5) G(C,n,9) < s[G((,a,a) + G(a,n, V)], forall {,n,v,a € A.

Then, on A, the function G is referred to as a Gy-metric or a generalized b-metric,
and the pair (A, G) is a Gy-metric space or a generalized b-metric space. A G-
metric space is a Gp-metric space with s = 1, but the opposite is not true in gen-
eral. (29) Let A = R represent the set of real numbers. Define G : A x Ax A —
[0, 00) as follows:

1
G(Cvnaﬁ) = §(’C - 77| + ‘77 - 19’ + ’19 - C‘)Qv for all Caﬂ?ﬁ c A

Hence, on A, GG is a G,-metric but not a G-metric. Numerous researchers demon-
strated different findings in GG,-metric spaces; refer to (31; 32; 33; 34; 35; 36; 37,
38; 39; 40; 41; 42). In (29), the authors proposed the idea of G-metric space.
The term Gj-metric space was also used by Jain and Kaur in (43), although it
referred to a different abstract space. Jain et al. (44) renamed this abstract space
as ‘generalized GG,-metric space’, and its definition is as follows: (44) Let A be a
non-empty set and s > 1 be a real number. Let G : A x A x A — [0,00) be a
function satisfying:

(9Gl) G(C,n,0) =0if ( =n=1);

(9Gy2) 0 < G((, ¢, n), forall (,n e Awith ¢ # n;

(9G3) G(¢,¢,n) < sG((,n,0), forall (,n,v € A with ¥ # n;

(9Gvd) G(C,n,9) = G((,9,n) = G(n,9,() = - - - (symmetric in all three variables);
(9Gwd) G(¢,1n,0) < s[G((,a,a) + G(a,n,d)], forall {,n,9,a € A.

The pair (A, G) is a generalized Gy-metric space, and the function G is referred
to as a generalized Gy-metric on A. The following example shows that while it is
evident that every GG,-metric space is a generalized GGp-metric space, the converse
is not true: (44) For every (,n,v € R, define amapping G : R x Rx R — R,
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as follows:

In that case, (R, G) is not a G,-metric space, but it is a generalized G,-metric
space with s = 2. To calculate G((,n,9) = |1 =3+ |3 =2 +|2— 1> =6
and G(¢,n,n) = 2|1 —3|> =8, let ( = 1, n = 3, and ¥ = 2. Cosequently,
G(¢mym) £ G(¢,n, V), thatis, (G3), is not true.

After that, Jain et al. (44) introduced G*-metric space to generalize G P-metric
space and generalized GG,-metric space. (44) Let G : A x A x A — [0,00] be
a mapping, where 4 is a non-empty set. If there is an o > 0 such that for every
¢,n, ¥ € A, the following conditions hold, then we say that G is a G*-metric on
A:
(Ggl) G((,n,v) =0 implies ( =n =1

(Gg2) G(¢,m,Y) =G(¢,9,n) =G(n,0,() = - - (symmetric in its variables);
(Gg3) if {Cn} € Cu(G, (), thenG((,n,0) < « (hmsup G(Cn 1, 0) + G(QQC)) ,

where CA(G,C) = {{Cn} C A‘ n,}rizr—{looG(Cm CrmC) - G(C?C?C) < OO} :

The pair (A, G) in this instance is referred to as a G*-metric space with constant
.

(44) Assume that A = BU {0}, where B = {1 |[n € N} . Let G : A x A x
A — [0, 0o] be a mapping defined so that G satisfies (Gg2) and

(+n+17, if atleast one of (,n, v is 0; or
G(¢,n,9) = ifC:%,n:nim,ﬁ:n%rl, where n,m, [ > b;
5, otherwise.

Consequently, (A, ) is a G*-metric space with constant «. However, G(0.5,0.5,0.5) =
5 # 0, (A, G) is not a generalized G,-metric space. Also, (A, G) is not a GP-
metric space as for { = % and n = %, G ¢ =5¢% % = G((, ¢, n), that s,
(G,2') is not true.

Meanwhile, in 2018, Jleli and Samet (45) established an exciting generaliza-
tion of metric space as follows.
Let F be the set of functions f : (0, 00) — R satisfying the following conditions:
(F1) fis non-decreasing, i.e., 0 < s <t implies f(s) < f(¢).
(F2) For every sequence {t,} in (0,00), we have

li_}rn t, = 0 if and only if h_}m f(t,) = —oo.

(45) Let A be a non-empty set and let D : A x A — [0, 00) be a given map-
ping. Suppose that there exists (f, «) € F x [0, c0) such that
(D1) (¢,n) e Ax A, D(¢,n) =0 if and only if { = .
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(D2) D(¢,n) = D(n, ), forall ((,n) € Ax A
(D3) For every (¢,n) € AxA, foreveryn € N, n > 2, and for every {uy, us, -+ ,u,} C
A with (uq,u,) = (¢,n), we have

n—1
D(¢,n) > 0 implies f(D(C,n)) < f (Z D(ui,qu)) +a.
=1

Then, the function D is said to be an F-metric on A, and the pair (A, D) is said
to be an F-metric space.

We refer to (46; 48; 49; 47; 50) for more details on JF-metric spaces. Now,
motivated to the work done in (45), we define a new generalization of GG-metric
space as in the following section.

2 (G r-Metric Space

Let A be a non-empty set. Let G : A x A x A — [0, 00) be a mapping. Let
there exists (f, a) € F x [0, 00) such that
(Gr1) G(¢,n,9) =0 ifand only if ( =7 =4.
(GF2) [(G(C.Cn) < f(G(Cn, V) +«, forall ;0,9 € A with J #n,( #
n.
(Gx3) G((,n, V) = G((,Y,n) = G(n,9,() = -- - (symmetric in all three variables).
(G#4) For every ((,n,9) € AxAxA, foreveryn € N, n > 3, and every {a,as, - ,a,_1}
C A witha; =,

n—2
G(Ca 7, 19) >0 lmphes f (G(Ca , 19)) S f (Z G<ai7 Qjt1, ai+1) + G(aﬂfla , 19)) +
=1
(6%

Then, the function G is called a G z-metric on A, and the pair (A, G) is said to be
a G z-metric space.

2.1 Examples

Every G-metric space is a G z-metric space. Let (A, G) be a G-metric space.
Then, G is a Gz metric on A, as (G#1) and (G£3) can be obtained from (G1),
(G2), (G3) and (G4). Also, with @ = 0 and f(t) = ', (Gx2) and (Gr4) are
satisfied using (G3) and (G5).

Now, we construct an example of a GG z-metric space which is a Gj-metric
space as well, but not a G-metric space. Let A = {a,b, c} and define G : A x
A x A — [0,00) as follows:

G(a,a,a) = G(b,b,b) = G(c,c,c) =0, G(a,a,b) = G(a,b,b) =1, G(a,a,c) =
G(a,c,c) = 1.2, G(b,b,c) = G(b,c,c) = 1.3, G(a,b,c) = 3.3, and assume
that (G£3) holds. Then G is a Gz-metric on A with f(t) = In(¢), ¢ > 0, and
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a = In(1.5). Also, G is a G,-metric on A with s = 1.5, but G is not a G-metric
on Aas G(a,b,c) =3.3 £ 2.3 =0G(a,b,b) + G(b,b,c).

See another example of a GG z-metric space which is a generalized GGy-metric
space as well, but not a Gy-metric space. Let A = {1,2,3, -, I-2}U{l—2 |n €
N}, where [ be a fixed natural number such that [ > 5 and B = {1, 2, 3}. Consider
amapping G : A x A x A — [0, 00) defined by

=P =P+ = CA i (¢n,9) € Bx B x B,
G(Cﬂ?’ﬁ)_{ I —=n|+ |n—=29+ 19— (|, otherwise.

Then, (G£1) and (G £3) are satisfied for mapping G.

Let (¢,n,0) € AxAxAsuchthat G((,n,9) > 0andforn > 3, {ay,a2, -+ ,a,1} C
A with a) = C

LetP={i=1,2,3,--- ,n—2]a;,a;11 € BtandQ ={1,2,3,--- ,n—2}—P.
Case 1: If (¢, n,v) € Bx B x Banda,_; € B, we have

G(¢,n,9)
= [C=n+n—9+ 19—
< 2[C—nl+n—=V+ |9 ¢

< 2 (Z @i — aipa| + ) lai — ai+1|> +2|ap1 —n| + |n =9 + [ = ¢J?
ieP 1€Q
<2 <Z |ai — aipa|* + Z |a; — az’+1|> +2lan =1+ |n = I + 20 — ap |
ieP 1€Q
+ 2|an_1 — C|2
< 2 (2 Z |a; — @i ] +2 Z |a; — Gi+1‘> +2|an—1 —nl* +2[n = I* + 2|0 — ap|?
ieP 1€Q
+ 2]an—1 — ¢

< 10 ((2 Z |a;i — @i ] +2 Z |a; — @i+1\> + |an_y — 0>+ In — I + 9 — Gn1|2>

EP 1€Q

n—2
= 10 (Z G(a;, i1, aiqp1) + G(%l;ﬁﬁ)) :

i=1
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Case 2: If ((,n,¥) € Bx B x Band a,_; ¢ BB, we have
G(¢,n,9)
= [C—nl* +n =9+ 9 — ¢
< 2|¢ =l +2[n — I + 2|0 = ¢

< 2 (Z la; — aip1] + Z la; — ai+1|> + 2|an—1 — | +2[n — I+ 2|V — a1
i€P 1€Q

+ 2’61”,1 - C’

< 2 (2 Z la; — a1 |* + 22 la; — ai+1|> + 2|an—1 —n| + 2|n — V| + 2|9 — a1
ieP 1€Q

+ 2’@,1,1 - C’

S 21 ((22 |ai - CLi_H‘Q + 22 |CLZ' — CLZ'+1|> + |6Ln_1 - 77| + |7] - 19‘ + ‘19 — an_1|>
i€EP 1€Q

n—2
= 2l (Z G(ai, aiv1, air1) + G(an—1, 77779)> .

i=1

Case 3: If ((,n,v) ¢ B x B x B, then using Case 1 and Case 2, we have

n—2
S [ (Z G(aiuai—‘rl’ai-i-l) + G<an—1;77779)> .
i=1

Thus, combining all cases, we have
n—2

G(Ca 7, 19) >0 lmphes G(C? 7, 19) S 21 Z G<a’i7 Ait1, ai+1) + G(an*b 7, 19)

i=1
Therefore, by taking f(t) = In(t), t > 0, and o = In(2]), (G4) and (G 2) are
obtained. Hence, GG is a G z-metric on A. Also, GG is a generalized GG,-metric on
A with s = 2[. But G is not a Gy-metric on A as G(1,1,3) =8 £ 6 = G(1,2,3),
i.e., (G3) does not hold.

In the following example, we see the existence of a G z-metric and G*-metric
space, which is not a generalized G,-metric space. Let A = R and 8 = [0, 1] x
[0,1] x[0,1] —{(¢,(,¢) | ¢ €[0,1]}and G : A x A x A — [0, 00) be a mapping
defined by

0, if (=n=219,

2(¢=nl+In=2|+[9=C]) otherwise.
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Then, G satisfies (G 1) and (G £3) directly from the definition of G.
Let f(t) = _71 t > 0, and @ = 1. Then, for any ({,7n,9) € A x A x A such that

G(¢,n,9) > 0and forn > 3, {ay,as,- -+ ,a,-1} C A with a; = (, we consider
the following cases:
Case 1: If (¢,n,v) € *B, then

GCnd) = S(C—ul+In—d]+19 )
n—2

< Z G(ai, iy, ai+1) + G(an_1, 7, 19)

=1

which implies that

n—2
F(G(¢n D) < f(ZG(%@HMIM)+G(an—1a77ﬂ9))

=1

2
< f ( G(a;, i1, 1) + G(%—lﬂ?ﬁ)) +a.
=1

1

Case 2 : If (¢,n,9) & *B, then

n—2
f (G(<7 n, 19)) - f (Z G(aiv Qi+1, ai+1) + G(an—la n, 19)) -«
i=1
= ! + ! ~1
/20l —I+ 19— /J n

2
Z G(ai, ait1, aiv1) + Glap—1,1,9)
i=1
-1
v/ 2(¢=nl+n=9]+9—¢])
Thus, (G #4) holds.

Also, for ¢, n, ¥ € A with { # n, n # 1, we consider the following two cases:
Case 1: If (¢, ¢, n) € B, then

+1-1<0.

GG ) = +(2IC ) < GG, ),

which implies that

F(G(C¢m) < f(G(Cn,9)) < F(G(En,9)) + a.
Case 2: If (¢, (,n) & *B, then
— - ~1
V2= T \/2¢—nl+n—0]+0—|
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Thus, (G#2) holds; hence, G is a Gx-metric on .A. But GG is not a generalized
Gp-metric on A as for any s > 1, and forn € N,

= G@2n+1,1,1)

< s(G2n+1,n+1,n+1)+Gn+1,1,1))

— 8(2211 4 22n)7

24n

which gives 22"~1 < s, therefore, by taking n — oo, we have a contradiction.

The next example assures the existence of a GG z-metric space which is not a
G*-metric space. Let B= {1 |n € N} and A= BUNU{0}.Let G : A x A x
A — [0, 00) be a mapping defined by

0, if( =n=1;
G((,n,9) =] |¢—n|+n—=2+9—-, if ¢(,n,9 € B; orif atleast one of (,n, ¢ is 0;
1, otherwise.

First, we prove that GG is not a G*-metric. Suppose that G is a G*-metric with
constant 3 > 0.

Let ( = 0and ¢, = %, then {(,} € C4(G,(). Therefore, for n,9 € N, using
(Gg3), we get

Gen ) < 8 (hm sup GG, ) + G<<,<,<>) ,

n—o0

that is,

0l +n = 9]+ 9] < B(1+0) = f.
Taking limit 77,9 — oo, we have a contradiction. Thus, (A, ) is not a G*-metric
space.
We now prove that (A, G) is a G z-metric space with (f,«) € F x [0, 00), where
f(t) = =t and o = 1. (G#1) and (G#3) hold obviously. Now, for (G#2), let
(,n,9 € Awith ( # n, n # v. Then consider the following two cases:
Case 1: If {,n, v € BU {0}, then G(¢,(,n) < G(¢,n, ). Therefore,

GG ¢m) < F(G(E,n, ) < fF(G(Cn, ) + o
Case 2 : If at least one of (, 7, ¥ € N, then G((,n,9J) > 1. Thus,
f(G<C7 C777)) - f(G(Ca 7]779)) -
1 1
—1

GC.Cm GG mD)

< —G(C,C,n)+1_1<0'
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Thus, (G'#2) holds.

Now, for (Gx4,) let ¢(,n,9 € A such that G((,n,9) > 0 and for n > 3,
{ai,as, -+ ,a,_1} C A with a; = (. Consider the following two cases:

Case 1: If If ,n,9 € BU {0}, then

n—2

G(Ca 7, rﬁ) S Z G(ai> Qit1, aiJrl) + G<an*17 7, 79)7

i=1

therefore,

f (G<Cv n, 19)) < f <Z G(ai7 Qit1, ai+1) + G(an—la m, 19))

i=1

IN

n—2
/ (Z G(ai, aiy1, aiyr) + G(an—l,n,ﬁ)> + .

i=1

n—2

Case 2 : If atleast one of (, n, v € N, then Z G(a;, air1,aiv1) +G(an_1,n,9) >
i=1
1. Thus,

f(G(¢n,0)) — f (Z Gl(ai, a1, @iv1) + G(an—1,7, 19)) -«

L ! ~1
G((,n,9) =2
G(a;, ait1, az‘—i—l) + G(an—b n, 19)
=1
< -1 +1-1<0
- G(¢n,v) '

Thus, (Gx4) holds. Hence, (A, G) is Gx-metric space.

Abstract spaces in Example 1, Example 1, Example 1, and Example 1 are not
G 7-metric spaces. A relation among the classes of abstract spaces discussed so
far is described in the following diagram (Figure 1):

Figure 1: A comparison among various classes of abstract space.
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2.2 Some Basic Concepts

This section defines a few fundamental ideas and examines their characteris-
tics within the context of GG z-metric space. Let A be a subset of G z-metric space
(A, G). Then A is said to be a G'z-open set if for every ( € A, there exists > 0
such that B((,r) C A, where

B((,r)={ne A|G((,n,n) <r}.

Let 7¢, be the collection of all such open sets, then 7¢ . is a topology on A.

Let {(,} be a sequence of points in Gz-metric space (A, G). Then sequence
{¢,} is said to be G z-convergent to (, € A if, for each € > 0, there exists ng € N
such that G((,, (m, (o) < €, for all n,m > ny.

Let (A, G) be a Gz-metric space with (f,a) € F x [0, 00), then

F(G(Cnn) < F2G(CCn)) +a, forall ¢,ne A with C#n.
Proof. For (,n € A with  # n, using (Grl), (Gz4) and (G£3), we have,

F(G(¢nm) < F(G, ¢ Q) +G(C¢Gn) +a=f(2G((,¢,n)) +a.
0

Let (A, G) be a G z-metric space with (f, ) € F x [0, 00). Then, the follow-
ing statements are equivalent.
(I) G(Cny Cny Go) — 0 as n — oo.
(IT) G(Cn,y CosCo) = 0 as n— oc.
(IIT) G(¢ny Cmy Co) — 0 as n,m — o0.

Proof. First, we prove (I) implies (11); for this, let G((,,, (n, (o) — 0 as n — oc.
If for infinitely many n, ,, # (o, then for those n, using Proposition 2.2, we have

f(G(<n7CO>CO)) S f(2G(CTLa<TL7CO)) + .

Taking n — oo on right-hand side and using (F2), we arrive at G((,,, (o, (o) — 0.
and for rest of n, G((,, ¢, (o) = 0, thus in overall G((,, o, (o) — 0.

Now we prove (/1) implies (/11); for this, let G((,, (o, o) — 0 as n — oo.

If for infinitely many m and n, G((,, G, (o) # 0, then for those (m,n), using
(G#4), we have

f (G(C’m Cma CO)) < f (G(Cm gOa CO) + G(CO) CO» Cm)) +a.

Taking n, m — oo on right-hand side and using (F2), we arrive at G((,,, G, Co) —
0,

and for rest of n,m, G((,,(m,C) = 0, thus in overall G((,, G, (o) — 0 as
n,m — oo.

Also, (I11) implies (I) obviously. O
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Let (A, G) be a G z-metric space with (f,«) € F x [0, 00). Then a sequence
{¢.} in A which is G z-convergent, converges to a unique element in A.

Proof. Let, if possible that sequence {(, } converges to ¢ and 7 in A with { # 7,
then, by (Gr4)

taking n — oo on right-hand side and using (F2), we arrive at a contradiction.
O

Let (A, G) be a Gz-metric space. Then a sequence {(,} in A is said to be G x-
Cauchy sequence if, for each € > 0, there exists ny € N such that G((,, (i, (1) <
e, for all n,m,l > ny.

Let (A, G) be a G z-metric space with (f, a) € F x [0, 00). Then, the follow-
ing statements are equivalent.

(I) Sequence {(,} in Ais Gr-Cauchy sequence.
(1) G(Cny s @) = 0 as n,m, 1l — oo.
(I11) G(Cny Cms Gm) — 0 as n,m — 0.

Proof. (I) and (I1) are equivalent using Definition 2.2.

Now (/1) implies (/1) obviously, so we prove (/1) implies (/7). If for in-
finitely many n, m and [, G((,, G, (i) # 0, then for those (n, m, 1), using (G#4),
we have

f (G(Cm Cmv Cl)) < f (G(Cna €m> Cm) + G(Cma Cma Cl)) +a.

Taking n, m,l — oo on the right-hand side and using (F2), we arrive at G(,,, G, (1) —
0,

and for rest of n,m,l, G((y, (m, () = 0, thus in overall G((,, G, () — 0 as
n,m,l — oo. O

Every GG z-convergent sequence is a G z-Cauchy sequence.

In Example 2.1, sequence {I — +} is Gz-Cauchy sequence but not a G-
convergent sequence.

A G z-metric space is said to be G z-complete if every G z-Cauchy sequence
is a G'z-convergent sequence.

In Example 2.1, (A, G) is a Gr-complete metric space as every Gx-Cauchy
sequence is a G z-convergent sequence.

Let (A, G) be a Gx-metric space and B C A. Then closure of B is denoted by
B and defined by

B={¢e€ A|(e€BorB(¢,r)NBis infinite set for every 7 > 0}.
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The following propositions are needed in the main results of this paper. Let
(A, G) be a Gx-metric space with (f,a) € F x [0,00) and f is a continuous
function. If {(,} is G'z-convergent to { with { # b or ( # ¢, where b and c are

real constants, then

£ (G(C.b.e))—ar < lmint £ (G(Gyb.e)) < limsup f (G(Gu.b,e)) < f (G(C, b)) +ar

n—oo

Proof. Without loss of generality, consider ( # b, so except first finitely many n,
(n # b. Now using (G'#4), we have

f (G(Cv b7 C)) —Q

IN

I VAN VAN

fimint f (GGG Go) + GlGubrc)
lini}inff (G(Cnsy b))
limsup f (G((n, b, ¢))

n—oo

(G(
limsup f(G(Gn, ¢, ) + G(C,b,¢)) +a
(G(

n—oo

limsup f (G((,b,¢)) + «

n—oo

f(G(C,b,c)) + a.

Let (A, G) be a G z-metric space with (f, ) € F x [0,00), and f is a contin-
uous function. If {(,} and {7, } are G r-convergent to ¢ and 7, respectively, and ¢
is a real constant such that ¢ # ( or ¢ # 7, then

F (G(Cm.€)~2a < lmint £ (G(Grr ) < limsup f (G(Grmr0)) < f(G(Cm.0)) 420

n—0o0

Proof. Without loss of generality, assume that ¢ # (; therefore, except first
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finitely many n, ¢ # (,,. Now using (G'z4), we have

f (G(Ca n, C)) —2a

IN
i
=)

=y

—

IN
=
B
=

—

15 My M) + G (M Gy €))
G CTH 77717 C))
G(Cnvnn7c)
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IA
B 1B
»n =
£ °5
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IN
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IA I
B 78
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(SIS
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@)

Il
B
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==
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Ly
2
=
I
&
+
[\
e

= f (G(ga 7, C)) + 2a.

3 Fixed Point Results in G r-Metric Space

This section deals with some fixed point results in the context of G z-metric
space. Our first result is the following theorem. Let (A, G) be a G z-complete
metric space with (f,a) € F x [0,00) and T : A — A be a mapping such that
there exists a non-empty subset B of A with 7'(8) C B and

G(T¢, Tn, TY) < AG(¢,n,9), forall (,n,V € B,

where A € [0,1). Then, T has a fixed point in .A. Moreover, if the fixed point
belongs to B, then 7" has a unique fixed point in B.

Proof. Let (y € B be arbitrary. Define a sequence {(,} in A by ¢, = T'¢,,_1, for
alln € N.If (,, = (41 for some n € N, then (, is a fixed point of 7. So let
Cn # Cna1, for every n € N. Now for each n € N, we have

G(Cm Cn+17 Cn—i—l) S /\G(Cn—la Cm Cn)

Now, an easy induction gives that

GGy Grg1s Gng1) < A"G(Co, G5 ).
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Let n,m € N with m > n; then, we have

m—1 A"
ZG(QQH,QH) < 1 -\

i=n

G(Go, G, G1)-

If for infinitely many pairs (m,n) with m > n, G((,, G, (m) 7 0, then for these
m,n using (Gr4), we have

m—1
f(G(CTmCmaCm)) S f (Z G(CivCi-i—laCi-‘rl)) + «

1=n

A’I’L
< f (1 — AG(C07C17C1)> + a,

taking n, m — oo and using (F2), we get G(Cpn, Gny Gn) — 0.
Also, for rest of m, n with m > n, G((,, (m, () = 0. Thus in overall,

G(Cny Gy Cn) — 0 as n,m — oo.

Thus, {(,} is a Gx-Cauchy sequence in A, but (A, G) is a Gxr-complete metric
space, therefore {(,} is Gx-convergent to some (' € A. Suppose, if possible
G(T¢', ¢, (") > 0, then using (Gx4), we have
FG(TCC ) < fGTC TG, T6) +G(T6, ¢ () +a
< FAGE, G ) + GG ¢ ) +

Taking n — oo on the right-hand side and using (F2), we arrive at a contradiction.
Thus, G(T¢’,(’, (") = 0 and which implies that T'¢' = (’.
Now, if (' € B and 1 € B be another fixed point of 7', then
G(¢',nm) = G(TC, T, Tn) < AG(Cn,m)
which implies that G(¢’,n,n7) = 0 as A € [0, 1). Therefore, (' = n, that is, ' is a

unique fixed point of 7" in B. O]
Consider G z-metric space (A, G) as in Example 2.1, which is a G z-complete
metric space. Define a mapping 7 : A — AasT( = @, forall ¢ € A.

Now, for B = [0, 1], we see that T'(3) C B, and for ¢, 1,9 € B, we have
G(T'¢, Tn,TV)

4 4 4 4 4 4

3
< 3 x 2 —nl+In =l +19 =)

G(¢,n,9).

Sl WwWw|— w
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Thus, the hypothesis of Theorem 3 is satisfied. And we notice that 7" has two fixed
points, 0 and 3. Also, 0 is the only fixed point of 7" in B.

Consider G'z-metric space (A, G) as in Example 2.1, which is a G z-complete
metric space. Define a mapping T : A — AasT( = %, for all ¢ € A.
Then for B = [0, 1], we can easily see that hypothesis of Theorem 3 is satisfied.
Also, we notice that 7" has a unique fixed point in A.

Let (A, G) be a Gx-complete metric space with (f,«) € F x [0,00) and
T : A— Abe amapping such that

G(T¢,Tn,TV) < AG(¢,n, ), forall ¢,n, v € A,
where A € [0, 1). Then, 7" has a unique fixed point in A.
Proof. Take B = A in Theorem 3. O

In the following result, we find the unique fixed point for (1, ¢)-contractive
mapping (see detail of (¢, ¢)-contractive mapping in (51; 52; 14; 53; 29; 32; 54))
in the setting of GG z-complete metric space.

Let (A, G) be a G x-complete metric space with (f, ) € F x [0, 00) such that
f is a continuous function. Let 7" : A — A be a mapping such that

o (FM(G,n, ) + 4a) < (f(G(TC, T, TV))) — ¢ (M(C,n,7)), (1)

forall (C,,9) € Ax Ax A—{(C,,9) € Ax Ax A| T¢ = T = T9}, where
¥ : R — R is a continuous non-decreasing function and ¢ : [0, 00) — [0, 00) is a
lower semi-continuous function with ¢~*(0) = {0} and

Then, 7" has a unique fixed point.

Proof. Let (y € Abe arbitrary. Define a sequence {(, } in Aby (11 = T¢,, n =
0,1,2,-- .

If ¢, = (11, then ¢, is a fixed point of 7.

Now, assume that (,, # (,.1, for all n. Let 6, = f(G(Cn, Cntt1, Gra2))y, n =
1,2,3-- .

Now,

¢(f(M(€n7 Cn-&-la CTH-Q))) ¢(f(M(Cn: Cn—&-la Cn-i-?)) + 404)
w(f<G(T<m T<n+17 T<n+2)>> - ¢ (M<<n7 Cn+1; <n+2))

77/) (9n+1> - ¢ (M(Cna Cn—i—la Cn+2)) ’

IN A IA
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where

M (Cns Cut1s Gr2) = max{G(Cus Cur1s Cur2)s G(Gos TCn, TCryn),
G(Cnt1, TG 1, TCrv2)y GGy T2, TCh)}
= mar{G(Cu; Gur1, Gnr2)y G(Gns Gty Grra),
G(Cn—&-h Cn+27 Cn+3)v G(Cn—&-% CTL+37 Cn—i-l)}

and, therefore,

f(M(Cna <n+17 Cn+2)) = maX{f(G(Cm Cn+1> Cn+2))a f(G(CnJrla Cn+27 Cn+3))}

= max{0,,0,.1}.

If0,, < 0,1 for some n, then we have ¥ (6,,41) < ¥(011)—& (M (Cas Cat1s Cot2))s
which gives that M ((,, (nv1, Cnre) = 0, a contradiction, therefore 6, ., < 6,, for
all n. Thus, {6, } is a non-increasing sequence. Suppose that {6, } is bounded

below; then there exists a real 6 such that lim 6,, = 6. Now,
n—oo

¢(9n) S 7vb((gn-‘rl) - ¢ (M(Cna Cn—i—la Cn+2))

taking limit supremum on both sides, we have

limsupv(0,) < limsup(fni1) — lirginf ¢ (M (Cns Crg1, Cnr2))
n—00 n—00 n—00

ie,  w(6) < () -6 (lminf M(G G Gusa)

which gives that lim inf M ({,, i1, Cuie) = 0, therefore, by (F2)
n—oo
liminf f (M (Cn, Gty Gui2)) = —00, i.e., lim 6, = —oo. Hence by (F2),
n—00 n—oo

nh—>nc}o G(Crm <n+17 Cn+2) = 0. (2)
Since (,, # (11 for every n, therefore, by (G'£2),
f (G(Cna Cn7 CnJrl)) S f (G(Cnv <n+1a Cn+2)) + .

So, by using (2) and (F2), we have
Also, using Proposition 2.2, we have

nh—{Elo G(Cnv Cn-i—la Cn—i—l) =0. (4)
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Next, we prove that {(,,} is a G z-Cauchy sequence. Suppose not, then there exists
¢ > 0 such that we can find subsequences {(,,, } and {(,, } of {(,} such that my
is the smallest index for which m; > n, > k and

G (Cnpr Gng» Gmy) = € (5)
this means that
G (Cogs Cmp—1, Gmp—1) < € (6)

Now further, consider only those £ for which left-hand side of (6) is greater than
0, and clearly, such k exists infinitely many.

Now,

7/1 (f(M(ana ka727 kafl)) + 404)

= ¢ (f(G(Tana Tka—Qa Tka—l))) - Qb (M(ana ka—Za gmk—l))

< ¢ (f(G(an-Ha <mk—17 ka))) - ¢ (M(Cnm ka—% ka—1>> ) (7)
where

M(ana ka72> kafl) = maa:{G(an, kaf% kafl 5 G(an, Tana Tka,Q),

)
G(ka—% Tka—Q’ Tka—l)’ G(ka—h Tka—h TCM)}
)

= ma‘T{G(anv ka*% kafl ) G(an, an+17 ka71>7

G(ka—% ka.—la ka)v G(ka—la kav an-i-l)}' (8)

Also, using (G'#4), (3), and (6), we have

lim sup f (G(ka—b gmkv an-i-l))

k—o0

S lim sup f(G<an+1> an gnk) + G(an ka—la ka—l) + G(ka—la ka—lv gmk)) +a

k—o0

< limsup f (G(Goys Gmp—1, Gmp—1)) + @

k—o0

< f(e) + a.
Now, using (5), (G#4), and (G£2), we have

fle) < limsup f(G(Guys G G )

k—o0

(G(

lim sup f (G(anv an-l—la an+1) + G(an-i-lv Cmm ka)) +a
(G(
(G(

IN

k—o0

lim sup f (G(Capt15 Gmpr Gy, )) + @

k—o0

IA

B Sup f (GGt G Gmgm1)) + 20 (10)

k—o0
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Now, using (10), (7), and (9), we have

B +20) < w(nrknsupfw(cw,cmk1,<mk>>+2a+2a)

IN

k—o0

¢ <hm sup f(M(Cnm ka—Q; ka—1>> + 4a>

k—o0

() + ) = & (Hminf M (G, Gny 2, G 1))
V() +20) = 6 (Hminf M(Gogs Gmz: Gro1))

¢ (hm sup f(G(an-&-l, ka—lu gmk))) - h]ﬁ}}.}f ¢ (M(Cnm ka—Z’ ka—l»

IN

IN

This gives
hlgggalf M(Cnm ka—27 ka—l) - 0’

therefore, we have
h&g}f f(M(gnm kaf% ka71)> = —0Q,

which gives a contradiction in view of (8) and (10). Thus {(,} is a Gx-Cauchy
sequence in (A, G), but (A, G) is Gr-complete. Therefore, there exists b € A
such that lim,, .., ¢, = .

Next, we prove that b is a fixed point of T". Suppose that 7'b # b, then

¢ (f(M(b7 Cn—i-ly Cn+2>> + 405)
S ¢ (f(G(Tb> TCn+l> TCn+2))) - ¢ (M(b> Cn+17 <n+2))
= ¢ (J(G(Th, Cuy2,Cnrs))) = ¢ (M(D, Gugas Gui2)) (11)

where

M(b, Gui1:Gur2) = maz{G(b, Cur1; Guya)s G0, T, TCoi1),
G(Gas1, Tt TCrr2)s G(Cayas TCoya, T)}
= mar{G(b,Cuy1,Cuy2), G0, T, Crya),
G(Cot1, Cnt2s Cnta)s G(Cut2, Gots, T0)

Thus, by Proposition 2.2 and Proposition 2.2, we have

f(G(Tb,b,b)) —2a < lirllfgg}ff(M(ba Cnt1 Cnt2))
S lim sup f (M<bv §n+17 <n+2))

< f(G(Tb,b,b)) + 2. (12)
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Now, using (11) and (12), we have

Y(f(G(Th,b,b)) +2a) < (lim sup f(M (b, Guy1, Cni2)) + 404)

n—o0

S w (hm sSup f(G(Tb> Cn+27 Cn+3>>> - hﬁg}f 925 (M<b7 Cn+17 <n+2))

n—o0

< G(F(G(TBb,b)) +20) = 6 (lmin M(b, Gurr, Gure) )

It gives that
liminf M (b, (i1, Cnio) = 0,

n—oo

therefore, we have
hglgg.}f f(M(bv Cn+1> Cn+2)) = =00,

which gives a contradiction in (12); therefore, 7b = b. Next we prove that the
fixed point of 7" is unique. For this, let ¢ be another fixed point of 7" such that
¢ # b. Then

M(b,b,c) = mazx{G(b,b,c), G(b,Tb,Tb), G(b,Tb,Tc), G(c,Tc,Tb)}
= maz{G(b,b,c), G(b,b,b), G(b,b,c), G(c,c,b)}
= maz{G(b,b,c), G(c,c,b)}
= M(c,c,b). (13)

Therefore,

(f(G(b, b, c))) b (f(M(b,b, ) + 4a)
¢ (f(G(Tb? Tb? TC))) - ¢ (M(b7 b’ C))
U (f(G(

( (G bv b> C))) - gb (M(b7 bv C)) . (14)

It gives that M (b, b, ¢) = 0, and hence G(b, b, ¢) = G(c¢,c,b) = 0. Thusb = c. O

IAIA

4 Conclusion

With the aid of F-metric space, we have introduced a new generalization of
G-metric space, which we call G z-metric space. We have also shown a compari-
son between G z-metric space and several abstract spaces found in literature. This
newly defined abstract space is also studied in terms of some fundamental con-
cepts. In the framework of Gx-metric space, we have demonstrated the Banach
Contraction Principle and the fixed point result for (¢, ¢)-contractive mapping. In
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this newly defined abstract space, fixed point results for different mappings exist-
ing in the literature and for some new mappings can be studied.
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