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Kannan type F'—contraction map and cyclic
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Abstract

In this paper, we introduce an innovative category of contractions
termed cyclic Chatterjea type F'—contraction and weak cyclic Kannan
type F'—contraction. Subsequently, we establish a theorem for deter-
mining the best proximity point in a uniformly convex Banach space,
specifically focusing on weak cyclic Kannan type F'—contractions.
Furthermore, we extend our investigation to include cyclic Chatterjea
type F'—contractions in uniformly convex Banach spaces. To support
our findings, we present illustrative examples.
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1 Introduction

In 1922, Polish mathematician Banach proved an interesting result known as
Banach contraction principle [4] states that a self-mapping 7" on a complete metric
space X has a unique fixed point in X provided that there exists « € (0, 1) such
that d(Tx, Ty) < ad(z,y) is satisfied for all z,y € X. many author extended and
generalized Banach’s result in many directions see [[1,15,16, 8, 10, [11], Some other
extensions of Banach contraction principle have been presented by considering
the concept of best proximity point [20]. Let (X, d) be a metric space and A, B
be two subsets of X, then 7 : A — B be a mapping. In this context the mapping
T does not have a fixed point in case of AN B = ¢. It is reasonable to research
a point x, which is closest to 7'z, that is d(x, T'z) is minimum. Since d(z, Tx) >
d(A,B) for all z € Ajthen d(z,Tx) is at least d(A, B). Best proximity point
theorems are related to find a point satisfying d(x, Tz) = d(A, B) which is called
a Best proximity point. There are many results about this subject in literature
(2,9, 12} 14,115} (16} 19].

2 Preliminaries

In 2003, Kirk et al. [[13] introduced the notion of cyclical contractive map-
pings, and generalized Banach fixed point result [4]] to the class of cyclic mappings

Theorem 2.1. [[/3)] Let A and B be nonempty closed subsets of a complete metric
space (X,d) andletT : AUB — AU B be such that T(A) C Band T(B) C A.
Assume that, for all x € Aandy € B

d(Tx, Ty) < ad(z,y),
where o« € (0,1). Then, T has a unique fixed point w € AN B.

The above mapping is called cyclic. In [/], Eldred and Veeramani are con-
cerned with the case when A N B = ¢, and in this case they didn’t seek for the
existence of a fixed point of 7" but for the existence of a best proximity point. For
instance , they [7] presented the following existence best proximity point result
for cyclic contractions.

Theorem 2.2. [[7] Let A and B be non-empty closed and convex subsets of a
complete metric space (X, d) andletT : AUB — AU B be cyclic. Assume that,
forallx € Aandy € B

d(Tx, Ty) < ad(z,y) + (1 — a)d(A, B).
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Where a € (0,1) and d(A, B) = inf{d(z,y),x € A,y € B}.For xq € A,define
Tn1 = Txy,

for each n > 0.Then there exists a unique x € A such that x5, — x and
d(x,Tz) = d(A, B). Here, x is called a best proximity point of T.

In 2011 [[17] M.A.petric, introduced a new class of mappings known as weak
cyclic Kannan contractions and proved some existence and convergence results
for best proximity points in uniformly convex Banach spaces is proved as follows.

Theorem 2.3. [I7] Let A and B be nonempty closed convex subsets of a uni-
formly convex Banach space. Let T : AU B — AU B be a weak cyclic Kannan
contraction map. Then

(i) T has a unique best proximity point z in A.

(ii)The sequence {T*"x} converges to z for any starting point v € A.

(iii)z is the unique fixed point of T>.

(iv)T'z is a best proximity point of T' in B.

In [21]], Dariusz Wardowaski has proved fixed point theorem on F'—contraction,
which is perceived to be one of the most general non-linear contraction in com-
plete metric spaces.

We first define weak cyclic Kannan type F'—contraction and cyclic Chatter-
jea type F'—contraction in this study. We also establish best proximity point
result in the setting of uniformly convex Banach space using cyclic Chatterjea
type F'—contractions and prove the existence of best proximity point result in
the setting of uniformly convex Banach space using weak cyclic Kannan type
F'—contraction.

Definition 2.1. [[/7]Let A and B be nonempty subsets of a metric space (X, d).
IfamapT : AU B — AU B satisfies

(i) T(A) C Band T(B) C A;

(ii)there exists a o € [0, 1/2) such that

d(Tz,Ty) < afd(xz,Tx) + d(y, Ty)] + (1 — 2a)dist(A, B)

forany x € Aandy € B, then T is a called a weak cyclic Kannan contraction
on AU B.

Definition 2.2. [2]]Let F : Rt — R be a mapping satisfying

(F'1) : F is strictly increasing i.e. for all a,5 € R such that F(a) < F(f5)
whenever a < [3,

(F'2) : For each sequence o, , n € N of positive real numbers lim,,_,..c, = 0 if
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and only if lim, . F(a,) = —00

(F3) : There exists k € (0, 1) such that lim,_,0, o*F(a) = 0.

A mapping T : X — X is said to be an F'-contraction if there exists T > 0, such
that

Ve,ye X, dTx,Ty) >0 = 7+ F(d(Tz,Ty)) < F(d(x,y)). (1)

Remark 2.1. [[I8] From (F'1) and the equation (1) it is clear that every F'-
contraction 'l is a contractive mapping i.e.

d(Tz,Ty) < d(z,y),Vr,y € X, Tx # Ty.
Thus every F-contraction is a continuous mapping.

Theorem 2.4. [2]|] Let (X, d) be a complete metric space and let T : X — X be
an F-contraction. Then T’ has a unique fixed point x* € X and for every xq € X
the sequence {T"x¢},cn is convergent to x*.

Definition 2.3. [3|] Let (X, d) be a metric-like space. Let A and B be nonempty
subsets of X. Take the cyclic mapping T' : AUB — AU B. T is said to be a cyclic
Chatterjea type contraction if

d(Tz,Ty) < k(d(Tz,y) + d(Ty,x)) + (1 — 4k)d(A, B)
forallx € Aandy € B, where k € (0,1/4).
Definition 2.4. Uniformly convex space is a normed vector space such that , for

every 0 < € < 2 there is some 6 > 0 such that for any two vectors with

T+y
(=gl 2 e = |5 2<1-6
Intuitively, the center of a line segment inside the unit ball must lie deep inside the
unit ball unless the segment is short.

Remark 2.2. Every closed subspace of a uniformly convex Banach space is uni-
formly convex.

Lemma 2.1. /7] Let A be a non-empty mapping closed and convex subset and B
be a non-empty closed subset of a uniformly convex Banach space. Let {x,} and
{zn} be sequence in A and {y,,} be a sequence in B satisfying:

(i) ||2n = yull— d(A, B)

(ii) For every € > 0 there exists Ny such that for all m > n > N,

|| Zm — ynl||< d(A, B) + €.

Then for every € > 0 there exists Ny such that for all m > n > Ny,

Tm—zn]|< €
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Lemma 2.2. [[7] Let A be a non-empty closed and convex subset and B be a non-
empty closed subsets of a uniformly convex Banach space. Let {x,} and {z,} be
sequence in A and {y, } be a sequence in B satisfying:

(i) ||zn — yull— d(A, B),

(i) ||zn — ynll—= d(A, B).

Then ||z, — z,|| converges to 0.

3 Main Results

We first introduce a new concept of weak cyclic Kannan type F'—contraction.
We also prove the existence result for best proximity point of weak cyclic Kannan
type F'—contraction in the setting of uniformly convex Banach space.

Definition 3.1. Let A and B be two non-empty subsets of a complete metric space
(X,d). A mapping T : AU B — AU B is called weak cyclic Kannan type
F'—contraction if the following conditions hold:
(a) T(A) C BandT(B) C A,
(b) Vx € A,y € B and if there exists T > 0 such that
d(Tz,Ty) >0 = 7+ F(d(Tz,Ty)) < oF (d(z, Tx) + d(y, Ty))
+ (1 —2a)F(d(A, B)),

for some o € (0,1), provided d(A, B) > 0.

Note that (b) implies that T satisfies T + F(d(Txz,Ty)) < F(d(z,y)), for all
reAyeB.

Example: Consider the complete metric space X = R with the usual metric

d. If we consider the map F'(x) = —\/LE, x > 0 and for any k € (%,1). Then

2
clearly F satisfies all the conditions from (F'1) — (F'3).
In this case, any 7" : AUB — AU B such that T(A) € Band T'(B) C A
satisfying the condition

[d(z, T'x) + d(y, Ty)]

2a+ (1 —2a) %W +7/d(z, Tz) + d(y, Ty)]?

d(Tz, Ty) <

Vo € Ay € B,d(Tz,Ty) > 0, € (0,3) and 7 > 0 provided d(A, B) > 0, is
a weak cyclic Kannan type F'—contraction.

Proposition 3.1. Let A and B be non-empty closed subsets of a complete metric
space (X, d). Suppose that mapping T : AU B — AU B is weak cyclic Kannan
type F'—contraction. Let vy € AU B and x,.1 = Tx, for alln > 0. Then we
have

lim d(z,,Tx,) = d(A, B).

n—o0
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Proof. Suppose zo € AU B. Let a sequence {x,} such that z,,,; = T'z,, for all
n > 0. Now,
F(d(zq,x1)) = F(d(Tzy,Txp))
< aF[d(zy, Tr1) + d(zo, Txo)] + (1 — 20) F(d(A, B)) —
< aF[d(z1,T1) + d(zo, Txo)] + (1 — 2a) F(d(A, B))
= aF[d(zy,22) + d(xo, z1)] + (1 — 20) F(d(A, B))
< aF[d(zy, ) + d(zo, x1)] + (1 — 2a) F(d(z1, 22))
)

< aFd(xy,x2) + oF (d(wo, 21)) + (1 — 20) F'(d(1, 22))
< aF(d(xg,x1)) + (1 — a)F(d(z1, 23))
< aF(d(zg, 1)) + (1 — @) F(d(A, B))

F(d(zg,21)) — F(d(A, B)) < a{F

/\

d(wo, 21)) — F(d(A, B))}.

Again,
F(d(z3,x9)) = F(d(Tza, Txy))

< aF[d(zg, Txo) + d(z1, Tx1)] + (1 — 2a) F(d(A, B)) —

< aF[d(zy, Txs) + d(xy, Txy)] + (1 — 2a)F(d(A, B))

= aF[d(zq, x3) + d(z1,29)] + (1 — 20) F(d(A, B))

< aF[d(xg, x3) + d(z1,22)] + (1 — 2a) F(d(22, 23))

< aFd(xe,x3) + aF (d(zy, x2)) + (1 — 2a) F(d(22, 23))

< aF(d(zy,29)) + (1 — a)F(d(xe,x3))

< aF(d(z1,29)) + (1 —a)F(d(A, B))
F(d(ws,25)) = F(d(A, B)) < a{F(d(x1,22)) = F(d(A, B))}
B))

F(d(ws, 22)) — F(d(A, B)) < o*{F(d(z0,21)) — F(d(A, B))}

We say that « € (0, 1),
F(d(ni1,20)) = F(d(A, B)) < o"{F(d(xo, 1)) — F(d(A, B))}.
For n — oo
Fd(xni1,20)) = F(d(A, B))
Since F'is increasing.

lim d(x,,z,+1) = d(A, B)

n—o0

lim d(z,,Tx,) = d(A, B)

n—o0
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]

Theorem 3.1. Let A and B be two non-empty closed and convex subsets of a
uniformly convex Banach space. Suppose T : AU B — AU B is weak cyclic
Kannan type F'—contraction map and F' is continuous map. Then there exists a
best proximity point v € A. Further, if v € A and x,1 = Tx,, then {x3,}
converges to the best proximity point.

Proof. Suppose d(A, B) # 0. Then by proposition [3.1]

||22n — Zonta|| = [[w2n — Twan||— d(A, B)
[zont2 — Tant1|| = [[T22p41 — T2y || — d(A, B)
[Z2n+2 — Tons1l| = [[T(T22,) — T2p||— d(A, B)
|z2nt2 — Tonta|| = |[T22n — T(Tx2,)||— d(A, B)

Then, by lemma[2.2]
|[z2n — T2p42]|— 0

We now show that for every € > 0 there exists Ny such that for all m > n > N,
||Tom — Twon||< d(A, B) + €
Let ¢ > 0, if possible, suppose for all k£ € N, there exists my > ny > k, such that,

||$2mk - T$2nk||2 d(AvB) +e€

and
[ @o(my—1) — T@2n, ||< d(A, B) + €.
Now,
d(A, B) + € < ||zam, — Txon,||
< ||Z2m, = Taime—1)|[FT2(me—1) — TTon, |
< |Tom, — To(mye—1)||+d(A, B) + €.
Thus,

lim ||z2m, — Txon, ||= d(A, B) + €.
k—o0

as F’'is continuous.
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lim F(||x2mk Tx2nk||) < lim F(||Tx2mk+1 - Tx2nk+2||)
k—o0 k—o0

< tim {aF(|[ramy 41 — T
k—o00

+ |[z2n+2 — Txangs2|]) }
+(1—2a)F(d(A, B)) —

< lim {aF (|[z2m+1 — Twom,+1])
k—oo

+ aF ([|z2n 2 — Toan,42|])}
+ (1 —2a)F(d(A,B)) —
< lim {aF ([[z2m 41 = Toomy41])

+ aF(||zan,+2 — TTon,42]])}
+ (1= 2a)F(d(A, B))
= ]}LHOIO{O./F(HTmek - Tmek"FlH)

+ aF (||Tx2n,41 — Toan,42|])}
+ (1 — 2a)F(d(A, B))
< ’}LIEO{a{aF(\|x2mk — T%om, ||

+ [|T2my 11 — Toom, 11 l])+
(1 —20)F(d(A, B))} + af{aF (|[z2n,+1 — Top41]|
+ ||T2ni+2 — T2ni42]])
+ (1 —=2a)F(d(A,B))}} + (1 —2a)F(d(A, B))
< {a?F(d(A, B) +¢) + a*F(d(A, B) + ¢)
+a(l —2a)F(d(A,B))}
+{a?F(d(A, B) +¢) + o*F(d(A, B) +¢)
+a(l —2a)F(d(A,B))} + (1 —2a)F(d(A, B))
<4a’F(d(A,B) +¢€) + (a — 20* + o — 202
+1—2a)F(d(A, B))

< 40’F(d(A, B) +¢€) + (1 — 4a*)F(d(A, B))
< 4a*F(d(A, B) +¢€) + (1 — 4a*)F(d(A, B))
F(d(A,B) +¢) < 4a2F( (A,B) +¢€) + (1 —4a*)F(d(A, B))
F(d(A,B) + €)(1 — 4a?) < (1 — 4a*)F(d(A, B))
F(d(A,B)+¢) < F(d(A, B)).
Hence 7' is best proximity point. ]
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Now we introduce a new concept of cyclic Chatterjea type F'—contraction. We
also prove the existence result for best proximity point of cyclic Chatterjea type
F'—contraction in the setting of uniformly convex Banach space.

Definition 3.2. Let A and B be two non-empty subsets of a complete metric
space (X,d). A mapping T : AU B — AU B is called cyclic Chatterjea type
F'—contraction if the following conditions hold:

(a)T(A) C Band T(B) C A,

(b)Nx € A,y € B and if there exists T > 0 such that

d(Tz,Ty) >0 —= 7+F(d(Tz,Ty)) < aF(d(Tz,y)+d(Ty,x))+(1—4a)F(d(A, B))

)

for some o € (0, 1), provided d(A, B) > 0.

Note that (b) implies that T satisfies T + F(d(Tx,Ty)) < F(d(Tz,y) +
d(Ty,x)), forallx € A,y € B.

Example: Consider the complete metric space X = & with the usual metric
d. If we consider the map F(x) = _\/LE’ z > 0 and for any k& € (1,1). Then
clearly F satisfies all the conditions from (F'1) — (F'3).
Let us define X = {0,1} and d(0,0) = d(1,1) =2 and d(0,1) = d(1,0) = 1 and
take o € (0, 1),

Let A = {0} and B = {1}. Note that d(A, B) = 1 and A, B are closed in
(X, d)

Consider 7: AN B — AN Bdefinedby 70 =1and 71 =0

Clearly, T"is cyclic. Let x € Aand y € B, thatis x = 0 and y = 1 satisfying
the condition
1
d(Tz,Ty) < [d(Tx, y)+d(Ty, r)],

[+ (1= da)y SRR + 73 /d(Tw,y) + d(Ty, @)

Vo € Ay € B,d(Tz,Ty) > 0, € (0, 1) and 7 > 0 provided d(A, B) > 0, is
a cyclic Chatterjea type F'—contraction.

Proposition 3.2. Let A and B be non-empty closed subsets of a complete metric
space (X, d). Suppose that mapping T : AU B — AU B is a cyclic Chatterjea
type F'—contraction. Let xo € AU B and v, = Tx, foralln > 0. Then we
have

lim d(z,,Tx,) = d(A, B).

n—o0
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Proof. Suppose zo € AU B. Let a sequence {x,} such that z,,,; = T'z,, for all
n > 0. Now,
F(d(zg,x1)) = F(d(Tzy,Txo))
< aF[d(Txy,x0) + d(Txg, z1)] + (1 — 4a)F(d(A, B)) — 7
< aF[d(Txy,x0) + d(Txg, 1) + (1 — 4a) F(d(A, B))
< aFld(za, ) + d(x1,21)] + (1 — 4a) F(d(A, B))
< aF[{d(zy, 1) + d(z1,20) } + {d(21, 22) + d(2,21)}]
+ (1 —4a)F(d(A, B))
< aFld(zy,xs) + d(xy, x0) + d(x1, 22) + d(271, 22)]
+ (1 = da)F(d(z1,22))
< aF(d(xq,20)) + 3aF (d(z1,72)) + (1 — 4a) F(d(x1, 22))
< aFld(z1,x0)] + (1 — ) F(d(z1, x2))
< aFd(ro,21)] + (1 — a)F(d(A, B))
F(d(x2, 21)) = F(d(A, B)) < o F(d(wo,21)) = F(d(A, B))}.

—_— o e —

Again,

F(d(z3,x9)) = F(d(Tza, Txy))
< aF[d(Txe,x1) + d(Tx1,22)] + (1 — 4a)F(d(A, B)) —

< aFld(z3, ) + d(xe, 22)] + (1 — 4a) F(d(A, B))
< aF{d(zs, xe) + d(xo,x1)} + {d(x2, x3) + d(x3,22)}]

+ (1 —4a)F(d(A, B))

< aF[3d(z3,xs) + d(x9,21)] +
< aF(d(zg,x1)) + (1 — a)F(d(
< aF(d(zy,71)) + (1 —a)F(d(A
F(d(z3,x9)) — F(d(A, B)) < a{F(d(zq,21)) — F(d(A, B))
(A, B)
(A, B)

(1 —4a)F(d(x3,z2))
T3, T2))
. B))

F(d(z3,22)) — F(d(A, B)) < o*{F(d(x1,70)) — F(d
< o*{F(d(zg, 7)) — F(d

Y

}
)}
)}

We say that o € (0, 1),
Fd(xn1,20)) = F(A(A, B)) < a"{F(d(x0, 1)) — F(d(A, B))}.

For n — oo
F(d(zpt1,2,)) = F(d(A, B))
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Since F' is increasing.

lim d(x,,2,+1) = d(A, B

n—o0

lim d(z,,Tx,) = d(A, B).

n—o0

~—

]

Theorem 3.2. Let A and B be two non-empty closed and convex subsets of a uni-
formly convex Banach space. Suppose T’ : AU B — A U B is cyclic Chatterjea
type F'—contraction map and F' is continuous map. Then there exists a best prox-
imity point x € A. Further, if tq € A and x,,1 = Tx,, then {xs,} converges to
the best proximity point.

Proof. Suppose d(A, B) # 0. Then by proposition 3.2]

||~r2n - x2n+1|| - ||x2n - TxQnH_> d(A7 B)
||Zont2 = Tont1|| = [T T2n41 — T2, ||— d(A, B)

Then, by lemma[2.2]
||$2n - $2n+2||—> 0

We now show that for every € > 0 there exists Ny such that for all m > n > N,
||Tom — Twon||< d(A, B) + €
Let € > 0, if possible, suppose for all & € N, there exists m; > n; > k, such that

Haj?mk - T.ClﬁgmkHZ d(Aa B) T €

and
|Za(my—1) — Ton, ||< d(A, B) + €
Now,
d(A7 B) + € S ||ZEQm;C - T.I‘anH
< Hmek - x2(mk—1)H+H$2(mk—1) - Z'anH
< |[Tam;, — T2pmy—1)||+d(A, B) + ¢
Thus,

lim ||zom, — Txon, ||= d(A, B) + €
k—ro0

as F’' is continuous.
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lim F([[2m, — Tian, 1) < lim F(I T2, 01 — Tran, o)

k=00
< lim {aF([[T2om 11 = Tonepa| [T 20,42 = Zamy1a[])}
4+ (1= 4)F(d(A, B)) —
< ’}Lrgo{aF(\\szmk+1 — Toop 1|+ T 20, 12 — Txom,[])}
+ (1 —4a)F(d(A, B))
< lm [e{a P (|[T22m, 11 = Tona|[[H] | Ton 1 = Tomyia )

+ (1 —4a)F(d(A, B))} + acfaF (|[Twon, +2 — Tom, |

+ | T Tom, — Ton,+2||) + (1 — 4a) F(d(A, B))}]

+ (1 —4a)F(d(A, B))

<A{a’F(d(A, B) 4+ ¢) + a*F(d(A, B) + €) + a1 — 4a)
F(A(A,B))} + lim 0 F({[[Tranys2 — am sl + 220,

— Tomy+1]|

+ |zam1 = Tom, [} + {1 T22m, — 2on, || +{|22n,

— Toner1|[F|Z2n, 41 — Ton 12l }) + (1 — 4a) F(d(A, B))
+ (1 — 4a) F(d(A, B))

<{a*F(d(A,B) +¢€) + a*F(d(A, B) + ¢) + a(l — 4a)
F(d(A, B)) + lim o” F({[[Twan, +2 = Tomy 2l [+ T T2m 1

— Tompt 1 ||[F T Tomy, — Tamy ||} + {|Tx2m, — Tan, [|+]|72n,
— Txon, || +|[T2n, 11 — T, 11|[}) + (1 — 4a)
F(d(A,B)) + (1 — 4a)F(d(A, B))
<A{a*F(d(A,B) 4+ ¢) + o*F(d(A, B) + ¢€) + a(l — 4a)
F(d(A,B)) +o*F({(d(A,B) +¢) + (d(A, B) +¢)

+ (d(A,B)+¢€)} + {(d(A, B) + €) + (d(A, B) + ¢)

+ (d(A,B)+¢)}) + a(l —4a)F(d(A, B))
+ (1 —4a)F(d(A, B))
< 8a’F(d(A,B) +¢) +a(l —4a +1—4a)F(d(A, B))

+ (1 —4a)F(d(A, B))

B) +

< 8a’F(d(A, €) + (2a — 8a*)F(d(A, B))+
(1 —4a)F(d(A, B))
< 8a’F(d(A, B) +¢€) + (2a — 8a* + 1 — 4a)F(d(A, B))
< 8a’F(d(A, B) +¢) + (1 — 8a* — 2a)F(d(A, B))
< 8a*F(d(A, B) +¢) + (1 — 8a*)F(d(A, B))
F(d(A,B) +¢)(1 —8a%) < (1 — 8a2)F(d(A B))

F(d(A, B) + ¢) < F(d(A, B)).
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Hence T' is best proximity point. [

4 Conclusion

In this study, we have introduced the concepts of weak cyclic Kannan type F'-
contraction and cyclic Chatterjea type F'-contraction. By employing these novel
contraction mappings, we have successfully determined the best proximity point
theorem within a uniformly convex Banach space. To further illustrate the effec-
tiveness of our approach, we have presented a series of illustrative examples.
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