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Abstract

In the present paper, at first, we study the structure of the newly
Sm- metric space, which is a combination of S-metric space and mul-
tiplicative metric space. We have proved a common fixed point the-
orem for four self-maps in S,, metric space with a new contraction
condition by applying the concepts of weakly compatible mappings,
semi-compatible mappings, and reciprocally continuous mappings.
Further, we also provide some examples to support our results.
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1 Introduction

The notion of multiplicative metric space (MMS) was first developed by
Bashirove [1]. Following that, several theorems came to light in this area of MMS
[2] ,[3] and [4]. On the other side, Sedghi.S et al.[5] presented a new structure
to S-metric space which modified D-metric and G-metric spaces, and then several
fixed point theorems [6] and [7] were obtained. Pant et al. [8] generalized the
notion of reciprocally continuous mapping which is weaker than continuous and
compatible mappings. Recently, Mukesh Kumar Jain [9] introduced a more gen-
eral form of semi-compatible mappings and proved many fixed point theorems in
metric space.

In this article, we use a new generalized metric space referred to as S,, -metric
space, which is a combination of both MMS and S -metric space. Using this con-
cept, we establish a common fixed point theorem by applying weakly compatible
mappings(WCM), reciprocally continuous mappings, and semi-compatible map-
pings. Furthermore, some examples are also discussed to support our conclusions.

2 Preliminaries:

Now we give some definitions and examples which are used in this theorem.

Definition 2.1. /1] “Let x be a non-empty setand § : x> — R™ be a multiplicative
metric space (MMS) satisfying the properties :

(i) (v, ¢) =2 1and 6(v,¢) =1 <= ¢ =¢
(ii) 6(¢, 9) = 6(9,)
(iti) 6(¢,¢) < 0(1,0)0(0,0), VY, ¢,0 € X
Definition 2.2. [5] “ Let x be a non-empty set defined S : x> — [0, 00) satisfying:
(i) S(,¢,0) 20
(i) S, ¢,0) =0 <= p=¢=0
(iii) S(i,¢,0) < SW, 1, p) +5(¢,¢,p) + 5(0,0,p),Y¢,0,0,p € x.
A mapping S together with x, (x, S) is called a S-metric space.”

Definition 2.3. [10] “ Let x be a non-empty set .A function S,, : x> — RT
satisfying the conditions :
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(i) Spn(¥,¢,0) > 1
(ii) Sp(¥,¢,0) =1 <= Y =¢=0
(iii) S (¥, 0,0) < Si(¥, 9, p)Sin(9, &, p)Sm(0, 0, p), VY, d,0,p € X.
The pair (x, Sw) is called as S,,-metric space”.

Definition 2.4. [10] “ Let (x, Sy,) be a S,,-metric space, a sequence {1g} € x is
said to be

(i) cauchy sequence <= S,, (g, Vg, ) — 1, forall 0,1 — oo,
(ii) convergent <= ) € x such that S, (g, Vg, V) — 1 as § — oo;
(iii) is complete if every cauchy sequence is convergent.”

Definition 2.5. [11] ” Two self-maps M and K of a S,, metric space are said to
be

(i) Compatible: if

Glim Spn (M K1pg, M K1pg, K M1)g) = 1,
—00
whenever there exist a sequence {1y} € x such that
Hlim Sin (Mg, K1bg,w) = 1 for some w € x.
— 00
(ii) Weakly- compatible mappings: if they commute at their coincidence points,

i.ew € X, Spm(Mw, Mw, Kw) =1, = S,p,(MKwMKw, KMw) =1.7

Definition 2.6. [9] “Two self maps M and K of S,,-metric space are said to be
Semi- compatible: if

ehm Sm<MK1/J9,MK¢9,KW) =1
—00

whenever there exists a sequence {1y} € X such that

elim Sin (Mg, Kibg,w) = 1 forallw € x.”
—00
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Now we present an example in which semi-compatible is weaker than com-
patible.

Example 2.6.1
Consider x = [0, 00) with S, (1), ¢, 0) = elv=9IHo=olHo=¥l for every ), ¢, 0 €
X. Define two self maps M and K as

cos?(mp)+1 . 1
M) = 2 ¥f9<¢§2’
sin(mp) if 5 <y < 3.
and
2sin(mip)—1 . 1.
K@W)=4{ =2 1f0<z/1§2,
1 — sin(m) if 3 < <3,
Consider a sequence {1} as @/19 {z — 5} forg >0.
Then
11 2r(i - 41 2(my 41
lim M (1pg) = llm M(=—=) = lim cos’n(3 ~ o) — Jim 2 () =
0—o00 0—o00 2 0— o0 2
and
11 2sinm(3 — 3) — 1 . 2cos(§)—1 1
B = Ko == = =3

1
Therefore hm My = hm Ky = 3= = w (say).

Now
2 T _ 1 9 _(2cosg—1 11 o 1
lim MK(¢9) = hm M(&) — lim cos 7T( ) ) _ CoS™5 _
f—00 2 900 2 9
and
in2T s 2T
g t1 T4+l
lim KM () = lim KE2 T2y — fim 1 — sinn(C g T =0
60— o0 2 60— o0 2

- im S, (MK g, MEvg, KMsy) # 0.
—00

This implies these two self-maps M and K are not compatible.

But K(w) = K() = 1.

111

Therefore lim S, (M K1y, M K1y, Kw) = hm Sz, =, =) =
f—o00 2722

Hence these two self maps M and K are semi-compatible but not compatible.
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Definition 2.7. [8] “Two self-maps M, K of S,,-metric space are said to be re-
ciprocally continuous if

lim S (MK g, MKy, Mew) = 1and lim S, (K Mg, KMy, Kw) = 1,
—00

60— 00

whenever there exist a sequence {1y} € x such that

elirn S (Mg, K1bg,w) = 1 some w € x.”
— 00

Now we present an example in which satisfies reciprocally continuous is weaker
but not compatible.

Example 2.7.1 Consider x = (0, 00) with S,,(1, ¢, o) = el =¢IFle=ol+lo—vl
for every 1, ¢, o € x. Define two self maps M and K as

[ +2 o<y <1
M(¢)_{4—¢ if1 < <3

and

C[1-2 ifo<p <1,
KW)‘{ v—2 ifl<y<3.
Consider a sequence {1y} as 19 = {3 — 5}, for 6 > 0.
Now
1 1
lim M (1) = lim[4— (3— >)] = Land lim K(d) = im[(3+ =) — 2] = 1
f—00 0 f—00 —ro0 0

6—00

o lim My = lim Kb = 1 = w; # 6.
f— o0 60— 00

Also
. ) 1 ) 1
lim MK(¢y) = lim M[(3—-)—2] = lim M(1—-)=3
60— 00 0—00 0 §—>00 0
and
. ) 1 . 1
lim KM () = lim K(4—(3— =)= lim K(1+-)=—1.
§—>00 §—>00 0 §—r00 0
s lim Sy, (M Kby, M Kbg, K M)g) = Sin(3,3,—1) # 1.
9—>00

This gives the self maps M and K are not compatible in .S,,,- metric space.
Moreover,M (w;) = 3 and K (w;) = —1.
Which gives

Hm Soy (MK g, M Ktbg, Muw;) = S,n(3,3,3) = 1,

9 —>00
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and
lim S, (K Mg, KMy, Kwi) = Sp(—1,-1,—1) = 1.

60— 00

This implies the self-maps M and K are reciprocally continuous but not compati-
ble in .S, metric space.

Now we proceed to the main theorem.

3 Main Theorem

Theorem 3.1. Let M, H, K, and J be self-mapping of a complete S,,,-metric space
satisfying the following

(3.1.1) M(x) € J(x) and H(x) € K(x)

(3.1.2)

Sm(Mp, Mep, Ho) {mafr (M, Mip, K9)Si(Ho, Hp, ),

S (M, Mp, J ) S (Kb, Kip, Hp),
Sm(Mip, Mo, J§) Sy (Hp, Hp, J9),

A
Sm(M1p, M, Kep) Sy (Hp, Ho, K%Zf)]}

1
where \ € (0, 5)

(3.1.3) the pair M and K are reciprocally continuous and semi-compatible,
(3.1.4) the pair H and J are weakly compatible.

Then the self-maps M, H, K, and J have a unique common fixed point in .

Proof:
Let there is a point 1y € X, and the sequence {1y} be defined as My = Ji, =
¢o. For this point 1 then there exists 1y € X such that Hin = Ky = ¢1. In
general, by induction choose 1y, 1, construct a sequence {¢py} € x such that

G20 = Mihog = J1pag1 and ¢ag1 = Hpagrr = Kagia, for 6§ > 0.
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On putting 1 = h9g and ¢ = pogy1 in ( 3.1.2) we get.
S (20,020, P2911) = Sy (M1hag, Mthag, H1bog 1)

< max {Sm(M%m Mpag, 01029) S (Hbog 11, Hbogi1, Jhagia),

S (Mhag, Mapag, Jhagi1) S (Hbagr1, Hibogr1, 0bag),
S (Mtpag, M1pag, J1pogi1) S (Htbog 11, Hipopi1, Jhagi1),

A
Sm(Mbag, Mthag, K1hag) Sy (H1bags1, Hibogy1, K1bag) }

S (P20, G20, P2011) < max {Sm(¢2e, B20, 920-1) S (P20+1, P2011, P20),

S (D20, D20, 020) S (D20+1, D201, P20-1),
S (20, D20, 020) S (D201, D201, P20),

A
Sm(¢295 ¢207 ¢2971)Sm(¢29+17 ¢29+17 ¢291)}

this implies that

S (Pap, Pap, Pap41) < Sml(2-1, 261, Paps1)
Son (P26, D20, P20+1) < {Sm (201, B20—1, P20) S (P20, Pop, P2011)}

SEA(pap, Pag, Paps1) < Son (D201, D261, P2g)-
S (20, P2, P20+1) < Sﬁ(ﬁb%—l; P20—1, D29).

S (D20, P29, P2041) < Sh (D201, P20-1, B20). where p = T

Now this gives

S (Po, P, Po+1) < SE (Po—1, Po—1,Pp) < 55?(%—27%—2,@59—1) <SP (o, By Pn)-

By using triangular inequality

0+1

S (Ga, Do, ) < SV (o, do, &) <SP (o, doy dn) < -+ SE (o, b0, bn)
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p9

S Do, Do, Pn) < S P (o, Go, ¢1) forall § > 1.

Hence {¢y} is a cauchy sequence in S,,-metric space.
Since the self-maps, M and K are weakly reciprocally continuous.

Jim S, (MK, MEpg, Mw) = Lor lim S, (KM, K My, 00) = 1. (1)

Also, the pair ( M, K) is semi compatible, we have

lHm Sy (M K1bg, M Kby, Kw) = 1. 2)

0—o00
From (1) and (2) we get
Sp(Mw, Mw, Kw) = 1. 3)

Since M (x) C J(x) which gives then there exists v € x such that Jv = My,
since My — w as 0 — oo. Which implies

Sm(‘]l/a Jlj,w) =1 (4)

Now, we have to prove S,,(Jv, Hv,w) = 1.
Substitute 1) = 1y and ¢ = v in (3.1.2) we have

Sim(M1pg, Mg, Hv) S{ma:c[Sm(Mwe, Mg, K1pg)Spn(Hv, Hy, Jv),

Sm<Mw97 Mr(/}‘g? JV)Sm(leu Kw17 HV)7
Spn (Mg, Mg, Jv)S,,(Hv, Hv, Jv),

A
Sm(M@Dg, M¢97 KwQ)S’m(Hyv HV7 K%Ue)]}
Spn(w,w, Hy) <
{ma:c[Sm(w,w,w)Sm(Hu, Hv,w), Sp(w, w,w)Sp(w,w, Hv),
A
S (w,w,w) Sy (Hy, Hv,w), Sp(w, w, w) Sy (Hv, H, w)]}

Spn(w, w, Hv) < {(Sp(w,w, Hv)}?
SU=N(y w, Hy) <1 = Sp(Hv, Hy,w) = 1.
oSm(Jv, Hy,w) = 1.
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Since the pair (H.J) is WCM and v is a coincidence point then HJv = JHv
Sm(Hw, Hw, Jw) = 1. (5)

Substitute 1) = 1y and ¢ = w in (3.1.2)
we have

Sm(M¢97 Mqu)@a H(A}) —=
{max (Mg, Mbg, K10g) Sy, (Hw, Hw, Jw),
S,

m(M¢07M77Z)97Jw) (K¢1,K¢1,HW>,
S (Mg, Mg, Jw) Sy, (Hw, Hw, Jw),

A
Sm(Mw% Mwea K’QD@)Sm(HOJ, H(.U, KW)]}

also
S (Hw, w,w) <

{mam[Sm(w, w,w) Sy (Hw, Hw,w), Sy (w, w, w) Sy (w, w, Hw),
A
Sim(w,w,w) Sy (Hw, Hw,w), Spm(w, w,w)Sm(Hw, Hw, w)]}

and this gives

Sp(Hw,w,w) < Sp(Hw,w,w)?

S(lf)\

m

J(Hw,w,w) <1 = Hw=w

SoSm(Hw, Jw,w) = 1. (6)
Replace 1) = w and ¢ = v in (3.1.2) then we have

Sm(Mw, Mw, Hv) {max (Mw, Mw, Kw)S,,,(Jv, Hv, Hv),

Sim(Mw, Mw, Jv)S,,(Kw, Kw, Hv),
Sm(Mw, Mw, Jv)S,,(Jv, Jv, Hv),

A
Sm(Mw, Mw, Kw)S,,,(Hv, Hv, Kw)]}

134



Mallaiah K and Srinivas V

Sim(Mw, Mw, w) S{mam[sm(]\/[w, Mw, Mw) S (w,w,w),

Sin(Mw, Mw, w)S,,(Mw, Mw, w),
Sin(Mw, Mw, w) Sy (w,w,w),

A
Sim(Mw, Mw, Mw) Sy, (w,w, Mw)]}

Sp(Mw, Mw,w) < {Sp(Mw, Mw,w)}*

SN (Mw, Mw,w) <1 = Mw=w
2SS (Mw, Jw,w) = 1.
From (6) and (7) we get
Mw=Jw=Hw=Kw=uw.

Therefore “w” is a common fixed point of M, H, K, and J.
Uniqueness
Let p be one more fixed point, we assume that p # w then we have

Mp=Kp=Hp=Jp=p.
In the condition (3.1.2) put ¢ = w and ¢ = p we get

Sn(Mw, Mw, Hp) S{max[Sm(Mw, Mw, Kw)S,,(Hp, Hp, Jp),

Spn(Mw, Mw, Jp)Sy,(Kw, Kw, Hp),
Sm(Mw, Mw, Jp)Sn(Hp, Hp, Jp),

A
Spm(Mw, Mw, Kw)S,,(Hp, Hp, Kw)]}

S (w,w, p) <

@wx (0036,0) S (92, ) S (03,1, ) S (00,0 )

&mesmmm&MMKM%mmm}

Sm(w, w, p) S{Snﬂb(w,w,p)}A

this implies that Sy, (w,w,p) =1 = w = p.
This shows that “w” is the unique common fixed point of M.H.J and K.
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Now, the following example substantiates our theorem.

Example 3.2
Suppose x = (0, 1), S,,- metric space by S,,, (1, ¢, o) = elV=¢lFle=olHlo—vl
when v, ¢, 0 € x. Define M ,K ,H J:x Xy — x as follows

= ifo<y <t
MW)_{J if§<w<?1).

1—2¢ if0<y <1
() = { . 3
e ifl<y <l

32 =3 +1 ifo<y <t
- {0 <<y
e if 3 <9 <1.

[ 1—6y? if0<y <
J(W—{ 11— if§<w<i
Then M(x) = (5,1] € J(x) = (0, 1] and H(x) = (3, 1] € K(x) = (5
Therefore the condition (3.1.1 ) holds.

Consider a sequence {g} as 1og = {3 — 5} as 6 > 0.

1 1 2—(3—3) 1
Then hm M(wg) = 91;1]([)10 M(§ - 5) = elglolo £ =3
and 1 1 1 1 1
AL L A A
1
Therefore hm M (1pg) = hm K () = 3 =W
Further
11 1 1, 1 1
Jim H(yp) = lim H(g - o) = lim [3(3 = 2)" = 3(5 — 7)) +1] =
and
1 1 1, 1
llm J(g) = hm J(g—a) 91520[1—6(5—5) ] =3

1
Therefore lim H () = lim J(y) = = = wy.
f—o00 6—00 3
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Moreover
. ) 2 2 . 1 2 1
and
. . 1 1 1423+, 2
AL M) = I Kg+gg) =l =) =3

1
. lim Sy (MK g, MEbg, K Mbg) = Sp(=, =, =) # 1
00— 00 3 3

which implies that the pair ( M, K) is not compatible.

Furthermore
lim HJ(1hg) = i H(1+4 1)— li (2+(%+%_9%)— :
g N T BTN T T T ol 7 BE
and
: . 1 4 1 . 1 4 1 2
W) = fim Gt ) =il -Gy ) =3
‘ 112
Therefore lim S,,,(H.Jbg, HJg, JHg) = Spu(5, =, =) # 1.
f—o0 3733
Which shows that the pair( H,J) is not compatible .
Also M(3) = 5, K(3) = 3.
T 111
This implies lim S,,,(M Kg, M Ktpg, Mwy) = Sp(=, =, =) =1
f—00 3°3°3

111

59 o) _) =1

3'3°3

This shows that the pair (M, K ) is reciprocally continuous in S,,, metric space.

and. lim S,,,(K Mg, KMy, Kwn) = S
—00

111
37373
This shows that the pair (M, K ) is semi-compatible in .S,,, metric space.

Also lim Sy, (MK, MKy, Kw) = S ) =1.

Hence the inequality (3.1.3)holds.

Further

%), 1) = 1and Sm(HJ(l), JH(1> .

Sm(H(3), J( 3 )hz) =1

1
3
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This implies that S,,,(HJ(3), HJ(3), JH(3)) = Sm(3.3,3) = 1.

37373
Which indicates that the pair ( H, J) is weakly compatible.

Now, we prove the condition (3.1.2 ) in various cases

CASE-1
Let ¢, ¢ € |0, ] while we have S, (1, ¢, o) = elt—ol+lé—ol,
Take ) = —andqﬁ Lthen M() = L K(A) =L H(L)=Band J(1) = 2

_ 20° 2 5 25
substitute the above Values in (3.1.2)

7T 7 13
<
Sm(20 20’ 25)

771 13 13 19 7T 7 19 13 13 1
{W 20' 20 257557 957 25) (20 257 259 (35 3572
g (L T 195 181319 o 7 7 1. 1318 1.°
2207207257 7™ 2572572577 7™ 207207277 257 257 2

A
wehaveeo'34 < { maX[60'360'48, 60'8260'34, 60'360'04, 60'8260'48] }

60.34 S {max[eo'78, 61'16, e0.0.347 61.3]})\ s 60'34 S 61,16)\

which gives A = 0.2 where A € (0, 3).

CASE-II
Let ¢, ¢ € (3, 1], then S,, (¢, ¢, )—6‘”’ oltié=el,
Takey) = Land ¢ = L then M (1) = L, K(3) = %,H(%):l—iandj(%):%
substitute the above values in (3. 1 )
115
Smlgp 1) S
1 13 5 5 1 111 5 5 3
{m“x (350 ) 1 2) 55 5 5) g 170 )
111 5 5 1 113 5 5 3.1
Sml505 )93 11 9) Sm(i’i’i)“gm(ﬁ’ﬁ’i)]}

which implies that

A
60.285 S { maX[60'5€0'285, 60'060'786, 60'060'28, 60.560.786]}

eO.QSBS{maX[60.785 0.786 0.28 1.286]})\

e e e 0.285 < 61.286)\

— €
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which gives A = 0.22 where \ € (0, 3).

CASE-III
Let ¢, ¢ € (1, 1], then S, (¢, ¢, ) = elv=oHlo=l
Take ¢ = 1 and ¢ = 1 then M (1) = L, K (1) = 3, H(
substitute the above values in (3.1.2)

7T 7T 5

207

<
Sm(20 20’ 14)
7 71 5 5 1 7T 7 1 5 b
{ma:l: 20 20 Q)Sm(ﬁ7ﬂ’5)’Sm(%’2_07§)8m(ﬁ’1_’_)7
1 1 1 I
Sm(7 7 5 b T T 5 b

20 20° 2 (0 110 2) 5y 590 )9 110 D)

which implies that

Y

A
60.014 S { rnax[eo.3€0287 60'360'28 60'360'28, 60'360'28]}

60'014 S {maX[60’587€0'58,60'58 e

Y

0.58]})\ 0.014 < 60.5.8)\

— €

this gives that A = 0.14 where A € (0, 3).

Hence the inequality (3.3.2) holds.

41177

It can be seen that
M, K H, and J.

is a unique common fixed point for four self mappings

4 Conclusions

In this article, we established a common fixed point theorem in S,,-metric
space by using weakly-compatible mappings, semi-compatible mappings, and re-
ciprocally continuous mappings for four self-maps. Furthermore, our results are
also justified with suitable examples.
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