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Abstract

A strongly*-2 divisor cordial labeling of a graph GG with the vertex set
V(@G) is a bijection a : V(G) — {1,2,3,...,|V(G)|} such that each
edge cd assigned the label 1 if the lower integal value of sum of a(c),
a(d) and a(c)a(d) divided by 2 is odd and 0 if lower integal value of
sum of a(c), a(d) and a(c)a(d) divided by 2 is even, then the number
of edges labeled with 0 and the number of edges labeled with 1 differs
by atmost 1 or |e,(0) — e,(1)| < 1 where e,(0) denotes the number
of edges labeled with 0 and e, (1) denotes the number of edges labeled
with 1. A graph which admits a strongly*-2 divisor cordial labeling is
called a srongly*-2 divisor cordial graph. In this paper, we prove that
the wheel graph W, and sunflower graph SF} are strongly*-2 divisor
cordial graphs.

Keywords: Bijection, Cordial labeling, Strongly*-graph, Strongly*-
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1 Introduction

Graph theory, a mathematical discipline exploring relationships between ob-

jects, utilizes structures called graphs. A graph is represented as G = (V, E),
where V' signifies the vertex set (a finite assortment of elements), and £ stands for
the edge set (consisting of unordered pairs of distinct elements from V).
In the 1960s, the concept of graph labeling emerged, involving the assignment
of integers to vertices, edges, or both, subject to specific conditions. We pursue
Harary [1988] for looking over the fundamental terms and notations and Gallian
[2018] for a comprehensive understanding of graph labeling.

In 1987, Cahit [1987] hailed cordial labeling. A graph is deemed cordial if
it can be labeled with Os and 1s on its vertices in a way that, when the edges
are labeled with the difference of the labels at their endpoints, the difference in
the counts of vertices (or edges) labeled with ones and zeros is, at most, one.
R. Varatharajan [2011] pioneered the concept of divisor cordial labeling.

A graph is pertained to as a strongly*-graph of order n if it can be labeled
with values from 1 to n assigned to its vertices in such a manner that, for any
edge labeled with the value m + z + mz, where m and z are the labels of its
connecting vertices, every edge label is unique. C. Adiga [1999] demonstrated a
significant result by proving that all trees, cycles, and grids inherently possess the
characteristics of strongly*-graphs.

S.T.A. Mary [2018] establised the strongly*-graph labeling of some more
graphs. J. Baskar [2009] have demonstrated that wheels, paths, fans, crowns, and
umbrellas can be characterized as vertex strongly*-graphs. M.A. Seoud [2012]
offered some technical necessary conditions for a graph to be strongly*-graph.
Stimulated by these, C. Jayasekaran [2020] introduced strongly*-2 divisor cordial
labeling. In this paper, we prove that the wheel graph W, and sunflower graph
SF, are strongly*-2 divisor cordial graphs. Also we delivered the vital definitions
that are obligatory for our eternal work.

Definition 1.1. A wheel graph is a graph formed by connecting a single universal
vertex to all vertices of a cycle.

Definition 1.2. The sunflower graph is obtained from a wheel graph with the
central vertex b, the cycle Cy : fifs...fsf1 and additional vertices ji, ja, ..., Jq
where j is joined by edges to f,, fs11 where f,.1 is taken modulo g.

2 Main Results

Theorem 2.1. The wheel graph W is a strongly*-2 divisor cordial graph.
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Proof. Let V(Wy) ={b, fr, : 1 < h < g} and E(W,) = {bfn, fsfsr1, fo /1 :
h <g,1 <s<g—1}. Then W, has g + 1 vertices and 2g edges.
Case 1. g = 0(mod 4)

Define a : V(W,) — {1,2,....,g+ 1} by a(b) = 1 and a(f,) = h + 1,
1 < h < g. Let a* be the induced edge label of a and let g = 4d d € N.

Consider the edges bfy,,1 < h < g. Then a*(bf,) = | “+at/n) M(b) (Un) |
= | LHhtlEhEL | = | 2083 | = 4 ] which is even if & is odd and odd if h is even.
Therefore, the edges bf,, 1 < h < g get label 0 if / is odd and 1 if £ is even.

(1)

For the edges fifni1,1 < h < g—1,a*(fnfni1) = Lh+1+h+2+ El(ht2) |
= M35t | which is even if h = 0,3(mod 4) and odd if h = 1,2(mod 4).
Therefore, the edges fjfni1 get label 0 if h = 0,3(mod 4) and 1 if h =
1,2(mod 4),1<h<g-—1 (2)

For the edge f, f1, a*(f,fi) = [LEH5T2H | = | 222 | = g + 1 which is even
since g is even. Therefore, the edge f, f1 gets label 0.

Let us find the number of edges with label 0 and 1. Now g = 4d implies
that there are 2g = 8d edges. Among these, there are g = 4d edges of the form
bfn,1 < h < g and so there are 2d even numbers and odd numbers. By (1), there
are 2d edges get label 0 and 2d edges get label 1. Also there are g — 1 = 4d — 1
edges of the form fj fr11,1 < h < g — 1 and so there are d numbers which are
congruent to » modulo 4, (h = 1,2, 3) and d — 1 numbers congruent to 0 modulo
4. By (2), there are 2d — 1 edges get label 0 and 2d edges get label 1 and the edge
fqf1 gets label 0. Hence there are 4d edges with label 0 and 4d edges with label 1
and so |e,(0) — e, (1)| = 0.

Case 2. g = 1(mod 4)

Define a : V(W,) — {1,2,...,9 + 1} by a(b) = g+ 1 and a(f) = h,
1 < h < g. Let a* be the induced edge label of a and let g = 4d + 1,d € N.

For the edges bfy,, 1 < h < g, a*(bfy) = | Lot ) | grlightzh)
L4d+1+1+(§d+1)h+2hj = 2d(1 + h)+| 22| which is even if h = 1,2(mod 4) and
odd if h = 0,3(mod 4). Therefore, the edges bf,,1 < h < g get label 0 if
h =1,2(mod 4) and 1 if h = 0, 3(mod 4). (1)

Consider the edges fi fri1,1 < h < g—1.Thena*(f, fui1) = L%}MJ

= L%j which is even if A = 0,1(mod 4) and odd if h = 2,3(mod 4).
Therefore, the edges f;fri1,1 < h < g— 1getlabel 0if h =0, 1(mod 4) and 1
if h=2,3(mod4). (2)

For the edge f, f1, a*(f,f1) = |24 ] = | 2251 | = g which is odd since g is
odd and so the edge f, f1 gets label 1.

Let us find the number of edges with label 0 and 1. Now g = 4d + 1 im-
plies that there are 2g = 8d + 2 edges. Among these, there are 4d + 1 edges of
the form bf;,, 1 < h < g such that there are d numbers which are congruent to h
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modulo 4, (h = 0,2,3) and d + 1 numbers which are congruent to 1 modulo 4.
By (1), there are 2d + 1 edges get label 0 and 2d edges get label 1. Also there are
g — 1 = 4d edges of the form f;, f,11,1 < h < g — 1 and so there are d numbers
which are congruent to h modulo 4, (h = 0, 1,2, 3). By (2), there are 2d edges get
label 0 and 2d edges get label 1 and the edge f,f; gets label 1. Hence, there are
4d+1 edges with label 0 and 4d+ 1 edges with label 1 and so |e,(0) — e, (1) = 0.
Case 3. g = o(mod 4), 0 € {2,3}

Definea : V(W,) — {1,2,...,g+1} by a(b) =2, a(f1) =1, a(f,—1) = 3,
a(fy) =g+ 1landa(fn) = h+2,2 < h < g— 2. Let a* be the induced edge
label of a.

Consider the edges bfy,1 < h < g. For the edge bfy, f*(bf1) = [*5+2] =
| 2] = 2 which is even and thereby the edge bf; gets label 0.

For the edges bf,,2 < h < g — 2. a*(bfy) = [Wj =4+ |2
which is even if A = 0,3(mod 4) and odd if h = 1,2(mod 4). Therefore,
the edges bf,,2 < h < g — 2 get label 0 if h = 0,3(mod 4) and 1 if h =
1,2(mod 4). (1)

For the edge bfy—1, a*(bfy—1) = [252] = |4 ] = 5 which is odd and
thereby the edge bf,_; gets label 1.

Consider the edges f, fri1,1 < h < g — 1. For the edge f1f2, a*(fif2) =
| £+ ] = | 2] = 4 which is even and thereby the edge f1 f> gets label 0.

For the edges frfri1,2 < h < g—2,a*(fnfni1) = Lh+2+h+3+2(h+2)(h+3)J
= L%J which is even if h = 2,3(mod 4) and odd if h = 0,1(mod 4).
Therefore, the edges fj,fni1 get label 0 if h = 2,3(mod 4) and 1 if h =
0,1(mod 4),2 < h<g—2. (2)

For the edge f, 1 fy, a*(fy-1f,) = | 23D | = | 4957 ) = 9 1 3 which
is odd and thereby the edge f,_1 f, gets label 1.

Subcase 3.1. 0 = 2

Here g = 4d + 2. For the edge bf,, a*(bf,) = | ZH9H120tD | - 3045
| 124H1 | = 64 + 5 which is odd and thereby the edge bf, gets label 1.

For the edge f,f1, a*(f,f1) = L9 | = | 228 | = g + 1 which is odd
since g is even and thereby the edge f,, f1 gets label 1.

Let us find the number of edges with label 0 and 1. Now g = 4d + 2 implies
that there are 2g = 8d + 4 edges. Among these, there are g — 3 = 4d — 1 edges of
the form bf;,,2 < h < g — 2 and so there are d numbers which are congruent to A
modulo 4, (h = 0,2, 3) and d— 1 numbers congruent to 1 modulo 4 . By (1), there
are 2d edges get label 0 and 2d — 1 edges get label 1. Also there are g —3 = 4d —1
edges of the form f}, fr11,2 < h < g — 2 and so there are d numbers which are
congruent to » modulo 4, (h = 0,2,3) and d — 1 numbers congruent to 1 modulo
4. By (2), there are 2d edges get label 0 and 2d — 1 edges get label 1. Also the
edges bfy_1, bfy, fg—1fs and f, f1 getlabel 1 and the edges bf; and f; f> get label
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0. Hence, there are 4d + 2 edges with label 0 and 4d + 2 edges with label 1 and
s0 |eq(0) — e, (1)] = 0.
Subcase 3.2. 0 = 3

Here g = 4d + 3. For the edge bf,, as in subcase 2.1., a*(bf,) = L%J =
| 124514 | = 6d + 7 which is odd and thereby the edge bf, gets label 1.

For the edge f,f1, as in subcase 2.1., a*(f,f1) = L@J = g + 1 which is
even since ¢ is odd and thereby the edge f, f1 gets label 0.

Let us find the number of edges with label 0 and 1. Now g = 4d + 3 implies
that there are 2g = 8d + 6 edges. Among these, there are ¢ — 3 = 4d edges of
the form bf;,,2 < h < g — 2 and so there are d numbers which are congruent to
h modulo 4, (0 < h < 3). By (1), there are 2d edges get label 0 and 2d edges
get label 1. Also there are g — 3 = 4d edges of the form f;, f,11,2 < h < g—2
and so there are d numbers which are congruent to »~ modulo 4, (0 < h < 3).
By (2), there are 2d edges get label 0 and 2d edges get label 1. Also the edges
bfys—1, bfy and f,_;f, get label 1 and the edges bfi, f,fi and f;f> get label 0.
Hence, there are 4d + 3 edges with label 0 and 4d + 3 edges with label 1 and so
|6a<0) - ea(1)| = 0.

Thus, |e,(0) — e,(1)] < 1 and thereby the wheel graph W/ is a strongly*-2
divisor cordial graph. [

Example 2.1. A strongly*-2 divisor cordial labeling of the graph Wy is shown in
Figure 1. Here ¢,(0) = 8, e,(1) = 8 and hence |e,(0) — e,(1)| = 0.

Figure 1 : Strongly*-2 divisor cordial labeling of Wy

Theorem 2.2. The sunflower graph SF is a strongly*-2 divisor cordial graph.
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P}"OOf Let V(SFQ) = {b, fhajh 1< h < g} and E(SF9> = {bfh, fh,jh, fsfSJrl’
fsx1Js, fof1,9q71 1 1 <h <g,1 <s<g—1}. Then SF, has 2g + 1 vertices and
4g edges.

Case 1. g = o(mod 4), 0 € {0,1}

Define a : V(SF,) — {0,1} by a(b) = 1, a(fr) =h+ 1,1 < h < gand
a(jn) =g+ 1+ h,1 < h < g.Leta* be the induced edge label of a.

For the edges bfy,, 1 < h < g, f*(bfy,) = [0 | — | 203 | = 4
is even if h is odd and odd if A is even. Therefore, the edges bf,,1 < h < g get
label 0 if i is odd and 1 if A is even. (1)

For the edges fi, fn11,1 < h < g—1, f*(fufni1) = Lh+1+h+2+2(h+l)(h+2)J =
L%J which is even if A = 0,3(mod 4) and odd if h = 1,2(mod 4). There-
fore, the edges fi, fr+1 getlabel 0 if h = 0,3(mod 4) and 1 if h = 1,2(mod 4).

(2)
Subcase 1.1. 0 = 0
Here g — 4d, d € N. For the edge fgfl, a* (fgfl) — Lg+1+2-£2(g+1)J — L392+5J
= [124£3| = 6d + 2 which is even and so the edge f, f1 gets label 0.

For the edges fujn,1 < h < g, a*(fajn) = Lh+1+g+1+h+2(h+l)(g+l+h)J

_ L29+gh+l212+4h+3J _ L2(4d)+(4d)g+h2+4h+3J = 2(4d + dh + h) + L#j which
is even if h is odd and odd if & is even. Therefore, the edges f,,jn, 1 < h < g, get
label 0 if h is odd and 1 if A is even. (3)

For the edges fh+1jh7 1< h < g—l, a* (chrljh) — Lh+2+g+1+h+2(h+2)(9+1+h)J

_ L39+gh+/212+5h+5j _ L3(4d)+(4d)l21+h2+5h+5j = 2d(3+ 1) + L%J which is even
if h=0,3(mod4) and odd if h = 1,2(mod 4). Therefore, the edges f,17p, 1 <
h < g—1getlabel 0if h = 0,3(mod 4) and 1if h = 1,2(mod 4). (4)

For the edge j, f1, a* (jy i) = | 2112420002 | o | 6015 | = | 2055 | = 149
which is even and so the edge j, f1 gets label 0.

Let us find the number of edges with label 0 and 1. Now g = 4d implies
that there are 4g = 16d edges. Among these, there are ¢ = 4d edges of the form
bfy and frjn, 1 < h < g and so there are 2d odd and 2d even numbers. By (1)
and (3), there are 4d edges get label 0 and 4d edges get label 1. Also there are
g — 1 = 4d — 1 edges of the form f, fr.1 and fri1jp, 1 < h < g — 1 and so
there are d numbers which are congruent to 4 modulo 4, (h = 1,2,3) and d — 1
numbers which are congruent to 0 modulo 4. By (2) and (4), there are 4d — 2
edges get label 0 and 4d edges get label 1. And the edgse f,f1 and j,j; get la-
bel 0. Hence, there are 8d edges with label 0 and 8d edges with label 1 and so
|€a(0) - ea(l)l = 0.

Subcase 1.2. 0 = 1

Here g = 4d + 1, d € N. For the edge f,f1, a*(f,f1) = L%‘Z(EIH)J _

EIE L3(4d;1)+5j = 6d + 4 which is even and so the edge f, f1 gets label 0.
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For the edges fhjh;l < h < g, a*(fhjh) — Lh+1+g+1+h+2(h+1)(9+1+h)J

_ L29+gh+}52+4h+3J _ L2(4d+1)+(4d-1—21)h+h2+4h+3J — 2d(2 + h) + Lh2+gh+5J which
is even if h = 0,3(mod 4) and odd if h = 1,2(mod 4). Therefore, the edges
fnin, 1 < h < g,getlabel 0if h = 0,3(mod4) and 1if h = 1,2(mod 4). (5)

For the edges fri 174, 1 < h < g—1,a*(fry17n) = Lh+2+g+1+h+2(h+2)(g+1+h)J
— L39+gh+l212+5h+5J — L3(4d+1)+(4d+21)h+h2+5h+5J _ 2d(3 + h) L4+ L@J which
is even if A = 0,2(mod 4) and odd if h = 1,3(mod 4). Hence, the edges
fra1jn, 1 < h < g—1,getlabel 0if h = 0,2(mod4) and 1if h = 1,3(mod 4).(6)

For the edge j,fi. a*(jy i) = |25 | = | 052 ] = | SUEE2) <
12d + 5 which is odd and so the edge j, f1 gets label 1.

Let us find the number of edges with label 0 and 1. Now g = 4d+ 1 implies
that there are 49 = 16d + 4 edges. Among these, there are g = 4d + 1 edges of
the form bf;,,1 < h < g and so there are 2d 4+ 1 odd and 2d even numbers. By
(1), there are 2d + 1 edges get label 0 and 2d edges get label 1. Also there are
g—1 = 4d edges of the form f, fr.1 and fr11jn, 1 < h < g—1 and so there are d
numbers which are congruent to h modulo 4, (0 < h < g). By (2) and (6), there
are 4d edges get label 0 and 4d edges get label 1. There are g = 4d + 1 edges
of the form f;,j,,1 < h < g and so there are d numbers which are congruent to
h modulo 4, (h = 0,2, 3) and there are d + 1 numbers which are congruent to 1
modulo 4. Hence by (5), 2d + 1 edges get label 1 and 2d edges get label 0. And
the edge f,f1 gets label 0 and the edge j, fi gets label 1. Hence, there are 8d + 2
edges with label 0 and 8d + 2 edges with label 1 and so |e,(0) — e, (1)| = 0.
Case2.g =I(mod4),l € {2,3}

Define a : V(SF,) — {1,2,...,2¢9 + 1} by a(b) = 1, a(fx) = 2h,
1 <h<ganda(j,) =2h+1,1 < h < g. Let a* be the induced edge la-
bel of a.

For the edges bf,, 1 < h < g, a*(bfy) = | H24t2h | = | 421 | = 2] which is
even and thereby the edges bf;, get label 0 for 1 < h < g. (1)

For the edges fi,frt1,1 < h < g — 1, a*(fafus1) = LZHQHQ;%(%H)J
= |4248h42 | — 9p2 | 4h 4 1 which is odd. Therefore, the edges f; fn11 get label
Iforl<h<g-1. (2)

For the edges fi,jn, | < h < g, a*(fujy) = | ZE2HE2EED | - | 4h2hed |
= 2h?% + 3h which is even if & is even and odd if & is odd. Therefore, the edges
frin, 1 < h < g, getlabel 0 if h is even and 1 if h is odd. (3)

For the edges fri11jn, 1 < h < g—1,a*(fas1jn) = L2h+2+2h+1+2(2h+2)(2h+1)J
= [4"2+—§0h+5j =2h%+5h+2 which is even if h is even and odd if / is odd. There-

fore, the edges fr11jn,1 < h < g — 1, get label O if h is even and 1 if A is odd.
(4)

Subcase 2.1. [ = 2
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Here g = 4d + 2, d € N. For the edge f,f1, a*(fyf1) = LMJ -

|Sat2| = | SUHE2H2 | 194 4 7 which is odd and so the edge f, f1 gets label 1.

For the edge j, f1, a*(jo i) = 25 E0H2 | = | 8000 ) — | SUAEDED | -
12d + 8 which is even and so the edge j, f1 gets label 0.

Let us find the number of edges with label 0 and 1. Now g = 4d + 2 implies
that there are 4g = 16d + 8 edges. Among these, there are g = 4d + 2 edges are of
the form bf;,, 1 < h < g. By (1), 4d+2 edges get label 0. There are g—1 = 4d+1
edges of the form f; f,11,1 < h < g — 1. By (2), 4d + 1 edges get label 1. Also
there are ¢ = 4d + 2 edges of the form f,7,,1 < h < g and so there are equal
odd and even nubers. By (3), there are 2d + 1 edges get label 0 and 2d + 1 edges
get label 1. There are ¢ — 1 = 4d + 1 edges of the form f, 175, 1 < h < g—1
and so there are 2d even and 2d + 1 odd numbers. By (4), there are 2d edges get
label 0 and 2d + 1 edges get label 1. And the edge f,f1 gets label 1 and the edge
Jgf1 gets label 0. Hence, there are 8d + 4 edges with label 0 and 8d + 4 edges with
label 1 and so |e,(0) — e,(1)] = 0.

Subcase 2.2. [ = 3

Here g = 4d + 3, d € N. For the edge f,f1, as in subcase 2.1., a*(f, f1) =
|82 ] = L6(4d;3)+2j= 12d + 10 which is even and so the edge f, f1 gets label 0.
L692+5J — L6(4d—g3)+5J _

For the edge j,f1, as in subcase 2.1., a*(j, f1) =
12d 4 11 which is odd and so the edge j, fi gets label 1.

Let us find the number of edges with label 0 and 1. Now g = 4d + 3 im-
plies that there are 49 = 16d + 12 edges. Among these, there are g = 4d + 3
edges of the form bf;,, 1 < h < g. By (1), 4d + 3 edges get label 0. There are
g—1 = 4d+ 2 edges of the form f, f, 1,1 < h < g—1. By (2), 4d + 2 edges get
label 1. Also there are g = 4d + 3 edges of the form f},7,,1 < h < g and so there
are 2d + 2 odd and 2d + 1 even nubers. By (3), there are 2d + 1 edges get label
0 and 2d + 2 edges get label 1. There are ¢ — 1 = 4d + 2 edges are of the form
frni1jn, 1 < h < g—1 and so there are equal even and odd numbers. By (4), there
are 2d + 1 edges get label 0 and 2d + 1 edges get label 1. And the edge f, f1 gets
label 0 and the edge j, fi gets label 1. Hence, there are 8d + 6 edges with label 0
and 8d + 6 edges with label 1 and so |e,(0) — e,(1)| = 0. O

Example 2.2. A strongly*-2 divisor cordial labeling of the graph SFy is shown
in Figure 2. Here ¢,(0) = 16, e,(1) = 16 and hence |e,(0) — e,(1)]| = 0.
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Figure 2 : Strongly*-2 divisor cordial labeling of S Fj

3 Conclusion

Motivated by the concepts of cordial labeling, divisor cordial labeling and
strongly*- graphs in graph theory, we introduce a novel notion termed “’strongly *-
2 divisor cordial labeling.” Our research includes a proof demonstrating that both
the wheel graph W, and the sunflower graph SFj, exhibit the property of being
strongly*-2 divisor cordial graphs. Notably, our investigation extends beyond
these specific graphs, as we assert that strongly*-2 divisor cordial labeling is appli-
cable to a broader range of graphs. Looking ahead, we envision the development
of an algorithm capable of determining whether a given graph admits a strongly*-
2 divisor cordial labeling.
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