Ratio Mathematica Volume 48, 2023

Relatively Prime Detour Domination
Number of Switching Graphs

C. Jayasekaran®
L. G. Binoja'

Abstract

In this paper, we introduce the concept of relatively prime detour
domination number for switching graph. If aset S C V' is a detour set,
a dominating set with at least two elements, and has (deg(u), deg(v)) =
1 for each pair of vertices u and v, then it is said to be a relatively
prime detour dominating set of a graph (G. The relatively prime de-
tour domination number of a graph G is known as 7,4, (G) and rep-
resents the lowest cardinality of a relatively prime detour dominating
set. First, we explain the concept of a switching graph before pro-
ducing some conclusions based on the switching graphs of helm, fan,
complete, spider, and sunlet graphs that have relatively prime detour
domination numbers.
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1 Introduction

Consider a finite undirected graph with no loops or multiple edges, adhering to
graph theoretic terminology as outlined in the book by Chartrand and Lesniak[3].
The detour distance, denoted as D(u, w), between vertices u and w is defined as
the length of the longest © — w path within a connected graph. A path with a
length of u — w is referred to as a detour of length D(u,w), and an u — w path
with a length of D(u, w) is termed an u — w detour [1].

The closed interval Ip[u, w| encompasses all vertices situated on some u — w
detour of the graph G. Foraset S C V, Ip[S] is represented as Ip[u, w] for every
u,w € S. A set S of vertices is deemed a detour set if /p[S] covers the entire
vertex set 1/, and the detour number dn(G) is defined as the minimum cardinality
of such a detour set. A detour set with cardinality dn(G) is specifically referred
to as a minimum detour set [2].

A set S, a subset of the vertex set V' (G), is recognized as a dominating set of
the graph G if every vertex in V' (G) not in S is adjacent to at least one vertex in S.
The domination number of G is denoted by ~(G) and signifies the smallest size
of a dominating set in (G; such a set is referred to as a y-set. The exploration of
the domination number in graph G was conducted in [4]. The concept of detour
domination number in a graph was initially introduced in [8]. In a graph G =
(V, E), the degree of a vertex u is defined as the count of edges incident with u,
denoted by deg(u).

A set S, a subset of V, is considered a relatively prime dominating set if a
set S is dominant set and it contains at least two elements, and for every pair
of vertices u and w in S, the greatest common divisor of their degrees is 1 (i.e.,
(deg(u),deg(w)) = 1). The smallest cardinality of such a relatively prime dom-
inating set in a graph G is termed the relatively prime domination number and is
denoted by 7,,4(G) [7]. The concept of switching in graphs, initially introduced
by Lint and Seidel [9], is also discussed.

This paper establishes that a dn-set is a minimal detour dominating set, and
it introduces the notion of the relatively prime detour domination number for a
switching graph, determining the corresponding value denoted as 4, (G").

Definition 1.1. /6] A set S C V is said be relatively prime detour dominating set
of a graph G if it is a detour set and a dominating set with at least two elements
and for every pair of vertices u and v such that (deg(u),deg(v)) = 1. The rela-
tively prime detour domination number is represented by the symbol ,,4,(G) and
defines the lowest cardinality of a relatively prime detour dominating set of order
Vepn(G) is said to as a Yypan- set of G. If the relatively prime detour dominating
set does not exist, then the relatively prime detour domination number is zero.

Definition 1.2. [5]For a finite undirected graph G(V, E) and a vertex v € V, the
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switching of G by v is defined as the graph G* by removing all edges incident to
v and adding edges which are not adjacent to v.

Example 1.1. Consider the graph G and G** are given in Figure 1. Here, S =
{v1, 04,06} IS @ Vrpan- set of G, Thus Yypan(G*) = 3.

U1 U1
v v
8 2 Vg Vs
v v
! U3 U7 3
Vg U4 v y
4
Us Us
G G*

Figure 1: G and Switching of G by vy is G

2 Relatively Prime Detour Domination Number of
Some Switching Graphs

Theorem 2.1. Let v be a vertex of helm graph H,,. Then for n > 4,

2 if degpy,(v) =1and2n — 3 % 0(mod 15)

0 otherwise

Vrpdn (HZ) = {

Proof. Let vyvs...v,_1v; be the cycle C),_;. Add a vertex u which is adjacent to
v, 1 < r < n. The resultant graph is the wheel W,,. Add u,, which is adjacent
to v, for 1 < r < n — 1. The resultant graph is the helm graph H,. Then
degy, (u) =n — 1, degy, (v,.) = 4 and degy, (u,) = 1 foreachr € {1,2,...,n}.
Case 1. degy, (v) =n—1

Clearly, v is u and the graph H, and H} are given in Figure 2. Clearly,
E(HY) = {uu,, u,v,, 0105 1,050541 : 1 <7 < n—-11<s < n-—2}
In HY, deg(u) = n — 1, deg(u,) = 2 and deg(v,) = 3,1 < r < n-—1
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Figure 2: Helm graph H,, and switching of the helm graph by

and also u is adjacent to all u, and non-adjacent to all v,, 1 < r < n — 1.
Since H}'[{v1,va, ..oy Un1}] = Cpo1, S = {u,v1,v3, ..., vp_2} is a y- set and also
Ip[S] = V(H}Y). Therefore, it follows that S is a 7g4,- set of H*. Since S cannot
be a 7,,a4,- set because the degree sequence of its elements is (n — 1,3,3, ...,3),
Vrpdn (Hy) = 0.

Case 2. degy, (v) =4

Here v is v,, forsome r, 1 < r < n the graph H," is given in Figure 3. Clearly,

H!" is a disconnected graph with the isolated vertex w, and 80 V,pan (H,7) = 0.

Figure 3:  Switching of the helm graph H,, by v,
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Case 3. degpy, (v) = 1 and 2n — 3 # 0(mod 15)

In this case v is u, for some r, for 1 < r < n — 1 the graph H!" is given
in Figure 4. Clearly, E(H!) = {uv, 00111, Upn_101, Uglg, Upll, UpVk, Uplly
1 <li<n—-1,1<k<n-1,1<t<n-—2andk # r}andin H',
deg(u,) = 2n — 3,deg(v,) = 3,deg(u) = n, deg(uy) = 2 and deg(vy) = 5. In
H, u; is non-adjacent to v; and v;_; is adjacent to v; and thereby S = {u;, v;_1}
is a - set of H" and also Ip[S] = V(H,"). Hence, S is a y4,,- set of H". Now
(deg(u;),deg(vi—1)) = (2n — 3,5) = 1 if and only if 2n — 3 # 0(mod 5). There-
fore, S is a ,pay,- set if and only if 2n — 3 # 0(mod 5) and hence v, pa, (H') = 2
if and only if 2n — 3 # 0(mod 5). .o

Also in H!", u, is non-adjacent to v, and thereby S* = {u,,v,} is a -
set of H" and also Ip[S*] = V(H,"”). Hence, S* is a 74,- set of H". Now
(deg(u,),deg(v,)) = (2n — 3,3) = 1if and only if 2n — 3 # 0(mod 3). There-

fore, S* is a Y,pay,- set if and only if 2n—3 # 0(mod 3) and hence v, pa, (H") = 2

n

if and only if 2n — 3 # 0(mod 3). N )
Since 2n — 3 is odd, from (1) and (2), we have 7,an, (H ") = 2 if and only if
2n — 3 # 0(mod 15). O

Figure 4:  Switching of the helm graph f,, by u,
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Theorem 2.2. Let v be any vertex of the fan graph F ,,. Then

(2 if n>2andeither degp, ,(v) =2 or degr, , (v) =3, v
s non adjacent to a vertex of degree 2 in F ,, and

" nis even

Trpdn (Fln) 13 if visadjacent to a vertex of degree 2 in Fi,,

andn > 21is even

L0 otherwise

Proof. Let u be a vertex of K; and vyvs...v, be a path P,. The join P, + K; =
Fy,, is a fan graph with degp, , (u) = n,degp, ,(v1) = degr, ,(v,) = 2 and
degr, ,(v;) = 3,2 <r < n— 1. Let v be any vertex of Fy, and let I/, be the
vertex switching of F} ,, with respect to v.

N o—=0—0 o+ * ¢ O—0—0
vy V2 U3 Up—92Un—1Un

U1 gy Us Up—WUnp—1 Up

F 1n Flvf’l
Figure 5:  Fan graph [ ,, and switching of the fan graph by v

Case l.n =2

Then F} ; = C5 and for any vertex v in F7 o, FﬂQ = KyUKj,, 1s a disconnected
graph and 0 ,pan (F fn) = 0.
Case2.n > 2
Subcase 2.1. degr, ,, (v) = n

Here v is u. The graph Fi ,, and FY,, = P, U K are given in Figure 5 which
is a disconnected graph and s0 7,4, (F T n) = 0.
Subcase 2.2. degp, , (v) = 2

Clearly, v is either v; or v, and FYy, = F{.. Let v be v;. Now E(F},) =
{uvr, VR, VsVs41 12 <7 <2 <s<n—1,3 <k <n}andin FY,, deg(v) =
n—2,deg(u) =n—1,deg(ve) = 2,deg(v,) = 3and deg(v;) =4,3 <1 <n-—1.
The graph FY’, is given in Figure 6. In FY},, v is non-adjacent to only v, and u and

N
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the vertices u and v, are adjacent and so S = {u, v} is a y- set. Also Ip|u,v] =
V[F{,]. Hence, S'is a ¥,pan- set since (deg(u), deg(v)) = (n —1,n —2) = 1 and
thereby Yrpan (F1%) = 2.

M U2

\/

U1
Fl,n

Figure 6:  Switching of the fan graph F ,, by v;

Subcase 2.3. degp, , (v) =3
Subcase 2.3.1. v is adjacent to a vertex of degree 2 in [} ,

Clearly, v is either v, or v,_; and F}2 = F|"~". Let v be v,. The graph F}?,
is given in Figure 7. Now E(Fy?) = {uv,, vv,, 0pvp41 0 1 <7 <1 # 2,4 <
s <n,3<k<n-—1}andin G, deg(v) =n — 3,deg(u) = n — 1,deg(v,) =
1,deg(vs) = 2 deg(v,) = 3and deg(ug) = 4,4 <k <n—1.

V2
Fl,n

Figure 7:  Switching of the fan graph F ,, by vy

In Ff’ﬁl, v is non-adjacent to v, v3 and u and u is non-adjacent to only vertex
vy and so S = {u, v} is a - set for F\3. But Iplu,v] # V[F}?]. For the set S; =
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SU{vi}, Ip[Si] = V[F}3] and so S} is a yap- set of G”. Now (deg(u), deg(v)) =
(n —1,n — 3) = 1 if and only if n is even. Thus, S is a 7,4y~ set if and only if n
is even and hence ,pa, (F1%) = 3 if and only if n is even.

Subcase 2.3.2. v is non-adjacent to a vertex of degree 2 in F ,,

Here v is v,., for some r, 3 < r < n — 2. The graph Fﬁ;‘z is given in Figure 8.
Now E(F7,) = {vvs, vgvpq1,uvp 0 1 <mys <nys #r£ 1,1 <Lk <n—1,1#
r,k # r—1,r} and deg(v,) = n — 3,deg(u) = n — 1 and deg(v,_1) = 2 =
deg(v,41). In FY',, v, is non-adjacent to v, 1, v, and u and u is non-adjacent to
v, and so S = {u, v, } is ay- set for Fy’;,. Also Ip[u,v,] = V[F}"]. Hence, S'is a
~an- set and also (deg(u),deg(v)) = (n — 1,n — 3) = 1 if and only if n is even.
Thus, S is a ¥,pan- set if and only if n is even and hence 7,4, (F fn) = 21if and
only if n is even. O]

Figure 8:  Switching of the fan graph £ ,, by v,

Theorem 2.3. If v is a vertex of the complete graph K, then ~,pq, (K;) = 0.

n

Proof. Since each vertex in K, is a full vertex, K is disconnected graph and so
Vrpdn (Kv) = 0. O

Theorem 2.4. Let G be a spider graph K ,,, with a centre u and let v be any
vertex of G. Then

n+1 if visthe centrevertex
Yepdn (G*) = < 0 if visato support vertex

2 if visan endvertex

Proof. Let u be the central vertex and vy, vs, ..., v, be the end vertices of K ,,, and
let u,., 1 < r < n be the respective vertices connected with v, 1 < r < n. The

482



Relatively Prime Detour Domination Number of Switching Graphs

spider graph K ,,, is the resulting graph, and its vertex set V(G) = {u, u,, v, :
1 <r <n}and E(G) = {uu,,uv, : 1 <1 < n}. Letwv be any vertex of G.
Then v is either the centre vertex or an end vertex or a support vertex.
Case 1. v is the centre vertex

Here v is u. The graph K ,, , and K7, , are given in Figure 9. Clearly, G" is a
spider graph with end vertices u,, 1 < r < n and support vertices v,., 1 < r < n.
Now S = {v,uy, ug,...,u,} is a v- set and Ip[S] = V[G"]. In G, deg(v) = n
and deg(u,) = 1,1 < r < n. This gives that S is a 7,,a,- set of G and hence
Vepan (G¥) = n + 1.

U1 vy Ur—0VUr41 Un—-1 Un

Kl,n,n K7

Figure 9:  Spider graph K ,, ,,, Switching of the spider graph K ,, , by v

Case 2. v is an end vertex
Here v is v,, for some r,1 < r < n. Clearly, G"* = G*> = ... = G"". Letv
be v;. The graph G** is given in Figure 10.

K

1,n,n

Figure 10: ~ Switching of the spider graph K ,, ,, by v;
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Now E(G") = {vu, vu,, vog, uwvp, wuy - 1 <r <n,2 <k, I <n}andin G,
deg(v) = 2n — 1, deg(uy) = 1 deg(v,) = 2,deg(u,) = 3 and deg(u) = n + 1,
2 <r < n.InG" vis adjacent all the vertices other than u; and so S = {v,u}
is a - set and also Ip[v,u;] = V[G"]. Hence, S is a v,pan- set of GV since
(deg(v), deg(uy)) = 1 and thereby ,pan (G¥) = 2.

Case 3. v is a support vertex

Then v is u,, for some ;1 < r < n. Clearly, G** = G*?> = ... = G" and G"

is a disconnected graph and so 7,4, (G”) = 0. O

Theorem 2.5. Let v be any vertex of sunlet graph S,,. Then Y,pan (S) = 0.

n

Proof. The sunlet graph S, is obtained from a cycle C), : ujus...u,u; by attaching
a pendent vertex v, at each vertex u, of the cycle, 1 < r < n. Clearly, V(G) =
{tp,v, : 1 <r <n}and E(G) ={u v, uptiyeg : 1 <1 < n}.
Case 1. v is an end vertex

Then v is v,, for some , 1 < r < n. The graphs 5, and S}, are given in Figure
11. Clearly, G"* = G** = ... = G"". So let v be v,.. In G*r, the distinct degrees
of the vertices are 2(n — 1), 4 and 2 and hence ¥, 4, (G*) = 0.

Figure 11:  Sunlet graph \S,, and switching of the sunlet graph S,, by v

Case 2. v is not an end vertex
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Here v = u,, for some r, 1 < r < n. Clearly, G* is disconnected graph with
the isolated vertex v,. Hence, ¥,pan (G¥) = 0. O

3 Conclusion

Motivated by the concepts of detour sets and relatively prime dominating sets,
we present the relatively prime detour dominating set specifically tailored for
switching graphs. Our investigation extends to determining the relatively prime
detour domination numbers for switching graphs derived from helm graphs, fan
graphs, complete graphs, spider graphs, and sunlet graphs. The validity of our
findings is bolstered by illustrative examples. Notably, our investigation extends
beyond these specific graphs, as we aasert that relatively prime detour domination
number is applicable to a broader range of graphs. Looking ahead, we envisage
the development of an algorithm capable of determining whether a given graphs
have been relatively prime detour domination number.

Acknowledgements

The authors express their gratitude to the management- Ratio Mathematica for
their constant support towards the successful completion of this work. We wish to
thank the anonymous reviewers for the valuable suggestions and comments.

References

[1] G. Chartrand, F. Harary, H.C. Swart, P. Zhang. Detour Distance in Graphs.
Journal of Combinatorial Mathematics and Combinatorial Computing, 53:
75-94, 2005.

[2] G. Chartrand, F. Harary, P. Zhang. The Detour Number of a Graph. Utilitas
Mathematica, 64: 97-113, 2003.

[3] G. Chartrand, Lesniak. Graphs and Digraphs. CRC press, BoCa Raton,
Fourth ed., 2005.

[4] T.W. Haynes, S.T. Hedetniemi. Fundamentals of Domination in Graphs. Mar-
cel Dekker, Inc., New York, 1998.

[5] C.Jayasekaran. Self Vertex Switching of Disconnected Unicyclic Graphs. Ars
Combinatoria, 129: 51-63, 2016.

485



C. Jayasekaran, L. G. Binoja

[6] C. Jayasekaran, L.G. Binoja. Relatively Prime Domination Number of a
Graphs. Mathematical Statistician and Engineering Applications, 70(2): 758-
763, 2021.

[7] C. Jayasekaran, A. Jancy Vini. Results on Relatively Prime Dominating Sets
in Graphs. Annals of Pure and Applied mathematics, 14(3): 359-369, 2017.

[8] J. John, N. Arianayagam The detour domination number of a graph. Discrete
Mathematics, Algorithms and Applications, 9(1): 1-10, 2017.

[9] J.H. Lint, J.J. Seidel FEquilateral points in elliptic geometry. In Proc.
Kon.Nede. Acad. Wetensch, Ser. A, 69: 335-348, 1966.

486



