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Abstract  

The main aim of this research paper is to establish the most generalized common fixed-
point theorem for two self-maps that are commuting to each other under 𝕿-Kannan type 
contractive condition over a generalized cone 𝕓-metric spaces. The novelty of this 
research paper is to find a common fixed point of two weekly compatible self-maps over 
a generalized cone 𝕓-metric spaces without assuming the normality condition of a cone. 
We illustrate our main result with a suitable example. 

Keywords: weekly compatible self-maps; cone; common fixed points; normality 
condition of a cone; generalized 𝕓-cone metric space. 
 
2010 AMS subject classification: 54H25, 47H10.† 

 
 

 

                                                      
* Department of Technical Education, Government of Telangana, Government Polytechnic for Women 
(Minorities), Badangpet, R.R. District, Hyderabad, Telangana, India-500112; pagidimallik@gmail.com. 
† Received on June 21, 2023. Accepted on December 20, 2023. Published on December 31, 2023. 
DOI:10.23755/rm.v48i0.1248. ISSN: 1592-7415. eISSN: 2282-8214. ©Mallikarjun Reddy Pagidi. This 
paper is published under the CC-BY licence agreement. 

433



Mallikarjun Reddy. Pagidi  
 

434 

 

1. Introduction   
M. Frechet [6] introduced the metric spaces.  It is well known that the Banach 

Contraction Principle [2] is the first fixed point theorem in metric spaces.  A. Branciari 
[4] introduced the generalized (rectangular) metric spaces by replacing the triangular 
inequality in the definition of metric spaces with a similar one that involves four or more 
points instead of three points.  I. A. Bakhtin [1] defined b-metric spaces by replacing 
triangular inequality in a metric space with a 𝕓-triangular inequality as a generalization 
of metric spaces. L.G. Huang et al. [7] defined cone metric spaces which are obtained by 
replacing the set of real numbers in a metric mapping with a Real Banach space. A. Azam 
et al. [1] defined cone rectangular metric space by replacing triangular inequality in cone 
metric space with a rectangular inequality.   N.  Hussain et al. [9] defined cone 𝕓-metric 
spaces by replacing triangular inequality in cone metric spaces with a 𝕓-triangular 
inequality as a generalization of cone metric spaces.  The authors improved the Banach 
Contraction Principle in such spaces. Recently, many authors ([5], [8], [14]) established 
some fixed-point theorems satisfying some generalized contractive conditions in cone 𝕓-
metric spaces over Banach algebras. 

Reny George et al. [12] defined generalized cone 𝕓-metric spaces by replacing 𝕓-
triangular inequality in a cone 𝕓-metric space with a 𝕓-rectangular inequality and proved 
basic Banach fixed point theorem on these spaces. Thereafter some fixed-point theorems 
([10], [11], [13]) proved under various contractive type conditions.  

The main objective of this article is to establish a generalized common fixed-point 
theorem for two self-maps that are commuting to each other under the 𝕿-Kannan type 
contractive condition over a generalized cone 𝕓-metric space. We present an example to 
illustrate our result. Our main result generalizes many results in generalized cone 𝕓- 
metric spaces without assuming the normality condition of a cone. 

We recall some basic definitions and lemmas required in section 2 and establish main 
result in section 3 with suitable example. 

 
2. Preliminaries 
Definition 2.1 Let Ẋ be a non-empty set. An element 𝑥̇ ∈ Ẋ is said to be a fixed point of 
a self-map 𝔗: Ẋ → Ẋ if 𝔗(𝑥̇) = 𝑥̇.  
Definition 2.2 A result giving a set of conditions on 𝔗 and Ẋ under which 𝔗 has a fixed 
point is known as a fixed-point theorem. 
Definition 2.3 (L.G. Huang and X. Zhang. [7]). If Ê is a real Banach space and Ƥ෡  ⊆  Ê, 
then  Ƥ෡  is said to be a cone if it satisfies the following conditions:  
(C1)  Ƥ෡   is a closed and nonempty subset of Ê with  Ƥ෡  ≠  ൛𝟎෡ൟ; 
(C2) If c1, c2 ≥ 0 and 𝒙ෝ,  𝒚ෝ  ∈  Ƥ෡  , then 𝒄𝟏𝒙ෝ +  𝒄𝟐 𝒚ෝ ∈  Ƥ෡ ; 
(C3) Intersection of  Ƥ෡  and − Ƥ෡   is ൛𝟎෡ൟ. 
Definition 2.4 (L.G. Huang and X. Zhang. [7]). A partial-order relation on a cone  Ƥ෡   ⊆
 Ê is denoted by ≲ and is defined as 𝑥ො ≲  𝑦ෝ  ⟺  𝑦ෝ − 𝑥ො ∈  Ƥ෡ . 
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Definition 2.5 (L.G. Huang and X. Zhang. [3]).   The interior of a cone  Ƥ෡  is denoted by 
int൫ Ƥ෡ ൯and a partial-order relation ≺≺ on int൫ Ƥ෡ ൯ ⊆   Ƥ෡ ⊆  Ê defined as 𝑢ො ≺≺  𝑣ෝ  ⟺

 𝑣ෝ − 𝑢ො ∈ int൫ Ƥ෡ ൯. 

Definition 2.6 (L.G. Huang and X. Zhang. [7]). If Ẋ is a non-empty set and a mapping 
dÊ: Ẋ ⨯ Ẋ → Ê satisfies: 
(CMS 1) dÊ(𝑥̇, 𝑦̇) > 𝟎෡, ∀ 𝑥̇, 𝑦̇ ∈ Ẋ and dÊ(𝑥̇, 𝑦̇) = 𝟎෡ ⟺ 𝑥̇ =  𝑦̇; 
(CMS 2) dÊ(𝑥̇, 𝑦̇) = dÊ(𝑦̇, 𝑥̇), ∀ 𝑥̇, 𝑦̇ ∈ Ẋ; 
(CMS 3) dÊ(𝑥̇, 𝑦̇) ≲ dÊ(𝑥̇, 𝑧̇) + dÊ(𝑧̇, 𝑦̇), ∀ 𝑥̇, 𝑦̇, 𝑧̇ ∈ Ẋ, 
then dÊ is called a cone metric on Ẋ and (Ẋ, dÊ) is called a cone metric space. 
Definition 2.7 (A. Azam et al. [1]). If Ẋ is a non-empty set and a mapping dÊ: Ẋ ⨯ Ẋ → 
Ê satisfies: 
(CRMS 1) dÊ(𝑥̇, 𝑦̇) > 𝟎෡, ∀ 𝑥̇, 𝑦̇ ∈ Ẋ and dÊ(𝑥̇, 𝑦̇) = 𝟎෡ ⟺ 𝑥̇ =  𝑦̇; 
(CRMS 2) dÊ(𝑥̇, 𝑦̇) = dÊ(𝑦̇, 𝑥̇), ∀ 𝑥̇, 𝑦̇ ∈ Ẋ; 
(CRMS 3) dÊ(𝑥̇, 𝑦̇) ≲ dÊ(𝑥̇, 𝑢̇) + dÊ(𝑢̇, 𝑣̇) + dÊ(𝑣̇, 𝑦̇), ∀ 𝑥̇, 𝑦̇, 𝑢̇, 𝑣̇ ∈ Ẋ with 𝑢̇ ≠ 𝑣̇, 
then dÊ is called a cone rectangular metric on Ẋ and (Ẋ, dÊ) is called a cone rectangular 
metric space. 
Definition 2.8 (N.  Hussain et al. [9]). If Ẋ is a non-empty set and a mapping dÊ: Ẋ ⨯ Ẋ 
→ Ê satisfies: 
(CbMS 1) dÊ(𝑥̇, 𝑦̇) > 𝟎෡, ∀ 𝑥̇, 𝑦̇ ∈ Ẋ and dÊ(𝑥̇, 𝑦̇) = 𝟎෡ ⟺ 𝑥̇ =  𝑦̇; 
(CbMS 2) dÊ(𝑥̇, 𝑦̇) = dÊ(𝑦̇, 𝑥̇), ∀ 𝑥̇, 𝑦̇ ∈ Ẋ; 
(CbMS 3) dÊ(𝑥̇, 𝑦̇) ≲ 𝑏[dÊ(𝑥̇, 𝑧̇) + dÊ(𝑧̇, 𝑦̇)], ∀ 𝑥̇, 𝑦̇, 𝑧̇ ∈ Ẋ, 
then dÊ is called a cone 𝕓-metric on Ẋ and (Ẋ, dÊ) is called a cone 𝕓-metric space. 
Definition 2.9 (R. George et al. [12]). If Ẋ is a non-empty set and a mapping dÊ: Ẋ ⨯ Ẋ 
→ Ê satisfies: 
(GCbMS 1) dÊ(𝑥̇, 𝑦̇) > 𝟎෡, ∀ 𝑥̇, 𝑦̇ ∈ Ẋ and dÊ(𝑥̇, 𝑦̇) = 𝟎෡ ⟺ 𝑥̇ =  𝑦̇; 
(GCbMS 2) dÊ(𝑥̇, 𝑦̇) = dÊ(𝑦̇, 𝑥̇), ∀ 𝑥̇, 𝑦̇ ∈ Ẋ; 
(GCbMS 3) dÊ(𝑥̇, 𝑦̇) ≲ 𝑏[dÊ(𝑥̇, 𝑢̇) + dÊ(𝑢̇, 𝑣̇) + dÊ(𝑣̇, 𝑦̇)], ∀ 𝑥̇, 𝑦̇, 𝑢̇, 𝑣̇ ∈ Ẋ with 𝑢̇ ≠ 𝑣̇, 
then dÊ is called a generalized cone 𝕓-metric on Ẋ and (Ẋ, dÊ) is called a generalized 
cone 𝕓-metric space. 
Definition 2.10 (R. George et al. [12]).  Let (Ẋ, dÊ) be a generalized cone 𝕓-metric space.  
Then 
(1) If for every 𝑡̂ ∈ Ê with 0෠ ≺≺ 𝑡̂, there exists a natural number N such that 

dÊ(𝑥̇௡, 𝑥̇) ≺≺ 𝑡̂, for all n > N, then {𝑥̇௡} converges to 𝑥̇   
(2) If for every 𝑡̂ ∈ Ê with 0෠ ≺≺ 𝑡̂, there exists a natural number N such that 

dÊ(𝑥̇௠, 𝑥̇௡) ≺≺ 𝑡̂, for all m, n > N, then {𝑥̇௡} converges to 𝑥̇   
(3) If every Cauchy sequence is convergence in (Ẋ, dÊ), then (Ẋ, dÊ) is a complete 

generalized cone 𝕓-metric space. 
Lemma 2.11 (R. George et al. [12]).  Let  Ƥ෡  be a cone and {𝑥̇௡} be a sequence in Ê. If 
𝑡̂ ∈ 𝑖𝑛𝑡 ൫Ƥ෡൯ and 0෠ ≤ 𝑥̇௡ → 0෠ as there exists a natural number N such that for all n > N, 
we have 𝑥̇௡ ≺≺ 𝑡̂. 
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3. Main Result 
Theorem 3.1 Let (Ẋ, dÊ) be a generalized cone 𝕓-metric space.  If the two self-maps 𝔣 
and 𝔗 defined on Ẋ satisfy the following conditions: 

(3.1) 
. . . .. ... .

d d,  , , , d X,  , x x x x yy y y        
            

Ê ÊÊ
Tf Tf T Tf T Tf where, 0 ≤ γ <

ଵ

௕ ା ଵ
,                       

(3.2)  𝔗 is one-to-one mapping and 
(3.3)  𝔗(Ẋ) is a complete subspace of Ẋ, then the mapping 𝔣 has a unique fixed point in Ẋ.  
Further,  
(3.4) If 𝔣 and 𝔗 are commutes at the fixed point of 𝔣, then there exists a unique common 
fixed point of 𝔣 and 𝔗 in Ẋ. 
Pf.  Let {𝑦̇p} be a sequence in Ẋ such that 𝑦̇p +1 = 𝔣𝑦̇p, ∀ p = 0,1,2, . . .. If 𝑦̇m = 𝑦̇m+1, for 
some natural number m, then 𝑦̇m = 𝔣𝑦̇m, i.e., 𝑦̇m is a fixed point of 𝔣 in Ẋ.  Suppose,  𝑦̇p ≠ 
𝑦̇p + 1, ∀ p = 0,1,2, . . ., Then from (3.1) we obtain,  

   
1 1

. . . .

, ,d dp p p py y y y    
   
   Ê Ê
T T Tf Tf  

                              1 1

. . . .

 ,d d ,γ p p p py y y y      
        Ê Ê
T Tf T Tf                                               

                              
1 1

. . . .

,d d,γ p p p py y y y     
        Ê Ê
T T T T  

                              
1

. .

 , ,
1

γ

γ
d p py y

 
 
 Ê
T T  

which implies that, 1 1

. . . .

, , ,d dp p p py y y y 
   
   
   Ê Ê
T T T T  ∀ p = 1,2, . . ., where 0 ≤

 𝜂 =
ఊ

ଵିఊ
<  

ଵ

௕
.  Therefore, by induction, we have, 

                 2

1 2 1

. . . .

,  ,d dp p p py y y y  
   
   
   Ê Ê
T T T T  

                                             ⋮ 

                                            
0 1

. .

 , ,dp y y  
 
 Ê
T T  ∀ p = 1,2, . . .,  where 0 ≤ η < 

ଵ

௕
      (3.5)                                      

 
Since, γ ≤ η and therefore by using Kannan inequality (3.1) and 𝕓-rectangular inequality, 
we get,  

2 1 1

. . . .

, ,d dp p p py y y y     
   
   Ê Ê
T T Tf Tf  

                 
1 1 1 1

. . . .

d d , ,p p p py y y y        
        Ê Ê
T Tf T Tf  

                 1 1 2

. . . .

d d , ,p p p py y y y       
        Ê Ê
T T T T  
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1 2 2 1

1 2

. . . . . .

. .

d d , d,   ,

,

γ

γd

p p p p p p

p p

y y y y y y

y y

b    

 

 



      
            

 
 
 

Ê Ê Ê

Ê

T T T T T T

T T


    

                
1 2 1 2

. . . . . .

,  ,  (1 ) ,d dγ γdp p p p p pby y y y yb y            
            Ê Ê Ê
T T T T T T                                          

                1 2 1 2

. . . . . .

,  ,  ,d dγ dp p p p p py y yb y y y          
            Ê Ê Ê
T T T T T T

 

which implies that,
 

2 1 1 2

. . . . . .1
, ,  γ ,d d

γ1
d p p p p p pb

b
y y y y y y   


      

            Ê ÊÊ
T T T T T T  

                              
1 1

1 0 1

. . . .

0

1
,d ,d

γ1
p pb

b
y y y y  


    

        Ê Ê
T T T T   

                              0 1

. .

,  
1 γ

dpb

b
y y

 


   

      Ê
T T  

                              
0 1

. .

,  ,dp y y  
 
 Ê
T T                                                       (3.6) 

where 0,
1 γ

b

b





 


 ∀ p ≥ 1. For the sequence { 𝔗𝑦̇p}, we consider dÊ(𝔗𝑦̇p, 𝔗p+n) in two 

different cases. If n = 2r + 1, where r ≥ 1, then by applying 𝕓-rectangular inequality we 
get,  

2 1 1 1 2 2 2 1

. . . . . . . .

d, , , ,d dd p p r p p p p p p ry y y y y y y yb                
                Ê Ê ÊÊ
T T T T T T T T   

                    

2

1 1 2 2 3

3 4 4 2 1

. . . . . .

. . . .

d d d

d d

, , ,

, ,

p p p p p p

p p p p r

by y y y y y

y y y y

b     

    

 

 

       
              

   
      

Ê Ê Ê

Ê Ê

T T T T T T

T T T T


 

                   

2

1 1 2 2 3

3 4 2 2 1

. . . . . .

. . . .

, ,d d d ,

, ,d d

p p p p p p

r

p p p r p r

y y y y y y

y y

b

yb y

b    

    

 

  

       
              

   
      

Ê Ê Ê

Ê Ê


T T T T T T

T T T T


    

                   

1 2 2

0 1 0 1 0 1

3 2

0 1 0 1

. . . . . .

. . . .

, , ,

,

d d d

d d ,

p p p

p r p rb

y y y y y y

y y y y

b b  

 

 

 

 

  

       
              

   
      

Ê Ê Ê

Ê Ê


T T T T T T

T T T T


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2

1 2

0 1

0

.

1

.

. .

1

1

d

d

,

,

p

p

b

b b

y y

y y







 

 

  

       
       

Ê

Ê





T T

T T


 

                     2
.

0 1

.

1 1 ,dp b y yb            Ê
 T T  

 
.

2 1 2

.

1

.

0

.1
Hence, , , for all natural numbers  and r.

1
d d ,p

p p r p
b

y y b y y



 




    

        Ê Ê
T T T T   

Suppose, 0෠ ≺≺ 𝑘෠ .  Since, bη2 < 1, we notice that 
2 0 1

. .1
,

1
d , 0p

b
yb y










   
      Ê
T T as

 .n   Therefore for some 𝑘෠ ∈ int (Ƥ෡), we obtain a natural number N1∈ ℕ ∋ 

2  10 1

. . ^1
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yb y k p N
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T T T T ∀p > N1 and r ≥ 1.  
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∀p > N2 and r ≥ 1. Let N0 = max {N1, N2}.  Thus for each 𝑡̂  ∈ Int (Ƥ෡), we get, 

. . ^

, ,d p p ny y k
 
 
 Ê

T T  ∀ p > N0 and n ≥ 1.
     

       

Hence in both cases, { 𝔗𝑦̇p} is a Cauchy sequence in Ẋ.
  
By the hypothesis we have, 𝔗(Ẋ) 

is a complete subspace of Ẋ, therefore ∃ 𝑧̇ ∈ 𝔗(Ẋ) ∋ 1

. . .

lim lim .
p p

p py zy 
 

 T Tf  Here, we 

find 𝑦̇ ∈ Ẋ ∋ 𝑧̇ = 𝔗𝑦̇.  Suppose, 0෠ ≺≺  𝑐ෝ . we find N3, N4∈ ℕ ∋
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T T  ∀p > N4.  Let N = max {N3, N4}.  Using 𝕓-

rectangular inequality and (3.5) we obtain, 
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. ^.

,  ,d yz k 
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 Ê

Tf  ∀ 𝑐̂  ∈ Int ( Ƥ෡ ), since 𝑐̂  is any arbitrary in Int ( Ƥ෡ ), we get

.

d ( , ) 0.yz



Ê

Tf  That is,  𝔗𝔣 𝑦̇ = 𝔗𝑦̇ = 𝑧̇.  Since 𝔗 is one-to-one it implies that 𝑦̇ = 𝔣𝑦̇,    

i.e., there exists a fixed point 𝑦̇ ∈ Ẋ. Suppose 𝑦̇ᇱ ∈ Ẋ is also a fixed point of 𝔣, i.e., 𝑦̇ᇱ =
𝔣𝑦̇ᇱ.    Therefore, by using Kannan Contraction (3.1), we get, 

' ' ' '. . . . . . . .

d d γ d d, , , , 0,y y y y y y y y
                

       
Ê Ê Ê Ê

T T Tf Tf T T T T and hence we 

get, 𝔗𝑦̇ = 𝔗𝑦̇ᇱ. Since 𝔗 is one-to-one mapping, we get that 𝑦̇ = 𝑦̇ᇱ.  Since, the two self-
maps 𝔣 and 𝔗 are commute at the fixed point 𝑦̇ of 𝔣, we get that, 𝔣𝔗𝑦̇ =𝔗𝔣𝑦̇, i.e., 𝔣𝔗𝑦̇ = 
𝔗𝑦̇, i.e., 𝔗𝑦̇ is also a fixed point of 𝔣. Since, we know that 𝔣 has a unique fixed point, 
therefore 𝔗𝑦̇ = 𝑦̇ and hence 𝔗𝑦̇ = 𝔣𝑦̇ = 𝑦̇. Therefore, there exists a unique common fixed 
point 𝑦̇  ∈ Ẋ of 𝔣 and 𝔗.                                                                                                   □                                       

Put 𝔗 = ℑ, the identity mapping of Ẋ in Theorem 3.1, we get the following 
corollary.  
Corollary 3.2 If a self-map 𝔣: Ẋ → Ẋ defined on a complete generalized cone 𝕓-metric 
space  (Ẋ, dÊ) satisfying an inequality: 

dÊ (𝔣 𝑥̇, 𝔣 𝑦̇) ≲ γ [dÊ (𝑥̇, 𝔣𝑥̇)  +  dÊ (𝑦̇ , 𝔣𝑦̇ )], 

∀ 𝑥̇, 𝑦̇ ∈ Ẋ, 0 ≤ γ <
ଵ

௕ ା ଵ
 and b > 1, then there exists a unique fixed point of 𝔣 in Ẋ.  

We illustrate our main theorem 3,1 with the following example.  

Example 3.3 Suppose  Ẋ = 𝒜̇⋃
.

 , if 𝒜̇  = {0}⋃ ቄ
ଵ

 ௡
: 𝑛 ∈ {2,3,4}ቅ  and 

.

  = [1, 2], Ê = 

Cℝ(Ẋ),   Ƥ ෢= {𝑓መ: f (𝑥̇) ≥ 0, 𝑥̇∈ Ẋ } ⊂ Ê, It is known that  Ƥ෡  is a cone in Ê. Define dÊ: Ẋ ⨯ 
Ẋ → Ê as dÊ (𝑡̇, 𝑠̇) = dÊ (𝑠̇, 𝑡̇), ∀𝑡̇, 𝑠̇ ∈ Ẋ and  
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Here 𝑒 ௫̇ ∈ Ê. Then (Ẋ, dÊ) is neither a cone metric space, since, dÊ ቀ0,
ଵ

ଷ
ቁ = 0.06 𝑒 ௫̇ > 

dÊ ቀ0,
ଵ

ଶ
ቁ + dÊ ቀ

ଵ

ଶ
,

ଵ

ଷ
ቁ= 0.03 𝑒 ௫̇ + 0.02 𝑒 ௫̇ = 0.05 𝑒 ௫̇ nor a cone rectangular metric space, 

since, dÊ(0, 1) =  𝑒 ௫̇ > dÊ ቀ1,
ଵ

ଶ
ቁ + dÊ ቀ

ଵ

ଶ
,

ଵ

ଷ
ቁ  + dÊ ቀ

ଵ

ଷ
, 0ቁ = 0.25 𝑒 ௫̇ + 0.02 𝑒 ௫̇  + 0.06𝑒 ௫̇ 

= 0.33 𝑒 ௫̇.  However, it is easy to see that (Ẋ, dÊ) is a complete generalized cone 𝕓-metric 
space with coefficient b = 4 > 1.  
Further, let 𝔣 and 𝔗: Ẋ → Ẋ be the mappings defined by:  
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We observe that 𝔗 is one-to-one and self-maps 𝔣 and 𝔗 are satisfying Kannan type 

contraction (3.1) with γ =
ଵ

 ହ
. Suppose 𝑥 ̇ ∈ 𝒜̇ and y ∈

.

.  Therefore, dÊ (𝔗𝔣𝑥̇, 𝔗𝔣y) = 

dÊ ൬𝔗 ቀ
ଵ

ସ
ቁ , 𝔗 ቀ

ଵ

ଶ
ቁ൰  = dÊ ቀ

ଵ

ସ
, 0ቁ= 0.02 𝑒 ௫̇.  Suppose 𝑥̇ ∈ {0}⋃ ቄ

ଵ

 ௡
: 𝑛 ∈ {2,4}ቅ and 𝑦̇ ∈

.

.   

Therefore, dÊ(𝔗𝑥̇, 𝔗𝔣𝑥̇) + dÊ(𝔗𝑦̇, 𝔗𝔣𝑦̇) =  dÊ ൬𝔗𝑥̇, 𝔗 ቀ
ଵ

ସ
ቁ൰ + dÊ ൬𝔗𝑦̇, 𝔗 ቀ

ଵ

ଶ
ቁ൰ = dÊ ቀ

ଵ

 ଶ
−

𝑥̇,
ଵ

ସ
ቁ + dÊ(𝑦̇, 0). Then clearly, we can find γ =

ଵ

 ହ
∈ ቀ0,

ଵ

 ସ
ቁ satisfying 𝔗-Kannan type 

contractive condition (3.1). 

Suppose 𝑥̇ ∈ {0}⋃ ቄ
ଵ

 ௡
: 𝑛 ∈ {2,4}ቅ and 𝑦̇  ∈ ቄ

ଵ

 ଷ
ቅ. Therefore we can find γ =

ଵ

 ହ
∈ ቀ0,

ଵ

 ସ
ቁ 

satisfying 𝔗-Kannan type contractive condition (3.1).  Similarly in all other cases, 𝔣 
satisfies 𝔗-Kannan type contractive condition (3.1). Thus 𝔣 satisfies all the conditions of 

Theorem 3.1 and there exists a unique fixed point 
ଵ

ସ
 ∈ Ẋ of 𝔣.  Finally, 𝔣 and 𝔗 are 

commuting at 
ଵ

ସ
 ∈ Ẋ, and hence 𝑥̇ = 

ଵ

ସ
 ∈ Ẋ is a unique common fixed point of the self-maps 

𝔣 and 𝔗. However, 𝔣 does not satisfy 𝔗-contractive condition of Corollary 3.2 at 𝑥̇ =
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0 and 𝑦̇ = 1 as dÊ(𝔣𝑥̇, 𝔣𝑦̇) = dÊ൫𝔣(0), 𝔣(1)൯ = dÊ ቀ
ଵ

 ସ
,

ଵ

 ଶ
ቁ = 0.06 𝑒 ௫̇  >

ଵ

 ହ
[dÊ(𝑥̇, 𝔣𝑥̇) +

dÊ(𝑦̇, 𝔣𝑦̇)] =
ଵ

 ହ
ൣdÊ൫0, 𝔣(0)൯ + dÊ൫1, 𝔣(1)൯൧ =

ଵ

 ହ
ቂdÊ ቀ0,

ଵ

 ସ
ቁ + dÊ ቀ1,

ଵ

 ଶ
ቁቃ = 0.054𝑒 ௫̇ 

 
 

4 Discussion and Conclusions 
In Theorem 3.1 we have constructed a common fixed-point theorem for two self-

maps that are commuting to each other under the 𝔗-Kannan-type contractive condition 
over a generalized cone 𝕓-metric space without assuming the normality condition of a 
cone.  If we put 𝔗 = ℑ, the identity mapping of Ẋ in Theorem 3.1, we get the fixed-point 
theorem as corollary 3.2. We have also given an example 3.3 which satisfies all the 
conditions of our main result.  Our result is generalized and extended to many recent 
results. Our result may be the vision for other authors to extend and improve many results 
in generalized cone 𝕓-metric spaces.  
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