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Abstract

Decomposition of arbitrary graphs into subgraphs of small size is as-
suming importance in the literature. There are several studies on the
isomorphic decomposition of graphs into paths, cycles, trees, stars,
sunlet etc. Fork is a tree obtained by subdividing any edge ofa star
of size three exactly once. In this paper, we investigate thenecessary
and sufficient for the fork-decomposition of Strong productof graphs.
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1 Introduction

We consider only simple, finite and undirected graphs. LetKn denote the
complete graph onn vertices andKm,n denote the complete bipartite graph with
parts of sizesm andn. Let Pk denote the path of lengthk − 1 andSk denote the
star of sizek−1. LetL = {H1, H2, ..., Hr} be a family of subgraphs ofG. An L-
decomposition ofG is an edge-disjoint decomposition ofG into positive integers
αi copies ofHi wherei ∈ {1, 2, ..., r}. Furthermore, if eachHi(i ∈ {1, 2, ..., r})
is isomorphic to a graphH, then we say thatG has anH-decomposition. The ob-
vious necessary condition for the existence of a{H1, H2, ..., Hr} - decomposition
of G is

r
∑

i=1

αie(Hi) = e(G) (1)

We call this equation as necessary sum condition.
Terms not defined here are used in the sense of Bondy and Murty Bondy and

Murty [2008].
Decomposition of arbitrary graphs into subgraphs of small size are assum-

ing importance in the literature. There are several studieson the isomorphic de-
composition of graphs into paths qing Zhai and hong Lu [2006], Kumar [2003],
cycles Alspach and Gavlas [2001], trees Barat and Gerbner [2014], stars Zhao
and Wu [2015], sunlet Akwu and Ajayi [2013] etc. The general problem ofH-
decompositions was proved to be NP-complete for any H of sizegreater than 2 by
Dor and Tarsi Dor and Tarsi [1997].

Fork is a tree obtained by subdividing any edge of a star of size three exactly
once. A tree with degree sequence(1, 1, 1, 2, 3) is unique and is nothing but the
fork defined above. This graph was defined by Simone and Sassano in the name
of chair graphin 1993, when they studied the stability number of bull and chair-
free graphs Simone and Sassano [1993]. In 2014, Barat and Gerbner Barat and
Gerbner [2014] studied decomposition of 191-edge connected graphs which can
be decomposed into forks as a possible attempt to solve the following conjecture:
Conjecture 1. Barat and Thomassen [2006] For each treeT , there exists a natural
numberkT such that the following holds: ifG is a kT -edge-connected simple
graph such that|E(T )| divides|E(G)|, thenG has a T-decomposition.

The edge-connectivity constants in the solved cases of Conjecture 1 are seem-
ingly far from best possible. There is very little known about lower bounds. This
motivated us to concentrate on strong product graphs which have lower edge-
connectivity.

If a graphG admits aH-decomposition, then|E(H)| divides |E(G)|. Since
the size of a fork is 4, for a fork-decomposition the obvious necessary condition
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is
|E(G)| ≡ 0 (mod 4) (2)

In Devi and Joseph [2013] they studied theP4 Decomposition of Product
graphs. Decomposition of complete bipartite graphs, complete graphs and corona
graphs into Fork was studied in Joseph and Issacraj [2022]. Fork-decomposition
of cartesian product and direct product of graphs were studied in Issacraj and
Joseph [2023] & Issacraj and Joseph [2022] respectively. Inthis paper, we inves-
tigate the decomposition of strong product of graphs into forks.

Definition 1.1. Hammack et al. [2011] The strong product ofG and H is the
graph denoted asG ⊠ H, and defined byV (G ⊠ H) = {(g, h)/g ∈ V (G) and
h ∈ V (H)}, E(G⊠H) = E(G2H)∪E(G×H). The number of edges inG⊠H
is |V (G)||E(H)| + |V (H)||E(G)| + 2|E(G)||E(H)|.

Notation 1.1. We observe thatK2 ⊠ K2 = K4. The product ofK2 with itself
produces the shape⊠. This explains the reason behind the symbol for this product.

The following results are used in the subsequent section.

Theorem 1.1. Joseph and Issacraj [2022] The complete bipartite graphKm,n is
fork-decomposable if and only ifmn ≡ 0 (mod 4) exceptK2,4i+2(i = 1, 2, ...).

Theorem 1.2. Joseph and Issacraj [2022]Cn ◦ Km is fork-decomposable if and
only if m = 1 andn = 2k or m = 3.

Theorem 1.3. Issacraj and Joseph [2023]Pn2Pm is fork-decomposable if and
only if m ≡ n (mod 4) wheren ≤ m.

Theorem 1.4.Issacraj and Joseph [2023] The graphKm2Pn is fork-decomposable
if it satisfies any one of the following conditions.

1. m ≡ 0 (mod 8)

2. n ≡ 0 (mod 2) andm ≡ 0 (mod 4)

3. n ≡ 2 (mod 4) andm ≡ 2 (mod 4)

4. n ≡ 3 (mod 4) andm ≡ 5 (mod 8)

5. n ≡ 1 (mod 4) andm ≡ 1 (mod 8)

Theorem 1.5.Issacraj and Joseph [2023] The graphKm2Cn is fork-decomposable
if and only if it satisfies any one of the following conditions.

1. n is even andm ≡ 0 (mod 4) or m ≡ −1 (mod 4)
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2. n is odd andm ≡ 0 (mod 8) or m ≡ −1 (mod 8)

3. n ≡ 0 (mod 4)

Theorem 1.6. Issacraj and Joseph [2022] Form,n ≥ 3, Pm × Pn is fork-
decomposable if and only if(m − 1)(n − 1) is a multiple of 4.

Theorem 1.7.Issacraj and Joseph [2022] Form ≥ 3, Km×Pn is fork-decomposable
if and only if

1. n is even andm = 4k or 4k + 1.

2. n is odd.

Theorem 1.8.Issacraj and Joseph [2022] Form ≥ 3, Km×Cn is fork-decomposable
if and only if

1. n is odd andm = 4k or 4k + 1.

2. n is even.

In this paper, we investigate the necessary and sufficient condition for the de-
composition of strong product of graphs into forks.

2 Strong product of two paths

In this section, we investigate the necessary and sufficientcondition for the
decomposition of strong product of paths into forks. First let us see an example
for the fork-decomposition of strong product of paths.

Example 2.1.P2 ⊠ P4 is fork-decomposable.

Proof. Let V (P2) = {x1, x2} andV (P4) = {y1, y2, y3, y4}. ThenV (P2 ⊠ P4) =
{(x1, y1), (x1, y2), (x1, y3), (x1, y4), (x2, y1), (x2, y2), (x2, y3), (x2, y4)}. Rename
the vertices(x1, yi) = ui, and(x2, yi) = vi, for all 1 ≤ i ≤ 4. Fork-decomposition
of P2 ⊠ P4 is given in Figure 1.

v1 v2 v3 v4

u1 u2 u3 u4

Figure 1:P2 ⊠ P4
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The following two lemmas are needed for proving the theorem.

Lemma 2.1. For m ≥ 2, P2 ⊠ Pm is fork-decomposable if and only ifm ≡
0 (mod 4).

Proof. Total number of edges inP2 ⊠ Pm is 5m − 4. If P2 ⊠ Pm is fork - decom-
posable, then5m − 4 ≡ 0 (mod 4). This implies thatm ≡ 0 (mod 4).

Conversely, assume thatm ≡ 0(mod 4).
Let V (P2) = {x1, x2} andV (Pm) = {y1, y2, . . . , ym}. ThenV (P2 ⊠ Pm) =

{(x1, y1), (x1, y2), . . . , (x1, ym), (x2, y1), (x2, y2), . . . , (x2, ym)}. Rename the
vertices(x1, yi) = ui, and(x2, yi) = vi, for all 1 ≤ i ≤ m.

If m = 4, P2 ⊠ P4 is fork-decomposable by Example 2.1.
Fork-decomposition of the graph obtained after removingP2 ⊠ P4

from P2 ⊠ Pm is given by {u4i+1v4i, u4i+1v4i+1, u4i+1v4i+2, v4i+2u4i+2},
{v4i+1u4i, v4i+1v4i, v4i+1v4i+2, u4iu4i+1}, {u4i+2u4i+1, u4i+2v4i+1, u4i+2v4i+3,
v4i+3v4i+2}, {u4i+3u4i+2, u4i+3v4i+3, u4i+3v4i+4, v4i+4v4i+3}, {u4i+4v4i+4,
u4i+4v4i+3, u4i+4u4i+3, u4i+3v4i+2}, for 1 ≤ i ≤ m−4

4
. Hence the graphP2 ⊠ Pm

is fork-decomposable.

Lemma 2.2. For m ≥ 2, P4 ⊠ Pm is fork-decomposable if and only ifm ≡
2 (mod 4).

Proof. Let G = P4 ⊠ Pm. Total number of edges inP4 ⊠ Pm is 17m − 10.
If G is fork-decomposable, then17m − 10 ≡ 0 (mod 4) which implies that
8(2m − 1) + m − 2 ≡ 0 (mod 4). Then,m − 2 ≡ 0 (mod 4). This implies
thatm ≡ 2 (mod 4).

Conversely, assume thatm ≡ 2 (mod 4).
Let V (P4) = {x1, x2, x3, x4} andV (Pm) = {y1, y2, . . . , ym}. ThenV (P4 ⊠

Pm) = {(x1, y1), (x1, y2), . . . , (x1, ym), (x2, y1), (x2, y2), . . . , (x2, ym), (x3, y1),
(x3, y2), . . . , (x3, ym), (x4, y1), (x4, y2), . . . , (x4, ym)}.
Rename the vertices(x1, yi) = ai, (x2, yi) = bi, (x3, yi) = ci and(x4, yi) = di,
for all 1 ≤ i ≤ m.

For m = 2. The graph is isomorphic toP2 ⊠ P4 which is fork-decomposable
by Lemma 2.1. LetH1 be the graph obtained by removingP4 ⊠P2 from P4 ⊠Pm.
Then a fork-decomposition ofH1 is given by{ai+1ai, ai+1bi+1, ai+1ai+2, bi+1ci},
{biai+1, bibi+1, bici+1, bi+1ai}, {di+1di, di+1ci+1, di+1ci+2, bi+1ci+1},
{ci+1ci, ci+1di, ci+1ci+2, ci+2bi+1}, {bi+2ai+1, bi+2bi+1, bi+2ci+1, bi+1ai+2},
{di+2ci+1, di+2di+1, di+2ci+3, di+1ci}, {ai+2ai+3, ai+2bi+2, ai+2bi+3, bi+2ci+2},
{ci+2bi+3, ci+2ci+3, ci+2di+2, bi+3bi+2}, {di+3ci+2, di+3ci+3, di+3di+4, ci+3bi+3},
{ai+3bi+2, ai+3bi+3, ai+3bi+4, bi+2ci+3}, {ai+4ai+3, ai+4bi+3, ai+4bi+4, bi+3ci+4},
{bi+4bi+3, bi+4ci+3, bi+4ci+4, ci+3di+4}, {ci+4ci+3, ci+4di+3, ci+4di+4, di+3di+2},
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for i ≡ 2 (mod 4). G = H1 ∪ (P4 ⊠ P2). SinceH1 and P4 ⊠ P2 are fork-
decomposable,G is fork-decomposable.

In the following theorem, we investigate the necessary and sufficient condition
for the fork-decomposition of strong product of paths.

Theorem 2.1. For m,n ≥ 2, Pm ⊠ Pn is fork-decomposable if and only if it
satisfies any one of the following conditions:

1. m ≡ 0 (mod 4) andn ≡ 2 (mod 4)

2. m ≡ 1 (mod 4) andn ≡ 1 (mod 4)

3. m ≡ 3 (mod 4) andn ≡ 3 (mod 4).

Proof. Total number of edges inPm ⊠Pn is n(m−1)+m(n−1)+2(m−1)(n−
1) = 4mn − 3(m + n) + 2.

If Pm ⊠Pn is fork-decomposable, then4mn−3(m+n)+2 must be a multiple
of 4. That means3(m + n)− 2 must be a multiple of4. Then3(m + n)− 2 = 4p,
wherep is any arbitrary positive integer. Then3(m + n) = 4p + 2 = 2(2p + 1)
which implies thatm + n must be even. Hencem and n must be both even
or both odd. Let the values ofm and n be (4k, 4k + 1, 4k + 2, 4k + 3) and
(4l, 4l + 1, 4l + 2, 4l + 3) respectively. Ifm is 4k thenn can take the values4l or
4l + 2. If m is 4k + 1 thenn can take the values4l + 1 or 4l + 3. If m is 4k + 2
thenn can take the values4l or 4l + 2. If m is 4k + 3 thenn can take the values
4l + 1 or 4l + 3.

Supposem = 4k andn = 4l, then3(m+n)−2 = 3(4k+4l)−2 = 12(k+l)−2
which is not a multiple of4. Hence this condition does not hold.

Supposem = 4k andn = 4l + 2, then3(m + n)− 2 = 3(4k + 4l + 2)− 2 =
12(k+l)+6−2 which is a multiple of4. Hencem ≡ 0 (mod 4) andn ≡ 2 (mod 4)
which is a condition1.

Supposem = 4k+1 andn = 4l+1, then3(m+n)−2 = 3(4k+1+4l+1)−2 =
12(k+l)+6−2 which is a multiple of4. Hencem ≡ 1 (mod 4) andn ≡ 1 (mod 4)
which is a condition2.

Supposem = 4k+1 andn = 4l+3, then3(m+n)−2 = 3(4k+1+4l+3)−2 =
12(k + l) + 12 − 2 which is not a multiple of4. Hence this condition does not
hold.

Supposem = 4k+2 andn = 4l+2, then3(m+n)−2 = 3(4k+2+4l+2)−2 =
12(k + l) + 12 − 2 which is not a multiple of4. Hence this condition does not
hold.

Supposem = 4k+3 andn = 4l+3, then3(m+n)−2 = 3(4k+3+4l+3)−2 =
12(k + l) + 18 − 2 which is a multiple of4. Hencem ≡ 3 (mod 4) andn ≡
3 (mod 4) which is a condition3.
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Now we shall prove the converse part.

Let V (Pm) = {x1, x2, . . . , xm} andV (Pn) = {y1, y2, . . . , yn}.

ThenV (Pm ⊠ Pn) = {(x1, y1), (x1, y2), . . . , (x1, ym), (x2, y1), (x2, y2), . . . ,
(x2, ym), . . . , (xn, y1), (xn, y2), . . . , (xn, ym)}. Rename the vertices(xi, yj) =
uij, for all 1 ≤ i ≤ m and1 ≤ j ≤ n.

Supposem ≡ 0 (mod 4) andn ≡ 2 (mod 4). The induced subgraph〈xi1, xi2,
. . . , xin〉 i = 1, 2 is isomorphic toP2⊠Pn which is fork-decomposable, by Lemma
2.1. The induced subgraph〈xi1, xi2, xi3, xi4, x(i+1)1, x(i+1)2, x(i+1)3, x(i+1)4, . . . ,
x(i+4)1, x(i+4)2, x(i+4)3, x(i+4)4〉,−〈xi1, xi2, xi3, xi4〉, i ≡ 2 (mod 4) is isomorphic
to H1 (given in Lemma 2.2) which is fork-decomposable.

After removingP2 ⊠ Pn andH1 from Pm ⊠ Pn, the graphH2 given in the
figure 2 is obtained.

xm4 xm5 xm6 xm7 xm8 xm(n−2) xm(n−1) xmn

x(m−1)4

x(m−1)5 x(m−1)6 x(m−1)7 x(m−1)8 x(m−1)(n−2) x(m−1)(n−1) x(m−1)n

x64
x65 x66 x67 x68 x6(n−2) x6(n−1)

x6n

x54
x55 x56 x57

x58
x5(n−2) x5(n−1)

x5n

x44
x45 x46 x47

x48
x4(n−2) x4(n−1)

x4n

x34
x35 x36 x37

x38
x3(n−2) x3(n−1)

x3n

x24 x25 x26 x27 x28 x2(n−2) x2(n−1) x2n

b

b

b

b

b

b

b

b

b

b b b

b

b

b

b b b

b b b

Figure 2: The graphH2.

The graphH2 can be decomposed intoPm−1 × Pn−3 and collection of forks
{xi(j+1)xij, xi(j+1)x(i−1)(j+1), xi(j+1)xi(j+2), xi(j+2)x(i−1)(j+2)} where i = 3, 4,
. . . ,m, j ≡ 0 (mod 2), 4 ≤ j ≤ m − 2. The graphPm−1 × Pn−3 is fork-
decomposable by Theorem 1.6, sincem − 1 ≡ 0 (mod 4) ⇒ m ≡ 1 (mod 4)
andn − 3 − 2 ≡ 0 (mod 4) ⇒ n ≡ 5 (mod 4) ⇒ n ≡ 1 (mod 4). The graph
Pm ⊠ Pn = (P2 ⊠ Pn) ∪ H1 ∪ H2 and hencePm ⊠ Pn is fork-decomposable.

The graphPm ⊠ Pn = (Pm2Pn) ∪ (Pm × Pn). By Theorem 1.3 and 1.6,
Pm ⊠ Pn is fork-decomposable for conditions (2) and (3).
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3 Strong product of path and cycle

In the following theorem, we investigate the necessary and sufficient condition
for the decomposition of strong product of path and cycle into forks.

Theorem 3.1. For m ≥ 3, Cm ⊠ Pn is fork-decomposable if and only ifm ≡
0 (mod 4).

Proof. Total number of edges inCm ⊠ Pn is 4mn − 3m.
If Cm ⊠ Pn is fork-decomposable, by Equation (2)4mn − 3m ≡ 0 (mod 4).

This implies thatm(4n − 3) ≡ 0 (mod 4). Then,m ≡ 0 (mod 4) or 4n − 3 ≡
0 (mod 4). The second condition does not hold and hencem ≡ 0 (mod 4).

Conversely, assume thatm ≡ 0 (mod 4).
First let us prove thatCm ⊠ P2 is fork-decomposable.
Let V (Cn) = {w1, w2, . . . , wn} and V (P2) = {x1, x2}. Then V (Cm ⊠

P2) = {(w1, x1), (w2, x1), . . . , (wn, x1), (w1, x1), (w2, x2), . . . , (wn, x2)}. Re-
name the vertices(wj, x1) = uj, (wk, x2) = vk, 1 ≤ j, k ≤ m. Then the fork-
decomposition ofCm ⊠ P2 is given by{uivi, uivi+1, uivi−1, vi+1ui+1}, {vivi+1,
viui−1, vivi−1, ui−1ui}, {ui+1ui, ui+1vi, ui+1vi+2, vi+2vi+3}, {ui+2ui+1, ui+2vi+2,
ui+2vi+3, vi+2vi+1}, {ui+3ui+2, ui+3vi+3, ui+3vi+2, ui+2vi+1} for i ≡ 1 (mod 4).
The subscripts are taken modulom.

The graphCm ⊠ Pn can be decomposed into one copy ofCm ⊠ P2 andn − 3
copies ofCn◦K3. Cn◦K3 is fork-decomposable by Theorem 1.2. HenceCm⊠Pn

is fork-decomposable.

In the following theorem, we investigate the necessary and sufficient condition
for the decomposition of strong product of cycles into forks.

Theorem 3.2. For m,n ≥ 3, Cm ⊠ Cn is fork-decomposable for all values ofm
andn.

Proof. Total number of edges inCm ⊠ Cn is 4mn. If Cm ⊠ Cn is fork - decom-
posable, then|E(Cm ⊠ Cn)| satisfies Equation (2) for all values ofm andn.

The graphCm ⊠ Cn can be decomposed inton copies ofCn ◦ K3. Cn ◦ K3 is
fork-decomposable by Theorem 1.2. HenceCm ⊠ Cn is fork-decomposable.

4 Strong product of complete graph and path

In the following theorem, we state the necessary and sufficient condition for
the fork-decomposition of strong product of complete graphand path.

Theorem 4.1. The graphKm ⊠ Pn if fork-decomposable if and only if satisfies
any one of the following conditions:
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1. m ≡ 0 (mod 8)

2. n ≡ 1 (mod 4) andm ≡ 1 (mod 8)

3. n ≡ 2 (mod 4) andm ≡ 0 (mod 4)

4. n ≡ 3 (mod 4) andm ≡ 5 (mod 8)

5. n ≡ 0 (mod 4) andm ≡ 0 (mod 2)

Proof. Total number of edges inKm ⊠ Pn is m(n − 1) + n
(

m(m−1)
2

)

+

2(n − 1)
(

m(m−1)
2

)

= 3m2n−2m2
−mn

2
= m

2
(m(3n − 2) − n) .

If the graph Km ⊠ Pn is fork - decomposable, then by Equation (2),
m
2

(m(3n − 2) − n) ≡ 0 (mod 4). That is,

m(m(3n − 2) − n) ≡ 0 (mod 8) (3)

Clearly, it satisfiesm ≡ 0 (mod 8) which is a condition (1).
Assume thatn ≡ 0 (mod 4). That isn = 4k, wherek is any arbitrary positive

integer. Then (3)⇒ m(m(12k−2)−4k) ≡ 0 (mod 8) ⇒ m(m(6k−1)−2k) ≡
0 (mod 4) ⇒ m2(6k − 1) − 2km ≡ 0 (mod 4). Clearly,2km is even and6k − 1
is odd. Hencem2 must be even. That ism ≡ 0 (mod 2), which is a condition (5).

Assume thatn ≡ 1 (mod 4). That isn = 4k + 1, wherek is any arbitrary
positive integer. Then (3)⇒ m(m(12k + 3 − 2) − 4k − 1) ≡ 0 (mod 8) ⇒
m2(12k+1)−4mk−m ≡ 0 (mod 8) ⇒ 12m2k+m2−4mk−m ≡ 0 (mod 8) ⇒
4mk(3m−1)+m(m−1) ≡ 0 (mod 8). Clearly,4mk(3m−1) ≡ 0 (mod 8), since
m(3m − 1) is even. Som(m − 1) ≡ 0 (mod 8). That impliesm ≡ 0 (mod 8),
which is a condition (1) andm ≡ 1 (mod 8) which is a condition (2).

Assume thatn ≡ 2 (mod 4). That isn = 4k + 2, wherek is any arbitrary
positive integer. Then (3)⇒ m(m(12k + 6 − 2) − 4k − 2) ≡ 0 (mod 8) ⇒
m(m(12k+4)−4k−2) ≡ 0 (mod 8) ⇒ m(4(m(3k+1)−k)−2) ≡ 0 (mod 8) ⇒
m(12mk + 4m− 4k− 2) ≡ 0 (mod 8) ⇒ m(6mk + 2m− 2k− 1) ≡ 0 (mod 4).
Clearly,m ≡ 0 (mod 4), since6mk + 2m − 2k − 1 is odd, which is a condition
(3).

Assume thatn ≡ 3 (mod 4). That isn = 4k + 3, wherek is any arbitrary
positive integer. Then (3)⇒ m(m(12k + 9 − 2) − 4k − 3) ≡ 0 (mod 8) ⇒
m(m(12k + 7)− 4k − 3) ≡ 0 (mod 8) ⇒ 12mk + 7m− 4k − 3 ≡ 0 (mod 8) ⇒
8mk+4mk−4k+8m−8−m+5 ≡ 0 (mod 8) ⇒ 4k(m−1)−m+5 ≡ 0 (mod 8).
Clearly,m is odd and it satisfies whenm ≡ 5 (mod 8) which is a condition (4).
Conversely,

1. The condition (1) is proved by using conditions 1.4 (1) and1.7 (1) and (2).
2. The condition (2) is proved by using conditions 1.4 (5) and1.7 (2).
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3. The condition (3) is proved by using conditions 1.4 (2) and1.7 (1).
4. The condition (4) is proved by using conditions 1.4 (4) and1.7 (2).
5. Considern ≡ 0 (mod 4) andm ≡ 0 (mod 2). The case (5) can be stated

into two subcases asn ≡ 0 (mod 4), m ≡ 0 (mod 4) andn ≡ 0 (mod 4), m ≡
2 (mod 4). Forn ≡ 0 (mod 4), m ≡ 0 (mod 4), Km ⊠ Pn is fork-decomposable
by 1.4 (2) and 1.7 (1).

Now, let us prove the result forn ≡ 0 (mod 4), m ≡ 2 (mod 4). Consider
Km ⊠ P4. For m = 2, the graphK2 ⊠ P4 is fork-decomposable by Lemma 2.1.
Km ⊠ P4 can be decomposed into one copy ofK2 ⊠ P4 and 10 copies ofK2,m−2.
K2,m−2 is fork-decomposable by Theorem 1.1.Km ⊠ Pn can be decomposed into
n
4

copies ofKm ⊠ P4 and n
4
− 1 copes ofKm,m which is fork-decomposable by

Theorem 1.1.

5 Strong product of complete graph and cycle

In the following theorem, we state the necessary and sufficient condition for
the fork-decomposition of strong product of complete graphand cycle.

Theorem 5.1. The graphKm ⊠ Cn if fork-decomposable if and only if satisfies
any one of the following conditions.

1. n ≡ 0 (mod 4)

2. m ≡ 0, 3 (mod 8)

3. m ≡ 4, 7 (mod 8) andn ≡ 0 (mod 2)

Proof. Total number of edges inKm ⊠ Pn is mn(3m−1)
2

.

If the graphKm ⊠ Cn is fork-decomposable, thenmn(3m−1)
2

satisfies Equation
(2).This implies thatmn(3m− 1) = 8k, wherek is any arbitrary positive integer.
Hence our possibilities arem = 8k or n = 8k or 3m − 1 = 8k or n andm are
even.

m = 8k, is the first part of condition (2).
Clearly,m(3m − 1) is even and hencen = 4k which is a condition (1).
Consider3m − 1 = 8k which impliesm = 8k+1

3
. Sincem is an integer,

m ≡ 3 (mod 8), which is a second part of condition (2).
Let m andn are even and considern ≡ 0 (mod 2). Thenm(m − 1) is a

multiple of 4 which implies that eitherm = 4k or 3m − 1 = 4k. If m = 4k,
m ≡ 0 (mod 4), which is a first part of condition (3).

Also if, 3m − 1 = 4k which impliesm = 4k+1
3

. Sincem is an integer,m
takes the values3, 7, 11, 15, 19, . . . . Hencem ≡ 3 (mod 4). This congruence can
be stated in two ways asm ≡ 3 (mod 8) andm ≡ 7 (mod 8). The condition
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m ≡ 3 (mod 8) is satisfied for alln which is a condition 2. Hence whenn ≡
0 (mod 1). we havem ≡ 7 (mod 8), which is the second part of condition (3).
Conversely,

1. Considern ≡ 0 (mod 4). This condition is satisfied by using conditions 1.5
(3) and 1.8 (2).

2. Considerm ≡ 0, 3 (mod 8). Considerm ≡ 0 (mod 8). This condition
is satisfied by using conditions 1.5 (3) and 1.8 (2). Considerm ≡ 3 (mod 8).
The graphKm ⊠ Cn can be decomposed intoKm−3 ⊠ Cn, K3 ⊠ Cn andn copies
of K3,3(m−3). K3 ⊠ Cn is fork-decomposable by Theorem 3.2 andK3,3(m−3) is
fork-decomposable by Theorem 1.1.

3. Considerm ≡ 4, 7 (mod 8) andn ≡ 0 (mod 2). Considerm ≡ 4 (mod 8).
This condition is satisfied by using conditions 1.5 (1) and 1.8 (2). Considerm ≡
7 (mod 8). This condition is satisfied by using conditions 1.5 (1) and 1.8 (2).

6 Discussion and Conclusion

In this paper, we have reviewed the literature on decomposition of graphs
with special reference to the subgraph fork. Fork-decomposition of 191-edge
connected graphs has already been studied in the literature. But this constant
is far from best possible. Very little is known about lower bounds. In this pa-
per, we have investigated and characterized some class of lower edge connec-
tivity graphs for fork-decomposition. In Section 2, we havecharacterized the
fork-decomposition of strong product of two paths. In Section 3, we have char-
acterized the fork-decomposition of strong product of pathand cycle and strong
product of two cycles. In Section 4, we have characterized the fork-decomposition
of strong product of complete graph and path. In Section 5, wehave characterized
the fork-decomposition of strong product of complete graphand cycle. A similar
characterization for fork-decomposition ofG⊠H whereG,H ∈ {Kn, Km,n,Wn}
seems to be an interesting open problem for further research.
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