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Abstract

Several fixed point theorems in the Neutrosophic b-Metric Spaces are
presented in this study. We provide a necessary condition for a se-
quence to be Cacuhy in the Neutrosophic b-Metric Space, which is
a significant result. Additionally, we present a large number of fixed
point theorems in the Neutrosophic b-Metric Spaces under the well-
known contraction conditions.
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1 Introduction

Due to the wide range of applications it has in science, economics and game the-
ory, fixed point theory has grown in importance in mathematics. Since the pub-
lication of Banach’s fundamental finding in 1922, metric fixed point theory has
been the subject of active scientific research. It is commonly known that the fixed
point theory’s main conclusion-the Banach contraction principle-has been applied
and developed in a wide range of ways. Bakhtin presented the idea of b-metric
space in 1989 as a generalization of metric space and demonstrated a b-metric
space equivalent to the Banach contraction principle. Czerwik[5] expanded the
results of the b-metric space in 1993. Since then, other articles, including [4],
have addressed the generalization of the well-known Banach fixed point theorem
in the b-metric space. A countable of the t-norm and contraction condition were
used in 2021 by Jeyaraman and Poovaragavan[8] to show that the sequence in gen-
eralized fuzzy b-metric spaces is a Cauchy sequence. Since the paper’s release,
Zadeh’s [13] Fuzzy Sets(FSs) theory has a significant impact on all scientific dis-
ciplines. Although this idea is crucial for real-life circumstances, there weren’t
enough timely solutions for some issues. Such issues have recently become the
subject of new quests. For these situations, Atanassov[1] pioneered Intuituionistic
Fuzzy Sets(IFS). The term “Neutrosophic Set” (NS) refers to a novel interpreta-
tion of Smarandache’s definition of the term “Classical Set”. Interesting and help-
ful for problem-solving is Atanassov’s [1] IFS theory. The fuzzy set described by
Zadeh[13] is really extended by the IFS. The IFS theory has been used in a variety
of fields recently, including logic programming [2], decision-making issues, med-
ical diagnosis[3] etc. The idea of Contractive mappings in Neutrosophic b-metric
spaces in fixed point theorems was used in 2022 by Shakila and Jeyaraman[9].

The main idea of this paper is to describe a contraction for Neutrosophic b-
Metric Space and show a very helpful lemma that guarantees that a sequence {x,, }
is a Cauchy sequence using the idea of a countable extension of the t-norm. The
proofs of numerous well-known fixed-point theorems are made simpler using this
lemma. Some of them are discussed in the paper’s main section.

2 Preliminaries

Proposition 2.1. Let (<,)nen be a sequence of numbers from [0, 1] such that
lim ¢, = 1, and let * be a t-norm of Q)-type.

n—oo
: 00 T 0o _
Then lim *;° ¢ = lim *2,¢,; = 1.
n—00 n—00

Definition 2.1. [9] A 7-tuple (A, =,Q, T, %, <, b) is said to be a Neutrosophic
b-metric space (NDMS), if \ is an arbitrary set, b > 1 is a given real number, * is
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a continuous triangular norm, < is a continuous triangular conorm, =, ) and Y
are nonempty sets on A? x [0, 00) meeting the aforementioned prerequisites: For
all ¢,9,0 € N and @, jp > 0:
(a) = (g v, w) 4+ Qs, 0, w) + (5,9, w)
(b) 0 < E(¢, ¥, @) < 10 < s, 9, W) <
(c) Z(s,9,0) > 0;
(d) Z(¢,9,w) = 1iffc =1

(

<3
L0<T(s,0,w) <1;

(e) Z(¢,9,w) = =2(9, ¢, @ )

(f)5<<,6,b< + ) =% (2 (0, 5) 2 (9,0, 5))s
(g) 2(s,7,.) : (0,00) — |0, 1] is contlnuous

(h) Q(c.9.0) < 1;

(i) Q(g,ﬂ,w) =01iff ¢ =V,

(J) Q(g, 19,@) = Q<197§7 w);

(k) s, 6,b(w + 1)) < O (Q (5,9, %), Q (9,6, 4));
(1) Qs,3,.): (0,00) — [0, 1] is continuous;

(m) Y(,0,0) <1,

(n) Y(s,9, @) =0iff ¢ =0,

(0) Y(s,9,w) =T, ¢, ),

(p) Y(s,0,b(w + p)) <O (Y (6,9, %), Y (9,6,4));
(q) Y(s,9,.):(0,00) — [0, 1] is continuous;

Here, Z(¢, ¥, w), (s, 9, @) and T(s, ¥, w) denote the degree of nearness, the
degree of non-nearness and the degree of neutralness between ¢ and ¢ with respect
to w respectively.

Since a neutrosophic b-metric is a neutrosophic metric when b = 1, the class
of NbMS is essentially bigger than that of neutrosophic metric spaces.

The following illustration demonstrates that a neutrosophic b-metric space on
A does not necessarily have to be a neutrosophic metric space on A.

) 1ol
Example 2.1. [6] Let:(g,ﬁ,w) =5 Q6,0 w)=1— e~
ls—91°

Y(s,0,w) =1—e = where > 1. Then =,Q, Y is a neutrosophic b-metric
withb = 2971, For 0 = 2, itis clear from the prior example that (A, =, 2, T, *, O, b)
is not a neutrosophic metric space.

d(s,9)

Example 2.2. [6] Let Z(s,9,w) = e~ =

=(, v, w) = %,
s, 0, @) =1—e~ =" or Qs, 0, @) = 1— d (s, 1—e"2”
(¢, w)=1—e"=  orQs,J,w) = w+d(<19 and V(s,0,w) =1—e =

orY(¢,0,mw) =1-— %@’ﬂ) where d is a b-metric on A. Then it is easy to show
that =, 2 and Y is a neutrosophic b-metric.

Definition 2.2. [6] A function g : R — R is called b-nondecreasing if ¢ > bv
implies g(¢) > g(¥) forall ¢,9 € R.

129



V.B. Shakila, M. Rathivel and M. Jeyaraman

Lemma2.1. [9]Let=(s, 9, .), (s, 9, .) and Y (s,9,.) be a NbMS. Then Z(s, 9, w)
is b-nondecreasing with respect to w, Q)(s, ¥, w) and Y (s, ¥, w) are b-non-increasing
with respect to w, for all ¢, € A.

Definition 2.3. [9] Let (A,Z,Q, Y, %, b) be a neutrosophic b-metric space.
For @w > 0, the open ball VY (s, r, @) with centre s € A and radius

0 < r < 1isdefined as

U(,r,w)={0eAN:E(,0,w)>1—r Q%0 0w <rand (5,9, w) < r}.
A sequence {,}:

(a) Converges to s if Z(¢p, ¥V, @) — 1,Q(s,, ¥, @) — 0 and Y(s,, 9, @) — 0 as
n — oo, for each w > 0. In this case we write hm S =26,

(b) is called a Cauchy sequence if for all 0 < e < 1 and @w > 0, there exists
nog € N such that Z(g,, 5, @) > 1 — €, (s, 5m, @) < € and (S, S, ™) < €
for all n,m > ny.

Definition 2.4. [9] If every Cauchy sequence in NbMS is convergent, NbMS is
complete.

Lemma 2.2. [9] In a NbMS (A, =,Q, Y, %, <& b) we have:
(i) If a sequence {,} in A converges to g, then < is unique.
(ii) If a sequence {<,} in A converges to s, then it is a Cauchy sequence.

Proposition 2.2. Let (A, =,Q, T, %, <, b) be a NbMS and suppose that {s,,} Con-
verges to s. Then we have

= (g,ﬂ, %) < lim sup Z(s,, ¥, w) < =2 (5,9, bw) ,

n—oo
= (g,ﬁ, ) < nhg)lo inf 2(¢,, ¥, w) < =(¢, 9, bw),
Q (g,ﬁ ) > TIILH;Ome(gn,ﬁ w) > Q(s,9,bw),
Q (g,ﬁ, f) > nll_)IIQlo sup (s, ¥, w) > Q(s, 9, bw) and
w
>
T (g,ﬁ, b> > nh_}rilomf'f(gn,ﬁ w) > 7Y (s,9,bw),
T (g,ﬁ w> > nhg)losup Y (sp, v, @) > Y(s, 0, bw)
—d(s,9) —d(s,9)
Example 2.3. Let A = [0,00),=Z(s,0,w) =e~ = ,Q,0,w) =1—e" = and
Oa ¢ = 79’
T(s,d,w)=1-— ek = %9, O = Ogandd(s,0) =< 2/ —1|, ¢,0¥€][0,1)

tls — 9| otherwise.
Then (A, Z,Q, Y, %, <, b) is a NbMS with b = 4. The b-metric d in this example is
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taken from [12]. Note that the Neutrosophic b-metric =,€2, Y is not continuous.
Let us observe that

n—oo n—oo

1
lim = <1, 1— —,w) = lim e =5 = 1,5(1, 1, @) = 1,
n
) 1 ) _ 2
lim 0 (O,—,w) — lim (1 _e w> = 0,2(0,0,w) = 0 and
n—o00 n n—o0o

1
lim YT (0, —1,w> — lim (1 -~ e—%<%>) =0,7(0,0,) = 0.
n J—

n—r00 n—00

But,

1 _
lim = (o, 1— —,w> — lim e= @G =2
n

n—oo n—oo

20,1, ) = e 2=,

1 —1 2
lim Q (1, —,w) — lim (1 . e;@)(l—%)) —1—e 2
n

n—oo n—oo

Q(1,0,w) =1 — e 7= and

1 =@
limT(l,—,w) = lim <1—ew()(1—1>> :1—6%
n—00 n—1 n—00

T(1,0,@) =1— e%=.

3

=(s, 9, @), Q(s, 9, w) and Y (s, V9, @) is not continuous.

3 Main results

With extra conditions, we shall continue to employ a NbMS in the sense of Defi-
nition (2.1) lim Z(¢,9,w) =1, lim Q(¢,9,w) =0and lim Y(s,9,w) = 0.
w—0o0 w—00 w—00

Lemma 3.1. Let {,} be a sequence in a NbMS (A, Z,Q, T, %, b). Let’s say
that there is |1 € (0, %) such that

— —_ w
:(gnv Sn+1s ’W) >z Sn—1,Sn; — | »
1
w
Q(g'rn Sn+1s w) S Q Sn—15Sn; E and

T(§n7§n+17W) S T (gn—17gn7 %) ,n e N,w >0 (1)
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and there exists sy, 61 € A and p € (0,1) such that
lim %2 = (go,gl, ) =1,
n—o0 i
lim &2 Q) (g 'SP > = 0and
n—00 ¢
lim &2 1 (go,gl, > =0,w > 0. (2)
n—oo

Then {s,} is a Cauchy sequence.

Proof. Let 7 € (ub,1). Clearly, Y .2, 7" is convergent and a thing exists ng €
N such that >° 7/ < 1 forall n > ng. Letn > m > ng. Since = is b-
nondecreasing, €2 and T are non-increasing also by (f), (k) and (p) of (Definition:
2.1) for every @ > 0, we have

_ _ w n+m—1 i
\:(gn,gn—i-m;w) >z SnsSndmy, —— 7 Z b

_ woT"
>*| = Sns Snt1s 7 |

— wT” o wr"tl
> = (§n, Sn+415 b2 ) , X (—' <gn+17 Sn+25 b3 ) sy T
*

- = w7_n+m—1
— (§n+m717 Sn+m pmt1 ) o >

w Zn—i—m 1 i
Sn+1y Sntm> b—2

[1]

By (1), it is evident that =(,, Gpq1, @) > = (go, <1, %) ,n € N,w > 0, and since
n > mand b > 1, we have

—_ n n+1
- :<§07§1,%>,*( (g()?gl’bs n+1>7"'
‘:‘<g’n7 gner,w) 2 * —_ ner 1
= §07g17 bm+1 n+m-—1

7

n+m—1— wT
>k (go’q’bi"—”u’)

i
> xptmolz <g0,§1, “r ) > %2 = (go,gl, w) wherep = b—M
b ok T
n+m 1
Q(@n;gn—i-myw) < Q gn,§n+ma
Zn—i—m 1 i
S AR <gn7 gn—i—l; Snd15Sn4my — 315 b2
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n n+1
Q (gna Sn+1) wb_72') 7<> (Q <§n+17 Sn+2; %) y

< O n+m—1
Q <§n+m—17 Sn+ms w‘rbm—-;—l) o >

By (1), itis evident that Q(s,, 5,11, @) < Q (go, S1, ME") ,n € N,w > 0, and since

n >mand b > 1, we have
n n+1
Q <§0,§1, %) , O (Q <§0>§17 ﬂw) y e
Q(§n7§n+m7 w) S <> n+m—1
(§07 S1, bm+1un+m—1> >

1 w7—i
< oMM <§0,§17 m)

_ ’WTi

b
< OZL0 (§0,§1, E) , where p = 2
p' T

n+m—1 ;4
wy T
T(§n7§n+maw) S T §n>§n+m7 %)

wT" w Z@jmfl T
S <> T (Cna gn-i—l; b_z) 7T <§n+17 §n+m7 #

n n+1
T (gna Sn+1, ‘wb_‘g) 7<> <T <<n+1> Sn+2, %) y T

< <> n+m—1
T <§n+m—1a Sn+m ml-,m—ﬂ> Tt >

By (1) it follows that Y (s,,, sy, @) < T (go,gl, %) ,n € N, > 0, and since
n > mand b > 1, we have

T<§O’§1’w_7”> <><’I‘ (C ISP ccaiaiil IR
v2Zpm | o 05 515 B3pntt | o
T(g’l’ln gn—i—m) w) S O T < w,rn#»mfl ) . .>

S0, S15 bm+1un+m—1

. wT?
< opmiT <§0,§1, bl—”—“w>

< optmiy <<o, t, ﬂ)
bzuz
o w b
< <>l=nT S0,S1y, — | Wherep = —.
P T

Since p € (0, 1), by (2) follows, it is inferred that {s, } is a Cauchy sequence. [
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Corolary 3.1. Let {,} be a sequence ina NbMS (A, Z,Q, 7T, x, O, b), and let x
be of () - type. If it’s there 1 € (0 llke that

E(gna Sn+1, W E (gn 15 Sns _> )
Q(gnagn-i-la Q (gn 15 Sns _> and

T(gnagn-‘rla S T (gn 15 Sns E) , T S N)w > 07 (3)

then {,} is a Cauchy sequence.

Lemma 3.2. If for some pn € (0,1) and ¢, € A,
=, 0, w) > = < .0, z) ,
u
Q¢, 0, w) <Q (g,ﬁ, z) and
,u

Y(s,9,@) < T (g, 9, %) , )

where @ > 0, then ¢ = 9

Proof. Condition (4) implies that

Z(s,v,w) > lim = (g,ﬁ,z) =1,9(s,Y,w) < lim Q (g,ﬁ, E) = 0 and
n—00 Iun HJ"

n—oo

T(,d,w) < lim T <g 9, ) = 0, where n € N, @ > 0 and by (d), (i) and (n)
T

n—oo

of Definition (2.1) it follows that ¢ = J. L]

Theorem 3.1. Let (A, =,Q, T, %, O, b) be a Complete Neutrosophic b-Metric space
(CNbMS) and let g : A — A. Let’s say that there is i € (O ) such that

=(gs, g9, @) > E (g,ﬁ, E) ,
v
w
Q(gs, gV, @) < Q <§,19, —) and
W
T(gs,9v,w) < T (<,19, %) (5)

where ¢,9 € A, > 0 and there exists ¢ € A and p € (0,1) such that

: _ w
lim %2 = (go,ggo, —i) =1,
n—00 1%
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lim &2, Q (go,ggo, E) = Oand
n—00 P

n—o0

lim ¢ T (go, 9%, z) — Owherew > 0. (6)
pl

Then g has a one and only fixed point in A.

Proof. Let¢y € A and ¢, = gs,,n € N. If we take ¢ = ¢, and ¥ = ¢,,_; in (5),
then we have

—_ — w w

:(gna Sn+1 w) Z = (<n17<n7 ;) 7Q(§n7 Sn+1 w) S Q (<n17<n7 ;) and
()

T(gna Sn+1s w) S T <gn17 Sns ;)

where n € N, w > 0, and Lemma (3.1) implies that {¢,, } is a Cauchy sequence.

Since (A, Z,Q, Y, x, <, b) is complete, a thing exists ¢ € A like that lim ¢, = ¢
n—oo

and

lim =Z(,¢,, @) =1, lim Q(s,s,,w) = 0and
n—o0

n—oo

lim Y(s,¢,, @) = 0, wherezw > 0. 7

n—oo

Conditions (5) and by (f), (k) and (p) of Definition (2.1) are used to show that ¢ is
a fixed point for g.

w w
= > = 9y 7 75 nySy 57
(95,5, @) _*< <g§,< 2b> (c S 2b>>
w

N————
—
g
D
SN
~
N———

Q(gs,6,@) << <Q (99% %) 62 <§”’§’ %))

w w
<O Q n—1y 57 7Q<n7 7_) d
> ( Sy Sn—1 QbM) Sns S 2 )an

T(gs,c, @) <O (T (9“"’ E) 1 <§”’g’ %»

w w
<O T yoSn—1y 57 7T(n7 7_) f 11 :
= ( S 12bu> §§2b>0ra w >0

By (7), as n — oo, we get

=(gs,5,w) > x(1,1) = 1,Q(gs, s, @) < <(0,0) = 0 and
T(gs,s,w) < <(0,0) =0.

Suppose that ¢ and ¥ are fixed points for g. By (5) we have
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2(¢, v, @) = E(ys, 99, @) = 2 (

Qs, ¥, w) = Qgs, g9, w) < ( v, %) and
T(s,9, @) = T(g5,9¢,w) < T (g,ﬁ, u) w > 0, and through Lemma (3.2)
suggests that ¢ = . O

Example 3.1. Let A = [0,1]. By Example (2.1), for 0 = 2. Thus, it follows
(A,E,Q,7, %, <, b) is a NbMS with b = 2 and Neutrosophic b-Metric Z(¢, 9, w) =
—(s—9) —(s—=9)% 19) (§*19>2

2
e = LQtw=1—-e"= ,T(dw=1—€ = ,¢,0€Nw>0.
Letg()—wgw<‘[,§€/\ Then

— —w?(s=9)2 —u(s=9)2 _ w
=(gs, g0, w) =€ = >e = ::(g,ﬁ,;),

_w2 o— 2 —p(e— 2
Qo,gw)=1-¢ = <l-e 5 =0 (m?,z) and
]

w?(c—9)? 1(s=9)2

T(gg7g7~9aw):1_e = <l-e = :T(§,I97%)§,19€A,w>0,

for % > 1 > w? As a result, Theorem (3.1)’s condition (5) is met and g has a
singular fixed point in A.

Theorem 3.2. Let (A, Z,Q,T,*,$,b) is a CNbDMS and let g © A — A. Let’s say
that there is |1 € (O, %) like that

=(gs, 9¥,w) > min {E (§,197 E) = (gg .. w) = (gﬁ,& E) } |
K 0 M
Q(gs, g0, @) < max{Q (919, 2) 0 (gg,g, E) 0 <gﬁ’197 E)} i
w 0 L
T(gs, 99, @) < max{T (g,q?7 %) N0 <g§,§, %) T (919,197 %)} ®)

forall¢, ¥ € N, > 0 and there exists g0 € A, and p € (0, 1) such that

. —_ w
nh—>Hc}o *;.in‘:‘ (g()?ggOa ;) = 17

lim &2 Q) (go,ggo, E) = 0and
pZ

n—oo

. w

lim &2 0 (go, 9%, —.) = 0forallw > 0. 9)
n—00 p7'

Then g has a one and only fixed point in A.
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Proof. Let¢y € Aand, .1 = gs,,n € N. By (8) with ¢ = ¢, and ¥ = ¢,_1, for
every n € N and every @ > 0, we have

— . — w — w — w
:(§n+17§n7w) Z ming =\ Sp,Sn—1, — y = §n+1,§n, - y = | SnySn—1y —
p 7 p

. — w — w

Zmin<g = | Sy Sn—1, — )52 | Sngts Sny —

7 Iz

If Z(¢u11,60, @) > = (qn+1, Sn,s %) ,n € N,w > 0, therefore Lemma (3.2) re-
quires that ¢, = ¢, 1,7 € N.

S0, E(Sut1, 60, @) > = (gn,gn_l, %) ,n € Ny > 0, and according to Lemma
(3.1), {s,,} is a Cauchy sequence.

() () ()
Q(Snt1, 5, @) < max {Q (gn,gnl, —) ,§2 (<n+1,<n, —) L2 <§n,<n1, —)}
% ] %
w ()
< max {Q (gn,gn_h —> ,§2 (§n+1,§n, —)}
% ]

If Q(pr1, 50, @) < Q (gn+1, Sn,s %) ,n € N,w > 0, therefore Lemma (3.2) re-
quires that g, = ¢, 1,7 € N.

So, Q(sui1,6n, @) < Q (gn,gn_l, %) ,n € N, > 0, and according to Lemma
(3.1), {s,,} is a Cauchy sequence.

() () ()
Y (Sns1,Sn, @) < max {T (cn,cnl, —) , T <<n+1,<n, —) , T (§n7§n17 —)}
I % i
() ()
< max {T (gn,%_h —> , T <cn+1,<n, —)}
I %

If Y(s1,60,w) < T <§n+1,§n,%) ,n € Nyw > 0, therefore Lemma (3.2)
requires that ¢, = ¢, 1,7 € N.

So, Y(Sut1,6n, @) < T (gn,gn_l, %) ,n € Ny > 0, and according to Lemma
(3.1), {s,} is a Cauchy sequence.

Consequently, there is ¢ € A like that

—_

lim ¢, =c¢and lim =(¢,¢,,w) =1,

n—oo n—oo

lim Q(g,¢,,w) = 0and

n—oo

lim Y(¢,¢,, @) =0, where w > 0. (10)
n—oo
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[1]

Let’s demonstrate that ¢ is ¢’s fixed point. Let 7y € (ub, 1) and 72 = 1 — 74. By
— . T
E(gs,s, @) = * <: <g§7g<n, —1) :

(8) we have
(ND)
2 = s )

. E (ga Sns 17)_;1) 75 (Ca gs, 17(;'_;1) ) —_ WTo
> % | min o )= (§n+17§7 b )
<§n7§n+17 b_/,l,l)

Taking n — oo and using (10), we get

2(gs, 5, @) > * (min {LE (sgs, @) ,1} , 1)
bu
—_ wT —_ w
Z*(:<§,QC,—1),1)::(C,g§,—>,W>0
bu p

where p = i—’l‘ € (0,1). So, E(gs,s,w) > = (gg,g, %) ,ww > 0, and by Lemma

[1]

(3.2) it follows that g¢ = ¢. Imagine that ¢ and ) are fixed points for g, that is
gs = ¢ and g = 1J. We obtain condition (8)

=(gs, g9, )

Q(gs,5, @)
T wT:
<< (Q (ggvggrn _1) 7Q (§n+1,§, _2))
b b
0 (c,gn, ﬂ) , (g,ga @> ;
< <& | max o o , <§n+17§7 %)

Q <§n7 Sn+1, %)

Taking n — oo and using (10), we get

Qgs,6,w) <O (max {O,Q (g,gg, i—:) ,O} ,O>
(o))
bu
Q (C,QQE) ,w >0,
P
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where p = l;—‘l‘ € (0,1). So, Q(gs,s,w) < Q <gg,§, %) ,w > 0, and by Lemma

(3.2) it follows that g5 = .
Imagine that ¢ and ¥ are fixed points for g, that is g¢ = ¢ and g} = /. We obtain
condition (8)

Q(gs, 99, @)

< max{ﬂ (c,ﬁ, 9) 0 (c,gc, 9) 0 (ﬁ,gﬁ, 9)}
[ 1 1

= maX{Q <§,19, E) ,0,0} =0 <§,19, E) =0 (gg,gﬁ, z)
u Il u

T(gs, s, @)
wT wT:
S % (T (ggaggna Tl) 7T <§n+1, Sy TQ))
T (g,cn, @> , T (c,g<, @> ;
< o [ max Z W (s )

T (S5m0, 52

Taking n — oo and using (10), we get

T(gs,5,w) <O (max {O, T <g,g§, i—;l) ,0} ,0)
()

by
=T <<,g§, %) ,w >0

where p = i—‘: € (0,1). So, T(gs,5,w) < T (gg,g, %) ,w > 0, and by Lemma

(3.2) it follows that g5 = .
Imagine that ¢ and ¢} are fixed points for g, that is gg¢ = ¢ and gt = ). We obtain
condition (8)

T(gs, 99, @) < max {T (979, E) X (@g@? E) T (197919, E)}
M Iz K
= max {T (g,ﬁ, E) ,0,0} =7 (g,ﬁ, z) =7 (gg,gﬁ, z)
M H M

for w > 0, and it is implied from Lemma (3.2) that gg¢ = g4J, that is ¢ = . ]

Example 3.2. Let A = (0,2),2(c,0, @) = e =, Q¢, 0, @) =1 —e =",
(s—9)2

T, ,w)=1—€e = ,x =% and & = Oy Then (N,Z,Q, T, %, O)b) is a
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CNDMS with b = 2. Let g(s) = 2 l’q, 2 i %(1)7’ ;))

Case 1: If s,V € [1,2) then Z(gs, gV, w) = 1,Q(gs, 90, @) = 0 and
Y (gs, g¥,w) =0, w > 0, and conditions (8) are met.

Case 2: If s € [1,2) and ¥ € (0, 1), then, for ju € (3, 3), we have

402

—_ —(1-9)2 —ap(-9)? o
E(gs, 90, w) =e" = Ze = ::(gc,ﬁ,;),

—_(1-9)2 _ _ 92
Qgs, g0, @) =1 ¢ = §1—€W:Q(9§7ﬁ72>
U

—9)? 1(1—9)2
T(gs, gl @) =1—¢ = <l—e = =T (gg,ﬁ, Z) > 0.
I
Case 3: As in the earlier instance, for i € (;11, %) we have

- — w

E(gs, 99, w) > E <g<,§, —) :
i
w

Q(gs, gv, @) < Q (gg,g, —> and
1

T(gs,99, @) <T (gg,c, %) s €(0,1),9 € [1,2),m > 0.
Case 4: If <,9 € (0,1) then for p € (1,1),

—(s=v)? —(1-9)* —ap(1-9)2
> >

=(gs,9v,w) > e = e = e =

:E<ga9,z9,z) ¢ >, w >0,
1

—_ —_ w
=(g9s, 99, @) > = (gg,gE) s <, w >0,

—(s—1)2 —(1-9)2 —ap(1-9)2

Qgs, g0, w)<l—e = <l—e = <l—-e =

:Q(gﬁ,ﬁ,f) o>, >0,

0
w
Q(gs, 99, @) <Q (g§,§, —) s < v, w > 0and
W
2

(s—9) (1-9)2 4p(1=9)2

T(gs, g0, w)<1l—e = <l—e = <l—e =

I
]

gﬁ,ﬁ,%) s>, w >0,

T(gs, 99, w) < T <g§,<, %) o<V, > 0.
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So conditions (8) are satisfied for all ¢, € A, w > 0, and it follows from Theorem
(3.2) that ¢ = 1 is a singular fixed point for g.

Theorem 3.3. Let (A, =, Q, T, *min, Omax) be a CNbMS, and let g : A — A. If

for some 11 € (O, b12)

=(gs, 99, @) > min

Q(gs, 99, @) < max ¢ <§’ 19(’22;?9’(;;’;’52;215’9;19’ %) "\ nd
T(gs, 9V, @) < max B Gﬁﬁ@g;ﬁ;)i} %g’;ﬁ(’gg)ﬂ’ %) ’ (an

where ¢, € A, w > 0 then g has a unique fixed point in A.

Proof. Let¢, € A and ¢,41 = gs,,n € N. By (11) with ¢ = ¢, and ¥ = ¢,_1,
using (f, k and p) and the assumption that ¥ = *,,;, and & = <. we have

E(gn-i-la Sns w)

- w = w = w
. — gnagn—b;) ) — <§n+17§n7g> ) — (Cnagn—lal_t> )
> min

min = (Cn—i-l; Sns %) = (gmgn—h %)} 75 (gmgm %)
Zmln{E (§n,§n 1 > E(§n+17§n7_)}7n€Naw>O'

Q(§n+1a§naw)
Q §n>§n—17%> 7Q <§n+1agn7%> ,Q <§n7§n—17%> 9
max 4 €2 <§n+17§n7%> 7Q (gnagn—la %)} 7Q (g'rwg'rw%)

< max« (2 gn,gn_l,z ,Q gn+1,gn,z ,n €N, > 0and
bu bu
)

T(§n+17 Sny W

T <§na Sn—1, %) 7T <§n+17§n7 %) >T (gnagn—h %) )
< max

max {T (<n+1,§n, ﬁ) , T <§n,§n_1, %)} ;T (§n7§n7 %)

< max {T (gn,gn_l, E) T <gn+1,gn, E) } , wheren € N, ww > 0.
bu bu

< max
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As in the proof of Theorem (3.2), it is inferred from Lemma (3.2) and Corollary
(3.1) that

E(§n+17§n7w) Z E (gna Sn—15 %) 7Q(§n+17§n7w) S Q (Cn, Sn—15 %) and

T(Sni1,$n, @) < T (gn, Sn1, %) n € N,w > 0, and {s, } is a Cauchy sequence.
Thus, there is ¢ € A like that lim ¢, = ¢ and

n—oo

lim =(s,¢,, @) =1, lim Q(s,¢,,w) = 0and
n—ro0

n—oo

lim Y (5,6, @) =0, > 0. (12)

n—o0

Letr; € (b*u,1)and 75 = 1—7;. By (11) and (£, k and p) for * = *i0, O = Opax
we have

Z(gs,5, @)
. — wT — TwTy
> min {: (gg,ggn, T) y (ggn, S, T)}
( — T o wT )
= (§7 Sns b_ul> & <§,g§, b_ﬂl) ’
. . E (gny Sn+1) %) ) —_
> min{ min o on) = o S R I,
min {: <g§,§, m) , = (§7§n7 m)} )
= @
\ \ = (§n7 Sntls > ) )
Q(gs, s, @)
wT1 wWTy
< max {Q (gg,ggn, T) , ) <g§n7§7 o )}
( ( T WT ) )
Q (C, Sny b_“l> 7Q <§7g§7 b_ul> )

Q <gn7gn+17 ﬂ)
bu )
< max{ max - o (G152
max {Q <g§,§, W) ,Q <§,<m m) } )

Q (gny Sn+1s w[)_:)

\ \ Vs Vs
T(gs,s, @)
wT wWT:
S max {T (g§, 9Sns Tl> y T (ggnu Sy T2> }
r ( or or ) )
T (g,cn, b—;) T (999 b—;) :

T (gr” Sn+415 12_;1) )
max { T (95,5, 82 ) . T (<50 2 ) |
T (gnygn—i-h %)

< max{ max T (S =)
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for all n € N, > 0. Taking n — oo and using (12), we get

=(gs, 5, @)

> min ¢ min< 1,= g,gg,@ , 1, min < = gg,g,@ 1,101
b b2

— wTy

:‘:<g§7gam)>w>oa

Qgs, s, @)
< max < max< 0,2 g,gg,@ ,0, max < gg,g,E ,02,072.,0
bii b2
wTy
—Q(gg,g,w>,w>0,
T(gs,s, @)

< max< max< 0,1 g,gg,@ ,0,max< T g<,§,@ ,02,07,0
bu b
wTy
ZT(9§,§7W)>W>07

and by lemma (3.2) with p = £ € (0,1). Thus, it follows g< = <.
With reference to condition (11), two fixed points ¢ = g5 and ¥ = g1}, we have

=(gs, 99, @)

. E(<,0,2>,E(9<,<,2
> min . K K
min {: <g§,q,bE , = (g,ﬁ

= min{E <q,19, E) ,1,1,min{1,5 (g,ﬁ,z)},E (g,ﬁ, z)}
It bu It
@ @

Q <§,19, E) ,Q <g§,<, E) , (gﬁ,ﬂ, Z) ;
< max i {Q (g:c, %> 0 <g727 = } .0 <g7“gz9, %)
Y

:max{Q S, ,z),0,0,maX{O,Q(q,ﬁ,z)},Q(g,ﬁ,z)}
p bu I
= (9, ) =9(g5,99 ), w>0,
bu bu

T (gs, gV, w)

143



V.B. Shakila, M. Rathivel and M. Jeyaraman

(60.2) T (7). T (100.7)

T
= max maX{T (999 %) T (979’ %)} T (g,g@?, %>
_ maX{T (919’ E) 7O,O,maX{O,T (g,ﬁ,z)},T <§,19, E)}
0 bu M
=7 (g,ﬁ,z) =7 <9<,919,z) @ >0,
bis bp

and it is implied from Lemma (3.2) that ¢ = 9. [l

Theorem 3.4. Let (A,Z,Q, T, %,O),x > %9, O < Oy, be a CNbMS, and let
g : N — A. Suppose that for some | € (0, blg)

=(:0.2) 25 8) 2(00.05).

=(gs, g¥,w) > min = (o0, 2w> <§ o5, >

(s
1(o02) 2 7). (0005)
(g5, 99, ) < max 0 (90.9.2).9 (5.90.2)
BT

SR

955 S, o > T(gﬁ,ﬁ,%),

T(gs, g0, w) < max , (13)
\/ T <g<,19, 2—w>,T <<,gl9, z)
\ n n
¢, ¥ € N, > 0 and there exists o € A and p € (0, 1) such that
lim *;2 = (go,ggo, E) =1,
n—00 pl
lim &2 Q) (go,ggo, z) = Oand
n—00 P
. w
lim &2 Q) (go,ggo, —.) = 0forallw > 0. (14)
n—00 p'L

Then g has a unique fixed point in A.

Proof. Let ¢y € A and g1 = gs,,n € N. Taking ¢ = ¢, and ¥ = ¢, in
condition (13), by using (f, k and p) and *x > x4, & < Oy we have

= (gna Sn—1, %) 75 <§n+17§n7 %) 75 <§na Sn—1, %) )

E(§n+1,§n,W) Z min _ = — - _ = )
= <§n+1,§n7 m) e’ (Cm Sn—1, g) y = <§n7§n7 ;)
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r
Q <§n7§n—17%> 7Q (gn—klagna%) <§n7§n 17%)
Q(Sng15Sny @) < max - _ :
\ Q <§n+17 Sny m) Ry <§n, Sn—1, bﬂ) <§n7§n7 E)
)
T (gn7gn—17%> 7T (gn+17§n7%> <§n,§n 1 H)
\/T <§n+17§n> %) T <§n7§n—17 bu) T (gna Sns E)

n € N,@w > 0. Since Z(¢, ¥, w) is b-nondecreasing in w and /(a.b) > min{a, b},
Q(s, 9, w) and Y (s, ¥, w) is b-nonincreasing in w and +/(a.b) < max{a,b} we
obtain that

—_ . —_ w —_ w
\:(§n+1,§n,’W) Z min § = gn-l—lagnaﬁ y = | SnySn—1, 7 bu )

Q(§n+1>§n>w) S max Q §n+17§n72 Q SnySn—15 7 i and
bu bu

w w
T(§n+1>§n>w) S max T Sn+15Sn, 7 7T SnsSn—1s 7 .
bu bu

By Lemma (3.2) and (3.1) it follows that
w
(gna Sn—1, b )
w

Q (Snt1,6n, @) < Q <§m§n1, bu) and

Y (Spt1, Sn, w) < max

\

(1]

E (§n+17 g’ru w) 2

w
T n+1, Sns S T nySn—1, 7 .
(Snt1s Sny @) (§ Sn—1 b#)

where n € N, w > 0, and {¢, } is a Cauchy sequence. Since (A,=Z,Q, T, %, ) is
a complete space, there exists ¢ € A such that lim ¢, = ¢ and
n—oo

lim =(s,¢,, @) =1,

n—oo

lim Q(s,s,, @) = 0and

n—oo

lim Y(¢,¢,, @) =0, w > 0. (15)
n—oo

Let7; € (b*u,1) and 7, = 1 —7;. By (13) and (f, k and p) for * = %4 and & < Oy
we have

=(gs,¢, )

—_ wTy —_ wWTy
>k (: (gg,gcm T> = (9 Sny Sy —— b >)
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3\
- wT: = wT
= <§, Sns bﬂl> , <§,g§, b,u1> )
- wT
= (§n7 Sn+1, bul) )

] _ wWTy
> * | min < — o\ — . 7:‘<§n+17§7_b >
= (gg,g, bg—/j> = (c,cn, 1>7

N
\ E (gny Sn+41s %) )
( - wT1 ol wT1 )
S Ty )= 9 )
— wWT1
= gnygn—‘rh b_) 9
e ( :
— min : - wTL = w1 ’
min 4 = |{ g, <, ) = Sy Sny b2 )
E (§n7 Sn+1, i_;l 7E (gn""l’ Ss %)
\ Vs
Q(gs,s, @)
wT wWT2
S % <Q (999%, T) 7Q (ggn,G, b ))

( Q(g,gn,i—lzl),Q(C,gG,wb—E)? \

Q <§n,§n+1,wb_;1>» Ty

< < | max 7Q<§n+1,€,—) )
\/Q (gg,g, 2_“;—2) Q0 <§,§m %)’ b

Q <§n,§n+1,wb_;1> )

( Q(g,gn,%>,9<§,g§,%), \

Q <§n,§n+1,i_:)7

maX{Q (g§,§, ?TE) ,§2 (g,qn, %)} )

\ Q <§m Sn+1, wb_;;l) 7Q (§n+1, S %)

< <& | max and

-~

T(gs,<, @)
wT wT:

< <& <T (ggaggnu Tl) 7T (ggn7g7 TQ))

p 3\

T <g7§n7 Wb_ll) 7T (g,g(, ZZ_:) ’
T <§n; Sn+1, %) )
S <& | max - ) T <§n+1a Sy ?) )
\/T (gg,g, ﬁ—j}) X (c,gn, %)

T <§n7 Sn+1, wb_;;l)
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( )
T (S50 52 )T (519552 )
T (% Sn+1 ﬂ)
< < | max 7 T ) ,
maX{T (gc,c, Z—T;) ;T (g,cm %) } ;

T (gna Sn+1, %;1) ) T (gn—i-la Sy %)

\

for all ¥ € N and w > 0. Taking n — oo and using (15), we get

= (gs,s, w)

and by Lemma (3.2) with p = bj—l” € (0,1) as aresult,gs = .
Imagine that ¢ and ¥ are fixed points for g. By condition (13) we have

= (95,99, @)
= (gaﬁa ;) y = <g§a§7 ;) y = <g7~9a197 ;) )

= <g§,<, ﬁ) = (919, &)E (@gﬁ, %)
Z * (E (g”ﬂ,z> a1717min{175 (§7197z)}7
I bu
w w
== (c,”ﬁ, —) =Z (gc,gﬁ, —) ,
by @

> %

(11

(2)
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Q Q(gc S, )ﬂ(gﬁ,ﬁy%)a
&
o atodatnd

<><Q SV, ) 0Omax{O,Q(g,ﬁ,%)},Q(g,ﬁ,%))
(C,ﬁ,b ) (gc gv, M) and
, 99, @)

Y (50.8) X (g5 F) Y (900.5).

T gg S, bu) T (q,ﬁ, %),T (q,gﬁ, %)

<><T ¢, 1, ) 00maX{O,T(g,ﬁ,z>},T(g,ﬁ,z>>
bp I
= (g, , ) <gg gv, ) ,m > 0.
b ju

Therefore, it follows from Lemma (3.2) that ¢ = ). O

IN

IN

Il
2

A

T (g

IA
O

IA

(s=9)2 —(s=9?2

Example3.3. Let A = {0,1,3}, 2 (5,9, @) =e~ = ,Q(s,90, @) =1—¢" =

and Y (¢,0,w) = 1 — e(<;9)2,* = %9, 0 = Op. Then (NM,E,Q, T, %,0) is a
CNbMS with b = 2. Define the function g : A — A as follows: g9 = g1 = 1,93 =
0. Observe that if ¢ = ¥ ors, ¥ € [0, 1], then = (gs, g9, w) = 1,2 (g, g9, w) = 0
and Y (gs, gv,w) = 0, > 0 and condition (13) is fulfilled.

Case: 1 Let ¢ = 0 and ¥ = 1. Then since |1 € (9, 4) we have that

=(gs, gv, w)—ew >m1n{e;,ew,1,1,ewu},
(gq,gﬁ,w)zl—e_?1 Smax{l—e%,l—e%,(),o,l—e%},and

Q
T (g5, g0, @) =1 — e= SmaX{l—e%‘,l—e%,0,0,l—e%‘},

Case: 2 Let ¢ = 0 and ¥ = 3. Then since |1 € ( ) we have that

11
974

9 — -9 —
=(gs, 99, @) —e= > mm{e wu,e?l,e%,e?”,l},

Q
T (g5, g9, w)—l—ew <max{1—e%,l—e%,l—e%,l—e%,()}.
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Case: 3 Let ¢ = 1 and 9 = 3. Then selecting 1 € (%, 411)’ we have that
=(gs,90, @) = e > min {6#,1,6%,6%,6%}
Q(gs, g0, @) =1—¢= < maX{l e 01— 1 —e%’”,1_e%‘} and
T (9599, @) =1—¢= < max{l —e=,0,1—e%,1—e5,1 _@%}.

Therefore we conclude that 1 € (%, i), condition (13) is fullfilled for ¢,v € A
and @ > 0.

Therefore, ¢ = 1 is a one and only fixed point and all conditions of Theorem (3.4)
are met.

4 Conclusion

An extension of the t-norm that is countable is used in this paper. Using this con-
dition of expansion and contraction, we can show that the sequence in NbMS is a
Cauchy sequence. By using our findings, some fixed point theorems are addition-
ally established.
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