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Abstract

Let G be a simple connected graph of order n, v; its vertex. Let
oL 6L, ... 5L be the eigenvalues of the distance Laplacian matrix D
of G. The distance Laplacian energy is denoted by LEp(G). This
motivated us to defined the new graph energy monophonic distance
Laplacian energy of graphs. The eigenvalues of monophonic distance
Laplacian matrix M* (G) are denoted by puf, puZ ... uZ and are said
to be M™- eigenvalues of G and to form the M *-spectrum of G, de-
noted by Specyz(G). Here MTg (v;) is the 5 row sum of mono-
phonic distance matrix of M(G) and p¥ < pk < ... < pk be the
eigenvalues of the monophonic distance Laplacian matrix is M*(G).
The monophonic distance Laplacian energy is defined as LEy(G).
In this paper we computed the monophonic distance Laplacian en-
ergy of S;F+=, S*¥=* S*++ graphs based on its spectrum values.
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1 Introduction

The concept of energy stems from chemistry to approximate the total 7
electron energy of a molecule of a conjugated hydrocarbon. Conjugated hydro-
carbon can be represented by a graph called molecular graph according to the
rule: every carbon atom is represented by a vertex and every carbon-carbon bond
by an edge, hydrogen atoms are ignored. The eigenvalues of the molecular graph
represent the energy level of the electron in a molecule. An interesting quantity
in H uckel theory is the sum of the energies of all the electrons in a molecule, the
so called total 7 electron energy F'w. The first results on energy of a graph was
obtained as early as 1940’s. The same concept of energy is extended to simple
graphs.

Spectral graph theory studies the relation between graph properties and the
spectra of certain matrices associated to it. It finds applications in other areas of
graph theory such as Chemistry, Biology, Physics, Computer Science, Statistics,
etc. Here we defind the monophonic distance Laplacian energy of graphs. The
concept of energy of a graph was introduced by I.Gutman in 1978[4]. The energy
of a graph G, indicated by F/(G), is defined as the absolute sum of the eigenvalues

i, (1 < i < n) of the adjacency matrix of the graph E(G) = Z |-

=1
In 2006, Ivan Gutman and Bo Zhou[7] found the Laplacian energy of
graphs. Let pu1, s . . . pu,, be the Laplacian eigenvalues of G. The Laplacian energy

- 2m
f G has defined as LE(G) = i— —
0 as defined as (G) Z,u "

have introduced the distance enzarlgy of graphs. The distance matrix or D- matrix
of G is defined as D = [d;;], where d;; is the distance between the vertices v; and
v; in G. The eigenvalues pg, o, . . ., i1, of the D- matrix of G are said to be the
D-eigenvalues of GG and to form the D-spectrum of GG, denoted by Specp(G).
The distance Laplacian energy of graphs was introduced by Jieshan yang
et.al., in 2013[8]. The distance degree of the vertex v;, denoted by D; is given

. Also, In 2008, I.Gutman et.al.,[3]

by D; = Zdij. The distance Laplacian matrix of a connected graph G is
j=1

DI = DY(G) = diag(D;) — D(G), where diag(D;) denotes the diagonal ma-

trix of the distance degrees. The distance Laplacian energy of G is denoted by

LEp(G) is defined as LEp(G) = Z

n 1 n
L _ZN"D.
and Kenchappa S Betageri[11] determined the color Laplacian energy. The seidal

Laplacian energy of graphs was initiated by H.S. Ramane and others in 2017[9].
The seidal signless Laplacian energy of graphs was derived by S. Harishchandra

. In 2015, V.S Shigehalli
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and Ivan Gutman in 2017[6]. Path Laplacian energy was introduced by Shridhar
Chandrakant Patekar and Maruti Mukinda Shikare in 2018[12]. The monophonic
distance in graphs was introduced by A.P. Santhakumaran and P.Titus in 2011[10].
Based on these we introduce a new concept monophonic distance Laplacian en-
ergy of graphs.

2 Definitions

Definition 2.1. Let G be a connected graph with vertex set {vy, v, ...,v,}. The
monophonic distance matrix G is defined as

4 (viv) if i
M = M(G) = (dyy, Vom, where dy, — 4 Om(Vista) 1F 07
! ! 0 otherwise.

Here d,, (v;,v;) is the monophonic distance of v; to v;.

Definition 2.2. The monophonic transmission M7y (v) of a vertex v as
> dp(u,v) and monophonic transmission matrix M7 (G) is the diagonal ma-
ueV(G)
trix diag [MTg (v1), MTg (ve) ..., MTg (vy,)]. For 1 < i <n, MTg (v;) is the
it" row sum of M (G). The monophonic distance Laplacian matrix of a connected
graph G is defined as ML (G) = MT (G) — M (G). The eigen values of mono-
phonic distance Laplacian matrix M* (G) are denoted by pt, p, ... ul and are
said to be M- eigen values of G and to form the M *-spectrum of GG, denoted by
Specyr(G). Since the monophonic distance Laplacian matrix is symmetric and
its eigen values are real,it can be ordered as ul < pl < ... < pl.

Definition 2.3. [2] The monophonic distance Laplacian energy of a graph is de-

n ]' n
fined as LEy (G) =Y 0, |puF — - ijl MTg (Uj)"

3 Main Results

Definition 3.1. [1]Let G = (V(G), E(G)) be a graph and z, y, z be three vari-
ables taking values + or —. The transformation graph G*¥* is the graph having
V(G)UE(G) as the vertex set and for o, § € V(G) U E(G), a and 3 are adjacent
in G*¥* if and only if one of the following holds:

(i) a, 8 € V(G), a and S are adjacent in GG if * = +; v and [ are not adjacent in
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Gifx =—.

(ii) a, f € E(G), o and (3 are adjacent in G if y = +; « and [ are not adjacent in
Gify=—.

(iii) « € V(G), B € E(G), o and § are incident in G if z = +; « and [ are not
incident in G if z = —.

Thus,we may obtain eight kinds of transformation graphs, in which G*** is the
total graph of G and G~~~ is its complement. Also G~~F, G~"~ and G~ are
the complements of GT+—, G™~1 and G™ respectively.

Theorem 3.1. Let S, be a star graph with n > 3 vertices, S,/ "~ be the transfor-
mation graph and M (S;" ") be the monophonic distance matrix and its dimension
is (2n — 1) x (2n — 1). Then
(a) the spectrum of S;F~ is given by

B V2 —In+8 3n—Vil_—dn+8
Specyye(S) = <(1) 3n + g_ 14n+8 3n :_ 14n—|—8)
(b)the monophonic distance Laplacian energy of S;" ™ is

2
LEy (SH+7) = [((3n? —2n — 1) 4 (2n* — 3n + 1)v/n? — 4n + 8], for

2n—1
n > 3.

Proof. The graph S;"*~ as shown in Figure: 1

Figure 1: The graph S;'"~,n =5

We have M (S;+7)=(dm,;) 2n—1)x (2n—1)

0 if Uy = U5
where dp,; = ¢ 1 if v; and v; are adjacent

3 if v; and v; are non adjacent
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The monophonic distance Laplacian matrix of S/~ is
M (S3+7) = MT (S777) = M (S77)

vy Vo v3
vy /4n —4 -3 -3
Vg -3 4dn — 4 -3
vs | =3 —3  4n—4

oy | -1 -1 -1

— v | -3 -1 -1
vy | —1 -3 -1
vé -1 -1 -3
v, —1 —1 —1

The M*-eigenvalues of S;F~ are

The M™- spectrum of ;7 is

N

L
#n+1

L
Hop—1

n—1

L_6n2—4n—2‘

vy Vg Ug
-3 -1 ~1
-1 -3 -1
-1 -1 -3
-3 -3 -3

2n + 2 -1 -1
-1 2n+ 2 -1
-1 1 2n+ 2
-1 -1 -1

0

3n—+vn?—4n+8

=|3n—vn2—4n+8

3n++vn? —4n+8

3n+vVn2—4n+8

0 3n—+vn2—-—4n+38 3n+\/n2—4n+8)
n—1 ’

6n2 — 4n — 2
Sn+1l+vn?—dnt8— T2

2n—1 ‘

6n? — dn — 2
(n—l)‘(3n+1)—\/n2—4n+8—u‘

Letn >4
2n—1
LEy (STt7) = -
:0_6n2—4n—2
2n—1
(n—1)
1
Since pt — et
2n ;
6n° —4n — 2
LEy(StH)=|———=
w (S77) { on — 1 }
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. (6n* —4n —2) — (2n—1) [(3n+ 1) + Vn? — 4n + 8]

(n—1) on — 1 "

(n—1) {(Bn +1)(2n— 1)+ (2n — 1)v/n?2 —4n + 8 — 6n? + 4n + 2}
2n —1

_ 2n1_1 (617 — 40— 2) +2(n — )20 — 1)V — I 18]

= 2n2_1 [(37{2 —2n—1)+ (2n* = 3n + 1)Vn? — 4n+8].

Theorem 3.2. The monophonic distance Laplacian energy of S;"~ is

2
LEy (S}7") = - [12n* = 320+ 19].

Proof. The graph S;"~" as shown in Figure: 2

Figure 2: The graph S;F~+t,n =7

We have M (S~ 4)=(dm,,) 2n—1)x (2n—1)

0 if V; = Vj
where dmi]. =41 if v; and v; are adjacent

2 if v; and v; are non adjacent

The monophonic distance Laplacian matrix of S;"~* is
ME(S77%) = MT (S7F) = M (S;~7)
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’
U1 (%) V3 N Un (U1 V2

v [ =2 4n—6 —2 ...  —1 —2 ~1
vs | =2 2 dn—6 ... -1 ) —2
L (S:—Jr) =, | -1 -1 -1 ... 2n=2 -1 -1
- 2 -2 ... -1 4n—-6 -2
vy —2 -1 I | -2 4n—6
oo\ =2 —2 2 -1 -2 2
L
M1 0
u 2n —1
uk An — 5
The M*-eigenvalues of S;"~+ are h = '
/l’nJrl 4n —5
L
Hopyo 4n —3
L
Han—1 4n —3

The M*®- spectrum of S, is

SpeCML(S,J{Jr):(? 2n1—1 dn—5 4n—3)_

n—1 n-—2
2n—1
8n? — 18n + 10
Then,LE, (S}~ ") = P -
N ) e
8 —18 10 8n? — 18 10
o & ”+ len—py - ent
2n —1
21 1
(n—1)|(4n —5) _8n 8n + 10
2n —1
21 1
(n—2)|(4n—3 _8n 8n + 10
2n —1
1 2n—1
Since,uiL—Qn_leTG (vj) < 0, where i = 2, we have
j=1
8n? — 18n + 10 (8n? — 18n + 10) — (2n — 1)?
LEy (ST—) =
v (527) { on — 1 1+ on — 1 *
4n —5)(2n — 1) — (8n? — 18 10
oy [ =52 = 1) = (802 = 180 +10))
2n —1
(n—2) (2n —1)(4n — 3) — (8n* — 18n + 10)
2n—1
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— 2n1_ ] [12n% — 320+ 194 (n — 1)(4n — 5) + (n — 2)(8n — 7)]

=51 [12n* — 32n + 19].

Theorem 3.3. Let S;'** be the transformation graph of order 2n-1. Then the
monophonic distance Laplacian energy of S is

LEy (S+) = [(6n* — 14n + 7) + (2n® — 5n + 2)v/n? — 2n + 2, for
n > 4.

2n —1

Proof. The graph S;"** as shown in Figure: 3

Figure 3: The graph S/ ™+, n =8

The monophonic distance matrix of S;7* is
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<
N

<
W~

<
3

v U2 U3 Un, UI

vy /0 3 3 11 2 2 2

v, [3 0 3 1 2 1 2 2

vs |3 3 0 1 2 2 1 2

PR T B B 0o 1 1 1 1

M (S;) = vy |12 2 1 0 1 1 1
w2 1 2 1 1 0 1 1

vy |2 2 1 1 1 1 0 1

v, \2 2 2 1 1 1 1 0

The monophonic distance Laplacian matrix of S, is
ME(S;7+%) = MT (S7) = M (S7+)

(%1 (%) V3 [N Un, (1 Vo NN Un
vy /5n—8 -3 -3 ... -1 -1 -2 ... =2
v | -3 M-8 -3 ... -1 —2 -1 ... =2
V3 -3 ) m—8 ... -1 -2 —2 -2
MY (S = v, | -1 -1 -1 ... 2m-2 -1 -1 ... -1
v | -1 -2 -2 -1 3n—-4 -1 ~1
vy | =2 —1 -2 -1 -1 3n—4 -1
v, \ =2 -2 -2 —1 -1 -1 3n —4
py 0
Hé’ 2n —1
uk (4n —4) —vVn? —2n +2
The M*%-eigenvalues of St are | puZ | = | (4n—4)—Vn2-2n+2
Pt dn —5
T (4n —4) +vn2 —2n + 2
A (4n —4) +vVn? —2n + 2

The M*-spectrum of S+ is
L/iat++y _ (0 2n—1 (dn—-4)—vn?—-2n+2 4n—-5 (dn—4)+vn?—-2n+2
SpeCM(Sn ) —\1

1 n—2 1 n—2
Letn >4
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R P
:‘O_SnQ;nlin;LlO +(n_1)’<2n_1)_8n2;n15in1+1o’
8n? — 18n + 10
(n—1)|(4n—5) - 2n—1+ ' 2
8n® — 18n + 10
(n—2)|(4n—4) + VT~ 2 - 22n_1+ ‘+
& — 18n + 10
(n—2)|(4n—4) = V2 —2n 12— 2n_1+’

2n—1

Z MTe¢ (vj) <0, where ¢ = 2,3,...,n, we have
j=1

Since X — 5 1
n J—

LEy (1) = [8712 ;n1§n1+ 107, () {(8n2 — 18n 2+n1_0)1_ (2n — 1)2} )
(n—1)|Un=5Cn= 12)n—_(fn2 — 18n + 10)
(n—2) {((471 —4) + \/Wm;i(inl— 1) — (8n* — 18n + 10)} .
(n 2 [ (B2 =180+ 10) —2(2171_—1 4) — m)}
_ in— - (1202 — 28+ 14+ 2(n — 2)(2n — 1)vn? =20+ 2]
- 2n2_ T[(60% = 14n 4 7) + (2n° — 5n + 2)vn? — 2n + 2.

4 Conclusion

In this paper we derived a new graph energy called monophonic distance
Laplacian energy. We obtained monophonic distance Laplacian energy of trans-
formation graphs S, ST~ ST+ In this study we computed monophonic
distance Laplacian spectrum based on these eigenvalues. Future scope of this
study is comparitive study of monophonic distance Laplacian energy of graphs
with other graphs. We can also extend this concept monophonic distance Lapla-
cian energy of graph to various graph distance parameters.
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