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Abstract
One of the generalizations of Fibonacci sequence is a k-Fibonacci sequence, which is
further generalized in several other ways, some by conserving the initial conditions and
others by conserving the related recurrence relation. In this paper, we generalize the
sequence of k-Fibonacci numbers into the sequence of bifurcating Fibonacci numbers.
The Binet-like formula for the terms of these numbers is obtained and further, we obtain
several interesting properties related to the sequence.
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1. Introduction

The well-known sequence {F, },,-o of Fibonacci numbers is a sequence 0, 1, 1, 2, 3,
5,8, 13, 21, 34, 55, 89, ..., where each term is the sum of two preceding terms. The
corresponding recurrence relation for the terms of the sequence is F, = F,_; +
F,_,; n =2 with the initial terms F, = 0,F, = 1. Many papers regarding various
generalizations of this sequence have appeared in recent years [2, 3, 12]. There are
fundamentally two ways in which the Fibonacci sequence may be generalized; namely,
either by maintaining the recurrence relation but altering the first two terms of the
sequence from 0, 1 to any arbitrary integers a, b or by preserving the first two terms of
the sequence but altering the recurrence relation. The two techniques can even be
combined. It is observed that the change in the recurrence relation leads to greater
complexity in the properties of the resulting sequence. Edson, Yayenie [8] generalized
this sequence into a new class of generalized sequence, which depends on two real
parameters used in a recurrence relation. We define further generalizations of this
sequence and call it the generalized Fibonacci sequence.

Definition: For any two positive numbers a and b, the class of bifurcating sequences
{ rL(, b)}(= {£LY) is defined by the recurrence relation fl = qX®Wpl-xM L ¢l
e 1;if nis odd

L _ L _ 1. _ )

where fy' = 0, fi* = 1; a, b are any two positive integers and y(n) = { 0;if 1 is even’

This can be equivalently expressed as
L(a,b) _ cL(a,b)

4P = Zf}_@lf »_ 2@ » x;lee:::: :jjn(n >2) with fF =0,/ =1 (L)
The first few terms of this sequence are shown below:

n fl(a, b)

0 0

1 1

2 b

3 ab—1

4 ab? — 2b

5 a’b? —3ab +1

6 a’b® — 4ab? + 3b

7 a3b® — 5a%b? + 6ab — 1
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2. Generating function for { L(a b)}

n
Generating function is a powerful tool for solving linear homogeneous recurrence
relations. In this section, we obtain the generating function for the bifurcating Fibonacci
sequence and use it to obtain Binet-like formula for these numbers. We first prove a result
which will be required to obtain the generating function.
We first prove an interesting recursive relation which connects three f,;"’s into a
linear relation.

Lemma 2.1: f3;,5 — (@b — 2)fini3 + fone1 = 0.
Proof: Using definition, we get
fones = Afgnia = fonez = a(bfdniz = fansz) = fanes = (@b — Dfgniz —
af¥h+2'
Then, fn15 — (ab — 2)fini3 + fonsa
= (ab - 1)fZLn+3 - af2Ln+2 - (ab - 2)]CZLn+3 + f2Ln+1
= fonss — (@fdnsz = fans1) = 0.

We next prove a relation which will be used to derive the generating of f,-.

x+x3

Lemma2.2: Y2, fk x?1 = R
Proof: Letp(x) = X2, fi_1x?7 = flx + fEx® + fEx5 + .

Then x*p(x) = fLx5 + fix” + fFx° + - and

(ab — 2)x%*p(x) = (ab — 2)f{x® + (ab—2)fix® + (ab — 2)fEx7 + -
Using lemma 2.1, we get (x* — (ab — 2)x? + 1)p(x) = x + x5.

x+x3

This gives p(x) = X2, fri1x% ' = Xt —(ab-2)x241 "

The next theorem provides the generating function for {£,-}.

x+bx?+x3
x4—(ab-2)x2+1"
Proof: Define f(x) = X2, fifxt = fE + flx + fEx? + flx3 + .
Then —axf(x) = X2, fixt = —axfl — aftx? — affx® —affx* + - and
x2f(x) = BiZo fi'x' = fox? + flx® + fxt + fix® + e
After the rearrangement of terms, we get
(1—ax+x3)f(x)

Theorem 2.3: The generating function for {f,“} is given by f(x) =
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=fo + (ff —afdx+ (fy —aff + fo)x* + (fy —afy + f)x* + -
=x+ b -a)x*+ (aff —fi — aff + % + (bfs — fi —afs + fx* +
Then (1 —ax + x3)f(x) =x + (b — a)x(T2, fi_1x*~1) . This gives
_ x (b—a)x x+x3
f(x) T (1—ax+x2) (1—ax+x2){x4—(ab—2)x2+1}
_ x5—(ab-2)x3+x+bx?+bx*—ax?—ax* _ (x°-ax*+x3)+(bx?—abx3+bx*)+(x—ax?+x3)
- (1—-ax+x2)(x*—(ab—2)x%2+1) - (1-ax+x2)(x*—(ab-2)x%2+1)
(x+bx?+x3)(1—ax+x2)  x(1+bx+x?)
T (1—ax+x?)(xt—(ab-2)x2+1)  (x*—(ab-2)x2+1)

x+bx?%+x3

This finally gives the required generating function as f(x) = (b7l

3.Binet and additional formulae for {fﬁ}

For roots o and g of the equationx? —abx + ab =0, we observe that

a= (amazﬂ), B = (ab_azzﬂ). We note the following properties related with

a,pB:
Da+pf =ab. (3.1)
2) aff = ab. (3.2)
3) a — B = Va?b? — 4ab. (3.3)
HE=a-1. (34)

This is since a? — aba + ab = 0, we get a? = ab(a — 1),

which gives the required result.

55 = p-1. (3.5)

6)(@—1)(B -1 =1. (3.6)
This is since (a — (- 1) = (£) (&) = L5 =1.

7)pla—1) =a. (3.7)
Here we note that f(a — 1) = (Z—Z) = % = % =

8)a(B—1) =p. (3.8)
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We now derive an extended Binet’s formula for the {f;"}.

. oL _ btXM rqn_pn { 1;if nis odd
Theorem 3.1: F; = a7 ( pomy ) where y(n) = 0;if 1 is even’
. _ x+bx%+x3
Proof: By theorem 2.3, we have f(x) = (@b
x+bx?+x3 _ (Ax+B) (Cx+D)

This can be written as f (x) = @1~ v TGy

Then, x + bx? + x3 = (Ax + B)(x2 = (B— 1)) + (Cx + D)(x? — (a — 1)).
Now comparing various powers of x on both sides, we get
1=A+C;b=B+D;-1=(AB-1)+C(a—1))and
0=-B(B—-1)—D(a—1).

. __@ p_bl-1n . _ -B _ —b(B-1)
Solving them we get A = a_ﬁ,B ) ,C port oy
Substituting these values in f(x) = 2B (D) e get

x2-(a-1)  x2-(B-1)
F00 = [ 13§+f>x -

, it is observed that

Now by the Maclaurin’s expansion of

P—Qx
=Zn OQR n-—1 2n+1_zn OPR n-— 1x2n_

x2—R
(a—1)b—(—ax) _ - 2n+1 (a—1)b _on
Then == == [Zn 0@ X T Zn=0 e ¥ ]and
—(B-1)b—Bx _ B x2n+1 -b(B-1) op
x2—(f-1) _[Z"=°(ﬁ—1>n+1 ~ L= 0g—pn1 ¥ ]

T - ﬁ) {2 0((ﬁ(—ﬁl_)?“ - (a(fl_)?’rl) xzn}
T (e ) v}

o [((B-D(a-1)"1-(a-1)(B-1D)"! n
{2” 0( (B-1)n+1(g—1)n+1 )x }

T8

_ 1 o —a B
Then f(x) = (a 5 {Zn=0 ((a—1)n+1 + (3—1)n+1) x2"+1}

(a B)

(Ol B

Now using (3.4) and (3.5) we get

G\ g2
#(5) (&)
ab ab an+1
Y=o AL o\ H ve
(%) ()
n+1 n+1

s (BIE"-GIE .

<§_z)n+1 (Z_z)nﬂ X

f(x)_(a—ﬂ)

(Of ﬂ)
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{Z;;O_O ((ab)n+1(ﬁa2n+2—aﬁ2n+2)) x2n+1}

a2n+2gen+2

b {oo ((ab)"(wzn“ﬁz—azﬁzn“))xzn}

n=0 a2n+2p2n+2

ab n+1(1 a2n+1_ 2n+1

{Z 0(( )(a/;)fz(n+1132n-fl )x2n+1}

{ (ab)n(aﬁ)z(azn—ﬁzn)) }

aB)2q2ng2n

1 {Zoo ((a )n(+1i)“ﬁ)(aﬁzn+1 B2n+1) 2n+1}
n=0 (aﬁ)a2n+1ﬁ2n+1 x

(ab)™(ap)?(a?™- ﬁzn)) }

(aﬁ)zaZnBZn

[\l

S8

i

(=]
VN

N
5]
|
)
N
~
™M
S8
1]
o
VN

Using (3.2), we get
(ab)n+1(a2n+1_ﬁzn+1
{Z" 0 ( (aby2n+i ) x2n+1}

ﬂ@—mﬁ
a2 () =)

{ ( ) (@21 — ﬁZn+1)x2n+1}

(a B)
(aZn_ﬁer)
piT= b’) ( (ab)” )x }
. _ 1,1fnls odd oo bITXM rqn_pny
Considering x(n) = { 0;ifniseven "¢ get f(x) = 2o (ab)["/2] ( a8 )x '

. . : _ L _ bYXM rgn_pgn
This finally gives the required extended Binet Formula as f,; = a7 ( pomy: )

We finally prove two the identities for £, and £, which expresses them in the

series form.

Lemma 3.2:
a) fai = b(:zl:c)kl X ( 2k 1) (1 - %)r_l
b) frier1 = (6212;1 re1 (;ﬁ i_ i) (1 — %)r_l )

] L _ bl—)((n) an_ﬁn ; _
Proof: By theorem 3.1, we have f, = a7l (—) If we consider u =

1-x(n) R .
b~ , then this can be written as L = u(a™ — g™).

(a2l (a-p)
Then £L = ((ab+ a2b2—4ab)n _ (ab— a2b2—4ab>n>
A (e R

=~ {(ab +Va?b? — 4ab)" — (ab — Va?b? — 4ab)"}

-5 3) (- J-3)
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n M °
_ H@b)"x2)m _4 _ 2 _
-l =3 ) (f-2) +@(-3) +]
[BEGIEN
_ bl—x(n)(ab)n 4 1 3 ab
~ (ap)["2lVazpz—4qD 2n-1 ab n o\t
)+
1-x(n) 1 n ’ n *
Il Gl Ve _ 2 _2
- O+O(2) G -2) ] e

(ab)[/2lpm-1

Now if nis even, say n = 2k, then y(n) = 0. In this case

=)+ ((3) + (-3 ]

(ab)k22k—1

b(ab)k—1 2k / 2
ab)k- o 4
T p2k-1 {Zr:l (27‘ _ 1) ( 1- E) }

_ b(ab)k-1 o 2k 2\
T 2k-1 {ZT=1 (Zr — 1) (1 B E) } '
Again, if nis odd, say n = 2r + 1, we have y(n) = 1.
Then by (3.9), we have
2

( [ \
_ (ab)@k+1)-1 (2k1+ 1) + (2k3+ 1)< 1= %)

fZLk+1 - (ab)k22k 4
+(2k+1)< 1_i> o

5 ab
2(r-1)
= (@ )50 (Zk + 1) 4
22k )&=l 9 ab
_ @ (ww (2k+1 4\
22k {Zrﬂ (Zr — 1) (1 B E) }

4. Conclusions

In this paper, we considered the sequence of ‘bifurcating Fibonacci numbers’ and

obtained its Binet formula for fnL(a‘ ®) and also obtain some of its interesting properties.
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