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Abstract

The main aim of this research paper is to establish the most generalized common fixed-
point theorem for two self-maps that are commuting to each other under T-Kannan type
contractive condition over a generalized cone b-metric spaces. The novelty of this
research paper is to find a common fixed point of two weekly compatible self-maps over
a generalized cone b-metric spaces without assuming the normality condition of a cone.
We illustrate our main result with a suitable example.
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1. Introduction

M. Frechet [6] introduced the metric spaces. It is well known that the Banach
Contraction Principle [2] is the first fixed point theorem in metric spaces. A. Branciari
[4] introduced the generalized (rectangular) metric spaces by replacing the triangular
inequality in the definition of metric spaces with a similar one that involves four or more
points instead of three points. I. A. Bakhtin [1] defined b-metric spaces by replacing
triangular inequality in a metric space with a b-triangular inequality as a generalization
of metric spaces. L.G. Huang et al. [7] defined cone metric spaces which are obtained by
replacing the set of real numbers in a metric mapping with a Real Banach space. A. Azam
et al. [1] defined cone rectangular metric space by replacing triangular inequality in cone
metric space with a rectangular inequality. N. Hussain et al. [9] defined cone b-metric
spaces by replacing triangular inequality in cone metric spaces with a b-triangular
inequality as a generalization of cone metric spaces. The authors improved the Banach
Contraction Principle in such spaces. Recently, many authors ([5], [8], [14]) established
some fixed-point theorems satisfying some generalized contractive conditions in cone b-
metric spaces over Banach algebras.

Reny George et al. [12] defined generalized cone b-metric spaces by replacing b-
triangular inequality in a cone b-metric space with a b-rectangular inequality and proved
basic Banach fixed point theorem on these spaces. Thereafter some fixed-point theorems
([107, [11], [13]) proved under various contractive type conditions.

The main objective of this article is to establish a generalized common fixed-point
theorem for two self-maps that are commuting to each other under the T-Kannan type
contractive condition over a generalized cone b-metric space. We present an example to
illustrate our result. Our main result generalizes many results in generalized cone b-
metric spaces without assuming the normality condition of a cone.

We recall some basic definitions and lemmas required in section 2 and establish main
result in section 3 with suitable example.

2. Preliminaries

Definition 2.1 Let X be a non-empty set. An element % € X is said to be a fixed point of
a self-map I:X - Xif T(x) = x.

Definition 2.2 A result giving a set of conditions on ¥ and X under which ¥ has a fixed
point is known as a fixed-point theorem.

Definition 2.3 (L.G. Huang and X. Zhang. [7]). If E is a real Banach space and P < E,
then P is said to be a cone if it satisfies the following conditions:

(C1) P is a closed and nonempty subset of E with P # {0};
(C2)Ifc,c2>0andX,y € P, thenc1X+ ¢, ¥y € P;

(C3) Intersection of P and — P is {ﬁ}

Definition 2.4 (L.G. Huang and X. Zhang. [7]). A partial-order relation on a cone P
Eis denoted by < and is definedas Sy & y— % € P.

N
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Definition 2.5 (L.G. Huang and X. Zhang. [3]). The interior of a cone P is denoted by
int( ”P)and a partial-order relation << on int( ”P) € Pc Edefined as i << 7 &
v —1 € int( P).
Definition 2.6 (L.G. Huang and X. Zhang. [7]). If X is a non-empty set and a mapping
di: X x X — K satisfies:
(CMS 1) dg(%,7) > 0,V%,y €Xanddp(%,7) =0 = x = y;
(CMS 2) dg(%,7) = dg(7,%), V4,5 € X;
(CMS 3) dg(x,y) S dg(x,2) + dg(2,), V x,9,2 € X,
then dg is called a cone metric on X and (X, d) is called a cone metric space.
Definition 2.7 (A. Azam et al. [1]). If X is a non-empty set and a mapping dg: X x X —
E satisfies:
(CRMS 1) dg(%,7) >0,V %,y € Xand dg(%,7) =0 = % = y;
(CRMS 2) dg(%,y) = dg(y,%),V %,y € X;
(CRMS 3) dg (%, ) S dg(x, ) + dg(, ) + dg(¥,¥), V %, 9,1, v € X with &t # 7,
then dg is called a cone rectangular metric on X and (X, d¢) is called a cone rectangular
metric space.
Definition 2.8 (N. Hussain et al. [9]). If X is a non-empty set and a mapping dg: X x X
— K satisfies:
(CbMS 1) dg(x,y) >0,V %,y € Xand dg(%,y) =0 = x = y;
(CbMS 2) dg(x,y) = dg(7, %),V %,y € X;
(COMS 3) dg (%, ) S b[dg(%,2) + dg(2,9)], V%, 7,2 € X,
then dg is called a cone b-metric on X and (X, dg) is called a cone b-metric space.
Definition 2.9 (R. George et al. [12]). If X is a non-empty set and a mapping dg: X x X
— R satisfies:
(GCbMS 1) dg(k,7) >0,V %,y € Xand ds(%,7) =0 = x = y;
(GCbMS 2) dg(x,y) = dg(7,%),V %,y €X;
(GCbMS 3) dg (%, v) < b[dg(x, 1) + dg (i1, v) + dg (9, ¥)], V %, 9,1, ¥ € X with @t # v,
then dy is called a generalized cone b-metric on X and (X, dg) is called a generalized
cone b-metric space.
Definition 2.10 (R. George etal. [12]). Let (X, dg) be a generalized cone b-metric space.
Then
(1) If for every £ € E with 0 << £, there exists a natural number N such that
dg (%, x) << t, for all n> N, then {x,,} converges to X
(2) If for every £ € E with 0 << £, there exists a natural number N such that
dg (&, %) << £, for all m, n >N, then {%,,} converges to x
(3) If every Cauchy sequence is convergence in (X, dg), then (X, dg) is a complete
generalized cone b-metric space.
Lemma 2.11 (R. George et al. [12]). Let P be a cone and {%,} be a sequence in E. If
t €int (”15) and 0 < %,, - 0 as there exists a natural number N such that for all n > N,
we have %, << f.
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3. Main Result

Theorem 3.1 Let (X, dg) be a generalized cone b-metric space. If the two self-maps f
and T defined on X satisfy the following conditions:

(3.1) dﬁ(zfsc,ﬁy)gy[dﬁ(m,zfx}dﬁ(zy,zfyﬂ Vx,yeX,where,0 <y < —,

(3.2) ¥ is one-to-one mapping and

(3.3) I(X) is a complete subspace of X, then the mapping f has a unique fixed point in X.
Further,

(3.4) If f and T are commutes at the fixed point of f, then there exists a unique common
fixed point of f and ¥ in X.

Pf. Let {y,} be a sequence in X such that y, +1 = fy,, V p=0,1,2, . . .. If Y1 = Y1, for
some natural number m, then y,, = fym, i.e., Y is a fixed point of f in X. Suppose, ¥, #
Vo+1, ¥V p=0,1,2, ..., Then from (3.1) we obtain,

dE[Sy zyj A(mp-pmpj

v[ (Ty,m‘ffy j+dﬁ(fyp,8:fypﬂ
Y

A

v| d, [ )+d (fy,ﬂmﬂ

(o)

A

which implies that, d (Ky ,‘Zypﬂ) Sndg (Ty I,Typj, Vp=12,...,where 0 <
n = — < =. Therefore, by induction, we have,

1_
d; (i v,,% y) NUK (i Y, % yj

Sn'dg (Sj/o,iyl), Vp=12,..., where 0<y <% 3.9

Since, y <# and therefore by using Kannan inequality (3.1) and b-rectangular inequality,
we get,

dE (Ty Sypﬁj i (Sfypl’sfypﬁ)

Sy[dﬁ (T y,mffy,,lj+ dg (5 Vs Ef yﬂ

§y|:dl7: (Typl"zyp)—‘rdﬁ (‘zj}pﬂ’gypﬁ):l
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Sbv[dt (Ty,,l, Typ)+dt (Typ, Ty,ﬁz)ﬂl@ (Ty,ﬁzﬂywﬂ
+Ydﬁ (T»)-}p+l’(z-)-/17+2)

“b (23,050, e (o, w0, [ as o (50,050,

< by[dE (Typl, Typ)+dﬁ (Eyp, Typ+2ﬂ+dﬁ (Typﬂ,fyw)

which implies that,

NN AT,

1 . . . . . .
S —[lmn’ d; (iyo,iyljm” 'dy (Tyo,fylﬂ

1-by
b+n : :
5 P 77pd,:; {:{yoﬂ gyl
1-by
:anpdﬁ(fyo, zylj, (3.6)
/S 0, V p > 1. For the sequence { Ty,}, we consider dg(Ty,, Tp+r) in two

different cases. If n = 2r + 1, where r > 1, then by applying b-rectangular inequality we

d (Ty (Iyp+2)+lj b[dﬁ (Typ"zyp-#l)-i_dk( p+1’ p+2j ( 17+2’Typ+2r+l)j|

<ofa (55,50, )ra (5, y,ﬁzj}bz[dﬁ(sy,,ﬂ,%j
+d, (sm,sm} d, ( Vs TV lﬂ

st (2,3, oy (55,0055, ) [o0) 4 £3,050,,
+d; (‘I y1,+3,‘1j/1)44 ﬂ e +b"dﬁ (S y1}+2r,‘1j/p+2,_+lj

so|wa, w3z, Jera(Twn || e ()

(335 o 2505)
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577” [1+b772 +"':|d]:: (IyOaTylj
+by! |:1+b772 +"':|d1:; (I)}O,‘Z)}l)
= (1+7])b171' |:1+b772 +i|d]:: (‘Zyo,‘zylj

1+ : :
Hence,d, ( p,‘ZypmH) S (%J bu'd, (‘Z Vo TV, j , for all natural numbers p and r.

nzjbn”dﬁ (‘Z)’/O,Tyljﬁo, as
n— . Therefore for some k € int (P), we obtain a natural number M€ N 3

1+ , - » )
(1_1)’;2]1)771% (Tyo,‘fylj<< k,Vp>N,.

Suppose, 0 << k. Since, by* < 1, we notice that ( I+

Thus, d, (sz,,,‘ly,,+z,,+,)§[ an )bi] d., (Tj}o,‘l"jzlj <<k,Vp>Nyandr>1.
—on
Suppose, p = 2r, for r > 1. Since, by* < 1 and by using inequalities (3.5) and (3.6) we get,

d]‘i‘ (Typ’rsyp+2rj <b[dt (‘Iyp’rsypﬂj-‘rdﬁ (‘Sy17+l’zyp+2j+dﬁ (‘Zyp+2"zy]7+2rji|
b ( p’ p+lj+d (gyp+l":yp+2ji| |:df2(gyp+2":yp+3j
( p+3":yp+4j+d (gy17+4"zyp+2rji|

d.

+

g

[

d. (T YT )}...Hrl [dﬁ(z .+ M}j

de[ Ty 0T 1,+2,_2j+dt (Ty1,+2,._25y,,+z,ﬂ

b[d (Syp,iyp+l)+d (syw],sywzj}bz[dﬁ(%pm%pﬂ)
(5 j}[(j

U TR NN

b dg ( p’ p+lj+dﬁl(§yp+l’r£yp+2jj| [dﬁ(gyp+2’gyp+3j

+

+

d;| Ty

+

438



Common fixed points of self-maps over the generalized cone b-metric spaces
S b[n”dﬁ (mm} n"'d, (m T ﬂ +’ {nl’”dt (f yo,mj
+7"d, (z 70,5y, ﬂ oty [w*”“‘dﬁ (s 70, % ylj
", (s Yo T ﬂ b an” (3 V0T yl)

Sy [1+by” +--]dy (Eyo,iylj
+byp” [+ by* ++--]dy (z Yo TV, j +b " an" (z Y9, % ylj

=(1+n)bn" [1+bn2 + ]dE (‘Z}O,Tj}lj+b”an“2"2dﬁ (‘Iyo,‘fylj

l+7
1-bn’

Thatis,d (s v,,% ywj < ( jbn”dﬁ (‘: Ve, TV, j b an (iyo’ gylj

X . . l . .
Le., dg (3 )’pas)’pmj S (I_Jr—b];ﬁ b an™ an”dﬁ (‘Z yo,iylj, for all natural numbers

p and r, where a > 0.
Suppose, 0 <<t Since, by? < 1, we obtain that

1 : : - P
(1 -;772 +b an’? an”dﬁ (Z yO,Tylj — 0, as p — . Therefore, for any £ € int (P), we
—bn

2

. 1 ) . . n
obtain NzENB(l ;77 +b"2a772"3Jb77”dE(‘Zyo,iylj<<t, Vp > N, r > 1 and

b+77 ) ) 1+77 r—. r— ) ) "
l_bnzo. Thus, dﬁ(‘Zyp,in,_jg(l_bnz+b 2@(772 2jbnpdﬁ(zy0’gylj_<_<z’

Vp > N> and r > 1. Let No = max {Ni, N>}. Thus for each £ € Int (P), we get,
dﬁ(syp,syw)«k, Vp>Noand n> 1.

Hence in both cases, { Iy, is a Cauchy sequence in X. By the hypothesis we have, I(X)

is a complete subspace of X, therefore 3z € T(X) 3 limT y per = 1im Tf y p = z. Here, we
p—o® po©

c(l-by)

find y € X 3 z=%y. Suppose, 0 << T. we find N3, N4€ N 3d, (Sj}p,zj == "

c(l-by)
2b(1+7)
rectangular inequality and (3.5) we obtain,

Vp>Nsand d; (s v, y) << , Vp>Ns. Let N=max {Ns, Na}. Using b-
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d; (z,‘lfyj < b[dE (z,‘lypj+dﬁ (Typ,i?fyp}dﬁ (Zf y,,%f yﬂ
bd, (z,‘lypj+bdE (‘Zyﬂ,iypﬂj +by{dt (Syﬁ,ifyp)+dt (Ey,ifyﬂ
bd, (z,iyp}rbdt (Eyp,iyml}rby{dt (Syﬂ,iylmj+dﬁ (Z,Sfyﬂ

Hence, d; (Z,Tf yj < ﬁ{bdﬁ (Z,Tynj+b(l +v)d; (T yp,iywlﬂ == §+§= c,Vp= L
- oy

AN

Thus d; (2,55fj/j—<-< k, Y& € Int (P), since ¢ is any arbitrary in Int (P), we get

d; (z,%f j/) =0. Thatis, Tf y =Fy = Z. Since T is one-to-one it implies that y = fy,
i.e., there exists a fixed point y € X. Suppose ¥’ € X is also a fixed point of f, i.e., y' =
fy’. Therefore, by using Kannan Contraction (3.1), we get,

d, (xy,zy j =dﬁ(ify,‘3fy J < y{dﬁ [zy,syj+dﬁ[zy Ty H = 0,and hence we

get, Ty = Iy'. Since T is one-to-one mapping, we get that y = y'. Since, the two self-
maps f and T are commute at the fixed point y of f, we get that, {Ty =Zfy, i.e, {Ty =
Ty, i.e., Ty is also a fixed point of {. Since, we know that { has a unique fixed point,
therefore Ty =y and hence Ty = fy = y. Therefore, there exists a unique common fixed
pointy € Xoffand X. O

Put T =3, the identity mapping of X in Theorem 3.1, we get the following
corollary.
Corollary 3.2 If a self-map f: X — X defined on a complete generalized cone b-metric
space (X,dg) satisfying an inequality:

dg (%, 79) Sy [dg (&, 10) + de (7,191,

Vi,yeX, 0<y< # and b > 1, then there exists a unique fixed point of f in X.

We illustrate our main theorem 3,1 with the following example.

Example 3.3 Suppose X = AUB, if A = {0}U {%:n € {2,3,4}} and B =[1,2], E=

Ca(X), P={f:f(%)>0, x€ X } c E, It is known that P is a cone in E. Define dg: X x
X — K asdg (£, $)=dg (8, £), VE, $ € X and
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1 11 :
dﬁ(o,_j:dﬁ(_,_jzow;

2 3 4

1 11
dﬁ(o,_j:dﬁ(_,_j:o.w.

3 4 2

1 11 :
d.| 0,— |=d.| —,— |=0.02¢";
( 4) E[z 3j

d; (t,sj = t—s [ e*, otherwise,

Here e* € K. Then X, dg) is neither a cone metric space, since, dg (0, é) =0.06 e* >
dg (0, %) +dg G, §)= 0.03 eX +0.02 eX =0.05 e* nor a cone rectangular metric space,

. : 1 11 1 : : ;
since, di(0, 1) = ¢ > dg (1.2)+ds (5, _5) +dg(5,0) =0.25 e¥ +0.02 ¥ +0.06e*
=0.33 e*. However, it is easy to see that (X, dg) is a complete generalized cone b-metric

space with coefficient b=4 > 1.
Further, let f and ¥: X — X be the mappings defined by:

1 . .
xeA

o

, xeB

D= o= &

—X, Xe{O}u{l:n 6{2,4}}
: n
and T (x) =
5, xe su{l}
3
We observe that I is one-to-one and self-maps | and I are satisfying Kannan type
contraction (3.1) with y = 15 Suppose X € A and y € B. Therefore, dg (Tfx, Ify) =
1 1 1 v . 1 . ,
dg (SZ ()= (E)) =d; (3,0)=0.02 e*. Suppose & € {0}U{>:n € {2,4}} and y €B.
Therefore, dg(T#, Tf%) + de(Ty, TH) = dg (Ix T (i)) +dg (zy, T (%)) =d (5 -
X, %) + di(y,0). Then clearly, we can find y = 35 € (O, %) satisfying ¥-Kannan type
contractive condition (3.1).
. 1 . 1 1 1
Suppose x € {0}U {; me {2,4}} andy € {;} Therefore we can findy = S € (0, —)

4
satisfying T-Kannan type contractive condition (3.1). Similarly in all other cases, f

satisfies T-Kannan type contractive condition (3.1). Thus f satisfies all the conditions of
Theorem 3.1 and there exists a unique fixed point % € X of f. Finally, f and T are

commuting at% € X, and hence x = % € X is a unique common fixed point of the self-maps
f and T. However, f does not satisfy I-contractive condition of Corollary 3.2 at x =
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Oandy =1 as ds(fz, i) = dg((0),7(1)) = dg (%%) =006 e* > [ds (k) +
dg(3,1)] = £ [de(0,7(0)) + dg(1,7(1)] = £ [dg (0.3) + d (1,5)] = 0.054e*

2

4 Discussion and Conclusions

In Theorem 3.1 we have constructed a common fixed-point theorem for two self-
maps that are commuting to each other under the T-Kannan-type contractive condition
over a generalized cone b-metric space without assuming the normality condition of a
cone. If we put ¥ = S, the identity mapping of X in Theorem 3.1, we get the fixed-point
theorem as corollary 3.2. We have also given an example 3.3 which satisfies all the
conditions of our main result. Our result is generalized and extended to many recent
results. Our result may be the vision for other authors to extend and improve many results
in generalized cone b-metric spaces.
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