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Abstract 

One of the generalizations of Fibonacci sequence is a 𝑘-Fibonacci sequence, which is 

further generalized in several other ways, some by conserving the initial conditions and 

others by conserving the related recurrence relation. In this paper, we generalize the 

sequence of 𝑘-Fibonacci numbers into the sequence of bifurcating Fibonacci numbers. 

The Binet-like formula for the terms of these numbers is obtained and further, we obtain 

several interesting properties related to the sequence. 
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1. Introduction  

The well-known sequence {𝐹𝑛}𝑛≥0 of Fibonacci numbers is a sequence 0, 1, 1, 2, 3, 

5, 8, 13, 21, 34, 55, 89, … ,   where each term is the sum of two preceding terms. The 

corresponding recurrence relation for the terms of the sequence is 𝐹𝑛 = 𝐹𝑛−1 +

𝐹𝑛−2 ;  𝑛 ≥ 2 with the initial terms 𝐹0 = 0, 𝐹1 = 1. Many papers regarding various 

generalizations of this sequence have appeared in recent years [2, 3, 12]. There are 

fundamentally two ways in which the Fibonacci sequence may be generalized; namely, 

either by maintaining the recurrence relation but altering the first two terms of the 

sequence from 0, 1 to any arbitrary integers a, b or by preserving the first two terms of 

the sequence but altering the recurrence relation. The two techniques can even be 

combined. It is observed that the change in the recurrence relation leads to greater 

complexity in the properties of the resulting sequence. Edson, Yayenie [8] generalized 

this sequence into a new class of generalized sequence, which depends on two real 

parameters used in a recurrence relation. We define further generalizations of this 

sequence and call it the generalized Fibonacci sequence.  

Definition: For any two positive numbers a and b, the class of bifurcating sequences 

{𝑓𝑛
𝐿(𝑎, 𝑏)

}(= {𝑓𝑛
𝐿}) is defined by the recurrence relation 𝑓𝑛

𝐿 = 𝑎𝜒(𝑛)𝑏1−𝜒(𝑛)𝑓𝑛−1
𝐿 − 𝑓𝑛−2

𝐿 , 

where 𝑓0
𝐿 = 0, 𝑓1

𝐿 = 1; 𝑎, 𝑏 are any two positive integers and 𝜒(𝑛) = {
1; if 𝑛 is odd

 0; if 𝑛 is even
. 

 This can be equivalently expressed as  

 𝑓𝑛
𝐿(𝑎, 𝑏)

= {
𝑎𝑓𝑛−1

𝐿(𝑎, 𝑏)
− 𝑓𝑛−2

𝐿(𝑎, 𝑏)
 ; when 𝑛 is odd

 𝑏𝑓𝑛−1
𝐿(𝑎, 𝑏)

− 𝑓𝑛−2
𝐿(𝑎, 𝑏)

 ; when 𝑛 is even
(𝑛 ≥ 2)  with 𝑓0

𝐿 = 0, 𝑓1
𝐿 = 1      (1.1) 

The first few terms of this sequence are shown below: 

n 𝒇𝒏
𝑳(𝒂, 𝒃)

 

0 0 

1 1 

2 𝑏 

3 𝑎𝑏 − 1 

4 𝑎𝑏2 − 2𝑏 

5 𝑎2𝑏2 − 3𝑎𝑏 + 1 

6 𝑎2𝑏3 − 4𝑎𝑏2 + 3𝑏 

7 𝑎3𝑏3 − 5𝑎2𝑏2 + 6𝑎𝑏 − 1 
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2. Generating function for {𝒇𝐧
𝐋(𝐚, 𝐛)

}  

Generating function is a powerful tool for solving linear homogeneous recurrence 

relations. In this section, we obtain the generating function for the bifurcating Fibonacci 

sequence and use it to obtain Binet-like formula for these numbers. We first prove a result 

which will be required to obtain the generating function. 

 We first prove an interesting recursive relation which connects three 𝑓𝑛
𝐿’s into a 

linear relation. 

 

Lemma 2.1: 𝑓2𝑛+5
𝐿 − (𝑎𝑏 − 2)𝑓2𝑛+3

𝐿 + 𝑓2𝑛+1
𝐿 = 0.   

Proof: Using definition, we get 

𝑓2𝑛+5
𝐿 = 𝑎𝑓2𝑛+4

𝐿 − 𝑓2𝑛+3
𝐿 = 𝑎(𝑏𝑓2𝑛+3

𝐿 − 𝑓2𝑛+2
𝐿 ) − 𝑓2𝑛+3

𝐿 = (𝑎𝑏 − 1)𝑓2𝑛+3
𝐿 −

𝑎𝑓2𝑛+2
𝐿  . 

Then, 𝑓2𝑛+5
𝐿 − (𝑎𝑏 − 2)𝑓2𝑛+3

𝐿 + 𝑓2𝑛+1
𝐿  

          = (𝑎𝑏 − 1)𝑓2𝑛+3
𝐿 − 𝑎𝑓2𝑛+2

𝐿 − (𝑎𝑏 − 2)𝑓2𝑛+3
𝐿 + 𝑓2𝑛+1

𝐿  

          = 𝑓2𝑛+3
𝐿 − (𝑎𝑓2𝑛+2

𝐿 − 𝑓2𝑛+1
𝐿 ) = 0.  

 

We next prove a relation which will be used to derive the generating of 𝑓𝑛
𝐿. 

 

Lemma 2.2: ∑ 𝑓2𝑖−1
𝐿 𝑥2𝑖−1∞

𝑖=1 =
𝑥+𝑥3

𝑥4−(𝑎𝑏−2)𝑥2+1
 . 

Proof: Let 𝑝(𝑥) = ∑ 𝑓2𝑖−1
𝐿 𝑥2𝑖−1∞

𝑖=1 = 𝑓1
𝐿𝑥 + 𝑓3

𝐿𝑥3 + 𝑓5
𝐿𝑥5 +⋯ . 

Then 𝑥4𝑝(𝑥) = 𝑓1
𝐿𝑥5 + 𝑓3

𝐿𝑥7 + 𝑓5
𝐿𝑥9 +⋯ and  

 (𝑎𝑏 − 2)𝑥2𝑝(𝑥) =  (𝑎𝑏 − 2)𝑓1
𝐿𝑥3 + (𝑎𝑏 − 2)𝑓3

𝐿𝑥5 +  (𝑎𝑏 − 2)𝑓5
𝐿𝑥7 +⋯ . 

 Using lemma 2.1, we get (𝑥4 − (𝑎𝑏 − 2)𝑥2 + 1)𝑝(𝑥) = 𝑥 + 𝑥3.  

This gives  𝑝(𝑥) = ∑ 𝑓2𝑖−1
𝐿 𝑥2𝑖−1∞

𝑖=1 =
𝑥+𝑥3

𝑥4−(𝑎𝑏−2)𝑥2+1
 . 

 

 The next theorem provides the generating function for {𝑓𝑛
𝐿}. 

 

Theorem 2.3: The generating function for {𝑓𝑛
𝐿} is given by f(𝑥) =

𝑥+𝑏𝑥2+𝑥3

𝑥4−(𝑎𝑏−2)𝑥2+1
 . 

Proof: Define 𝑓(𝑥) = ∑ 𝑓𝑖
𝐿𝑥𝑖∞

𝑖=0 = 𝑓0
𝐿 + 𝑓1

𝐿𝑥 + 𝑓2
𝐿𝑥2 + 𝑓3

𝐿𝑥3 +⋯ . 

Then −𝑎𝑥𝑓(𝑥) = ∑ 𝑓𝑖
𝐿𝑥𝑖∞

𝑖=0 = −𝑎𝑥𝑓0
𝐿 − 𝑎𝑓1

𝐿𝑥2 − 𝑎𝑓2
𝐿𝑥3 − 𝑎𝑓3

𝐿𝑥4 +⋯ and 

 𝑥2𝑓(𝑥) = ∑ 𝑓𝑖
𝐿𝑥𝑖∞

𝑖=0 = 𝑓0
𝐿𝑥2 + 𝑓1

𝐿𝑥3 + 𝑓2
𝐿𝑥4 + 𝑓3

𝐿𝑥5 +⋯ . 

After the rearrangement of terms, we get 

(1 − 𝑎𝑥 + 𝑥2)𝑓(𝑥) 
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    = 𝑓0
𝐿 + (𝑓1

𝐿 − 𝑎𝑓0
𝐿)𝑥 + (𝑓2

𝐿 − 𝑎𝑓1
𝐿 + 𝑓0

𝐿)𝑥2 + (𝑓3
𝐿 − 𝑎𝑓2

𝐿 + 𝑓1
𝐿)𝑥3 +⋯ 

= 𝑥 + (𝑏 − 𝑎)𝑥2 + ( 𝑎𝑓2
𝐿 − 𝑓1

𝐿 −  𝑎𝑓2
𝐿 + 𝑓1

𝐿)𝑥3 + (𝑏𝑓3
𝐿 − 𝑓2

𝐿 − 𝑎𝑓3
𝐿 + 𝑓2

𝐿)𝑥4 +⋯ 

Then (1 − 𝑎𝑥 + 𝑥2)𝑓(𝑥) = 𝑥 + (𝑏 − 𝑎)𝑥(∑ 𝑓2𝑖−1
𝐿 𝑥2𝑖−1∞

𝑖=1 ) . This gives 

𝑓(𝑥) =
𝑥

(1−𝑎𝑥+𝑥2)
+

(𝑏−𝑎)𝑥

(1−𝑎𝑥+𝑥2)
{

𝑥+𝑥3

𝑥4−(𝑎𝑏−2)𝑥2+1
}  

         =
𝑥5−(𝑎𝑏−2)𝑥3+𝑥+𝑏𝑥2+𝑏𝑥4−𝑎𝑥2−𝑎𝑥4

(1−𝑎𝑥+𝑥2)(𝑥4−(𝑎𝑏−2)𝑥2+1)
=

(𝑥5−𝑎𝑥4+𝑥3)+(𝑏𝑥2−𝑎𝑏𝑥3+𝑏𝑥4)+(𝑥−𝑎𝑥2+𝑥3)

(1−𝑎𝑥+𝑥2)(𝑥4−(𝑎𝑏−2)𝑥2+1)
 

         =
(𝑥+𝑏𝑥2+𝑥3)(1−𝑎𝑥+𝑥2)

(1−𝑎𝑥+𝑥2)(𝑥4−(𝑎𝑏−2)𝑥2+1)
=

𝑥(1+𝑏𝑥+𝑥2)

(𝑥4−(𝑎𝑏−2)𝑥2+1)
 . 

 

This finally gives the required generating function as f(𝑥) =
𝑥+𝑏𝑥2+𝑥3

𝑥4−(𝑎𝑏−2)𝑥2+1
 .  

 

 

3. Binet and additional formulae for {𝒇𝒏
𝑳}  

For roots  and  of the equation 𝑥2 − 𝑎𝑏𝑥 + 𝑎𝑏 = 0, we observe that                         

𝛼 = (
𝑎𝑏+√𝑎2𝑏2−4𝑎𝑏

2
), 𝛽 = (

𝑎𝑏−√𝑎2𝑏2−4𝑎𝑏

2
). We note the following properties related with 

𝛼, 𝛽:   

1) 𝛼 + 𝛽 = 𝑎𝑏.                     (3.1)    

2) 𝛼𝛽 = 𝑎𝑏.                               (3.2) 

3) 𝛼 − 𝛽 = √𝑎2𝑏2 − 4𝑎𝑏.                                      (3.3) 

4)  
𝛼2

𝑎𝑏
=  𝛼 − 1.                         (3.4) 

This is since 𝛼2 − 𝑎𝑏𝛼 + 𝑎𝑏 = 0, we get 𝛼2 = 𝑎𝑏(𝛼 − 1),  

which gives the required result.  

5) 
𝛽2

𝑎𝑏
=  𝛽 − 1.                  (3.5) 

6) (𝛼 − 1)(𝛽 − 1) = 1.                               (3.6) 

     This is since (𝛼 − 1)(𝛽 − 1) = (
𝛼2

𝑎𝑏
) (

𝛽2

𝑎𝑏
) =

𝑎2𝑏2

𝑎2𝑏2
= 1. 

7) 𝛽(𝛼 − 1) = 𝛼.                       (3.7)   

    Here we note that 𝛽(𝛼 − 1) = 𝛽 (
𝛼2

𝑎𝑏
) =

(𝛼𝛽)𝛼

𝑎𝑏
=

(𝑎𝑏)𝛼

𝑎𝑏
= 𝛼. 

8) 𝛼(𝛽 − 1) = 𝛽.                                (3.8) 
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We now derive an extended Binet’s formula for the {𝑓𝑛
𝐿}. 

 

Theorem 3.1: 𝐹𝑛
𝐿 =

𝑏1−𝜒(𝑛)

(𝑎𝑏)[
𝑛
2⁄ ]
(
𝛼𝑛−𝛽𝑛

𝛼−𝛽
), where 𝜒(𝑛) = {

1; if 𝑛 is odd
 0; if 𝑛 is even

. 

Proof: By theorem 2.3, we have 𝑓(𝑥) =
𝑥+𝑏𝑥2+𝑥3

𝑥4−(𝑎𝑏−2)𝑥2+1
 .  

This can be written as 𝑓(𝑥) =
𝑥+𝑏𝑥2+𝑥3

𝑥4−(𝑎𝑏−2)𝑥2+1
=

(𝐴𝑥+𝐵)

𝑥2−(𝛼−1)
+

(𝐶𝑥+𝐷)

𝑥2−(𝛽−1)
 . 

Then, 𝑥 + 𝑏𝑥2 + 𝑥3 = (𝐴𝑥 + 𝐵)(𝑥2 − (𝛽 − 1)) + (𝐶𝑥 + 𝐷)( 𝑥2 − (𝛼 − 1)). 

Now comparing various powers of x on both sides, we get  

 1 = 𝐴 + 𝐶; 𝑏 = 𝐵 + 𝐷; −1 = (𝐴(𝛽 − 1) + 𝐶(𝛼 − 1)) and 

0 = −𝐵(𝛽 − 1) − 𝐷(𝛼 − 1). 

Solving them we get 𝐴 =
𝛼

𝛼−𝛽
, 𝐵 =

𝑏(𝛼−1)

(𝛼−𝛽)
, 𝐶 =

−𝛽

𝛼−𝛽
, 𝐷 =

−𝑏(𝛽−1)

𝛼−𝛽
. 

Substituting these values in 𝑓(𝑥) =
(𝐴𝑥+𝐵)

𝑥2−(𝛼−1)
+

(𝐶𝑥+𝐷)

𝑥2−(𝛽−1)
 , we get 

𝑓(𝑥) =
1

(𝛼−𝛽)
[{
(𝛼−1)𝑏+𝛼𝑥

𝑥2−(𝛼−1)
} − {

(𝛽−1)𝑏+𝛽𝑥

𝑥2−(𝛽−1)
}]. 

Now by the Maclaurin’s expansion of 
𝑃−𝑄𝑥

𝑥2−𝑅
 , it is observed that 

𝑃−𝑄𝑥

𝑥2−𝑅
= ∑ 𝑄𝑅−𝑛−1𝑥2𝑛+1∞

𝑛=0 − ∑ 𝑃𝑅−𝑛−1𝑥2𝑛∞
𝑛=0 . 

Then 
(𝛼−1)𝑏−(−𝛼𝑥)

𝑥2−(𝛼−1)
= [∑

−𝛼

(𝛼−1)𝑛+1
𝑥2𝑛+1∞

𝑛=0 − ∑
(𝛼−1)𝑏

(𝛼−1)𝑛+1
𝑥2𝑛∞

𝑛=0 ] and  

           
−(𝛽−1)𝑏−𝛽𝑥

𝑥2−(𝛽−1)
= [∑

𝛽

(𝛽−1)𝑛+1
𝑥2𝑛+1∞

𝑛=0 − ∑
−𝑏(𝛽−1)

(𝛽−1)𝑛+1
𝑥2𝑛∞

𝑛=0 ] . 

Then 𝑓(𝑥) =
1

(𝛼−𝛽)
{∑ (

−𝛼

(𝛼−1)𝑛+1
+

𝛽

(𝛽−1)𝑛+1
) 𝑥2𝑛+1∞

𝑛=0 } 

                  +
𝑏

(𝛼−𝛽)
{∑ (

(𝛽−1)

(𝛽−1)𝑛+1
−

(𝛼−1)

(𝛼−1)𝑛+1
) 𝑥2𝑛∞

𝑛=0 }  

                  =
1

(𝛼−𝛽)
{∑ (

−𝛼(𝛽−1)𝑛+1+𝛽(𝛼−1)𝑛+1

(𝛼−1)𝑛+1(𝛽−1)𝑛+1
) 𝑥2𝑛+1∞

𝑛=0 }  

                  +
𝑏

(𝛼−𝛽)
{∑ (

(𝛽−1)(𝛼−1)𝑛+1−(𝛼−1)(𝛽−1)𝑛+1

(𝛽−1)𝑛+1(𝛼−1)𝑛+1
) 𝑥2𝑛∞

𝑛=0 }  

 

Now using (3.4) and (3.5) we get  

𝑓(𝑥) =
1

(𝛼−𝛽)
{∑ (

𝛽( 
𝛼2

𝑎𝑏
)
𝑛+1

−𝛼(
𝛽2

𝑎𝑏
)
𝑛+1

( 
𝛼2

𝑎𝑏
)
𝑛+1

(
𝛽2

𝑎𝑏
)
𝑛+1 )𝑥2𝑛+1∞

𝑛=0 }   

         +
𝑏

(𝛼−𝛽)
{∑ (

(
𝛽2

𝑎𝑏
)( 

𝛼2

𝑎𝑏
)
𝑛+1

−( 
𝛼2

𝑎𝑏
)(
𝛽2

𝑎𝑏
)
𝑛+1

(
𝛽2

𝑎𝑏
)
𝑛+1

 (
𝛼2

𝑎𝑏
)
𝑛+1 )𝑥2𝑛∞

𝑛=0 }    
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         =
1

(𝛼−𝛽)
{∑ (

(𝑎𝑏)𝑛+1(𝛽𝛼2𝑛+2−𝛼𝛽2𝑛+2)

𝛼2𝑛+2𝛽2𝑛+2
) 𝑥2𝑛+1∞

𝑛=0 }      

           +
𝑏

(𝛼−𝛽)
{∑ (

(𝑎𝑏)𝑛(𝛼2𝑛+2𝛽2−𝛼2𝛽2𝑛+2)

𝛼2𝑛+2𝛽2𝑛+2
) 𝑥2𝑛∞

𝑛=0 }   

         =
1

(𝛼−𝛽)
{∑ (

(𝑎𝑏)𝑛+1𝛼𝛽(𝛼2𝑛+1−𝛽2𝑛+1

(𝛼𝛽)𝛼2𝑛+1𝛽2𝑛+1
) 𝑥2𝑛+1∞

𝑛=0 }   

         +
𝑏

(𝛼−𝛽)
{∑ (

(𝑎𝑏)𝑛(𝛼𝛽)2(𝛼2𝑛−𝛽2𝑛)

(𝛼𝛽)2𝛼2𝑛𝛽2𝑛
) 𝑥2𝑛∞

𝑛=0 }  

        =
1

(𝛼−𝛽)
{∑ (

(𝑎𝑏)𝑛+1(𝛼𝛽)(𝛼2𝑛+1−𝛽2𝑛+1

(𝛼𝛽)𝛼2𝑛+1𝛽2𝑛+1
) 𝑥2𝑛+1∞

𝑛=0 }  

         +
𝑏

(𝛼−𝛽)
{∑ (

(𝑎𝑏)𝑛(𝛼𝛽)2(𝛼2𝑛−𝛽2𝑛)

(𝛼𝛽)2𝛼2𝑛𝛽2𝑛
) 𝑥2𝑛∞

𝑛=0 }  

Using (3.2), we get  

 𝑓(𝑥) =
1

(𝛼−𝛽)
{∑ (

(𝑎𝑏)𝑛+1(𝛼2𝑛+1−𝛽2𝑛+1

(𝑎𝑏)2𝑛+1
) 𝑥2𝑛+1∞

𝑛=0 } 

         +
𝑏

(𝛼−𝛽)
{∑ (

(𝑎𝑏)𝑛(𝛼2𝑛−𝛽2𝑛)

(𝑎𝑏)2𝑛
) 𝑥2𝑛∞

𝑛=0 }  

        =
1

(𝛼−𝛽)
{∑ (

1

𝑎𝑏
)
𝑛
(𝛼2𝑛+1 − 𝛽2𝑛+1)𝑥2𝑛+1∞

𝑛=0 } 

        +
𝑏

(𝛼−𝛽)
{∑ (

(𝛼2𝑛−𝛽2𝑛)

(𝑎𝑏)𝑛
) 𝑥2𝑛∞

𝑛=0 }   

Considering 𝜒(𝑛) = {
1; if 𝑛 is odd

 0; if 𝑛 is even
 we get 𝑓(𝑥) = ∑

𝑏1−𝜒(𝑛)

(𝑎𝑏)[
𝑛
2⁄ ]
(
𝛼𝑛−𝛽𝑛

𝛼−𝛽
) 𝑥𝑛∞

𝑛=0 .    

This finally gives the required extended Binet Formula as 𝑓𝑛
𝐿 =

𝑏1−𝜒(𝑛)

(𝑎𝑏)[
𝑛
2⁄ ]
(
𝛼𝑛−𝛽𝑛

𝛼−𝛽
). 

 

We finally prove two the identities for 𝑓2𝑘
𝐿  and 𝑓2𝑘+1

𝐿  which expresses them in the 

series form. 

 

Lemma 3.2: 

a) 𝑓2𝑘
𝐿 =

𝑏(𝑎𝑏)𝑘−1

22𝑘−1
∑ (

2𝑘
2𝑟 − 1

) (1 −
4

𝑎𝑏
)
𝑟−1

∞
𝑟=1  

b) 𝑓2𝑘+1
𝐿 =

(𝑎𝑏)𝑘

22𝑘
∑ (

2𝑘 + 1
2𝑟 − 1

) (1 −
4

𝑎𝑏
)
𝑟−1

∞
𝑟=1  .    

Proof: By theorem 3.1, we have 𝑓𝑛
𝐿 =

𝑏1−𝜒(𝑛)

(𝑎𝑏)[
𝑛
2⁄ ]
(
𝛼𝑛−𝛽𝑛

𝛼−𝛽
). If we consider 𝜇 =

𝑏1−𝜒(𝑛)

(𝑎𝑏)[
𝑛
2⁄ ](𝛼−𝛽)

 , then this can be written as 𝑓𝑛
𝐿 = 𝜇(𝛼𝑛 − 𝛽𝑛).  

Then 𝑓𝑛
𝐿 = 𝜇 ((

𝑎𝑏+√𝑎2𝑏2−4𝑎𝑏

2
)
𝑛

− (
𝑎𝑏−√𝑎2𝑏2−4𝑎𝑏

2
)
𝑛

)  

               =
𝜇

2𝑛
{(𝑎𝑏 + √𝑎2𝑏2 − 4𝑎𝑏)𝑛 − (𝑎𝑏 − √𝑎2𝑏2 − 4𝑎𝑏)𝑛}  

               =
𝜇(𝑎𝑏)𝑛

2𝑛
{(1 + √1 −

4

𝑎𝑏
)

𝑛

− (1 − √1 −
4

𝑎𝑏
)

𝑛

}   
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               =
𝜇(𝑎𝑏)𝑛×2

2𝑛
{(
𝑛
1
)√1 −

4

𝑎𝑏
+ (

𝑛
3
) (√1 −

4

𝑎𝑏
)

3

+ (
𝑛
5
) (√1 −

4

𝑎𝑏
)

5

+⋯}  

              =
𝑏1−𝜒(𝑛)(𝑎𝑏)𝑛

(𝑎𝑏)[
𝑛
2⁄ ]√𝑎2𝑏2−4𝑎𝑏 2𝑛−1

√1 −
4

𝑎𝑏

{
 
 

 
 (
𝑛
1
)+(

𝑛
3
) (√1 −

4

𝑎𝑏
)

2

+(
𝑛
5
) (√1 −

4

𝑎𝑏
)

4

+⋯
}
 
 

 
 

    

        =
𝑏1−𝜒(𝑛)(𝑎𝑏)𝑛−1

(𝑎𝑏)[
𝑛
2⁄ ]2𝑚−1

{(
𝑛
1
)+(

𝑛
3
) (√1 −

4

𝑎𝑏
)

2

+ (
𝑛
5
) (√1 −

4

𝑎𝑏
)

4

+⋯}            (3.9) 

Now if n is even, say 𝑛 = 2𝑘, then 𝜒(𝑛) = 0. In this case 

𝑓2𝑘
𝐿 =

𝑏(𝑎𝑏)2𝑘−1

(𝑎𝑏)𝑘22𝑘−1
{(
2𝑘
1
)+(

2𝑘
3
)(√1 −

4

𝑎𝑏
)

2

+ (
2𝑘
5
) (√1 −

4

𝑎𝑏
)

4

+⋯}  

      =
𝑏(𝑎𝑏)𝑘−1

22𝑘−1
{∑ (

2𝑘
2𝑟 − 1

) (√1 −
4

𝑎𝑏
)

2(𝑟−1)

∞
𝑟=1 }   

      =
𝑏(𝑎𝑏)𝑘−1

22𝑘−1
{∑ (

2𝑘
2𝑟 − 1

) (1 −
4

𝑎𝑏
)
(𝑟−1)

∞
𝑟=1 } . 

Again, if n is odd, say 𝑛 = 2𝑟 + 1, we have 𝜒(𝑛) = 1.  

Then by (3.9), we have 

𝑓2𝑘+1
𝐿 =

(𝑎𝑏)(2𝑘+1)−1

(𝑎𝑏)𝑘22𝑘

{
 
 

 
 (
2𝑘 + 1
1

)+(
2𝑘 + 1
3

) (√1 −
4

𝑎𝑏
)

2

+(
2𝑘 + 1
5

)(√1 −
4

𝑎𝑏
)

4

+⋯
}
 
 

 
 

  

           =
(𝑎𝑏)𝑘

22𝑘
{∑ (

2𝑘 + 1
2𝑟 − 1

)(√1 −
4

𝑎𝑏
)

2(𝑟−1)

∞
𝑟=1 }     

           =
(𝑎𝑏)𝑘

22𝑘
{∑ (

2𝑘 + 1
2𝑟 − 1

) (1 −
4

𝑎𝑏
)
(𝑟−1)

∞
𝑟=1 } .  

 

4. Conclusions 

In this paper, we considered the sequence of ‘bifurcating Fibonacci numbers’ and 

obtained its Binet formula for 𝑓𝑛
𝐿(𝑎, 𝑏)

 and also obtain some of its interesting properties. 
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