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Domination in m— polar soft fuzzy graphs

S. Ramkumat
R. Sridevif

Abstract

In this article, we have introduced dominating set, minimal dominat-
ing set, independent dominating set, maximal independent dominat-
ing set inm — polar soft fuzzy graphs. We proved theorems and also
some properties of dominating setrin— polar soft fuzzy graphs.
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1 Introduction

The work of Zadeh [1975] which interacted with ambiguity and imprecision
between absolute true and absolute false, is credited with giving rise to fuzzy
set theory. A fuzzy set’s possible values fall between [0,1]. Fuzzy set theory’s
astonishing discovery opened up new possibilities for handling uncertainty in a
variety of scientific and technological fields. Due to its use in engineering, com-
munication networks, computer sciences, and artificial intelligence, graph theory
Is swiftly becoming a mainstream topic in mathematics. Graphs and fuzzy graphs
are investigated. The idea of domination in fuzzy graphs was propounded by A.
Somasundaram and S. Somasundaram in 1998. Soft set and hybrid models are
used to deal with uncertainty based on parametrization tool. Soft set, fuzzy soft
sets are studied in 2011. The possibility of dominatiom#polar fuzzy graphs
was introduced by M. Akram et.al in 2017. Mohinta Sumit and Samanta.T.K.
[2015] proposed the thought of fuzzy soft graph. S. Ramkumar and R. Sridevi
[2021] presented their perceptionsim—polar soft fuzzy graphs. These concepts
motivate us to introduce dominationn— polar soft fuzzy graphs.

2 Dominating set, minimal dominating set, maximal
independent set inm — polar soft fuzzy graphs

In this papem-psf-graph denote:— polar soft fuzzy graph.

Definition 2.1. An edge in ann-psf-graphép?v = (G*, p, i, P)is defined as an
effective edge if

fre1(uv) = (pe1(u) A pez1(v))
Fean(uv) = (5ora(u) A pras(v))

fieTm (UV) = (PeTm(U) A Petm(V))

in ﬁp’v(e) Vee P andVu,v € V. In this case, vertex is called a neighbor
of v and conversely.N"(u) = {v € V/v is a neighbor of u} is called the
neighbourhood of;.

Definition 2.2. A vertexu € V in an m-psf-graphép,v = (G*, p, 11, P) is said to
be an isolated vertex if

fre1(uv) < (Peti(u) A pez1(v))
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Vo € V' \ {u} in Hpy () Vee P. so thatN"¥(u) = ¢. That means an isolated
vertex does not dominate any other vertexiny .

Example 2.1. Consider a3—psf-graph§py.

a1(0.8,0.7,0.9) a2(0.3,0.5,0.6) a1(0.7,0.5,0.8) a2(0.5,0.9,0.7)
.
(0.2,0.3,0.5) (0.4,0.2,0.6)
(0l1,0.5,0.4) (0.3, 0.4,0.6) (0.2,0.1,0.3 (0.5,0.5,0.7)
(0.2,0.4,0.5) (0.3,0.5,0.4)
@4(0.2,0.6,0.5) a3(0.6,0.4,0.9) @4(0.3,0.9,0.4) a3(0.7,0.5,0.8)
Hp v(e1) Hp v (e2)

Fig.1. Effective edges df— psf-graphGpy = {Hpy (e1), Hpy (e2)}.

In this exampleg,as andasa, are effective edges. Alst i (a,) = {¢},
NM(ay) = {az}, N"(a3) = {asas}, N"(as) = {as}. Herea, is an isolated
vertex.

Definition 2.3. Letépy = (G*, p, i, P) be anm-psf-graph. For any two vertices
u,v € V, we callu dominates in Gpy if

fiew1(wv) = (Pew1(w) A pew1(v))
ﬁer(uv> = (ﬁe':E?(u) N ﬁﬁ?g(@))

in Hpy (e) Vee P andVu,v € V.

Definition 2.4. Consider a subsef of V in an m— psf-graphép,v. The cardi-
nality of S is defined as,

|8 = Yep (s elw)) in Hpy (e) vee P
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Definition 2.5. A subsetS of V is called a dominating set of am-psf-graph
GPV if for every vertexu € V' \ S then3 v € S such thatu dominatesy in

Hpy(e) Yee P.The domination numbey(Gp,y) means the infimum cardinality
of all dominating setirtGpy andy(Gpy) = ming.y, > .cp(D_ued Pe(u)).

Definition 2.6. A dominating se8 is called a minimal dominating set ef-psf-
graphGpy = (G*, p, i1, P) ifforanya € S,S \ {a} is not a dominating set in
Hp7v<€) Vec P.

Definition 2.7. Lower and upper domination number ofﬂprpsf-graphép,v =

(G*, p, i1, P) is denoted by)/(épy') and F(@p,v), respectively, and defined by
infimum cardinality and supremum cardinality of all minimal dominating set of
thatm—psf-graph, respectively.

Example 2.2. Consider a3—psf-graphc~¥p,v.

a1(0.8,0.6,0.3)
a1(0.7,0.8,0.9)

(0.3,0.6,0.1)

(0.3,0.2,0.4)
a2(0.4,0.5,0.6) a3(0.3,0.2,0.6) a4(0.8,0.6,0.4) a2(0.2,0.4,0.8) a3(0:3,0.7,,0.1)  44(0.4,0.6,0.3)
= Hp, vy (e2)
Hp v (e1) ’
a1(0.6,0.8,0.4)
(0.3,0.6,0.4) (0.6,0.8,0.4)
(08,06,09N\ (06 07.023)
a2(0.3,0.6,0.7) a3(0.8,0.9,0.4) 04(0.6,0.7,0.3)

Hp v (e3)

Fig.2. Minimal dominating set of 3-psf-graph

In Fig.2. Here, the minimal dominating sets in each parameterized graph is
81 = {al,a4} '52 {&27614} 53 {a3}

Theorem 2.1. A dominating setS is minimal if and only if one of the below
mentioned criteria holds.

(1) NM(a) NS = ¢.
(2) There is a vertek € V \ S such thatN"¢(b) N S = {a}, for eacha € S.
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Proof. For a minimal dominating sef of a3— psf- graphépv, for every vertex
a eS8, 8\ {a}isnot dominating set and so théb € V'\ (S \ {a}) which is not
dominated by any vertex i§ \ {a} of HPV( ;) Ve € Pfori =1,2,...,n.If

a = bthenN"(a) C V\S = N"(a)NS = ¢in Hpy (e;) fori = 1,2,..., If
a # b, thenb is not dominated b\ {a} butis dominated b, i.e.,bis dominated
only by a in Sin Hpv(ez) ve, € Pfori =1,2,. . N™(b) NS = {a} in

Hpy(e;) Ve € Pfori=1,2,... n. Henceth(b) N § = {a} in 3—psf-graph
Gpy. N B
Conversely, letS holds one of the two given criterias. & is not minimal

dominating set inHpy (e;) Ve € Pfori = 1,2,...,n. ThenJa vertexa € S
such thatS \ {a} is a dominating set nHPV(eZ) fori = 1,2,...,n. Thusa is
domlnated by atleast one vertexdn\ {a} in Hpv(ez) fori =1, 2 ,n. Then
Nh(a) ¢ S\ {a} in Hpy(e;) fori = 1,2,...,n. Hence condltlon (1) does
not hold. Also, IfS \ {a} is a dominating set ”ﬁpv(€l) fori =1,2,.
Then every vertex in V' \ (8 \ {a}) is dominated by at least one vertex in
S\ {a} in Hpv(ez) fori = 1,2,...,n. SON™B) NS # {a} in Hpy(e;)
fori = 1,2,...,n. hence condltlon (2) does not hold. This leads tera& .

-, S must be a mlnlmal dominating set Hpv(@l) fori =1,2,...,n. HenceS

must be a minimal dominating set s psf- grathpy ]

Theorem 2.2.Let Gpy = ((P,7), (P,7i)) be a3—psf- graph without isolated
vertices. IfS is a minimal dominating set aﬂ’pv thenV \ Sisa dominating set
of Gpvv.

Proof. Let S be a minimal dominating set ande S. Sinceép,v has no isolated
verticesd a vertexb € N"(a) in Hpy (e;) Ve, € Pfori = 1,2, ..., n. Utilization
of the same content similar to the proof given for Theorem 2 1, we gebtimat
V\S. Thus every element & is dominated by some elementiof, S in Hpv(ez)

Ve, € Pfori=1,2,...,n. Consequently \ S is a dominating set CIEPV
[

Theorem 2.3. Superset of a dominating set@hv is a dominating set.

Proof. Assume thasS is a dominating set i@]{v. Then all the vertices if \ S
are adjacent to some element®in Hpy (e;) Ve, € Pfori = 1,2,...,n. Let
be V\S. ThenS U {b} is a dominating set, Since all the verticegin\ S) \

{b} adjacent to some elements&fU {b}. Sinceb is arbitrary, any superset of a
dominating set is a dominatirsgt. O

Remark 2.1. Subset of a dominating Setd?]p,v need not to be dominating set.
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Example 2.3. Consider a3—psf-graph.

a1(0.7,0.9,0.9) a4(0.6,0.7,0.8)

(0.6,0.7,0.8)
(0.4,0.3,0.2)

a5(0.6,0.9,0.8)
a2(0.4,0.3,0.2)

(0.6,0.8,0.8)
(0.4,0.3,0.2)

a6(0.7,0.8,0.9)

a7(0.6,0.7,0.9)
Hp v (e1)

a1(0.8,0.9,0.6) a4(0.3,0.4,0.6)

(0.3,0.4,0.6)
(0.4,0.3,0.5)

a5(0.6,0.7,0.8
a2(0.4,0.3,0.5) ( 0-8)
(0.6,0.6,0.8)
(0.6,0.6,0.8)

(0.4,0.3,0. (0.6,0.6,0.8)

a7(0.7,0.6,0.8) ag(0.9,0.6,0.8)
Hp v (e2)

Fig.3. 3-psf-graphs

Here each parameterized graplis- {as, as, a5} andSU{b} = {a1, as, as, a5}
S\ {b} = {aq,as}. Here{ay, as, as, a5} is a dominating set. Bdtas, a5} is not a
dominating set.

Definition 2.8. A setS C V of an m—psf-graphépy is called an independent
set if

fiew1(uv) < (pexi(u) A pex1(v))
freT2(uv) < (Pet2(u) A peta(v))

freTm (Uv) < (PeZm () A Petm(V))
in ﬁ]{v(e) Vec P and for allu,v € S.

Definition 2.9. An independent sé of anm— psf-graphépy = (G*,p, 1, P)is
said to be maximal independent set if for every veatexV' \ S, the setS U {u}
is not independent il .y (e) Vec P.
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Definition 2.10. Lower and upper independence number ofranpsf-graph

Gpyv = (G*,p,, P) is denoted by(Gpy) and I(Gpy ), respectively, and de-
fined by infimum cardinality and supremum cardinality among all the maximum

independent set of that—psf-graph, respectively.

Example 2.4. Consider a3—psf-graph§p,v.

a1(0.4,0.6,0.7)

a2(0.7,0.8,0.8)

(0.4,0.6,0.7)

(0.4,0.5,0.3

a1(0.5,0.6,0.8)

a2(0.7,0.9,0.9)

(0.5,0.6,0.8)

(0.4,0.1,0.3

(0.4,0.6}, 0.

(0.5, 0.6,

0.8)

(0.5,0.4,

0.6)

(0.5,0.4,0.6)

a3(0.7,0.6,0.8)

a4(0.5,0.4,0.6)

(0.6,0.4,0.8)

(0.6, 0.4,)0.

a3(0.8,0.6,0.9)

a4(0.6,0.4,0.8)

Hp y(e1) Hp v(e2)

a1(0.7,0.5,0.6) a5(0.6,0.9,0.4)

(0.6,0.5, 0.4)

(0.3,0.5,0.

(0.5,0.7,0.4)

(0.5,0.5), 0.

(0.5,0.6,0.4)

a3(0.5,0.6,0.4) a4(0.5,0.7,0.5)

Hp,y(e3)

Fig.4. Independent set of a 3-psf-graphs

In this example, Herga,, a3} is an independent set iy (¢;) Ve € P
for i = 1,2,3. Similarly, other independent sets in each parameterized graph is
{{as,a4},{as,as,as},{as,as},{a1,as4}}. The maximal independent set in each
parameterized graph {a;, a4}, {as, as, a4} }. Here{a,, a,} is @ maximal inde-
pendent set of? 5, with infimum cardinality and(Gp) = (3.2,3.2,4.0). Also
here{a,, as, a4} is maximal independent set 5fp,v with supremum cardinality
andI(Gpy) = (5.6,5.9,6.1).

Proposition 2.1.Forany3—psf-graprG~p7V = (G*, p, I, P),’}’(égv) < i(éP,V).
Example 2.5. Consider a3— psf-graph.
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1(0.9,0.7,0.3) a5(0.7,0.8,0.9) a1(0.6,0.9,0.7) a5(0.3,0.2,0.1)

(0.4,0.6,0.7) (0.3,0.2,0.1)

(0.5,0.6,0.3) (0.4,0.3,0.6)

a2(0.5,0.6, (. (0.4,0.3,0.6) a2(0.4,0.6, a4(0.4,0.3,0.8)

(0.4,0.3,0.6)
(0.4,0.3,0.6) (0.4,0.6,0\6)

a5(0.8,0.4,0.7) a3(0.7,0.9,0.6)

Hp v (e1) Hp vy (e2)

Fig.5. Independent set of a 3-psf-graphs

In Fig.5. that minimum dominating set of &-psf- grathpV is {az, a4}
and the maximal mdependent set@ﬁv is {a1, 0,3,&5} in Hpv(ez) Ve, € P for
i = 1,2. Also herey(Gpy) = (1.7,1.8,3.1) andZ(Gpv) = (4.0,3.9,3.3) in
Hpy(e;) Ve, € Pfori =1,2. Clearly,y(Gpy) < i(Gpy).

Theorem 2.4.A setS C V is a maximal independent set o8a psf-graphépy
if and only if it is independent and dominating set.

Proof. Assume thas is a maximal independent set@ﬁav Then for each vertex
a€V\S, thesetSU{a}is not independent set Hpy(e;) fori=1,2,.
In this manner for every vertex ¢ V \ S,then3 vertexb € S such thab dom-
inatesa in Hpv(ez)VeL € Pfori =1,2,...,n. HenceS is a dominating set in
pr(el)Vel € Pfori =1,2,...,n. ThereforeS is both mdependent and domi-
nating set inﬁp,v(ei) Ve € P for 1=1,2,...,n. Hences is both independent
and dominating set iﬁ?py

Conversely if we suppose thatis not maximal independent setﬁ’lpv(e,)
Ve, € Pfori=1,2,...,n. Thendavertexa € V \ S, such thatS U {a} isin-
dependent set. Thus theﬂeany vertexb in S which dominates: in Hpv(e,)
fori = 1,2,...,n. So S is not a domlnatlng set Ierv(eZ) Ve, € P for
i =1,2,...,n. WhICh — < to the choice ofS. AccordlnegS is a maximal
independent set ”ﬁ{P,V(ez) Ve, € Pfori = 1,2,...,n. HenceS is a maximal

independent set @f'py . O

Theorem 2.5.In a 3— psf-graph@py = ((P,n), (P, p)), every maximal inde-
pendent set is a minimal dominating set
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Proof. For a maximal independegt of épy. By Theorem 248 is dominating
set in(NJp,V. If we considerS being not minimal dominating set iﬁ’py(ei) Ve €

P fori = 1,2,...,n. Then3 atleast one vertex € S so thatS \ {a} is a
dominating set that mea®\ {a} dominated/\ (S{a}). Thus, there exists atleast
one vertex inS which dominates. This contradict our assumption. Therefcﬁ*e
is a minimal dominating set IHP,V(Q) Ve, € Pfori=1,2,...,n. HenceS is a
minimal dominating set in @y . O

3 Conclusions

The multiplicity of applications and vast range of domination parame-
ters that can be defined make domination theory research attractive. The terms
dominating set, independent set, dominance number etc. are used in this study
that proposed the:-polar soft fuzzy graphs, and several intriguing findings have
been demonstrated. In a similar situation, future studies can define and examine
additional domination parameters.
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