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Abstract

The main goal of this paper is to establish two results in fuzzy menger
space by using property-(E.A), (E.A) like property and occasionally
weakly compatible mappings. Furthermore these results are justified
with proper examples.These are generalization of the theorem proved
by Diwan and others.
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1 Introduction

Menger space is one of the metric space generalizations. It is coined by
Menger and Sklar [1959]. After words the effort of Karl Menger and Sklar [1960]
the topology is generated with the neighborhood concept in menger space. It is
rapidly growing and attracted many researchers. After introducing the concept of
fuzziness by Zadeh [1978] we get various definitions on fuzzy metric space among
one definition is popular which is proposed by George and Veeraman [1994] et al.
By inserting the probabilistic notion into fuzzy metric space leads to generation
of fuzzy menger space coined by Shrivastav and Dhagat [2013] et al. which is
well suited for investigating physical quantities in different fields like partial dif-
ferential equations, random differential, integral equations and integro-differential
equations. Because of various applications, usefulness and simplicity it becomes
very popular tool to solve existence problems in pure applied sciences. Some re-
sults in fuzzy menger space generated by Anil Goyal [2015] et al. using the Prop-
erty (E.A). Recently Vijayabaskerreddy and Srinivasi [2021] using (E.A)- Like
property generated some outcomes of fixed point results in metric space.Pathak
and Rashmi [2014] et al. used the concepts of (P-1) compatible mappings to pro-
duce some of the fixed points in fuzzy menger space. Some of these outcomes
can be witnessed like Ruchi Singh and Dhagat [2015], Y. Singh and Devi [2015].
S.D. Diwan and Raja [2016] and others applying the concepts of expansion map-
pings as well as C'L Rg- property extracted fixed points in fuzzy menger space.

In this paper we established two results in fuzzy menger space by employing
the notions (E.A) -like property, occasionally weakly compatible mappings and
justified by suitable examples. These are generalization of the theorem proved by
S.D. Diwan and Raja [2016] and others.

2 Preliminaries

Definition 2.1. A non empty set X and a mapping F, from X x X into the col-
lection of all fuzzy distribution functions F, € R, Y« € [0,1] make up a fuzzy
probabilistic metric space (FPM-space) (X, F,) S.D. Diwan and Raja [2016]
and the fuzzy distribution function is expressed by F,(p,q)and Fqp) (i) is the
expansion of Fy, q) at j1 € N.

The function Fop, oV o € [0, 1] is to satisfy the following properties

(a) Fop.g) (1) = 1 —=P=4q

(b) Fa(pﬂz)( )=

(€) Fupay (1) = Fatqu(#)

(d) IfFa(p,q)(ul) = 1 and Fa(qm)(UQ) =1 = Fa(pﬂ«)(ul + u2) =1
Vp,q,r € X and uy,us > 0.
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Definition 2.2. A binary relation t,: [0,1] x [0,1] — [0, 1] is stated as t- norm
S.D. Diwan and Raja [2016] if

(l) t¢<pa 1) =D, t¢(07 0) =0

(i) to(p, q) = to(q, p)

(iti) to(p, ts(q,7)) = ts(ts(p, q), 7)

() Ifr 2 p,s 2 q = ty(r,s) 2 te(p,q)

forallp,q,r, s € [0,1].

Definition 2.3. A fuzzy menger space (X, F,,,t,) Ruchi Singh and Dhagat [2015]
is formed by (X, F,)FPM-space , t, where t, is t- norm and satisfy triangle
inequality
Fopry(ur + u2) > te(Fopg (), Fagr)(u2)) V¥p,q,7 € X and uy,uy > 0 and
a € [0,1].

2.1 Example

If (X, p) is metric space then F,,: X x X — L given by
(1) Fapg) = Ha@—p(p.g): P4 € X Va € [0,1].
and if ¢4: [0, 1] x [0,1] — [0, 1] is given by
(17) ty(r,s) = min{r, s}, then (X, F,,ts) forms fuzzy menger space. Further it
is complete whenever (X, p) is complete.

Definition 2.4. In fuzzy menger space (X, F,,t,) two mappings
v,0: X — X are compatible S.D. Diwan and Raja [2016]
l:fFa('yéaT“&yan)(tqﬁ) —1 Vt¢> >0

whenever (a,) € X in order for va,, da,, — p for some u € X.

Definition 2.5. Let (X, F,,,t4) is fuzzy menger space.

Then the mappings v,0: X — X satisfy

(a) CLRs -property S.D. Diwan and Raja [2016] if 3 (c,) € X in order for
YCp, 0C, — On for somen € X

(b) the (E.A) like property Vijayabaskerreddy and Srinivasi [2021] if there exist-
ing a sequence (c,,) € X in order for yc,, dc,, — n wheren € v(X) U J(X)

(c) the property (E.A) Vijayabaskerreddy and Srinivasi [2021 ] if there exists a se-
quence (c,) € X in order for

YCp, 0C, — 1 for somen € X

From the definitions we can deduce that C'L Rs -property implies (E.A) like
property and (E.A) like property implies the property (E.A). But the converse need
not be true.

We are discussing through counter examples.
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2.2 Example

In fuzzy menger space (X, F,,14)
deflne the mapping v,d: X — X as, where X = [0, 1]

v(a) = sin®(rx),Va € [0, 1] (1)
2 - 1
5(a) = {fs () ec L @)
vk =T

From (1) and (2)

’V(X) = [07 1]75(X) = [07 1] - {%}
choose (¢,,) =+ — 2 ¥m > 1. Then

N

lim,;, 00 Y(Cm) 4— lir?lm_mo 7(1 %) = lim,;, 00 sinz(ﬁ(}1 —
1im,, 500 0(Cm) = limyy, o0 5(}1 — %) = limy, o0 cos? (7 (5
lim,, 00 ¥(Cm) = hmmﬁoo d(em) =

3 €7(X)Ud(X) but not 5 in §(X )

Consequences the mappings v, ¢ satisfy (E.A) like property but do not satisfy

C' LRs— property.

2.3 Example

In fuzzy menger space (X, F,,, t,)
deflne the mapping v,d: X — X as, where X = [—1, 0]

o 1 3)

3 1fa:7.

(@) = {sm(gm) ifae[~1,0— {5}

4
= ifa:%l. @

5(a) = { —cos(§w) ifa € [-1,0] - {5}
From (3) and (4)
(&) =[-1,0] - {Z},6(X) = [-1,0] - {5}

choose (¢,) = 5t + 2 Vm > 1. Then

00 0 (Cn) = limy, o0 5(%1 - %> = limp, o COS(%(% - %)) = _\/Li'
liInm—>c>o V(Cm) = hmm—)oo 5(Cm) = _\/Li S
But — 5 not in §(X) U ().

Consequences the mappings 7, 0 satisfy (E.A) property but neither satisfy C' L Rs—
property nor satisfy (E.A) like property

Note

(a) If §(X) is closed then (E.A) property and C'LRs— property are coincide.

10
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(b) Further if §(X) is closed as well as v(X') is closed then all the three properties
coincide.

Definition 2.6. Two mappings v,6: X — X are weakly compatible Y. Singh and
Devi [2015] in fuzzy menger space if these are commuting at their coincidence
points.

Definition 2.7. Two mappings v,0: X — X are occasionally weakly compatible
Y. Singh and Devi [2015] in fuzzy menger space if there is a coincidence point at
which the mapping commutes.

The following example demonstrates that owc not necessarily weakly compat-
ible.

2.4 Example
Define the mappings are v(a) = sin*(rz), Va € [0, 3].
d(a) = \% sin(rx),Va € [0, 3].
1

Then the mappings coincide at a = }L, 1,0 however ata = 7
A(3) = sin®(rt) = 1.

N

6(3) = %sm(w}i) 5

(1) =0(3) = 3.

103y = 2h) Ze(ed) =1,
0v(3) =6(3) = \%sin(w% = \/Li
Ata =1,

7(1) = sin®(71) = 0

i(1) = \%sin(ﬂl) =0,

v(1) =4d(1) =0

) .
76(1) =~(0) =0,
d7v(1) = 6(0) = sin(70) = 0.
Resulting y0(1) = 67(1) but v6(5) # 0v(3). Hence the result.
The following theorem proved by S.D. Diwan and Raja [2016] et al.

Theorem 2.1. “Let A, B, S and T be four self-mappings on a fuzzy PM space
(X, F,,t) suppose that

(i) (A, S) satisfies C L Rg-property or (B, T) satisfies C L Rp-property,

(ii) A(X) CT(X),B(X) C S(X)

(iii) (A, S) and (B, T) are weakly compatible

(iv) one of the range of the mappings A, B, S or T is a closed subset of X

(v) there exists a constant k > 1 such that

Fa(Ax,By)(ktqb) < Fa(szry) (t¢)

11
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Ve,y € X forall « € [0,1] and t, > 0.
Then A, B, S and T have a unique common fixed point in X.”

The above theorem generalized as following by using weaker conditions.

3 Main results

Theorem 3.1. Let A, B, S and T be four self-mappings on a fuzzy PM space
(X, Fy,ty) suppose that

(i) (A, S) satisfied (E.A) property or (B, T) satisfies(E.A) property,

(i) A(X) CT(X),B(X) C S(X)

(iii) (A, S) and (B, T) are occasionally weakly compatible

(iv) one of the range of the mappings A, B, S or T is a closed subset of X

(v) There exists a constant k > 1 such that

Fo(az,By) (ktg) < Fogsery) (ts) (5)

Ve,y € X forall a € [0,1] and t, > 0.
Then A, B, S and T having unique common fixed point in X.

Proof. Assume that the pair (A, S) satisfy (E.A)- Property so that 3(c,,,) € X as

lim Ac,, = lim Sc¢,, = p,p e X. (6)
m—o0

m— 00

By using A(X) C T'(X) we can obtain sequence (d,,) in order for Ac,, = T'd,,.
Taking limit on both sides we get

lim Ac,, = lim Td,, (7)
By (5)
Foacn,Bdn) (ktg) < Fo(sem rdn)(te) (8)

as m — oo using (6) and (7) in (8) we get

Fa(u,Bdm)(ktcﬁ) < Fa(up) (ty) =1 9)
as m — oo implies
lim Bd,, = u. (10)
m—0o0

From (6),(7) and (10) we have

lim Ac, = lim S¢,, = lim T7d,, = lim Bd,, = pu. (11D
m—00

m—0o0 m—r0o0 m—ro0

12
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Assume A(X) is closed sub set of X.
Then p = lim,, 00 Acy, € A(X) and A(X) C T'(X) implies p € T'(X)
Then there existing a point vin X as = Tv. By (5)

Fa(Acm,Bv)<kt¢> S Fa(Scm,Tv) (t¢)

as m — oo using (6) u = T'v implies

Fa(u,Bv)(k%) < Fa(u,u) (t¢>) =1

This gives 1 = Bv implies y = T'v = Bv.

uw= Bve B(X)cCSX).

Then there existing win X as u = Tv = Bv = Sw
Claim Aw = Sw. By (5)

Fo(aw,Bvy(kty) < Faswry) (ts) =1

implies Aw = Bv implies Aw = Sw.
Therefore we have
p="Tv=Bv=Aw = Sw.

(12)

(13)

(14)

15)

From (15) the pair (A, S) & (B, T) having coincidence points w and v respectively.

Further occasionally weakly compatibility of (A, S) & (B, T) resulting
Ap = Sp, Bu = T..

By (5)
Fa(Au,Bu)<kt¢) < FOC(S%TH) <t¢>

Using (16) in (17) we get
Fa(Au,Bu)(kt¢) < Fa(Au,Bu) (t¢).

Then we have
Ap = Bp.

Claim Ay = p. By (5) we have
Fa(Au,Bv)(ktqﬁ) S Fa(Su,Tv) (th)

From (15) and (16)
Fa(Au,u)(kt¢) < FO&(AIMN) (t¢)'

Then we have

Ap = p.

13

(16)

7)

(18)

19)

(20)

21

(22)
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From(16), (19) and (16) resulting
Ap=Su=Tu= Bu = p. (23)

Thus y is combined fixed point for four self mappings.
In similar way when S(X'), T'(X) and B(X) closed we can obtain fixed point.

Uniqueness
Let 1; be other similar point satisfy (23) implies

Apy = Spy =Ty = By = ;. (24)
By (5) we have

Fo(apnu) (kts) < Faspru)(ts) (25)
From (23) and (24)

Fo(uu) (kte) < Fagup)(ts) (26)

Hence p = 11y
Consequently the four self mappings are having unique common fixed point in X'.
O

Now we validate our theorem by discussing suitable example.

3.1 Example

In fuzzy menger space (X, F,,, t,)
deflne the mapping A, B, S and T: X — X as, where X = (—3, 0]

) el ifae (=3, -1]

A(a) = B(a) = {_1_%7 ifa € (—1,0] i
B [ —e 0 ifa e (=3, —1]

S(a) =T(a) = {%7 ifa € (—1,0]. 2

From (27) and (28)

A(X) = [-1,—5) = B(X)&T(X) = [-1,0] = (&)

This implies A(X) C T(X)&B(X) C S(X).

Moreover the mappings A, S have coincidence the points at a = —2, —1 .
Ata=—-1,A(-1)=S5(-1) = —1and AS(—1) = SA(—-1) = —1.

Butata = —2, A(—2) = 5(—2) = —1 and

AS(=2) = A(—%) =—-1+ %,SA(—Z) = S(—%) = —3—16.

Consequences both the pairs (A, S) & (B, T) satisfy OWC but are not weakly
compatible. Define the sequence (c,,) = —1 — 2 Vm > 1. Then

14
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1My 00 A(Cr) = 1My 00 A(=1 — 2) = Timy, 00 —el-lF -l = 1,
1My 00 S (Cm) = 1Moo S(—1 — 2) = limy, 0 i ) .
lim,,, oo A(Cr) = limy, o0 S(c) = —1.

This implies the mappings A, S satisfy Property-(E.A) and S(X) is closed.
Further at point a = —1 the values are A(—1) = B(—1) = S(—1) = T(-1) =
-1

Resulting the mappings A, B, S and T having unique common fixed pointa = —1.
Hence all the norms of the theorem satisfied.

Now we have one more generalization of the Theorem(2.1).

Theorem 3.2. Let A, B, S and T be four self-mappings on a fuzzy PM space
(X, F,,ts) suppose that

(i) (A, S) satisfies (E.A) like property or (B, T) satisfies (E.A) like property,

(ii) A(X) C T(X), B(X) C S(X)

(iii) (A, S) & (B, T) are occasionally weakly compatible

(iv) one of the range of the mappings A, B, S or T is a closed subset of X

(v) there exists a constant k > 1 such that

Fa(Ar,By)(kth) S Fa(Sz,Ty) (t(b) (29)

Vr,y € X forall « € [0,1] and t, > 0.
Then A,B,S and T having unique common fixed point in X.

Proof.

Case(i) Assuming that the pair (A,S) has (E.A) -Like property implies there ex-

isting a sequence (¢,,) € X as
lim Ac,, = lim Sc¢,, = pu, (30)
m—0o0 m—0o0

where p € A(X) U S(X).

peAX)USX) = pe A(X)orpe S(X).

Sub case (i) If © € A(X) and A(X) C T'(X) implies u € T'(X)

Then there existing vinin X as y = Tv. By (29)

Fa(Acm7Bv)(k:t¢) S Fa(Scm,TU) (t¢) (31)
as m — oo using (30) 4 = T'v implies
Fagu,po)(kts) < Faup(ts) =1 (32)

This gives 4 = Bv implies y = T'v = Bw.
u= Bv e B(X)CSX).

15
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Then there exists w in X with y = Tv = Bv = Sw
Claim Aw = Sw. By (29)

Fa(Aw,Bv)(kt(j)) S Fa(Sw,Ty) (t¢) =1 (33)
implies Aw = Bv implies Aw = Sw. Therefore we have
w="Tv= Bv=Aw = Sw. (34)

From (34) the pairs (A,S) & (B,T) are having coincidence points w and v respec-
tively.
Further occasionally weakly compatibility of (A,S) & (B,T) resulting

Ap = Sp, By =Thu.. (35)
By (29)
Foappp (kty) < Faspru(ts)- (36)
Using (34) in (35) we get
Fa(Au,Bu)(ktcﬁ) < Fa(Au,Bu) (%)- (37)
By lemma we have
Ap = Bp. (38)

Claim Ap = p. By (29) we have

Fotappo)(ktg) < Fasu,r)(ts)- (39)

From (34) and (35)
Fa(Au,u)(k%) < Fo(app) (ts)- (40)

By lemma we have
Ap = p. 41)

From(35), (38) and (41) resulting
Ap=Sp=Tp= Bu = p. (42)

Thus p is common fixed point for four self mappings.
Sub case (ii) If 1 € S(X) then there existing v in in X as y = Sw. By (29)

Fa(Aw,ch)(kt¢) S Foz(Sw,Tcm)(t¢) (43)

as m — oo using (30) u = Sw implies

Foawg)(ktg) < Fogup(ty) = 1. (44)

16
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This gives 1 = Aw implies y = Aw = Sw.
p=Aw e AX) CT(X).
So that there existing v in X with = Tv = Aw = Sw
Claim Bv = T'v. By (29)

Fa(Aw,Bv)(kt¢> S Fa(Sw,T’v) (t¢) =1
implies Aw = Bv implies Bv = T'v. Therefore we have
uw="Tv= Bv=Aw = Sw.

From here on words leads to sub case(i).

Consequently the four self mappings have unique common fixed point in X'.

(45)

(46)

Case(ii) Assuming that the pair (B, T) satisfy (E.A)- Like property so that there

existing a sequence (e,,) € X as

lim Be,, = lim Te,, = pu,
m—00 m—00

peBX)UT(X) = peB(X)orpeT(X).
Sub case (i) If 4 € B(X) and B(X) C S(&X') implies u € S(X)
Implies there existing v in X such that = Sw. By (29)

Fa(Aw,Bem)(k:tqi)) S Fa(Sw,Tem)(t¢)

as m — oo using (30) © = Sw implies

Fatawm (kty) < Fagum(ts) =1
This gives © = Aw implies p = Aw = Sw.
uw=Aw e A(X) CT(X).

Then there existing win X as y = Tv = Aw = Sw
Claim Bv = T'v. By (29)

Fa(Aw,Bv)<kt¢>> < Fa(Sw,Tv) (t¢) =1
implies Aw = Bv implies Bv = T'v. Therefore we have

pw="Tv= Bv=Aw = Sw.

Here on words leads to sub case(i)

47)

(48)

(49)

(50)

61y

Sub case (ii) If 4 € T'(X) hence there existing w in X’ such that y = T'v. By (29)

Fo(afm.Bo)(kty) < Foisg,. o) (te)

17
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as m — oo using u = T'v implies

Fou,poy(kty) < Faguu(te) = 1. (53)

This gives ¢ = Bv implies p = Bv = T.

p= Bv e B(X)CSX).

Then there existing vin X as p = Sw = Bv =Tw
Claim Aw = Sw. By (29)

Fa(Aw,Bv)(ktzﬁ) < Fa(Sw,Tv) (tzb) =1 (54)
implies Aw = Bv implies Aw = Sw.
Therefore we have
w="Tv= Bv=Aw = Sw. (55)

From here on words leads to the sub case (i).
O

Now our theory substantiated by following example.

3.2 Example

In fuzzy menger space (X, F,,, t,)

deflne the mapping A, B, Sand T': X — X as, where X' = [—1, 1]

—e~(Fa) if -1,0
A(a) = B(a) = {_f ifz i EO B ) (56)
) )9
B | e ifa e [-1,0]
Sla) =T(a) = {—(% —a), ifae(0,L]. ©7

From (59) and (60)

B(X) = A(X) = [~1,~ 1], T(X) = S(X) = [-1,0)

Hence A(X) C T(X), B(X) C S(X).

Moreover a = 0, —1 are the only coincidence points of the mappings A, S.
Atthe pointa = —1,A(—1) = S(—1) = —1and AS(—1) = SA(—1) = —1.
Butat a = 0, S(0) = A(0) = —+ moreover

AS(0) = A(—1) = —e~(-0),

SA(0) = S(—1) = —e (=00,

Consequences these pairs (A, S) as well as (B, T) are OWC but are not weakly

18



compatible.
Define (¢,,) = —1 + ﬁ VY m > 1. Then

lim,,, o0 A(Crn) = limy, oo A(—1 4+ ﬁ) = lim,, o, —e!"Clam) = 1,
limy, 00 S(¢) = limy, oo S(—1 + ﬁ) = lim,, o —e—FEF2)? — 1
limy, 00 A(Cn) = limy, o0 S(cm) = —1.

This implies the mappings A, S satisfying (E.A) property and A(X) is closed.
Further at a = —1 values are A(—1) = S(—1) = B(—1) =T(-1) = —1

Thus the four mappings A, B, S and T having unique common fixed pointa = —1.
Hence all the conditions of the Theorem (3.2) satisfied.

4 Conclusion

We generated two results in fuzzy menger space by employing

(1) the pairs (A, S) or (B, T) are satisfying Property-(E.A) and both the pairs are
OWC instead of the pairs (A, S) or (B, T) are satisfying C'L Rg-property and both
the pairs are weakly compatible in Theorem (3.1) .

(i1) The pairs (A, S) or (B, T) are satisfying (E.A)-Like property and both the pairs
are OWC instead of the pairs (A, S) or (B, T) satisfies C'L Rg-property and both
the pairs are weakly compatible in Theorem (3.2).

These are generalizations of the theorem proved by Diwan et al. Moreover these
two Theorems are supported with appropriate examples.

5 Remark

Further there is possibility to define the intimate mappings in fuzzy menger
space and chance to obtain new results like as.

Definition 5.1. Let two mappings v,0: X — X in fuzzy menger space. Then
{A,S} is said to be A-intimate if and only if

BFa(ase, ac,)(ts) < BEy(s52,,500)(t0)

where 5 = limitsupremum or limitin fumum, (z,) is a sequence such that
lim,, oo Az, = lim,,_,o, Sz, = u, for some p € X.

Theorem 5.1. Let A, B, S and T be four self-mappings on a fuzzy PM space
(X, F,,ts) suppose that

(i) (A, S) satisfied (E.A) property or (B, T) satisfies(E.A) property,

(ii) A(X) C T(X), B(X) C S(X)

(iii) the pair (A, S) is S-intimate and (B, T) is T-intimate

19
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(iv) one of the range of the mappings A, B, S or T is a closed subset of X
(v) There exists a constant k > 1 such that

Foa(A:c,By)(kt¢) S Foz(SamTy) (tgb) (58)

Va,y € X forall o € [0,1] and ts > 0.
Then A, B, S and T having unique common fixed point in X.
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